Subject - Math(Higher Level)
Topic - Calculus
Year -Nov2011-Nov 2019

Question 1
to find the points of intersection of the two curves
) o N M1
¥ —bx=x(x*-b)=0
—up=10 .!:=J_r-\/5 AIAT
L T i Y pus g
A=[ [0 —x—bx+2)—(x +2)]cu(_ e m)cu) M1

_F_%T
4 B,

i 2 2 2 2
:_((—\/B) _b=b) J:_b_ﬂ_:f’_ Al
N 2 e 4
A= [0 +2)- @ -2 b D) Jar o

4 2 b 2
_[_LJ’L} _b Al

AG
[7 marks]



Question 2
(a) angle APB is a right angle

Dcosﬁz%: AP=4cosd

Note: Allow correct use of cosine rule.

arc PB=2x20=46
AP PB
f=—+—
3 6

Note: Allow use of their AP and their PB for the M1.

”
e 4c059+f: 4cosé +E::(2c059+5)

dt 2
b —=—(-2sin@+1
(b) & 3( )

%(—2sin9+l):0:>5in6’:%:>6:%(0r 30 degrees)

d’
de*

:—ic058<0 (at QZEJ
3 6

(c)
; . M b
—t is maximized at 8= 6
; 5 2
time needed to walk along arc AB is o (= 1 hour)

time needed to row from A to B is % (=1.33 hour)

hence, time is minimized in walking from A to B

Al

Al

M1

AG

Al

Al

M1

RI

RI

[8 marks]



Question 3

(a)

Jo-tot

-

Jot

5% =(20¢)" + (20— 40¢)°

5% =2000¢" — 1600z + 400

to minimize s it is enough to minimize s’
(1) =4000r — 1600

setting f'(¢) equal to 0

4000t —1600= 0=t =— or 24 minutes

| ko

F7(1)=4000>0
p)
= at t=§, f(¢) is minimized

hence, the ships are closest at 12:24

Note: accept solution based on s.

(b) f@a@

since /80 <9, the captains can see one another

(M1)

M1
Al

Al
M1

Al
M1

Al

[8 marks]

MIiAl

RI
[3 marks]

Total [11 marks]



Question 4

dy
@ 2= (2+2)=1 Al
dy Ine
at (2,e) the tangent line is y—e=4e(x—2) Mi
hence y=4ex—Te Al
d.\r y In y
by —=——-x+2)>—dy=(x+2)dx MI
dx Iny y
J‘ﬂd}»:j(x+2)d,v
.\.v
using substitution u =Iny; du =ldy (MI)AD)
y
Iny 1 5
= —dy=|udu=—u (Al
Yy = = )
A2 2
S X L orse AlAl
2 2
it (2, ), (ln2e)‘ — 6448 MI
:H,‘:—ﬂ Al
2
2
(nyy =Jl—JrZJ\:fHD(ln)»‘)2=x2 +4x—11
2 2 2
Iny=tyx’ +4x—11 > y=eVr ! MIAI
since y>1, f(x)=e¥ 1 RI
ste: M1 for attempt to make y the subject.

(c)

EITHER

P +4x-11>0 Al
using the quadratic formula M1

o —4++/60

critical values are o (: 2 i\/ﬁ) Al
using a sign diagram or algebraic solution M1
x<2-15; x>-2+415 AIAI
OR

¥ +4x-11>0 Al
by methods of completing the square Mi
(x+2)2>15 Al
S x+2<—f15 or x+2>4/15 (MI)
x<=2-15; x>-2+4/15 AlAL

[3 marks]

[11 marks]

[6 marks]

continued ...



f(x
In f(x)
—In(f(x))=x+2 (::>x+2= x2+4x—11]

@ fO=fW=rfx=

(x+2)

S+ = +4x—11>ox" +dx+4=x" +4x—11
=4=—11, hence f(x)# f'(x)

Question 5

@ 15— tae=(e-ina
s X X >

Note: Award M1 for Ji—ldx or I 1 —de and A1 for (k-1)Inx
x x XX

seen in part (a) or later in part (b).

