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Question -1

[Maximum mark: 6]

Find the cube roots of i in the form a+ bi, where a, be R.

Question -2

[Maximum mark: 7]

n

) | . . n! .
Given that y = ——, use mathematical induction to prove that )”} = e T s
l1—x dx"  (1—-x)

Question -3

[ Maximum mark: 4]

Find the value of & if Zk(%) — 7

r=1
Question -4

[Maximum mark: 7/

If 2, —a+a3i and z, =1-1, where a is a real constant, express z, and z, in the

6
) : z . .
form rcis@, and hence find an expression for (—IJ in terms of @ and 1.
5

Question -5
[Maximum mark: 6]

Given that z is the complex number x+1y and that | z |+ z=6-21, find the value of x
and the value of y.



Question -6

[ Maximum mark: 5/

Solve the equation 2 —log.(x+7)=log, 2x.
3

Question -7

[Maximum mark: 5]

I &
(a) Expand and simplify [x——) . /3 marks|
x
2 4
(b) Hence determine the constant term in the expansion (2x”+ l)(x——) . /2 marks|
%

Question - 8

[Maximum mark: 7]

Given that (4—5i)m+4n=16+15i, where i* =—1, find m and »n if

(a) m and » are real numbers; /3 marks/
(b) m and » are conjugate complex numbers. [4 marks/
Question -9

[Total mark: 29]

Part A [Maximum mark: 12/

(a) Given that (x+iy)* =—5+12i, x, ye R. Show that

(i) x'-y'=-5;

(1) xy=6. /2 marks]
(b) Hence find the two square roots of —5+12i. [5 marks]
(c) Forany complex number z, show that (z*)* = (z*)". /3 marks|

(d) Hence write down the two square roots of —5—12i. [2 marks]



Part B [Maximum mark: 17]

The graph of a polynomial function f* of degree 4 is shown below.

¥

(-4, 0) (2,0 o

o B

(a) Explain why, of the four roots of the equation f(x)=0, two are real and two
are complex. [2 marks]

(b) The curve passes through the point (—1,-18). Find f(x) in the form

fxX)=(x—a)(x—b)(x’+cx+d), where a, b, c,deZ. [3 marks]
(¢) Find the two complex roots of the equation f(x)=0 in Cartesian form. [2 marks]
(d) Draw the four roots on the complex plane (the Argand diagram). [2 marks]
(e) Express each of the four roots of the equation in the form re'® . [6 marks]

Question -10

[Maximum mark.: 4]

4
Expand and simplify LA
v ox



Question -11

[Maximum mark: 19]

Consider the complex numbers
- d
z :2\/§c1s77t and z, =—1++/3i.

(@) (1) Write down z, in Cartesian form.
(i) Hence determine (z, +2z,)" in Cartesian form.
(b) (1) Write z, in modulus-argument form.

(i) Hence solve the equation z° = z,.

(¢) Let z=rcis@, where reR" and 0<8<2x. Find all possible values of 7
and 0,

() if 22 =(+2,)%;

i) ifz=-—.
Z

»

(d)  Find the smallest positive value of » for which EZ ] eR".

L
ZZ
Question -12

[ Maximum mark: 6]

(a) If w=2+2i1, find the modulus and argument of w.

(b) Given z =cos (%j +1isin [S?TE] , find in its simplest form w'z° .

Question 13
[Maximum mark: 6/

1 1 1

The first terms of an arithmetic sequence are . , . ) e
log, x log, x log,, x log,,, x

Find x if the sum of the first 20 terms of the sequence is equal to 100.

Question 14

[3 marks]

/6 marks]

[6 marks]

[4 marks]

[2 marks |

[4 marks]



[ Maximum mark: 4/

Expand (2-3x)’ in ascending powers of x, simplifying coefficients.

Question 15

[Maximum mark: 7]

A geometric sequence has first term a, common ratio » and sum to infinity 76.
A second geometric sequence has first term a, common ratio »* and sum to infinity 36.

Find r.

Question 16

[Maximum mark: 7]

Given the complex numbers z, =1+3i and z, = -1-1i.

(a)  Write down the exact values of | z, | and arg(z,). [2 marks]

(b) Find the minimum value of |z, + @z, |, where e R. [5 marks]



Question 17

[Maximum mark: 18]

(a) (1) Express each of the complex numbers 21:\[37+i,22:— 3+1 and
z, = =21 in modulus-argument form.

