Subject - Math(Higher Level)
Topic - Algebra
Year -Nov2011-Nov 2019

Question -1
i=cos= +isins (AD)
2 2
: X
z =i° 2(00834—i5in£j3 — e s :£+li MIAI
2 2 6 6 2 2
S ... ..D 3 1.
7, =cos % +isin 2% _ B (MDAI
) 6 6 2 2
Z. :cos(—gjﬂsin(—ﬂj =-—i Al
) 2 2
Question-2
N . dy 1
proposition is true for n=1 since — = 5 M
dx d-x)
!
- __I Al
I-x)
te: Must see the 1! for the Al
K !
assume true for n=+k , ke 7", i.e. . :}:k—kl MI
dx*  (d-x)"
K )
Ll
dA+1y dxl‘
consider T = ™ (M1)
= (k +1)k!(1—x) ! Al
|
_ (k + ]l\)” Al
(1-x)
hence, P, is true whenever P, is true, and P, is true, and therefore the proposition is
true for all positive integers R1
Question 3
1 1
=k r=— ‘A1) (Al
w=2k, 7= (AD(AD)
1.k
P D _ M1
1
==
3
k=14 Al

[4 marks]



Question -4

z = 2acis[§j A

ol 3

EITHER
2 28acis (0) T
BEIECYRNNE)
Z \Evcis(ﬂj 2
2
OR
6 6
=l 2_"@5(7_“}
z, 2 12
= 8a(’cis(Ej
2
THEN
=-8a%
Question -5

JEE Y x4 yi=6-2i

equating real and 1magiary parts

y=-2
Vil 44 +x=6
X +4=(6—x)

732:712x:>x:§

Question - 6

log (¥9 j
B x+7

1
=log, —
83 2x

te:  Award M1 for changing to single base, M1 for incorporating the 2 into a log

and A1 for a correct equation with maximum one log expression each side.

x+7=18x

X=—
17

MI1AIAl

MI1A1A1

MI1A1

Al

Al
(A1)
M1
Al
Al
M1
Al

[6 marks]

MIMIAL
M1
Al

[5 marks]



Question -7

(a) (x—gj —x4+4x3[—2j+6x3{—2j +4x(—gj‘+[—gJ
X X X X X

| Note: Award (41) for 3 or 4 correct terms. |

4
Note: Accept combinatorial expressions, ¢.g. (2} for 6.

, 32 16
=x'-8x +24-=+—
X

: 2\
(b)  constant term from expansion of (2x° + 1)[)( ~ —j =—64+24=—-40
X

| Note: Award A7 for — 64 or 24 seen. |

Question -8

(a)  attempt to equate real and imaginary parts
equate real parts: 4m+ 4n =16; equate imaginary parts: —5Sm =15
=>m=-3,n=7

(b) let m=x+1y,n=x-1y
= @E-51)(x+1)+4(x—1y)=16+151
=4x-5Ix+dy+5y +4x -4y =16+151
attempt to equate real and imaginary parts
8x+5y=16, -5x=15
=>x=-3,y=8
(=>m=-3+81,n=-3-81)

(42)

Al
[3 marks]

A2

[2 marks]

M1
Al
Al

[3 marks]

MI

M1
Al

Al

[4 marks]

Total [7 marks]



Question -9

Part A

(a)

(®)

(©

i (x+iy) =-5+12
X +2ixy+i’y’ =—5+12i

(i)  equating real and imaginary parts
¥ =y =-5

_‘Xj’,‘:6

substituting

EITHER
o BB g
e

T2

x 4557 —36=0
xt=4,-9
x=12 and y=43

OR

y4 75y2 -36=0
¥y =9,-4
y=13 and x =22

Note: Accept solution by mspection if completely correct.

THEN

the square roots are (2+3i) and (—2—31)

EITHER

consider z=x+1y

2t =x-1y

(") =x*—y* —2ixy
() =x>—* +2ixy
(Y =x?—y* —2ixy

=) =E

2 2 210

2 2,216
z =re

Al

M1
AG
AG

M1

Al
Al
(41)

Al

Al
(1)

Al

Al
Al
Al
AG

Al
Al

[2 marks]

[5 marks]



()

Part B

(a)

(b)

(©

(22)* = e Al

& =Y AG

(2-31) and (—2+31) AlAl

the graph crosses the x-axis twice, indicating two real roots R1

since the quartic equation has four roots and only two are real, the other

two roots must be complex RI

F@)=(x+D(x—2)(x* +ax+d) A1A41

f(0)=-32=>d=4 Al

Since the curve passes through (— 1, — 18),

—18=3x(3)5—0) M1
¢=3 Al

Hence f(x)=(x+4)(x—2)(x" +3x+4)

i
Lo T3EN9-16 M1)

D Xx=—ti— Al

[3 marks]

[2 marks]

[2 marks]

[5 marks]

[2 marks]



(d

Note: Accept points or vectors on complex plane.
Award A7 for two real roots and A7 for two complex roots.

(e

i i0
real roots are 4e™ and 2¢'

J7

N . 3N.
considering—— +i—
2 2

¥

finding € using arc tan[?

0= arctan(g}rn or Barctan[g}rn

— = 2e{m ) or == Ze{am(%ﬁ}"]

Note:

Accept answers in degrees.

Accept arguments in the range —m to w or 0 to 27 .

AlAl

[2 marks]

AlAl

Al

M1

Al

Al

[6 marks]

Toral [29 marks]



Question 10

i i [ 6 B )

Award M1 for attempt to expand and A7 for correct unsimplified expansion.

(M1)(A1)

4 ) 12 4 8 _ 6.2 4.4 5 6 3
=x_4x_+6_4}_2+y_4 (=x 4x°y* +6x'y 4xy+y) A

4 4
Xy

Award A1 for powers, A for coefficients and signs. |

Final two 4 marks are independent of first 4 mark. |

[4 marks]



Question 11

(a)

(®)

(c)

G =243 cis%" =z, =243

() z+z, =-2Bi-1+Bi=-1-43i
(z,+2,) =-1++3i

<y

=2
tan @ = —3

z, lies on the second quadrant

2
f=argz, =—
© 3

. 2n
z, =2cis—
(i)  attempt to use De Moivre’s theorem
2n

— +2km
:=§‘/§cis%,k=0?1and2

Nl 8t .- l4m | = . (-4
:=‘2c1s—n,%/§c1s—ﬁ,"2c1s—ﬂ =&/§c1s =
9 g ) 9

| Note: Award A7 for modulus, 47 for arguments. |

| Note: Allow equivalent forms for z |

(1) METHOD 1
2 =(1—1+\/§i)2 = 3(=z=2i)
z = 3cisg or g, = 3cis?(=\/§cis(?))

T 3n -
so r=+/3and f=—or 0 =—|=—
\/_ p. 2( 2]

Note: Accept rcis(d) form. |

METHOD 2
z =(l—1+\/§i)2 = -3=> 77 =3cis((2n + 1) x)
P =3=r=43
m 3x
25=(2H+l)ﬂ3=5=5 or 6=? (as 0= 8 < 2m)

Al

Al

Al
[3 marks]

(M1)

AlAl

M1

AIAT

[6 marks]

M1

AlA41

Mi
Al

Al



(i) METHOD 1

1 oy CISTT
Z=-— 7
2cis 2 2cisﬁ
3 5
1 by
=z=—cis—
2 3

S0 r'=l andtfi’=E
3

METHOD 2

~1-4/3i

1
= =z =—
CTE T

1+4/3i 1
=:z=—c¢

4 2
X

3

1S

w|a

J

S0 ir=l and @ =
2

Z .5
(d) —1=\/§CIS%

. Snm
s

—
[
B
]
[}
=i
=
o
f

equating imaginary part to zero and attempting to solve

obtain n =12

~1+3i)(-1- 3

| Note: Working which only includes the argument is valid. |

M1

Al141

M1

AlAT

[6 marks]

(41)

Al
M1
Al
[4 marks]

Total {19 marks]



(a)

(®)

(c)

G =243 cis%m =z, =243

() z+z, =-2Bi-1+Bi=-1-43i
(z,+2,) =-1++3i

<y

tand = —\E

z, lies on the second quadrant

38

(1)