1
=(1-k)n-
(1-F)in

J-Jak 1

® [TE-—de=E-Dnx]®
X X

| Note: Award A7 for correct change of limits. |

=(k—1)nf6

© (1—;%)111%:(&—1}1116

(k—l)m\/g:%(f(—l)!nﬁ

M1

Al

Al
RIAG
[4 marks]

Total [24 marks]

MI1Al

Al
[3 marks|

(A1)

Al
[2 marks]

Al

Al

| Note: This simplification could have occurred earlier, and marks should still be awarded. |

ratio is 2 (or 2:1)

Al
[3 marks]

Total [8 marks]



Question 6

4Byt = e =
dx dx ¥

lote: Allow follow through on incorrect 1—1 from this point.
x

gradient of normal at (a, b) 1s %

ote: No further A marks are available if a general point is
not used

uation of normal at (a, b) is y*b:zi(xfa) [:)_\":iT‘l’éJ
a

substituting (1, 0)
b=0ora=-1
four points are (3,0),(-3,0),(-1,4),(-1. -4)

lote: Award 4140 for any two points correct. |

MIiAl

MIAl

M1

AlAl
AiAl

[9 marks|



Question 7

(a)

(b)

EITHER
derivative of 1S (l—x)—xz(—l)
== (1-x)
1
; Li & Y2 i
vyl ————
AL 2(1—;:} (1-x)
L 5
=——x(1-x)?2
5 (1-x)

f'(x)=0 (for all 0<x<1) so the function is increasing

OR
) x? .

(1-xp

(lx)%[lr 12}lnc%(l_\f)%(l)
J'(x)= : 1—2_\'

= lxii (1-x)2 +lx5(1 —x)%
2 A

3
=3% 2(1-x) 2[1-x+x]

i 2 3
z o 2(1-) 3
5 (1-x)

f'(x)=0 (for all 0<x<1) so the function is increasing

=357 0-0
£ 7_1%_ % ‘_%— %
Rl i G, i i
:—ix_i(l—x)_%[]_4x]
o 1
Fi(x)=0 :>x—4

f"(x) changes sign at x :i hence there is a point of inflexion

2 S A Y= X
T w A
. !
the coordinates are | —, —
4 -\/3

MIiAl

MiAl

AG
R1

MIiAl

Al

MI

AG

R1

MIiAl

MIiAl

R1

Al

[3 marks]

[6 marks]



(©)

x:sin28:>£:2sm6cost9
de

_[Vller—Jvilsm_z ;96’ 2sinfcos@do
—X —sin
:J25ﬁ129d0

:jl—cosza de

:9—lsin26'+c
2

o= arcsiu\/;

%sinZtﬁ':stcosQ:\/;\/]—x =x—x"
hence I % dr:arcsm-\f.._—\/x—xz +c
\J —x

MiAl

MiAl

Al
MIiAl

Al

Al
MiAl

AG

[11 marks]

Total [22 marks]



Question 8

(a)
s I
A
l
- 2 .L———-a:c
| ; Py
1
1 I
| 1
|
J | ;
|- I
Xz i

Note: Award 47 for correct shape.
Award A1 for two correct asymptotes, x=1 and x=3.

Award AT for correct coordinates, A'[], %J B'[O._ %J and D’[z, 7%J

AY
() |
[/ Y=+ (X)

— f” /
——— — X | 7“71- - e \) 4'{‘.

|
Note: Award A7 for correct general shape including the horizontal asymptote.

Award A1 for recognition of 1 maximum point and 1 minimum point.
Award A1 for correct coordinates, A"(—1,0) and D"(2, 0).

AlA4141

[3 marks]

AIAIAT

[3 marks]

Total [6 marks]



Question 9

3 .
X y=asmnx

attempt to differentiate implicitly M1
‘l)

=3x’y+x = =ancosnx A2
dx

te: Award A7 for two out of three correct, 4@ otherwise.

1] 7 2 7
:>(frm-’+3x2&—~-3x2(i'—l+A\':‘d—'1:—(m2 SN 71X A2
: dr dx dx

te: Award A1 for three or four out of five correct, A0 otherwise.

dv d*y ;
=6 +6 L+ S P sinny
¥ dx”
d2 7 d 'l
:‘>x3—'12+6x2'—l+6x_1-‘+nzx3y:0 Al
dx dx
&’y dv
= ch—j;+6nr2‘—L+(Hzx2 +6)xy=0 AG
dx” dx

[6 marks]



Question 10

(c) attempt at integration by parts
EITHER
¥ = J e "cosxdx=-e " cosxdx— J.e"r sinxdx