(i1) Hence show that the points in the complex plane representing z,, z
and z, form the vertices of an equilateral triangle.

2

(iii) Show that z,”"+ 2z, =2z, where ne N. /9 marks|

(b) (i) State the solutions of the equation z'=1 for zeC, giving them in
modulus-argument form.

(i) If w is the solution to z'=1 with least positive argument, determine the
argument of 1+ w. Express your answer in terms of 7.

2 .. .
(iii) Show that z> —2zcos (TT[J +1 is a factor of the polynomial z” —1 . State the

two other quadratic factors with real coefficients. 19 marks|
Question 18
[Maximum mark: 7]

Prove by mathematical induction that »* +11n is divisible by 3 forall ne Z".

Question 19

[ Maximum mark: 7/

The sum of the first two terms of a geometric series is 10 and the sum of the first four terms
is 30.

(a)  Show that the common ratio r satisfies 1> =2. [4/
(b) Given r=+2
(1)  find the first term;

(i1)  find the sum of the first ten terms. /3/



Question 20

[Maximum mark: 8]

Solve the following equations:
(a) logz(x—2)=log4(x2—6x+12); [3]

(b) xlnx — e(hu()z ) [5]
Question 21

[Maximum mark: 20]

Consider the complex number z =coséf +1sin0 .

(a) Use De Moivre’s theorem to show that z" +z" =2cosnf , neZ" . [2]
(b) Expand (z +z’1)4 ; [1]

(¢) Hence show that cos®8= pcosd4f+gcos28+r, where p, g and r are constants to

be determined. [4]
A U 3 15 5

(d) Show that cos® 6 = — cos66 + —cos40 + — cos20 + — . /3]
32 16 32 16

(¢) Hence find the value of J-OE cos®Hdé. /3]

The region S is bounded by the curve y = sin xcos® x and the x-axis between x =0 and x = g :

(f) S isrotated through 27 radians about the x-axis. Find the value of the volume generated. /4]

: 5 : ’ . 2%
() (1)) Write down an expression for the constant term in the expansion of (z+z'1) .
kelZ".

(i) Hence determine an expression for J.fcos”{ 6dé in terms of k. /3]

Question 22

[Maximum mark. 5]

Consider a =log, 3xlog, 4xlog, 5x...xlog,,32. Given that a €7, find the value of a.



Question 23

[Maximum mark: 17]

A geometric sequence {u, | , with complex terms, is defined by u,,,=(1+1)u, and u, =3.

n+l T

(a) Find the fourth term of the sequence, giving your answer in the form x+ yi, x, yeR. /3]

(b) Find the sum of the first 20 terms of {u”} , giving your answer in the form ax(1+2")
where a € C and m €7 are to be determined. [4]

A second sequence {v

n

} is defined by v, =u,u,,,, keN.

nn+ko
(¢) (i) Show that {v,} isa geometric sequence.
(i1)  State the first term.

(i11) Show that the common ratio is independent of % . /5]
A third sequence {w,} is defined by w, =|u, —u,,,|.

(d (i) Show that {w,} isa geometric sequence.

(1) State the geometrical significance of this result with reference to points on the
complex plane. /5]

Question 24

[Maximum mark: 5]

Solve the equation 8" =6’". Express your answer in terms of In2 and In3.

Question 25

[Maximum mark: 7/

Consider the complex numbers #=2+3i and v=3+2i.

: 1 1 10 ; :
(a) Given that —+—=— express w in the form a+bi,a,beR. /4]
u - v.ow

(b) Find w" and express it in the form re'’ | /3]



Question 26

[Maximum mark: 7]

; ; ; . T T
The first three terms of a geometric sequence are sin x, sin2x and 4sin xcos’ x, % <x< 5

(a) Find the common ratio ». /1]

(b)  Find the set of values of x for which the geometric series sinx +sin2x +4sin xcos® x +...
converges. /3]

; 1
Consider x =arc COS(ZJ, x>0.
(¢)  Show that the sum to infinity of this series is g /3]

Question 27

[Maximum mark: 7]

Use mathematical induction to prove that (2n)!>2"(n!)*, neZ".

Question 28

[Maximum mark: 18]

Let {u,}.neZ", be an arithmetic sequence with first term equal to  and common
difference of d, where d # 0. Let another sequence {v,},neZ", be defined by v, =2".