O=argz, = —
T3

2n

z, =2¢c1s—
- 3

(i)  attempt to use De Moivre’s theorem

E+2k7r
:=§‘/§cis%,k=0?1and2

N el 8t .~ . 14 =t —
Z=5 2c1s?n, Qﬁmsg, &‘,FZCBTH (=i/5CIS(TT{

| Note: Award A7 for modulus, A1 for arguments. |

| Note: Allow equivalent forms for z |

(i) METHOD1
2 = (1-1443i) = 3(=z==3i)
z = 3cis§ or z; = 3Cis?(=£cis(j))

T 3n -
so r=+/3and f=—or 0 =—|=—
\/_ 2 2( 2)

Note: Accept rcis(d) form. |

METHOD 2
2= (1-1443i) = -3=2? =3cis((2n + D)
r =3=r=\/§
T 3n
219=(2n+1)n:=>t9=5 or 6=? (as 0= 8 <2m)

Al

Al

Al
[3 marks]

(M1)

AlA1

Mi

AlAl

[6 marks]

M1

AlAl

M1
Al

Al



(i) METHOD 1

1 CISTT
N T
2eis— 2c1s—
3
1
=:z=—cis—
2

S0 i"=l alldt5l’=E
) 3

METHOD 2

_=_¥=’_=_ —1-43i
TN B (—1+\/§i)(—1—\/§i)

l+\/§i
=z

1
—C
4 2
=
3

1s

w|a

SO r=l and 0 =

(d)

8} |n
-

. 5m
=Beis—
) 6

i 5
z n . Snm
2 =3leis T
Z 6
equating imaginary part to zero and attempting to solve
obtain n =12

| Note: Working which only includes the argument is valid. |

M1

AI1A1

Mi

AlAl

[6 marks]

A1)

Al
M1
Al
[4 marks]

Total [19 marks]



Question 12

(a) modulus = \/g Al
argument :g (accept 45%) Al
| Note: A0 if extra values given.| [2 marks]

(b) METHOD 1

whz® = 6de™ x ™ (A1)(A1)
I Note: Allow alternative notation.

= 64" (MI)
=64 Al
METHOD 2

W = 64 (M1)(AD)
¢ =-1 (A1)
w'z® =64 Al

[4 marks]

Total [6 marks]



Question 13

METHOD 1
1 1
log,x log, x
_log,8 1

log,x  log,x

te: Award this M1 for a correct change of base anywhere in the question.

4
~log, x

E(Zx ! +19x 2

2 log, x log, x
400
" log, x
400
log, x

log, x=4=>xg2'E14

100 =

METHOD 2

20" term =

log:}g o

IOO:E ! + 1
2 {log,x log,x

39
o) Y
2 \log,x log,x

te: Award this M1 for a correct change of base anywhere in the question. |

400

log, x

100 =

16p, %=458=2" =16

(M1)

(M1)

(A1)

M1

(A1)

Al

Al

MI

MIi1(41)

(A1)

Al



METHOD 3
1 1 1 1
+ + +
log,x loggx log,x log,x

5

1 +10g28+10g232+10g2128+m

(MD(AD
log,x log,x log,x log,x
ste: Award this M1 for a correct change of base anywhere in the question. |
1
= (1+3+5+..) Al
log, x
1 (20
= [—(2 +38)J (MI1)(AI)
log, x\ 2
100 — 400
log, x
log,x=4=>x=2"=16 Al
[6 marks]
Question 14
clear attempt at binomial expansion for exponent 5 M1
2° +5% 2% % (=3x) +¥xz‘ (=3 + 223X 02 (3
FELLLLTIOE N &Y ¢ (AD)
24 '
2:  Only award M1 if binomial coefficients are seen.
=32 -240x +720x” —1080x° +810x* —243x’ A2
2: Award A! for correct moduli of coefficients and powers. A1 for correct signs.
Total [4 marks]
Question 15
. . a
for the first series e =76 Al
for the second series —~ - =36 Al
-7
76(1—
attempt to eliminate @ e.g. % =36 M1
simplify and obtain 97> +9r-10=0 (M1)Al
‘ Note:  Only award the M1 if a quadratic is seen.
obtain i/:E and = Aan
18 18
r:E :2:0,666... Al
18 3
‘ Note:  Award 40 if the extra value of r is given in the final answer.

Total |7 marks]



Question 16

3
(@ |z I:\/ﬁ; arg(z,) :771-[ (accept %TJ AlAl
[2 marks|
(b) |z +az,|=40- a)’ +(3—a)* or the squared modulus (MI1)(Al)
attempt to minimise 2a” —8a +10 or their quadratic or its half or its square root M1
obtain =2 at minimum (A1)
state \/E as final answer Al
[5 marks/
Total [7 marks]
Question 17
@ @ Z :ZCiS(E), z, =2cis on ;2 :2cis(fE) or 2cis Lo AlIAIAI
6 6 2 2
Note:  Accept modulus and argument given separately, or the use of
exponential (Euler) form.
Note:  Accept arguments given in rational degrees, except where
exponential form 1is used.
(i)  the points lie on a circle of radius 2 centre the origin Al
differences are all ZTTC (mod 2m) Al
—> points equally spaced —> triangle is equilateral RIAG
Note:  Accept an approach based on a clearly marked diagram.
(i) z"1z"E2" ms(”—TcJ B0 c1s(in) Mi
2 2
- 2x23"cis(n—n) Al
2
22" =2x zgﬂcis(g—’z’”J =2x 2“@{%) AIAG
[9 marks]
(b) (1) attempt to obtain seven solutions in modulus argument form Mi
z:cis(ﬂ;c),kzﬂ,l...é Al

(11)  w has argument 27_71 and 1+w has argument ¢ ,

sin ( 7)
Bndanig)e— =2 4 . M1

)
1+ cos| —
7
ZSin(g)cos[gJ
=— N/ N/ Al
ZCOSZ(E)
i

:tan(EJ:qb:E Al
7 7



(11)  since roots occur in conjugate pairs, (RI1)

z' —1 has a quadratic factor (zcis(zfn P [2 - cis(z;T]] Al
5 21
=z 2ZCOS{7J+1 AG
. 3 4
other quadratic factors are z~ -2z cos(7)+1 Al
5 67
and z —ZZCOS(TJ-FI Al
[9 marks]
Total [18 marks]
Question 18
=1 T+11=12
=3x4 or amultiple of 3 Al
assume the proposition is true for n=4k (iek’ +11k =3m) M1
:e: Do not award M1 for statements with “Let n =k ™.
consider n=/k +1: (k+1° +11(k+1) MI
=k +3k +3k+1+11k +11 Al
=k +11k+ (3 +8k 812) M1
=3(m+k*+k+4) Al

‘e: Accept &’ + 11k +3(k” +k +4) or statement that £° +11k + (3k* + 3k +12) is
a multiple of 3.

truefor n=1,and n=4k true > n=k+1 true
hence true for all ne 7'

‘e: Only award the final R7 if at least 4 of the previous marks have
been achieved.

RI

Total [7 marks|



Question 19

(a)

(b)

METHOD 1

a+ar=10
a+ar+ar’ +ar =30
a+ar=10=ar’ +ar* =10r*or ar’* +ar’ =20

10+107° =30 or r*(a+ar)=20
=" =2
METHOD 2

M:m and M:so
1-7 L=

1_ 4
= 17:3
1-r"
leading to either 1+7° =3 (or7* —3r° +2=0)
=pt=2
(i) a+av2=10
10
—a= or a=10(+/2-1
1++/2 ( )
 WPAN
i) §,=—8| &= |(=10x3]
i o 1+\5[\51]( )
= 5§10

Al
Al
M1
Al

AG

MIAI

MI

Al
AG

Al

M1

Al
[3 marks]

Total [7 marks]

[4 marksj]



Question 20
(@) log,(x-2)=log, (x2 —6x+ 12)

EITHER

log, (xl —6x+12)
log, 4
2log,(x—2)=log, (x2 —6x+ 12)

log,(x~2)=

OR
log,(x-2)
log, 2
2log,(x-2) =10g4(x3 —6x+12)

=10g4(x3—6x+12)

THEN

(x=2)Y =x"—6x+12

X —4x+4=x-6x+12
x=4

(b)) x™= el
taking In of both sides or writing x = ¢"*
(Inx)* = (Inx)’
(Inx)’(Inx-1)=0

¥=1,x=9

Note: Award second (A1) only if factorisation seen or if two correct
solutions are seen.