=] =—e"cosxdx— [—e"‘ sinx+ Je'x cosxdv]

o

= I=—0/((sinx—cosx)+C

Note: Do not penalize absence of C. |

OR

L= Ie_xcosrdv e smr+Je sinxdx

=J=e"smx—e™ Cosx—.[e’ cos xdx

o 8

= e2 (sinx —cosx)+C

| Note: Do not penalize absence of C. |

THEN

y 2 e 1
I e cosxdx = (smx—cosx) =—+—
s B 2
Jn I
2 2
I e *cosxdr= (sinx—cosx) B © I
& 2
&
o1
ratio of 4:B is %
e 2 o2
+_
2 2

MI

Al
Al

Al

Al
Al

Al

Al

Al

M1

AG
[7 marks]

Total [9 marks]



Question 11

2““(=(1nx)2+21nx=1nx(1m+2)) MIAI

@ f'(@)=nx)’+=—
f'(x)=0(=x=1,x=¢e7) M1

| Note: Award M1 for an attempt to solve f'(x) = O.|

A(e?,4¢™) and B(1,0) AlAl
| Note: The final A1 is independent of prior w01'kin2.|
2
b)) [f"(x)=—(nx+1) Al
X
f'@)=0(=x=c") (M1)
inflexion point (¢, ¢™) Al

[Note: M1 for attempt to solve f"(x)=0.]

[5 marks]

[3 marksj

Total [8 marks]

Question 12

(a)  attempt to differentiate implicitly M1
2x+cos_v£—_v—xﬁ=0 AlAl
dx dx

| Note: AI for differentiating x> and sin y: A1 for differentiating xy.

substitute x and y by M
g RO W T MiAl
dy dx dv 1+=n

| Note: M1 for attempt to make dy/dx the subject. This could be seen earlier.

b)) @#= T _ arctan (or seen the other way) M1
4 l+x
T T 1-—=
tan @ = tan| = — arctan—— | = — 1+ T MI1A41
4 1+x 1 L
1+m
tanf = AG

1+2n

[6 marks]

[3 marksj

Total [9 marks]



Question 13

(@

(®)

X

(fofxﬂ=1{ i ]=;f:§—

2-x

2—x
X
4-3x

(fof)(x)=

P(n):(fofe...of)(x)=F,(x)

n times

PQ): f(x)=F(x)
LHS = f (x)= 5~

- P(1) true

assume that P(k)is true, i.e., (fofe...o f)(x)=F (x)

consider P(k+1)

EITHER

(fOfD---Df)(x)=(f°f°f°---ﬂf

k+1 times k times

x
R

X 3 5
and RHS =F, (x) = =
3 1(%) P = F-x

]m=ﬂﬂun

2

=f(2k_(2k_1)x)=2 =

T

X

27-A-B)X% B -

OR

cﬁfMﬁﬁaFP@ﬁfmﬁf

k+1 times k times

X

i
2= 2#_(2.%._1) X
2-x

e x
M ok 2 x4 x

THEN

X
= 2P (2R ]y =Fea(x)

P(k) true implies P(k +1) true, P(1) true so P(n) true forall n € Z*

() =F ()

Mi1A41

Al

AlA1

M1

(M1)

Al

Al

(M1)

Al

Al

Al

RI

[3 marks]

[8 marks]



(¢) METHOD 1

v

x=—— = 2"y (2"-Dxy=y
T @ -Dv=
2%
=2"x=(2"-Dx+l)y=>y=— """ —
(@=Talljpes: (2"-Dx+1
Pl 2%
(2" -1x+1
Ffl x =;
- (%) ) (I |
X+—
27 27
F\(x SN
" () A-2"x+27"
Fl(x .. F—
R
METHOD 2
attempt F_, (F,(x))
T
=F_n( o ]= -2 -Dx
2" -(2" -1)x 2—n_(2—n_])%
- (2"-1)x

_ X
"o b B - (2

| Note: Award .41 marks for numerators and denominators.|

=—=X
1

METHOD 3
attempt | (F_n(\‘)]

X

=Fn( x )= 2'"-(2"”—1)x
2'" —(2_" —1) X zrﬂ _(zn _1) g X

1T 552

X
C2"(2" - -Dx)-(2"-Dx

| Note: Award 47 marks for numerators and denominators.