(a) () Show that "n s a constant.
‘!

(i)  Write down the first term of the sequence {v,}.
(iii)  Write down a formula for v, in terms of a, d and n. [4]
Let S, be the sum of the first n terms of the sequence {v,}.

(b) () Find S, intermsof a,d and n.

(i)  Find the values of d for which Z".- exists.

i=1



You are now told that Zvi does exist and is denoted by S .

i=1
(ili)  Write down S, interms of a and 4.

(iv) Giventhat S =2"" find the value of d.

Let {w,}, neZ", be a geometric sequence with first term equal to p and common ratio ¢,
where p and g are both greater than zero. Let another sequence {z,} be defined
by z, =Inw,.

(c) Find Zz{. giving your answer in the form Ink with & interms of n, p and ¢.

i=1

Question 29

[Maximum mark: 4]

Expand (3 —x)4 in ascending powers of x and simplify your answer.

Question 30

[Maximum mark: 9]

(a) Find three distinct roots of the equation 8z°+ 27 =0,z C giving your answers in
modulus-argument form.

The roots are represented by the vertices of a triangle in an Argand diagram.

278

(b) Show that the area of the triangle is
16

Question 31

[Maximum mark: 8]
(a) State the set of values of a for which the function x > log, x exists, for all x € R".

(b) Giventhat log, y= 4logyx, find all the possible expressions of » as a function of x.

Question 32
[Maximum mark: 13]

1
(a) Showthat ————F———==+n+1 —/n where nz0,nel.

\/;+v‘n+l

(b) Hence show that JE— 1< L :

V2

r=n

1
(c) Prove, by mathematical induction, that Z— > \/; forn=2.ne%.

r=1 ¥

(8]

[6]

(6]

(3]

[2]

[6]

(2]

(2]

(0]



Question 33

[Maximum mark: 6]

The fifth term of an arithmetic sequence is equal to 6 and the sum of the first 12 terms is 45.
Find the first term and the common difference.

Question 34

[Maximum mark: 4]
Find integer values of m and n for which

m —nlog,2 =10log, 6

Question 35

[Maximum mark: 21]

g
(@) Use de Moivre's theorem to find the value of (cos[gj + isin[%)j . [2]

(b) Use mathematical induction to prove that
(cos@ —1smn0)'=cosnd —1sinnl for ne 7" . [6]
Let z=cos@ +isind.

(c) Find an expression in terms of 0 for (z)"+ (z*)", n € Z" where z* is the complex
conjugate of z. [2]

(d) () Showthatzz*=1.
(i) Write down the binomial expansion of (z + z*)’ in terms of z and z*.
(i) Hence show that cos36 =4 cos’d — 3 cosb. [5]

(e) Hence solve 4cos’@—2cos’0—3 cosO+1=0for 0<O<m. [6]



Question 36

[Maximum mark: 8]

Consider the expansion of (1 + x)" in ascending powers of x, where n > 3.

(@) Write down the first four terms of the expansion.

The coefficients of the second, third and fourth terms of the expansion are consecutive terms

of an arithmetic sequence.
(b) () Showthat n’—9n*+14n=0.

(i)  Hence find the value of n.

Question 37

[Maximum mark: 8]

Use mathematical induction to prove that » (n2+ 5) is divisible by 6 for n e Z".

Question 38

[Maximum mark: 23]

2n B . Bxn
Let w=cos— + isin—.
9 i

(@) Verify that w is a root of the equation z/— 1=0,zeC.
(b) (i) Expand (w-— l)(l +wAwW W+ w W+ w(’).
(i) Hence deduce that 1 +w + w'+ W+ w'+w' +w=0.

(c)  Write down the roots of the equation z’— 1 =0, z< C in terms of w and plot these
roots on an Argand diagram.

Consider the quadratic equation z*+ bz + ¢ = 0 where b, c€ R, zeC. The roots of this
equation are o and o where « is the complex conjugate of «.

(d) (i) Giventhat a=w+w'+w', showthat a'=w’+w +w'.
(i)  Find the value of b and the value of c.

(e) Using the values for b and ¢ obtained in part (d)(ii), find the imaginary part of «,
giving your answer in surd form.