M1
M1
Al
Al NI
[3 marks]
M1
Al
(AD
AlA1 N2
[5 marks]

Total [8 marks]



Question 21

(@) z"+z " =cosnb +isinnb +cos(—nb)+isin(—nb) M1
= cosn@ +cosnf +isin nd —isin nd Al
=2cosné AG
[2 marks]
1 1 1 1
(b) (z+z’1)4 =z" +dz’ [—)+622(7}+4Z(7J+7 Al
z i z" ) o3
Note: Accept (z r )4 =16cos’ 4.
[1 mark]

(c) METHOD 1
(z+z‘1)4[z4+i4]+4[22+i2)+6 M1
z Z

(2cos @) =2cos40+8c0s260+6 AlAl

Note: Award A1 for RHS, A1 for LHS independent of the M1.

cos’ @ =Lcosd6 +Lcos26 +2 Al
(oep=1, g4 23)
P=g 473773
METHOD 2
20+1Y
cos“@{uj MIi
2
= i(c:os2 26 +2cos26 +1) Al
i[w+2c0526’+1} Al
cos* @ =1cos40+1cos26+3 Al
(sep=d.g-L.r-3
R R

[4 marks]



(d)

(©)

63)

€]

(z+z’1)6 =z° +625(1)+1524(%}+2023 (L3J+1522 (%J-FGZ{ 1
Z 7 z z

z
(2c0s8)° =2c0s60 +12cos 460 +30¢c0s26 + 20

(ZJrz’l)6 :(26 +%J+6£z4+%}+15[22+%]+20
z z

Note: Award A7 for RHS, A1 for LHS, independent of the M1.

cos’ @ _ L cos 68 +i cosdf + 15 cos20 + B
32 16 32 16

Note: Accept a purely trigonometric solution as for (c).

z A | 3 ] 5
j’cosﬁﬂdé’ :J.l — ¢c0s680 +— cos40 + — cos20 +— |d@
0 0\ 32 16 32 16

= i sin 66 +i sin46’+E sin29+iﬁ
192 64 64 167
_5m

i

3.,
V:th- sin® x cos”xdx
1]

2 n 3 6
:ﬂ:_[ cos xdxfrcj. cos’ xdx
0 0

in

j%cos" xdx=""
0 16

L it
16 32 32

Note: Follow through from an incorrect 7 in (c) provided the
final answer 1s positive.

(accept C;k )

(1) constant term = (2k] _ @ @2k)!

k) kR (kY
x !
(i) 2] cos™ 0d6 = il
0 (k)7 2
(2k}
T
3 ! k
0 2T (ke 2

1
+—MI

AIAI

AG

[3 marks]

MIAI

Al
[3 marks]

M1
Ml

Al

Al

[4 marks]

Al

Al

Al

[3 marks]

Total [20 marks]



Question 22

log3 10g4>< ><10g32
log2 log3 ~ log3l
_log32

- log?2

_ Slog2

- log2

=3

hence a=5

Note: Accept the above if done in a specific base eg log, x .

MIAI

Al

M1)

Al

[3 marks]



Question 23

(a) r=1+i (41)
u,=3(1+i)’ MI
=—6+061 Al

[3 marks]
3((1+1)* -1
(b) Syp= Q (M1)
3Umf-q
LA M1)
1
Note: Only one of the two M1s can be implied. Other algebraic methods
may be seen.
3(-2"-1
= g (AU
1
=3i(2"°+1) Al
[4 marks]
(c) (1 METHODI1
v,=(30+i)7)(30+i)y) MI
9(1+1)" (1+i)*"? Al
=9(L+i)* (L+)°) (= 9(1+D)* (20))
this 1s the general term of a geometrical sequence RIAG
Notes: Do not accept the statement that the product of terms in a geometric
sequence 1s also geometric unless justified further.
If the final expression for v, is 9(1+1)* (1+4)”"” award MIAIRO.
METHOD 2
Vonr _ Ynillnien MIi
v uu,,
=(1+1)(1+1) Al
this is a constant, hence sequence is geometric RIAG

Note: Do not allow methods that do not consider the general term.

() 9+i)

DF Merqge j\é!gﬁgch-ﬁignregfiigered i

1ii) common ratio 155 +7)° ( ndependen



(d)

(1) METHOD1

w,=|3(L+i)" =3(1+1)"

n-1
=3\1+;‘\ ‘1—(I+i)‘

=3‘1+f

497

this 1s the general term for a geometric sequence

‘m—l

METHOD 2

W, =

u,—(1+1)u,

u, —1|

1,

=pa+p

n-1

=3‘(1+i)

497

this is the general term for a geometric sequence

Note: Do not allow methods that do not consider the general term.

(i1) distance between successive points representing #, in the complex
plane forms a geometric sequence

M1
M1

Al

RIAG

M1

Al

Al

RIAG

R1

Note: Various possibilities but must mention distance between successive points.

[5 marks]

Total [17 marks]



Question 24
METHOD 1

23(.\'—]) — (2 x 3)3.\‘

ote: Award M1 for writing in terms of 2 and 3.

23\‘ X273 — 23.‘( % 33.‘(
2—3 L ,%S:c
In(27)=In(3")
—3In2 =3x1n3
_In2

In3

METHOD 2

In8~ =In6™
(x—DIn2’ =3xIn(2x3)
3xIn2-3In2=3xIn2+3xIn3

In3
METHOD 3
In8~' =In6™
(x-DIn8=3xIn6

In8
X=—
In8—3In6
_ 3In2
_—23
IH(EJ

In2
X=——

In3

M1

Al
M1)
Al
Al

(MI)
MiAl
Al

Al

(M1)

Al

M1

Al

Total [5 marks]



Question 25
() METHOD 1

1 1 2-3i 3-2i

-t e +
2431 3+21 4+9 9+4
&_S—Si
w 13
130

5-51
~ 130x5x(1+1)

50
w=13+131

METHOD 2

1 - I 3+42i+2+3i
2+31 3+ (2+3)0G+20
10 _5+5i
w131
w_ 131
1 &45i

1301 (5-51)
w= —X _

(5+5i) X5451)
_ 650+6501

50
=13+131

(b) w =13-13i

z=+/338¢ A [: 132 e4i]

Note: Accept 6= %t

Do not accept answers for @ given in degrees.

MiAl

Al

Al
[4 marksj

MIA1

Al

Al
[4 marks]

Al
AlAI



Question 26

(a) sinx.sin2x and 4sinxcos’ x
2sinxcosx
r=————

- =2cosx
sinx
Note: Accept 51-r12x .
sinx
(b) EITHER

|i’|<1=>|2005x|<1

OR

—l<r<l=-1<2cosx<l
THEN
1] b T
O<cosx<—for ——<x<—
2 2 2

T T T T
=KX =—f0 — < X Sr
2 3 3

sin x
(&) S.=—§ &
1-2cosx

sin { arc-cos(% n

S.= :

1—2cos| arccos| —
)

h

Note: Award 41 for correct numerator and 471 for correct denominator.

J15

Al

[1 mark]

M1

M1

AlAl

[3 marks]

M1

AlAl

AG

[3 marks]

Total [7marks]



Question 27

let P(n) be the proposition that (2n)!>2"(n!)*, neZ'
consider P(1):

21=2 and 2'(1!)" =2 so P(1) is true RI
assume P (k) is true ie (2k)!22°(k!), keZ' M1

Note: Do not award M1 for statements such as “let n=Fk”.

consider P(k+1):

(2(k+D)!= 2k +2) 2k +1) (2k)! M1
(2(k+1)!= 2k +2) 2k +1) (k!)*2* Al

=2(k+1) 2k +1)(k!)*2F

> 28 (k + 1) (k +1) (k) since 2k +1> k +1 R1

=241 (ke + Y Al
P (k+1) is true whenever P (k) is true and P (1) is true, so P(n) is true for neZ' RI

Note: To obtain the final R, four of the previous marks must have been awarded.