X
i A

1

MiA1

Al

Al

M1

Al

AG

M1

AlAl

AlAl

AIAG

MI

AlAl

AlAl

AIAG

[6 marks]



@ @
(i)

F,(0)=0, F,() =1

METHOD 1
2" —(2"-Dx-1=2"-1D(1-x)
>0 ifO0<x<] and nEZ"

X X
s0 2" (2" -Dx>1land F (x)=s——<— (<x
- L 2"-(2"-Dx 1 =

F"(x)=2n ol <xfor0<x<land n€Z*

-2"-Dx

METHOD 2

X

— < x=2"-(2"-Dx>1
7@ -hr " 2"-Dx>
=< (2"-Dx<2"-1

S x< ; N i =1 true in the interval ]0, 1[

(i) B, =2(A,,—%) (=24, -1

Al

(M1)
Al
RI

AG

M1)

Al

RI

(MI1)AI

[6 marks]

Total [23 marks]



Question 14

V =0.5m"
EITHER

v _
dr
L
dt
applying chain rule
dV  dr

dr
for example —=—x—
dt dt dv

nr

OR

dv dr
S [
drt dr

|
dt

THEN

i:.{lxi

dt r

when =20, ol ‘4K (cms™)
dit 20m 5Sm

te: Allow / instead of 0.5 up until the final A1. |

Question 15

8y xl+8$]m’ —4x +8_1.1‘g =0
x x Le

Note: M1 for attempt at implicit differentiation. A7 for differentiating
8vlnx, A for differentiating the rest.

when x=1, 8yx0-2x1+4y* =7

1’2:231’:é(asv>0)

j P

at [lé) dy N
"2 ) dx 3
3

}’—f:—g(.’r—l) or _1.”:—E.1H-E
2 3 3 6

(A1)

Al

(A1)
M1

MIAL

(41)

Al

Al

MIAIAT

(M1)
Al

Al

Al

[6 marks]

[7 marks]



Question 16

1
(b) [cos(ﬂx’l)] .
n+l
=cos(7n)—cos(n(n+1))
=2 when » is even and =—2 when » is odd

1 2 - =
(c) ,[0,1““7“5“3(“ l)‘(1\’:2-1—2+...+2:18

(41)

Al
[2 marks]

M1

Al

Al
[3 marks|

(M)Al
[2 marks]

Total [7 marks]



Question 17

(e) let n:xfl Al
2
o 1 (or du=dx) Al
dx
I 5 1 dx :J ! 5—dx Al
4x" —4x+5 [ 1 ]
x——| +4
2
I 11 du:l‘[ 21 du AG
qu” +4 49 u”+1
Note: If following through an incorrect answer to part (a), do not award final
Al mark.
35 1 13 1
——dr = il Al
® L 4x? —4x+5 479052 11

Note: A1 for correct change of limits. Award also if they do not change limits
but go back to x values when substituting the limit (even if there is an
error in the integral).

1 3
1 [arctan (u)] o (M1)
1 1
—| arctan (3) —arctan| — Al
4 2
let the integral =7
tan4] = tan(arctan(S) - arctau(% D Mi
305 W (M1)AI
1+3%05 2%
a7 =75 M AIAG
4 16

Question 18

1 > 1 &
—(x-2) +lnx——cosmx AIAIAT
3 T o

1 . 1
fe:  Accept gxi —2x* +4x in place of 5('\: oyt

:((H—h12—lcos%t}—(—l+inl—lcosa} (M1)

b 3 T

:l+1112—E AlAl
3 s

[3 marks]



Question 19

dy _ (x+cosx)(cosx —xsinx)—xcosx(l—sinx)

(a) 5 MiA41A47
dx (x+cosx)
Note:  Award M1 for attempt at differentiation of a quotient and a product
condoning sign errors in the quotient formula and the trig
differentiations, 41 for correct derivative of “u”, 41 for correct
derivative of “v”.
_ XCOSX +08” X — ¥’ §ill X — X COS XSil X — X COS X + X COS X5in X Al
(x +cosx)?
2 2 =
_cos x—x suzn AG
(x+cosx)
(b)  the derivative has value —1 (Al)
the equation of the tangent line is (y—0)= (71)[:{7;} ( ¥ g ~ x] MiAl

[4 marks]

[3 marks]

Total [7 marks]



Question 20

(a)  attempt at implicit differentiation

EITHER

2 a1
y  vidx v de

Note:  Award 417 for each side. ‘

2x. ’
dv ¥y ( 2xy—2y* ]
T N 2 T
de 1 i r_z X +y
y ¥
OR
after multiplication by y
2x -2y 72xd— d—‘h + Ly
dy  dv d:

Note:  Award 417 for each side.

