SATPREP

Assignment : Properties of curve : Implicit differentiation
1. Show that the points (0, 0) and (v/27,—+/27) on the curve e(x ) - cos (xy) have a

common tangent.

2. The function fis defined by fix) = e* >*'%

(a) Find f'(x).

(b)  You are given that y = has a local minimum at x = a, @ > 1. Find the value of a.

EAC))
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(b)  The graph of fx) § trafslated i iti ioh parjllelo the x-axis.
Determine thflequihtiof] of the new

5. Find the equation of

6. A curve C is defined implic " T i the tangent
to C at the point (1, 0).

. . . 22
7. Consider the curve with equation f'(x) = e >*~ for x < 0.
Find the coordinates of the point of inflexion and justify that it is a point of inflexion.
52

8. The function fis defined on the domain x > 0 by f{ix) =

X

(&

(a)  Find the maximum value of f(x), and justify that it is a maximum.

(b)  Find the x coordinates of the points of inflexion on the graph of f.

9. The function fis defined by f'(x) = (In (x — 2))2 . Find the coordinates of the point
of inflexion of f.



10.

11.

12.

The normal to the curve xe ¥ +¢” =1 + x, at the point (¢, In ¢), has a y-intercept c2 + 1.

Determine the value of c.

Find the equation of the normal to the curve x3y3 —xy =0 at the point (1, 1).

Find the gradient of the curve eV + 1n(y2) +eV=1+catthe point (0, 1).




Solutions

1. Attempt at implicit differentiation

d d
@) 14+ = _sin Py
e ( | j (xy) TV

letx=0,y=0
0 dy

e |l+—|=0
A

dx

let x = \/%,y:—\/ﬂ

of,, dv . dy
e |1+— |=—sin(2n) x =+ =0
[ & (—2m) w7
w¥ -
dx

dy  (x—D)x2(x—1)e"

dx (x—1)

2x° —4x+1 2hys
(x+1)?

(b)

.. d
minimum occurs when Y 0

+
x=1 i\/I acceptx:ﬂ
2 4
a—l-i-\/I accepta:ﬂ
2 4



Attempting to differentiate implicitly
d d

3x2y + 2xy2 =2 = 6xy+3x2 —y+2y2 +4xy—y =0
dx dy

Substituting x =1 and y = -2

43P s Py
dx dx

:>_5d_y:4:>d_y:—i
dx dx

Gradient of normal is %

(2 METHOD 1

S(X)=q-2x=0
fB3)=q-6=0
q=06

f3)=p+18-9=5
p=—4

METHOD 2

Note: Award A1A1 for correct differentiation of 5xy2.
Al for correct differentiation of —2x* and 18.

d
At the point (1, 2), 20 + 20% —4=0

dy 4

dx 5
. 5
Gradient of normal = Z

Equation of normal y —2 = %(x -1

5 .3
= —Xx+— 4y=5x+3
y=2%3 (4y )



xe¥ =x* +)°

e’ +xe” d—y:2x+2yd—y
dx dx

(1.0 fits > 1+ =240
dx
:d_y =1
dx

Equation of tangentis y =x + ¢
(1,0) fits = c=-1
= y=x-1

f/(x) = —4xe ™

frey=—4e > +16ee ™ (2(16x2_4)e‘2x2)

Attempting to solve f"(x) =0

EITHER
Correctly labelled graph of f'(x) for x < 0 denoting the maximum f” (x)
(e.g.f’(-0.6)=1.17 and f” (-0.4) = 1.16 stated)

OR

Correctly labelled graph of f” (x) for x < 0 denoting the maximum f”(x)
(e.g.f”(=0.6) =0.857 and /" (-0.4) = —1.05 stated)



OR

1
£7(0.5) = 1.21. f(x) < 1.21 just to the left of xz—E

1
and f”(x) < 1.21 just to the right of x=— E

(e.g. f/(-=0.6) = 1.17 and f”(—0.4) =1.16 stated)

OR

f7(x)> 0 just to the left of x=—— and /7
1

of x=——

(@ f)=

For a maximu}
2x—x*=0
giving x =0 or 2

P (2-2x)e

f'(0)=2>0 = minimum

Q2= —% < 0 = maximum
e

4

eZ

Maximum value =

(b)  For a point of inflexion,

2

fr(x):thﬂzo
+.16 —

giVingx:—4_ ;6 8

=24+ .2



10.

(c) J:xze_"dx: [—xze_"]lo +2J§xe‘xdx
= ' - 2[xe_"]10 +2J01e_"dx

= ¢l 2¢1- Z[e"‘ ];
=3e!l-2¢"+2(=2-5¢)

Jy = 2inx=2)
x=2
(x—2)(12]—21n(x—2)><1
i — X—
/@) e
_2-2In(x-2)
(x-2)°

f"(x) = 0 for point of inflexd
=2-2Inx-2)=0
In(x-2)=1
x—2=e
x=e+2

= fix)=(In(e +2
(= coordinates arg

EITHER

1 de_y+cd_y_1
c c dx dx
dy 1

= 1

dx c(c;E )



11.

OR

reasonable attempt to make expression explicit
xe'+e'=1+x

x+e¥=¢"(1+x)

e?—e(1+x)+x=0

@ -1)E"-x)=0
=1, =x
y=0,y=Inx

Note: Do not penalize if y = 0 not stated.

&|e

1
2
1

gradient of tangent = —
c

Note: If candidate starts wi
award (M0O)(A0)A1AL.

THEN

the equation of the
y—Inc=—-c(x—c)
x:0,y:c2 +1
F+1-lnc=c

Inc=1
c=e
x3y3—xy:0

35 + 3h —y—xy =0
Note: Award A1 for correctly differentiating each term.

x=1,y=1 3+3)y'-1-)y"=0
2y =-2
y=-1
gradient of normal = 1
equation of the normal y—1=x-1

y=x



12.

eV +In(pH)+ed=1+e
dy

e y+xd—y +Ed—y+e}’—:0,at(0, 1)
& yde T &

1(1+0)+2d—y+ed—y =0
de  dr

l+2d—y+ed—y =0
dx

Yoo 1~
dx 2+e