Total [7 marks]



Question 28




(@) () METHOD 1

Yoa _ 2? M1
v, 24
— D¥eaHn — 9 A1
METHOD 2
V,,H_l _ Zaﬂdd
T - Ha+(n-1)d M1
=2 A1
(i 2° A1
Note: Accept 2.
(i) EITHER
v, is a GP with first term 2* and common ratio o
Vn — 2a (2(:')(”71)
OR
u,=a+(n-1)d asitis an AP
THEN
v :2a+(rr—1)n' A1l
[4 marks]
2a((2d)n_l) 2a (2:2'71_1)
b i S = = M1A1
LA " 2781 pA_1
Note: Accept either expression.
(i)  for sum to infinity to exist need —1< 29 <1 R1
=1log2? <0=>dlog2<0=d <0 (M1)A1
Note: Also allow graph of 74
(i S, = 2 A1




(iv)

(c) METHOD 1

w,=pq", z,=Inpg"”

z,=lnp+(m-1)lng

Z—Z, =(Inptnlng)—(lnp+(n-1)lng)=Ing
which is a constant so this is an AP

(with first term In p and common difference Ing)

n

Zzi :g(Zlanr(nfl)lnq)

i=1
]np+]nq(%_l} nh{pq(”—;J]

n(n-1)
=In| p'g *

METHOD 2

=n

n

Z:i:Inp+1npq+lnpq2+..>+]npq"_l

=l

— T (pnq(1+z+3+._.+(m)) )

n(n-1)
=In| p'g 2

Question 29

M1

A1

(A1)
M1A1

M1

(M1)

A1

(M1)A1
(M1)A1

(M1)A1

[8 marks]

[6 marks]

Total [18 marks]

GB-x)*=13"+43(x)+63"(—x) +43(—x)’ +1(—x)* or equivalent

=81-108x+54x*—12x* + x*

(M1)(A1)
A1A1

Note: A1 for ascending powers, A7 for correct coefficients including signs.

[4 marks]



Question 30

(a) METHOD 1

o8 a4 ..
2 =—""=""(cosm+isinm)
8 8
24 o
:?(COS(TE+2nﬂ:)+151n(?‘[+2n7t))

3 (TE+2.VITE) . (TIZ+2?’JTEJ
Z =—| COS +1S81n
) 3 3

7 S (cosn+isin1‘t),

Sm .. 5m
cos— +1sin— |.
3 3

T
Note: Accept —; as the argument for z;.

Note: Award A7 for 2 correct roots.

Note: Allow solutions expressed in Eulerian (re‘g) form.

Note: Allow use of degrees in mod-arg (r-cis) form only.

M1(A1)
(A1)

M1

A2

[6 marks]



METHOD 2

8z +27=0
3
=z=-2 s0 (2z+3) is a factor

Attempt to use long division or factor theorem:
=>82° +27=(2z+3)(42 - 62+9)

=4z’ -6z+9=0
Attempt to solve quadratic:

$29:/31
o 3E33

4

3( T HJ
z,==| cos=+isin— |,

2 3 3

3 ..
22:§(C05ﬂ+151nﬂ:),

3( St . Sﬂ]
z,==| cos——+isin :

2 3 B

IS
Note: Accept r as the argument for z;.

Note: Award A1 for 2 correct roots.

Note: Allow solutions expressed in Eulerian (re“’) form.

Note: Allow use of degrees in mod-arg (r-cis) form only.

M1

A1

M1

A1

A2

[6 marks]



METHOD 3

8z°+27=0

Substitute z=x+1y

8(}53 + 3ix2y 73)9)2 *i}'3)+27 -0

= 8x* —24x)” +27 =0 and 24x>y —8y* =0
Attempt to solve simultaneously:

8y(3x2 fyz) -0

y=0 =% S,y:—x«ﬁ

3 3 33
:}(x ,‘}JOJ \':_Fy:i J;

2 4 4

3( 3;

= Osf+151n

2

3

, =—(cosm+isinm),

2

3( o

i s—+1s1n—

2 3)

Note: Accept 7% as the argument for z;.

Note: Award A1 for 2 correct roots.

Note: Allow solutions expressed in Eulerian (re'a

) form.

Note: Allow use of degrees in mod-arg (r-cis) form only.

M1

A1
M1

A1

A2

[6 marks]



(b) EITHER

Valid attempt to use area= 3[iab sinC}

1 3X3XJ§
Pl

Note: Award A1 for correct sides, A1 for correct sin C.

OR

Valid attempt to use area:% base x height

1 (3 3} 6\3
area=—x| —+= [x——
2\ 4

2 4

Note: A7 for correct height, A7 for correct base.

THEN

213

16

M1

A1A1

M1

A1A1

AG
[3 marks]

Total [9 marks]



Question 31

@ a>0 A1
azl A1
[2 marks]
(b) METHOD 1
]I] y
logxy:—“L and log, x = M1A1
Iny
Note: Use of any base is permissible here, not just “e”.
]_Il R 2
2] .
Inx
Iny=+2Inx A1
5 1
y=x"or — A1A1
X
METHOD 2
1 1
log, x = £ 4 M1A1
log. v log ¥y
(log, y)z =4 A1
log. y=+2 A1
y=xory=— A1A1
X
Note: The final two A marks are independent of the one
coming before.
[6 marks]

Total [8 marks]



Question 32

(@)

1 _ 1 N+ —n
\/;+\/n+l ﬁ+\/n+1 n+17\/;

i

(n+D)—n

=Vn+1-+/n

—

51

1
consider the case » = 2: required to prove that 1+$ e \/5

1
from part (b) — > &

2
hence 1+L> 2 istruefor n =2
2
now assume true for n =k : Z : >\/I
< Jr
i+ +L> k
NN
1 1 1
attempt to prove true for n=k+1: —(=+...+ =+ >+k+1
\/I \/Z k+1
from assumption, we havethati+ + > +#> k+ 1
’ \ﬁ \/I NE+1 Vk+1
so attempt to showthat\/E+ >k+1

k+1

M1

A1

AG
[2 marks]

A2

AG

[2 marks]

M1

A1

M1

(m1)

M1

(m1)



EITHER

1
>Ak+1 ,\/E -
Vie+l
\/klﬂ > \/»'»_'+1\/k+1 . (from part a), which is true 5
OR

JEe L 7\/ﬁ\/E+1l

+ = A1
«fk+l \/k+1
Vi +1
>—————Ak+l A1l
NiE+1
THEN

sotruefor n=2 and n=1x true =>n =k +1 true. Hence true forall n >2 R1

Note: Award R7 only if all previous M marks have been awarded.

[9 marks]

Total [13 marks]

Question 33

use of either u, =u, +(n—1)d or §, = g(Zuj +(n—=1d) M1
u,+4d =6 (A1)
%(2u1+11d)=45 (A1)
= 4u, +22d =15

attempt to solve simultaneous equations m1
4(6—4d)+22d =15

6d=-9—>d=-1.5 A1
u, =12 At

[6 marks]



Question 34

METHOD 1

m — nlog, 2 =10log, 6

m — nlog, 2 = 5log, 6 M1
m = log, (6°2") (M1)
37T =6 =3x2’ (M1)
m=5,n=-5 A1

»te: First M1 is for any correct change of base, second M7 for writing as a single logarithm,
third M1 is for writing 6 as 2x 3.

METHOD 2

m — nlog, 2 =10log, 6

m — nlog, 2 = 5log, 6 m1
m — nlog, 2 = 5log, 3 + 5log, 2 (M1)
m —nlog,2 =5+ 5log, 2 (M1)
m=5n=-5 At

ote: First M1 is for any correct change of base, second M7 for writing 6 as 2 x 3 and third M1 is for
forming an expression without log, 3 .

[4 marks]



Question 35

3
(a) (cos[g] + isin(zn = COST + isin7 M1
=-1 A1l
(b) show the expression is true for n = 1 R1
assumetrueforn=*%k  (cos@ —isin@) = cosk @ — isink @ m1

[2 marks]

| Note: Do not accept “let 7 = £” or “assume » = £”, assumption of truth must be present.