ﬂ7 2(x—y)
dx 1+2x+lny

(b) for y=1, x¥*~2x=0
x=(0or)2
dy

2
forx=2, 8-
dr 5

M1

AlAl

Al

AlA41

Al

[4 marks]

Al

Al
[2 marks]

Toral [6 marks]



Question 21

3362)4'2 +2x3y:’:+3x2 —3}52$+9Q=0

MIMIAI
dx

lote: First M1 for attempt at implicit differentiation, second M7 for use of
product rule.

dy 327" +3x°
dr 3y -2x’y-9

= 3x"+3x%y* =0

=322 (1+*)=0
x=0

lote: Do not award 417 if extra solutions given eg y =+1.

substituting x =0 info original equation

¥’ =9y=0
y(r+3)(y-3)=0
y= 0, y= +3

coordinates (0, 0), (0, 3), (0, —3)

(41)

Al

(M1)

Al
Total {7 marks]



Question 22

(a)

(b)

(©)

(@

i) f(x)=e—xe™ MiAl

G) F(x)=0=x=1

coordinates (1, e’l) Al
fl(x)=—e"—e” +xe™ (=7 (2-x)) Al
substituting x =1 ito f"(x) M1
f"(M(=-¢") <0 hence maximum RiAG
f"(x)=0 (:>x=2) M1
coordinates (2_. Ze"z) Al
: x -
® g(x)=56 4 Al
(ii) coordinates of maximum (2. e'l) Al
(i1) equating f (x) = g(x) and attempting to solve xe™* :%eiz

:>x(2e5e*}=o (41)

=x=0 Al

or 2e2 =¢*

—=e2=2

=»x=2In2 (In4) Al

[3 marks]

[3 marks]

[2 marks]

[5 marks]



(e) A

A4

Ignore any graph shown for x < 0.
Award A7 for A and B correctly identified.

interchangeable).

Note: Award A1 for shape of f, including domain extending beyond x=2.

Award A1 for shape of g, including domain extending beyond x=2.
Ignore any graph shown for x < 0. Allow follow through from f .
Award 41 for C, D and E correctly identified (D and E are

6 A= I;%B_de

x 1 x
= {—xeﬂ —Ll e gdx

0

Note: Condone absence of limits or incorrect limits.

M1

Al

Al

[4 marks]

[3 marks]



Question 23

: 3 3
(e) j cos%’dé‘z[{i 005619+—cos4t9+£c0529+i]d9
0 0432 16 32 16

= [l sin6a + i sin46 + E sin2é + 59} MiAl
192 64 64 16 |,
= Al
32
[3 marks]
H v= T:_[f sin® x cos® xdx MI
= nr cos® xdx — nrcos‘s xdx MI1
0 L]
J.% cos’ xdx :3—n Al
0 16
2 2 2
B8 T W AT
16 32 32
; 2y k) @) -
1 constant term = = = accept C, Al
(& @ (A] o (k!)g( pt C;)
- o)!
Q) 2% [ cos™ a0 =1 Al
0 (knH" 2
2k
: 26)'x & 4
Izcos” 0do = z(k —— |or =% A1
0 27 (kN 2o

[3 marks]



Question 24

(a) cosx:2c052%x71

cos—x =1 l+c205x Mi
positiveas 0<x<m RI
5o l+cosx AG
2
[2 marksj]
(b) cos260=1-2sin’8 (M1)
sinlx: 1-cosx Al
2 2
[2 marks]
(c) \Ejgcoslx+sinlxdx Al
0 2 2
:ﬁ[ZSinlecosle Al
2 2 4
=v2(0)-+2(0-2) (A1)
=22 Al
[4 marks]

Total [8 marks]



Question 25

(b)  AI for point (—4, 0)
Al for (0, —4)
A1 for min at x =1 in approximately the correct place
Al for (4, 0)
AT for shape including continuity at x =0