(3]

(3]

(3]

[10]

(4]

(2]

[6]



Question 39

[Maximum mark: 7]

The sum of the first » terms of a sequence {u,} is given by §,= 3n*=2n,where neZ’.

(a) Write down the value of u,. [1]
(b) Find the value of u,. [2]
(c) Prove that {un} is an arithmetic sequence, stating clearly its common difference. [4]

Question 40

[Maximum mark: 5]

Solve the equation 4"+ 2***=3.

Question 41

[Maximum mark: 19]

Let @ be one of the non-real solutions of the equation 2*=1.
(a) Determine the value of

i 1+o+d;

(i) 1+ +(@). [4]
(b) Show that (& -3’ ) (@' - 30)=13. [4]

Consider the complex numbers p=1-3iand g =x+ (2x + 1)i, where xR.

(c) Find the values of x that satisfy the equation |p| =|¢|. [5]
(d) Solve the inequality Re(pq) + 8 < (Im(pq))*. [6]
Question 42

[Maximum mark: 4]

Find the solution of log,x —log,5 =2 +log,3.



Question 43

[Maximum mark: 6]

Consider the complex numbers z, =1 + V3i, =1+1and w= A
Z

(a) By expressing z; and z, in modulus-argument form write down

(i)  the modulus of w;

(i) the argument of w. [4]
(b) Find the smallest positive integer value of »n, such that w" is a real number. [2]
Question 44

[Maximum mark: 7]

An arithmetic sequence u,, u,, u,... has u,= 1 and common difference 4 # 0. Given that
u,, u; and u, are the first three terms of a geometric sequence

(a) find the value of 4. [4]

Given that u,=—-15

"
(b) determine the value of > u,. [3]

r=1

Question 45

[Maximum mark: 6]

Use the method of mathematical induction to prove that 4"+ 15» — 1 is divisible by
9forneZ’.

Question 46

[Maximum mark: 5]

10

|
Find the term independent of x in the binomial expansion of (23:2 + ;}]J .
R4

Question 47

[Maximum mark: 5]
The Ist, 4th and 8th terms of an arithmetic sequence, with common difference d.d #0, are

the first three terms of a geometric sequence, with common ratio ». Given that the 1st term
of both sequences is 9 find

(a) the value of d; [4]

(b) the value of ». [1]



Question 48

[Maximum mark: 4]

In the following Argand diagram the point A represents the complex number —1 + 41 and
the point B represents the complex number —3 + 0i. The shape of ABCD is a square.
Determine the complex numbers represented by the points C and D.

¥

N

Question 49

[Maximum mark: 9]

' ™ ) 2 3 4 n—1 n
Prove by mathematical induction that + + + ok = !
2 12 2 2 . 3

where neZ . n=3.

Question 50

() Letz=1-cos20—1sin20,zeC,0<0<m.

(i) Find the modulus and argument of z in terms of 0. Express each answer in its
simplest form.

(i)  Hence find the cube roots of =z in modulus-argument form. [14]

Question 51

[Maximum mark: 5]
Solve the equation log,(x + 3) + log,(x —3) =4.

Question 52

[Maximum mark: 4]

:
2

Find the coefficient of x* in the expansion of {xz — —j .
X



Question 53

[Maximum mark: 7]

Determine the roots of the equation (z + 2i)’= 2161, z € C, giving the answers in the form
z=ay3 + bi where a,be/Z.

Question 54

[Maximum mark: 7]

(a) Show that log .x = %logr x where r, xe R*.

It is given that log, y + log, x + log, 2x = 0.

(b) Express y in terms of x. Give your answer in the form y =px?, where p, g are
constants.

Question 55

[Maximum mark: 6]

Consider the distinct complex numbers z=a +1b, w=c+1d,where a, b, c,deR.

+
(a) Find the real part of il .

zZ—w

z+w
(b) Find the value of the real part of when |z|=|w]|.
Z—WwW
Question 56
[Maximum mark: 7]
The geometric sequence u,, u,, u,, ... has common ratio r.

Consider the sequence A = {a =log,|u |:neZ}.
(a) Show that 4 is an arithmetic sequence, stating its common difference d in terms of r.
A particular geometric sequence has #,=3 and a sum to infinity of 4.

(b) Find the value of 4.

(2]

(5]

(4]

(2]

[4]

[3]



Question 57
[Maximum mark: 14]

Consider w = 2((:05% + isin%)

(a) (i) Express w* and w* in modulus-argument form.