(cos@—isin 9)k+1 = (cosé‘—isine)k (cos@—isind)
= (cosk @ —isink 8)(cos @ — isin ) M1
=cosk@cosf —sink@sin@ —i(cosk@sind + sink & cosf) A1

| Note: Award A1 for any correct expansion. |
= cos((k + @) — isin((k + 1)) A1

therefore if true for » = k true for » =k +1, true for » = 1, so true for all n(e Z*) R1

| Note: To award the final R mark the first 4 marks must be awarded. |

(c) (2)"+ (z*)" = (cos @ + isind)" + (cos @ — isin )"

= cosnB + isinnf + cosn@ — isin n@ = 2 cos(né) (M1)A1

(d) (i) zz'=(cos@ +isin@)(cosd —isind)
=cos’ @ +sin’ @ A1
=1 AG

e: Allow justification starting with |z| =1. ‘

(i) (z + z*)3 =224+ 322"+ 32(2* )2 + (z')3 (: Z2+3z+3z°+ (z* )3) A1
i) (z+2) =(cosoy A1
2432437+ (2') =2cos36 + 6cosh M1A1
c0s36 = 4cos’ @ — 3cos O AG

Note: M1 is for using zz =1 , this might be seen in d(ii).

[6 marks]

[2 marks]

[5 marks]



(e) 4cos’@—2cos’@—3cosf+1=0
4cos’ @ —3cosf =2c08" 6 — 1

cos(30) = cos(260) A1A1
| Note: Af for cos(30)and A1 for cos(26). |
=0 A1
or 3@ =2 — 26 (or 30 = 4w — 26) M1
<78 49 A1A1
5 5
| Note: Do not accept solutions via factor theorem or other methods that do not follow “hence”. |
[6 marks]
Total [21 marks]
Question 36
] Tose, M0 Dn m— Digge s A1A1
2 6
| Note: Award A1 for the first two terms and A7 for the next two terms. |
n
Note: Accept [ J notation.
-
[ Note: Allow the terms seen in the context of an arithmetic sum. |
| Note: Allow unsimplified terms, eg, those including powers of 1 if seen. \
[2 marks]
(b) () EITHER
USing 4, — t, = 1, — Uy (mM1)
n(n—l)_”:n(n—l)(n—Z)_n(n—l) A7
2 6 2
attempting to remove denominators and expanding (or vice versa) M1
3n* =9 =’ — 6r* + 5n (or equivalent, eg, 6n° — 12n = 1w’ = 3n* + 2n) A1
OR
using u, +u, = 2u, (M1)
n+wz an - (A1)
attempting to remove denominators and expanding (or vice versa) M1
6n+n’ —3n* +2n=6n> —6n (or equivalent) (A1)
THEN
=97+ 14n =0 AG
(i) nr-=-2Yn-T7)=00r(n-2)n-7=0 (A1)
n=7only(as n=3) A1
[6 marks]

Total [8 marks]



Question 37

let P(n) be the proposition that » (zf.-2 + 5) is divisible by 6 for ne Z*
consider P(1):
when n=1, n(n2+ 5) = Tl (12+ 5) =6 and so P(1) is true

assume P(k) is true je, k(k2 + 5) = 6m where k, me Z*

te: Do not award M7 for statements such as “let n = & " ‘
consider P(k + 1) :
(k+D)((k +17+5)
= (k + 1)(K* + 2k + 6)
= +3+8k+6
= (k3 + Sk) + (3k2+ 3k + 6)
=k(k*+5) +3k(k +1) + 6

Ic(k + 1) is even hence all three terms are divisible by 6

P(k + 1) is true whenever P(k) is true and P(1) is true, so P(n) is true for ne 7,

ste:  To obtain the final R1, four of the previous marks must have been awarded. |

Question 38

(@) EITHER

( Y S Y
=| cos— + 1sin—

7 7
= cos2m + 1sin2xw

=1
so w is a root

OR

z'=1=cos(2nk) + isin(27k)

(Z'Kkj . (271:]»’)

ZI=IC08 +isin| ——

7 7l

k=1:>z=cos[2nJ+isin{2EJ
7 7

so w is a root

® @) w-D(I+w+w+w+w+w+w)
=w+ W2+ %‘3+ W4+ PVS-I-‘WG-F W7—1—W—W2—W3—W4—W5—1«V6

=w —1(=0)

i) w-1=0andw-1%0

PDF Mé&rget'Mat™ Unregistered

R1
M1

M1

(A1)
A1
A1

R1
R1

(m1)

At
A1
AG

(m1)

A1

A1

AG

M1
A1

R1
AG

[8 marks]

[3 marks]

[3 marks]



(c) therootsare 1, w, w’, w’, w', w’and w® A1

In2
’
L
W
- T W
3
W
,.......3
' fle &
\.JL' .
) w
L4
W
§
7 points equidistant from the origin A1
approximately correct angular positions for 1, w, w*, w*, w*, w’ and w° A1

| Note: Condone use of cis notation for the final two A marks. |

Note: For the final A mark there should be one root in the first quadrant, two in the
second, two in the third, one in the fourth, and one on the real axis.

[3 marks]

@ (@) o= (w +w+ w“Y

=w'+ (wz)!+(w4)¥ A1
since w' =", (wz)* =w’ and (w" )s =’ R1

So=wt+ w+w AG



(iy b= —(a + a*) (using sum of roots (or otherwise)) (M1)
b=—(w+w2+ w+w e w4 w6) (A1)
=D
=1 A1
c=ao’ (using product of roots (or otherwise)) (mM1)

c= (w +w+ w4)(w6+ w’+ ws)

EITHER

=w’+ W+ w4+ 3w+ W+ v At
=(W6 +w+wr w4 w) +3 m1
=3-1 (A1)
OR

=wl+w+w+ 3w + Wit W+ (= w! (1 +w+ 1Au3)(w3 +w’ +1)) A1
=w4(w6+ w5+w4+w2+w+l+3w3) M1

=w4(w6+ wH+wtrw+wrw+1+ 2w3)

= w' (2w?) (A1)

THEN
=2 A1

[10 marks]
—1 +1

(e) zz+z+2=0:>z=1%hﬁ M1A1
Im(w +w*+ w') >0 R1
Imo = f A1

[ Note: Final A mark is independent of previous R mark. |

[4 marks]

Total [23 marks]



Question 39

(@ u=1 At
(b) wg=8,—85=31 M1A1
(¢) u,=8,-8S,, M1

=(3n"=2n) - (300 -1’ = 2(n - 1))

= (3n*—2n) - (3n*— 6n + 3—2n + 2)

=6n->5 At
d=u u R1

H+17 n
=6n+6-5-6m+5
=(6(n+1)—5)—(6n-5)

=6 (constant) A1

[1 mark]

[2 marks]

involving particular terms of the sequence nor circular reasoning arguments (eg use of
formulas of APs to prove that it is an AP). Last A7 is independent of R1.

Notes: Award R1 only if candidate provides a clear argument that proves that the difference
between ANY two consecutive terms of the sequence is constant. Do not accept examples

[4 marks]
Total [T marks]
Question 40
attempt to form a quadratic in 2* M1
() +4-22-3=0 A1
—4 +./16 +12

i Fit. o e \'2+(:72i\/7) m1
=2 ++J7 (as -2 — V' @0) R1

(oD
x:10g2(72+\ﬁ) Lx—l ( ;2ﬁ)J A1

te: Award RO A1 if final answeris x = logz(f2 ik \ﬁ)

[5 marks]



Question 41

(@)

(b)

() METHOD 1

3
1—w

l+o+ = =0 Al
-—@
as =1 R1
METHOD 2
-1+4/31
solutions of 1 — @’ =0 are @ =1, (022\/_1 A1
verification that the sum of these roots is 0 R1
. -
(i) 1+a +((o):0 A2
((0 - 3(02)((02 - 3&)) = 30'+ 100’ — 30° M1A1
EITHER
= 30’ (@’ + @+ 1) + 130’ M1
=-30'x0+13x1 A1
OR
= 30+10-30*=-3(e’+ @+ 1)+ 13 m1
=-3x0+13 A1
OR
—1+4/31
substitution by @ = IZJ—I in any form M1
numerical values of each term seen A1
THEN
=13 AG
| =la| = \/12+ 3= \/xz +(Q2x +1)° (M1)(A1)
5% +4x-9=0 A1
BGx+N(x-1D=0 (M1)
x=ll, = 2 A1
5

[4 marks]

[4 marks]

[5 marks]



d pg=0-3)(x+Q2x+1i)=Tx+3)+1-xh
Re(pg) + 8 < (Im(pq))zib (Tx+3) + § <@ — %)

=x*-9x-10>0
= (x+D(x-10)=0
x<-1, x>10

Question 42

log, x—log,5 =2 +log,3

collecting at least two log terms
X X
e log,— =2 +log,34Flog; =2
g 22 5 2> 2> 15

obtaining a correct equation without logs
eg X-120RX-2’

5 4l
x=60

Question 43

M1A1

m1

A1
m1

A1
[6 marks]

Total [19 marks]

(M1)

(M1)
(A1)
A1

[4 marks]



(a) :I—ZCiS(n) and zz—ﬁcis{ J A1A1

£
3 4

| Note: Award A1AQ for correct moduli and arguments found, but not written in mod-arg form. |

W |W=+2 A1

T
i argw = — A1
(ii) g -

Notes: Allow FT from incorrect answers for z; and z, in modulus-argument form.