Question 26

dv

ey

ds

Note: Award M1 for 25— and A1 for the whole expression.

dv
a=v—
ds
I 2 2
“=‘—zx—3[=‘—s]
A 5 5
1 : =
when s=—, a=— = (=—64) (ms™)
2 0.5)

Al
[1 mark]

[5 marks]

Total [6 marks]

MiAl

(M1)

(A1)

MiAl



Question 27

() METHOD 1

28 g W MIA1A1
1+x" 1+y" dx
Note: Award M7 for implicit differentiation, .47 for LHS and .47 for RHS.
d}: x(1+}"4)
Y Al
dx y(l+x )
METHOD 2
= 1:am(E —arctan x” ]
4
tanE = tan(arctanxz)
- 4 (M1)
n » 2
l+(ta111J(tan(alctanx ))
_ 1-x" Al
1+
, —2x(1+x7)-2x(1 50
R e L
dx (1+27)
dy —Ax
2y—= 3
de  (1+8°)
o_ % Al

dv y(l+x2)2

2x1+a2
T (1 2]

[4 marks]



Question 28

xx——Inx
@ fl)=—=F— MI1A1
X
Pon AG
x
I-Inx
(b) = % 0 has solution x=e MiAl
X
y= l Al
e
hence maximum at the point [e, l]
e
7 1
x [ ] Zx(lf]_nx)
” X
©  fx)= £ Mi1AI
2lnx-3
Ty
Note: The M1A41 should be awarded if the correct working appears in part (b).
point of inflexion where f”"(x)=0 M1
3 3
so x=e?, y=c.e? AlAl
Sfay =
C has coordinates [e2 , ?e 2 ]
@  f)=0 Al
=1 (A1)
y — e (‘MI)
through (1, 0)
equationis y=x-1 Al

[2 marks]

[3 marks]

[5 marks]

[4 marks]



() METHOD 1

area —j % 717m dx MIAIAI

Note: Award M1 for integration of difference between line and curve,
A1 for correct limits, 47 for correct expressions in either order.

| 2
jde - @ (+¢) (M1)A1
%

2

Ja-Ddx :%—x(ﬁ’:) Fij

[;xz x;(hlx)z]

“Leo Al
2
METHOD 2
= Inx
area — area of triangle —j —dx MiAdl

Note: A1 is for correct integral with limits and is dependent on the M1.

hlxdx (lu\) L 52 P | (M1)AT
x 2
area of triangle :%(efl) (e—1) MiAl
%(efl)(efl) . [%};ez—e Al

[7 marksj]

Total [21 marks]



1
b) = tan(z —arctan = ) (M1)

T 1
tan——tan| arctan —
4 2

= (MI)
T 1
1+| tan— | tan| arctan —
Note: The two M1s may be awarded for working in part (a).
et
Pl Al
1L 3
2
1
e = Al
SN
sog w, Y
substitution into —
dx
NG Al
9
Note: Accept 8\[3_ efc.

9y

[3 marks]

Total [9 marks]



Question 29

(@) J

%

-

63

Note: 47 for correct shape, A1 for asymptotic behaviour at y =+

N_|E=I

X

(b) hog(x)= a1‘ctan(l ]

domain of hog is equal to the domainof g : xe® , x#0

(¢) (@) f(x)=arctan(x)+ arctan(l]

x
2 1 1 1
f(x)zl-i- 2 i lx S
o 14— X
x
1
FoR-S 4 A
x:
1+x° x*+1
x2
_ Wl B 1
1+x> 1+x°

Al1AT

Al

A1

MiAl

(41)

A1

[2 marks]

[2 marks]



(i) METHOD 1

/ 1is a constant RI
when x>0

= %*g MiAl
N g AG

from diagram

1
0 =arctan— Al
x
Brig=" RI
2
T
hence f(x)= E AG
METHOD 3
1
tan( f (x)) = tan| arctan (x) +arctan| — Ml
&
1
x+—
- 7361 Al
l—x(—)
x
denominator =0, so f(x)= q (for x>0) RI
2

[7 marks]



(d) () Nigelis correct.

METHOD 1

. . 1. .
arctan(x) is an odd function and — is an odd function

Al

composition of two odd functions is an odd function and sum

of two odd functions is an odd function

METHOD 2

f (—x) =arctan(—x) + M‘ctan( & ]

therefore f is an odd function.