(i)  Sketch on an Argand diagram the points represented by w°, w', w* and w*. [5]

These four points form the vertices of a quadrilateral, 0.

2143

2

(b) Show that the area of the quadrilateral Q is [3]

Let z = 2(005E + 1sin EJ, neZ'. The points represented on an Argand diagram by
n n
0 1 2

278" a2 fONMITthE vertices of a polygon P, .

-

£l £l

(c) Show that the area of the polygon P, can be expressed in the form a(b” - l)sinz,
where a,beR. o [6]

Question 58

[Maximum mark: 7]

Use the principle of mathematical induction to prove that

l B aY 1y n+2 ;
142 = |+3| - | +4| | +...+8|=| =4- 75 WhereneZ'.
2 P 2 2 g
Question 59

[Maximum mark: 6]

Solve (Inx)*— (In2)(lnx) < 2(In2)*.
Question 60

[Maximum mark: 5]

Let /(x) =x*+ px’+ gx + 5 where p, g are constants.
The remainder when f(x) is divided by (x + 1) is 7, and the remainder when f(x) is divided
by (x —2) is 1. Find the value of p and the value of ¢.



Question 61

[Maximum mark: 16]

(a) Find the roots of z**= 1 which satisfy the condition 0 < arg(z) < g expressing your

answers in the form re'?, where r, 0 R".
(b) Let S be the sum of the roots found in part (a).

(i) Showthat ReS=ImS§S.

m Ja + b

(i) By writing T as (E — —), find the value of cos— in the form e
12 4 6 12

where a, b and ¢ are integers to be determined.

(iii) Hence, or otherwise, show that § = % (1 + \E)(] + \E)(l +1).

Question 62

[Maximum mark: 7]

Consider the equation z*+ a* + b2+ cz+ d =0, where a, b,c,deR and ze C.

Two of the roots of the equation are log,6 and ix/3 and the sum of all the roots is 3 + log,3.
Show that 6a +d+ 12 =0.

Question 63

[Maximum mark: 6]

Use mathematical induction to prove that Zr(r!) =m+D)-1,forneZ".

r=1

Question 64

[Maximum mark: 7]

Consider the following system of equations where a e R.
2x+4y-z=10

Xyt az =5
S5x+ 12y =2a.

(a) Find the value of a for which the system of equations does not have a unigue solution.

(b) Find the solution of the system of equations when a =2.

Question 65

[Maximum mark: 5]

A team of four is to be chosen from a group of four boys and four girls.
(a) Find the number of different possible teams that could be chosen.

(b)  Find the number of different possible teams that could be chosen, given that the team
must include at least one girl and at least one boy.

(2]

(1]

[2]
[3]

[3]

[2]



Question 66

[Maximum mark: 7]
Solve the simultaneous equations
log,6x =1+ 2log,y
1 + logex = log (15y — 25).
Question 67

[Maximum mark: 5]

Consider the function f(x)=x*-6x"-2x + 4, xcR.
The graph of f is translated two units to the left to form the function g(x).
Express g(x) in the form ax*+ bx’ + cx’+ dx + e where a, b, c.d, e 7.

Question 68

[Maximum mark: 4]

In an arithmetic sequence, the sum of the 3rd and 8th terms is 1.
Given that the sum of the first seven terms is 35, determine the first term and the common
difference.

Question 69

[Maximum mark: 9]

The function p(x) is defined by p(x) =x’— 32"+ 8x — 24 where xe R .

(a) Find the remainder when p(x) is divided by

i &-2)
(i) —3). (3]
(b) Prove that p(x) has only one real zero. [4]

(c) Write down the transformation that will transform the graph of y = p (x) onto the graph
of y =8 — 125"+ 1638.24% 2]

Question 70

[Maximum mark: 4]

Determine the first three terms of (1 — 2x)" in ascending powers of x, giving each term in its
simplest form.

Question 71

[Maximum mark: 7]
Consider the equation z*=—4, where zC.
(a) Solve the equation, giving the solutions in the form a + 16, where a, beR. [5]

(b)  The solutions form the vertices of a polygon in the complex plane. Find the area of the
polygon. [2]



Question 72

[Maximum mark: 5]
Three planes have equations:

5
x+3y—-z=4 ,wherea,beR.

Find the set of values of a and b such that the three planes have no points of intersection.