[4 marks]
(b) EITHER
sm[’l‘;) —0 (M1)
OR
arg(w”) =R (M1)
HTC
bl S
12
THEN
sn=12 A1
[2 marks]
Total [6 marks]
Question 44

Question 51



(@) useof u,=u+(n—-1d m1

(14 2d)*=(1+d)(1 + 5d) (or equivalent) M1A1
d=-2 A1
[4 marks]
by 1+(N-1x-2=-15
N=9 (A1)
2 9
Zz!i_:§(2+8><—2) (M1)
r=1
=-063 A1
[3 marks]
Total [7 marks]
Question 45
let P(n) be the proposition that 4" + 157 — 1 is divisible by 9
showing true for n =1 A1
jie forn=1 4+15x1-1=18
which is divisible by 9, therefore P(l) is true
assume P(k) is true so 4° + 15k —1=94, (AGZ*) m1
Note: Only award M1 if “truth assumed” or equivalent. ‘
consider 4 +15(k +1) -1
—4x4"+15k +14
=494 - 15k +1) + 15k + 14 M1
=4x94 45k + 18 A1
=9(4A4 — 5k + 2) which is divisible by 9 R1
‘ Note: Award R1 for either the expression or the statement above. ‘
since P(l) is true and P(k) true implies P(k + 1) is true, therefore (by the principle
of mathematical induction) P(n) is true for ncZ* R1
‘ Note: Only award the final R1 if the 2 M7s have been awarded. ‘
[6 marks]
Question 46
attempt at binomial expansion, relevant row of Pascal’s triangle or use of
general term with binomial coefficient must be seen (M1)
10 !
term independent of x is { i }(sz )6( 213) (or equivalent) (A1)(A1)(A1)
-
Notes: x's may be omitted.
10
Also accept { 6 ]or 210.
=840 A1
[5 marks]

Question 47



(a) EITHER

the first three terms of the geometric sequence are 9, 9 and 9+° (mM1)
9+3d =97 (=3+d=3r) and 9+ 7d = 9+* (A1)
attempt to solve simultaneously (mM1)
4 2
3
91 7d = 9{ k) d]
OR
the 1, 4t and 8 terms of the arithmetic sequence are
9,9+3d,9+7d (M1)
9+7d 9+3d
+ _ By (A1)
9+ 3d 9
attempt to solve (M1)
THEN
d=1 A1
4
(by r= 5 A1

[4 marks]

Note: Accept answers where a candidate obtains d by finding » first. The first two
marks in either method for part (a) are awarded for the same ideas and the third
mark is awarded for attempting to solve an equation in r.

Total

Question 48
C represents the complex number 1 — 21 A2
D represents the complex number 3 + 2i A2

Question 49

[1 mark]

[5 marks]

[4 marks]



) GG (1))

show true for n =3 (M1)

2 3
LHS=| = |=1 RHS=| "1=1 A1

hence true for n =3

2Y) (3 4 k-1 k
assume true for n = k: + + + ...+ = M1
2 2 5 2, 3

. 2 3 4 k-1 k
considerfor n =k +1: + + I + (M1)
2 2 2 2 2
k k
= i A1
3 2

k! k! k! 1 3 :
= + =— + or any correct expression
(k=331 (k=2)121l 3! (k=3)! (k-2)!
with a visible common factor (A1)
Kl k-2+3 g i :
= 5 W or any correct expression with a common denominator (A1)

_Kk k+1
31 (k-2

| Note: At least one of the above three lines or equivalent must be seen. |

 (k+ D)
C 31k —2)!

B k+1

3

Result is true for £ = 3 . If result is true for k itis true for k¥ + 1. Hence result is true
for all £ > 3. Hence proved by induction. R1

or equivalent A1

Note: In order to award the R1 at least [6 marks] must have been awarded. ‘

[9 marks]

Question 50



(c) (i) EITHER
z=(1-cos28) —1sin28

|z| :\/ 1-cos20)°+ (si1129)2 M1
| z| :\/172c052f9+c05229+si11229 A1
=20 - cos20) A1
= |2 (2sin”6)
=2smné8 A1
let arg(z) =«
tana = — ﬂ M1
1 —cos28
— 2sinfcos
= A1
2sin’ @ £
= — cot@ A1
arg(z) =a = —arctan{ Tan(g - 3)) A1
ww A1
2
OR
z=(1—-cos28) —1sin26
=2sin’ @ —2isin Bcos & M1A1
=2siné(sinf —icosf) (A1)
= 72isi11£9(c036'+isi116') M1A1
=2sind cos(@ﬂ}rism{f)}r] M1A1
2 2
‘:‘ =2siné A1
arg(z)=6 - b A1
2
(i)  attempt to apply De Moivre’s theorem M1
6 3 gL .i0nm 82 3oy
(1 — cos26 —isin26)* = 23 (sin6)3 | cos zf + 1isin :
A1A1A1

Note: A7 for modulus, A7 for dividing argument of z by 3 and A7 for 2nm.

Hence cube roots are the above expression when n=-1,0,1.

Equivalent forms are acceptable. A1
[14 marks]



Question 51

log, (x + 3) + log,(x —3)=4

logz( 279):4
¥—9=9"=1a)
=25

x=Z5

X=D

Question 52

) 7 2 T-r ’
each term is of the form (x ) —
i

z ’ .
_( Jxlﬁr—-r(z)rx—i

_I"
s014 —3r =8
r =3

so require (;](xl))(_fJ (or simply [;J(Z)z)
=21x4
=84

(M1)
M1A1

(A1)
A1
[5 marks]

(mM1)

(A1)

A1

A1

2 Candidates who attempt a full expansion, including the correct term, may only be awarded

M1A0A0AO.

[4 marks]



Question 53

METHOD 1

216i = 216[(;055 ) isinE)
2 2
1
3
z+21= \31216((:05[% + Zm’c] + isin[g + Zm’c)]

: (ﬂ.’ ZHkJ .. (= 2:rrk)
z+21=6[/cos|—+—|+1smn| — + —
6 3 6 3

Z+ 2= 6((:05% + isin%} = 6(£ + %] =33 +3i

2

: 8 G D —/3 1 .
Zot 2 = 6(cos?gt + 15111%{) = 6[—\f e %} =-33+3

2

; MW i 3 .
G2l = 6((:05—]I + 1sm—ﬂ] =061
2 2

:: Award A1AO for one correct root. |
so roots are z; = 3\5 1,48 = 73\/3 +1 and z,=—81
1 Award M1 for subtracting 21 from their three roots. |

METHOD 2
3
(a IR 2)i) = 216i

(av3 ) + 3(av3 ) (b + 2)i =3(av3 )& + 27— i(6 + 2)’= 216

2

(a3 ) ~3(av3 )@ + 27+ i(_%(aﬁ Y-+ 2)3) = 2161

(aﬁ )3— 3(aJ§ )(b +2)2=0 and 3(mf§ )2 (b4 2) — (2P =216
a(a’®—(b+2)’)=0and 9a° (b +2) — (b +2)’= 216

a=0ora=(+2)y
ifa=0—-(b+2’=216>b+2=-6

Lbhb=-8

(a,b)=(0,-8)

ifa®=(>B+2)> 9B +2°D+2)-(b+2y°=216
8(b + 2)°= 216

& +2F=27
b+2=3

b=1
LP=9=>g=:43
s(a,b) =(£3,1)

so roots are :1:3\6 T, :2:—3\/§+i and z,=—8

A1

(m1)