.. 77E
(i) f(x)= -

Question 30
x=asecld
ﬁ =asecOtan @
e

new limits:
s b
xza\/ii»ﬁzz and x=2a:>9=§
z ftan @
jz? asec 7 an 4o
7 a’sec® Ba’sec’ 8 —a*

r 2
:J;C0836d9
7 a

. 1
using cos’ 6 = ~ (cos26+1)

&

3

n
L[%sin 20+ 9} . or equivalent

2a b
:L} £+2_11:_1_£ or equivalent
da’| 2 3 2
1 3
o (3\E+ch6)

Ri

—arctan(x) — arc‘[an(I ] —f(x)

RI

Al

[3 marks]

Total {14 marks]

(41)

(41)

MI1

Al

M1

Al

Al

AG
[7 marks]

Total [7 marks]



Question 31

, _(x2+1)—2x(x+l) _—x-2x+1
(a) f( ) (szrI)z (x2+1)2
—x*—2x+1
———=0
Ty
x=-1+2

MiA1

Al

[2 marks]

[1 mark]



(2x =) (" +1D)* —22x) (x* +D(—x*—2x+1)

© F(n= - AI1Al
2
(x -E-l)
Note: Award 41 for (-2x-2) (x2 + 1)2 or equivalent.
Note: Award 417 for -2 (fzx)(x2 + 1)(—,\'2 —-2x+ 1) or equivalent.
(-2x=2)(x" +1)—dx(—x" —2x +1)
(x?‘ +1)3
3| 2
_ 2x +6x 63x 2 Al
(x2 + 1)
2(x* +3x" —3x-1)
(x2 + 1)3
[3 marks|
(d) recognition that (x—1) is a factor (R1)
(x—l)(x2+bx+c)=(x3+3x2—3x—1) M1
=1 +4x+1=0 Al
x=-2%+3 Al
Note: Allow long division / synthetic division.
[4 marksj]
0 x+ 1
(e) Mi
'[ 1x +1
+1 1
15 = [—dvt [5—dv M1
X +1 X +1 P |
:5111(x2 +1)+arctan (x) AlA41
(g 91 1
= Eln(x + 1) +arctan(x) | = F, In1+arctan0— 51112 —arctan(—1) Mi
€]
= gflnﬁ Al
[6 marks]

PDF Merger Mac - Unregistered row s marks



Question 32

use of the quotient rule or the product rule M1
342)x2-2x2 _ 2 2
C'(r) = i) : a0 PV S A141
(3+7) (3+7) 3+ (3+7)

Note: Award 417 for a correct numerator and A7 for a correct denominator
in the quotient rule, and 47 for each correct term in the product rule.

attempting to solve C'(r) =0 for ¢ (M1)
P \ﬁ (minutes) Al
V3 .
c(v3)=2 (mgl™) or equivalent. Al
(43)-L2 (mer) oreq
Total [6 marks]

Question 33

I Al
dr  2Jx
dx=2(u-1)du
ote: Award the A7 for any correct relationship between dx and du.
12
| Vx dv =2 @804, (M1)A1
1+ \/; u
ote: Award the M7 for an attempt at substitution resulting in an integral only
involving u.
1
= zju R 4y (A1)
u
=i’ —du+2Inu(+C) Al
:x—2\/;—3+2hl(l+\/;)(+(7) Al

ote: Award the 47 for a correct expression in x, but not necessarily fully
expanded/simplified.

Total [6 marks]



Question 34

@ p'B=r'3eB3)+g'(3)f(3)
te: Award M1 if the derivative is in terms of x or 3.

=2x4+3x1
=11

®)  Hx)=g'(f(x)f' )
H(2)=g' M) f'(2)
=4x4
=16

Question 35

@ @ x=e

Further marks do not rely on this mark being awarded.

Note: The M1 is for switching variables and can be awarded at any stage.

taking the natural logarithm of both sides and attempting to transpose

(@)= %(lnx -

(i) xeR"orequivalent, for example x > 0.