A1

A2

M1A1

[7 marks]

M1A1

M1A1

A1

A1A1



METHOD 3

(z+2i) —(~6i)’' =0

attempt to factorise:

(= +20) = (=6i)) ((z+24) + (= +2i) (=6i) + (=67)')
(z+8i)(z*—2iz—28)=0

2+8i=0=z=-8

0

2i+.[-4—(4x1x-28)
2

22 2iz-28=0=>z=

2i /108

3]

8]

2
3653
2

=it33

8]

Question 54

(@)

METHOD 1

log .x - log, x { logrxJ

N log, 7* N 2log, r
_log, x
2

METHOD 2

log ,x = =
og, 1

1
2log r

_log, x
2

METHOD 1

log, v+log, x+log,2x =0
log, y+log,2x* =0

log, y+élog2 =il
1 2
log, v = *EIng 2%

| A
log, y= logl(\/ExJ

y=—=x

V2

M1
A1

A1
A1

M1

A1A1

M1A1

AG

M1

A1l

AG

M1

M1

M1A1

A1

[2 marks]

[2 marks]



METHOD 2

log, v+log, x+log, 2x =0

1 1
log, y+510g2x+510g2 2x =0 M1
log, y +log, X +log, (Zx)% =0 m1
log, (\/Ex}) =0 M1
\Exy =1 A1
L ol
y=—"pFx A1
V2
‘ Note: For the final A mark, y must be expressed in the form px?.
[5 marks]
Question 55
(@) z+w (a+c)+i(b+4d)
z—w (a—c)+i(b—d')
:(a+c)+%(b+d)X(a—c)f%(bfd) M1A1
(af c)+1(b —d) (a—c)—i(b—d)
a+c)(a—c)+(b+d)(b—d) [ o AT .
real part:( N )2 ( )(2 ) o Cz+ 5 A1A1
(a—c) +(b—-d) (a—c) +(b-4d)
| Note: Award A1 for numerator, A1 for denominator. |
[4 marks]
(b) |:| = ‘w| Sa+b=c+d R1
hence real part =0 A1
[ Note: Do not award ROAT. |
[2 marks]
Total [6 marks]
Question 56
(a) METHOD1
state that u, = ulr"'l (or equivalent) A1l
attempt to consider a, and use of at least one log rule M1
log, |u, | =log, [ |+ (n —1)log, | r| A1
(which is an AP) with d = log, | 7| (and 15tterm log, |, |) A1
so A is an arithmetic sequence AG

| Note: Condone absence of modulus signs. |

\ Note: The final A mark may be awarded independently. \

| Note: Consideration of the first two or three terms only will score M0. |

[4 marks]



METHOD 2

consideration of (d =)a,., —a, M1

(d)=log, |u,, |—log,|u,

(d)=log, Tl m1
un

(d)=log, r| A1

which is constant R1

| Note: Condone absence of modulus signs. |

\ Note: the final A mark may be awarded independently. |

\ Note: Consideration of the first two or three terms only will score MO. \

(b) attempting to solve 1 =4 M1
=IF
—_— A1
4

d=-2 A1
[3 marks]
Total [7 marks]

Question 57
. 2 (B4 :
(@ (i) w =das B w =8cis(m) (M1)A1A1

| Note: Accept Euler form. |

| Note: M1 can be awarded for either both correct moduli or both correct arguments. \

Note: Allow multiplication of correct Cartesian form for M1, final answers must be in
modulus-argument form.

(ii)

w

o
W w’
T T * X
8 E ' A1A1
[5 marks]
(b) use of area :%ab sin C m1
1 % | . g 1 :OE
—xlx2xsih—+—x2x4xsin—+—x4x8xsin— A1A1
2 3 2 3 2 3
Note: Award A1 for C = ; , A1 for correct moduli.
2143
=— AG

2

| Note: Other methods of splitting the area may receive full marks. |

[3 marks]



(c) %xzf' x 2! x Sin£+%x 21x22xsin£+lx22x Pxsint 4 +%x2"'1x 2" x sin X

n n 2 n m
M1A1
Note: Award M1 for powers of 2, A1 for any correct expression including
both the first and last term.
= sinix(z" y gty o JPFE
n
identifying a geometric series with common ratio 2(=4 (M1)A1
1-2% . om
= X Sm— M1
1-4 n
| Note: Award M1 for use of formula for sum of geometric series.
21(4” 71)sin£ A1
3 n
[6 marks]
Total [14 marks]
Question 58
ifn=1
LHS:I;RHS:4723—O:473:1 M1
hence true for » = 1
assume true for n = & M1

te: Assumption of truth must be present. Following marks are not dependent on the first
two M1 marks.

2 3 k-1
sol+2(l}+3(l] +4(1J +...+k(lJ :47]::12
2 2 2 2 2]

if n=k+1
1 1 2 I 3 1 k-1 1 k
1+2[— +3—)+4—]+...+k— +(k+D| =
2 2 2, 2 2
k
k+2 1
:4’_2k-1 +(k+1)(EJ mM1A1
finding a common denominator for the two fractions M1
2Ak+2) k+1
2 S
., 2k+2)-(k+1) Fa3 (k+1)+2
R A A
hence if true for n =k then also true for n =k +1, as true for n =1, so true (for
al neZ™) R1

te: Award the final R7 only if the first four marks have been awarded. |

[7 marks]



Question 59
(Inx)’ - (In2)(Inx) — 2(In2)*(= 0)

EITHER
i 2

e 22 ,/(hlzz) + 8(In2) i
_ In2+3In2 A1

2
OR
(Inx—2In2)(Inx+In2)(=0) M1A1
THEN
Inx=2In2 or —In2 A1
—x=4 orx:% (M1)A1

ite: (M1) is for an appropriate use of a log law in either case, dependent on the previous
M1 being awarded, A1 for both correct answers.

solution is %<x<4 A1
Question 60
attempt to substitute x =—1 or x=2 or to divide polynomials (M1)
1-p—-g+5=7,16+8p + 2q + 5 =1 orequivalent A1A1
attempt to solve their two equations M1
p=-3,9g=2 A1l
Question 61
(a) (r(cost? + 1sIn 6’))24 =1(cos0 + 1s1n0)
use of De Moivre’s theorem (M1)
=1 | (A1)
o]
246":2Jmé6’:E,(neZ) (A1)
T
0<arg:<E:>n:1,2,3,4,5
i w4 5w
z=ePore? ore? ore? orel? A2

Note: Award A1 if additional roots are given or if three correct roots are given with
no incorrect (or additional) roots.

[6 marks]

[5 marks]

[5 marks]



(b) () ReS = cos— + cosﬂ + cosj—ﬂ + c:-osq—Tt + cosb—n
12 12 12 12 12

LT . 2n . 3m . 4n . Sn
ImS =sin— + sin— + sin— + sin— + siin—
12 12 12 12

[ Note: Award A1 for both parts correct. |

. Sm T . 4xm 2t . 3m 3n
but sin— = cos—, sin— = cos—, sin— = cos—,
12 12 12 12 12
. 2m 4t 5, (T St
sin— = cos— and sin— = cos—
12 12 12
= ReS =ImS
| Note: Accept a geometrical method. |
(i) cos = cos(7t T = cosFeos T + sin Zsin ™
12 4 6 4 6 4 6
_243 21
2 2 )
N
4
5n T m i A
(i) cos— =cos| — + — | = cOS—COS— — SN —SIn—
12 6 4 6 4 6 4

12

5 . .
Note: Allow alternative methods eg cos% = smE = sm(

_B2 12 o2

2 2 g 2 4

T 21 3m 41 5

ReS = cos— + cos— + cos— + cos— + cos—
12 12 12 12

12
V2edo 5 V21 o2
4

2 Vin i 4

ReS =

:%(£+1+\E+\/§)
:%(1+\/§)(1+\/§)

S:Re(s)(1+1) since ReS = Im S,

5 %(1 i ﬁ)(l + \/E)(l +i)

A1

M1A1
AG

M1A1

A1l

(M1)

(A1)

A1l

A1

R1

AG
[11 marks]

Total [16 marks]



Question 62

—1+/3 is a root (A1)
1

3+log23—log26(—3+log2§—3—1—2) is a root (A1)

sumofroots: —a =3 +log,3=>a=-3-log,3 m1

: Award M1 for use of —a is equal to the sum of the roots, do not award if minus is missing. |

: If expanding the factored form of the equation, award M1 for equating a to the coefficient of z°. ‘

product of roots: (~1)*d = 2(log, 6) (1\/5)(—1\/5) m1
=06log, 6 A1

: Award M1A0 for d =—6log, 6. ‘

6a +d +12=-18-6log, 3+ 6log, 6+12

EITHER
= —6+6log,2=0 M1A1AG

: M1 is for a correct use of one of the log laws. |

OR
=—6—6log,3+6log,3+6log,2=0 M1A1AG

: M1 is for a correct use of one of the log laws. |

[7 marks]

Question 63
considern =1. 1(1!) =1 and 2! — 1 =1 therefore true for n =1 R1

: There must be evidence that » = 1 has been substituted into both expressions, or an expression
such LHS=RHS=I1 is used. “therefore true for » = 1” or an equivalent statement must be seen.

k
assume true for n = k| (so that Zr(r!) =k +DI-1) M1

r=1

. Assumption of truth must be present. \

consider n =k +1

kZH:r(r!) :ir(r!) + (k + Dk +1)! (M1)
;_(k+1)!t1+(k+1)(k+l)! A1
=k +2)(k+D!-1 M1

. M1 is for factorising (k + 1)! |

=(k+2)!-1

=(k+D+1)1-1

so if true for » = k&, then also true for » = & + 1, and as true for » =1 then true for

all n (EZ+) R1

2: Only award final R1 if all three method marks have been awarded.
Award RO if the proof is developed from both LHS and RHS.

Total [6 marks]




Question 64

(a) an attempt at a valid method eg by inspection or
row reduction (M1)

2xR=R = 2a=-1

1
g e A1
2
(b) using elimination or row reduction to eliminate one variable (M1)
correct pair of equations in 2 variables, such as
S5x+10y =25
A1
Sx+12y=4
Note: Award A1 for = = 0 and one other equation in two variables. |
attempting to solve for these two variables (M1)
x=26,y=-105,z=0 A1A1

Note: Award A1AQ0 for only two correct values, and AOAO for only one. |

Note: Award marks in part (b) for equivalent steps seen in part (a). |

[2 marks]

[5 marks]

Total [7 marks]

Question 65
(a) METHOD 1

SJ A1
4 (A1)

| 5
_ 8t BRTROM . 5.5 (M1)
414! 4x3x2x1

=70 A1

METHOD 2
recognition that they need to count the teams with 0 boys, 1 boy... 4 boys M1

) (PG ()

=1+ (A xDH+(6x6)+ (4 x4)+1 (A1)
=70 A1
(b) EITHER
recognition that the answer is the total number of teams minus the number
of teams with all girls or all boys (M1)
70 -2
OR
recognition that the answer is the total of the number of teams with 1 boy,
2 boys, 3 boys (M1)
! ) +4 4+ 4 X (AxA)+(6x6)+ (4x4)
X X X = X X X
1 3 2 2 1 3
THEN
=68 A1

[3 marks]

[2 marks]



Question 65
(a) METHOD1

5 A1
4 (A1)

|
:i:78><7><6><5:7><2x5 (M1)
4141 4x3x2x1

=70 A1l

METHOD 2
recognition that they need to count the teams with 0 boys, 1 boy... 4 boys M1

(G GGG

=1+ (4 x D+ (6x6)+ (4 x4+1 (A1)
=70 A1
[3 marks]
(b) EITHER
recognition that the answer is the total number of teams minus the number
of teams with all girls or all boys (M1)
70 -2
OR
recognition that the answer is the total of the number of teams with 1 boy,
2 boys, 3 boys (M1)
4) (4 '4444(44)(66)(44)
X e X + X = X + X = X
1 3 2 2 1 3
THEN
=68 A1
[2 marks]

Total [5 marks]



Question 66

use of at least one “log rule” applied correctly for the first equation M1
log, 6x =log, 2+2log, v

=log, 2+log, v*

=log, (2}:2 )

= 6x =2y A1
use of at least one “log rule” applied correctly for the second equation M1
log, (15y—25)=1+log, x

=log, 6 +log, x

=log, 6x

=>15y-25=6x A1
attempt to eliminate x (or y) from their two equations M1
2y* =15y-25

2y*—-15y+25=0

(2}’—5)(}’—5) =0

x:é, 1;:2, A1
12" 2
orx:é,yzs A1
3
te: x,y values do not have to be “paired” to gain either of the final two A marks. |
[7 marks]

Question 67

g(x):f(x+2)(:(x+2)476(x+2)272(x+2)+4) M1
attempt to expand (x+2)4 m1
(x+2)" =2 +4(2x%)+6(27x% )+ 4(2°x) + 2 (A1)
=x* +8x* +24x* +32x+16 A1
g(x) =x"+8x° +24x7 +32x +16 - 6(x" +4x+4)—2x—4+4

=x*+8x’ +18x" +6x -8 A1

2: For correct expansion of f(x—2)=x*-8x’ +18x" ~10x award max MOM1(A1)A0A1.
[6 marks]

Question 68
attempting to form two equations involving #, and d M1

(u, +2d)+(u, +7d) =1 and %[2?;1 +6d]=35

2u,+9d =1
142, +42d =70 (2u, +6d =10) A1

e: Award A1 for any two correct equations |

attempting to solve their equations: m1
=14, d=-3 A1
[4 marks]



Question 69

(@ (i) p@R)=8-12+16-24

(M1)

| Note: Award M1 for a valid attempt at remainder theorem or polynomial division. |

=-12
remainder = -12

(i) p(R)=27-27+24-24=0
remainder =0

(b) x=3 (isazero)

| Note: Can be seen anywhere. |

EITHER
factorise to get (x—3)(x* +8)

¥’ +8=0 (for x € R) (or equivalent statement)

| Note: Award R1 if correct two complex roots are given. |

OR

p'(x)=3x* -6x+8
attempting to show p'(x) =0

eg discriminant = 36 — 96 < 0. completing the square
no turning points

THEN

only one real zero (as the curve is continuous)

(¢) newgraphis yv=p(2x)
stretch parallel to the x-axis (with x =0 invariant), scale factor 0.5

Question 70

attempt at binomial expansion

1+(111](—2x)+ (121J(—2x}3 +...

2

1—22x+220x"

te: A1 for first two terms, A7 for final term. |

te: Award M1(A1)A0AO for (—2x)”+[ i; }(—2x)10+( - ](—2.3:)94—...,

A1

A1

[3 marks]

A1

(M1)A1
R1

A1
M1

R1

AG
[4 marks]

(M1)
A1
[2 marks]

[Total 9 marks]

M1
(A1)

A1A1

Total [4 marks]



Question 71
(a) METHOD1

|| =44(=+2) (A1)
T
s o) (A1)
first solution is 1+1 A1
valid attempt to find all roots (De Moivre or +/— their components) (M1)
other solutions are -1+1, -1-1, 1-1 A1
[5 marks]
METHOD 2
e =
(a+ib)' =4
attempt to expand and equate both reals and imaginaries. (M1)
a' +4a’bi—6a’b* —4ab’i+5b* =—4
(a*—6a*+a* =—4=)a=tland (4a’b—4ab’ =0=)a=1b (A1)
first solution is 1+1 A1
valid attempt to find all roots (De Moivre or +/- their components) (M1)
other solutions are -1+1, -1-1, 1-1 A1
[5 marks]
(b) complete method to find area of ‘rectangle’ (M1)
=4 A1
[2 marks]
Total [T marks]
Question 72
attempt to eliminate a variable (or attempt to find det 4) M1
2 =1 1 2 1 5
1 3 -14|—>/0 7 =373 (or det 4=14(a—-3))
3 5 alb 0 —-14 a+3]pb-12
(or two correct equations in two variables) A1
2 1 1 5
-0 7 =313 (or solving det 4=0)
0 0 a-3b-6
(or attempting to reduce to one variable, e.g. (a - 3): =b-6) M1
a=3b+6 A1A1

[5 marks]