(b) hx= %(lnxfl) = In gz félnx = f% (or equivalent)

Inx= —é (or equivalent)

NI’.—-

xX=¢

1
) . — 1
coordinates of P are [e = ,2]

(c) coordinates of Q are (1, 0) seen anywhere
dy 1

dx «x

dy
at Q, —=1
2 dx

y=x -1

(M1)

Al
[2 marks]

(M1)(AL)
Al

Al
[4 marks]

Total [6 marks]

M1

M1
Al

Al
[4 marks|

MiAdl

Al

Al
Al

[5 marks|
Al

M1

Al
AG

[3 marks]



(d) let the required area be 4
A= [ x—1dx— [ nxdv

Note: The M1 is for a difference of integrals. Condone absence of limits here.

attempting to use integration by parts to find I]n xdx

—{i x:| —[xInx—x];

1

2

Note: Award 41 for x?—x and A7 for xInx—x.

M1

(M1)

AIAT

Note: The second MI and second A7 are independent of the first M7 and the first 41

(¢) () METHOD 1
consider for example A(x)=x—-1-Inx
h(1)=0 and A'(x)=1- i
r

as h'(x)>0 for x>1, then h(x)>0 for x>1
as h'(x)<0 for 0<x<1,then A(x)=0 for 0 <x<1
so g(x)<x—1, xeR”

METHOD 2
i 1
FAES iy

X

g"(x) <0 (concave down) for x e R*
the graph of y = g(x) is below its tangent (y =x—1 at x=1)

s0 g(x)<x-1, xeR™

Note: The reasoning may be supported by drawn graphical arguments.

Al

(41)

R1I
RI
AG

Al

RI
RI

AG

[5 marks]



METHOD 3

¥
X
Q
J
clear correct graphs of y =x —1 and Inx for x > 0 AlAl
statement to the effect that the graph of Inx is below the graph of
ifs fangent at x =1 RIAG
. 1 : Igaml Jo
replacing x by — to obtain ]11(—) S——l(z—x] Mi
X X X X
lnxsll(zl_x] (41)
x X
Inx> 1—1{ - x—lJ Al
X X
sox—_ISg(x),xER+ AG
X

[6 marks]

Total [23 marks]



Question 36

% 2tan—
® @ tan=— (M1)
o 1-tan® =
8
tallzg+2tan£fl:0 Al
let 7=tan ~
attempting to solve #* +2¢—1=0 for ¢ M1
t=—142 Al

2 is a first quadrant angle and tan is posifive in this quadrant, so

T
tan— >0 R1
8
T
tangzﬁfl AG
(ii) cosdx =2cos?2x —1 AZ
= 2(2cos*x—1) —1 M1
:2(4cos4x—4coszx+1)—l Al
=8cos*x—8cos?x +1 AG

Accept equivalent complex number derivation.

(i) _[f Zczclszix e — ZJ-O% 8cos” xC;;(:;sz x+1 P
:21‘58c052x78+sec2xdx M1
T'he M1 is for an integrand involving no fractions.

use of COSEA’:%(COSZX-&-]) M1
:2I§4c032x74+seczxdx Al
=[4sin2x—8x+2tan x]§ Al
—42-n-2 (or equivalent) Al

[13 marks]

Total [23 marks]

Question 37

(a) J.(l +tan® x ) dx = Isec%cdx =tanx(+¢) M1A1
[2 marks]
. 1—cos2x
b sin’xdy = [———dx M1A1
®) | =
x  sin2x

e +c A1l
2 4 ()



Question 38

du

—=e" A1l
= (A1)
EITHER

integralis [, dx M1A1

(e"+3) +2?
:j%dn M1A1
u £ 2"

ote: Award M1 only if the integral has completely changed
to onein u.

ote: du needed for final A1

OR
e'=u—-3

1
integral is j du M1A1

(-3 +6(u—3)+13

ote: Award M1 only if the integral has completely changed
toonein u.

1
= [ du M1A1
uE2

ote: In both solutions the two method marks are independent.

THEN
1 i
—Emctan{EJHc) (A1)
:larctan S (+¢) A1l
2 2

Total [7 marks]



Question 39

dy
(a) Y o ixe® 1 xx3e¥ = (e”+3xe”)
dx

(b) let P(n) be the statement i{:ﬁ"*e%ﬁ"e”
X

prove for n=1
dvy
LHS of P(1) is a} which is 1xe™ +xx3e’ and RHS is 3%e™ +x3'e™

as LHS=RHS, P(1) is true

assume P (k) is true and attempt to prove P(k+1) is true
d'y

assuming ﬁ = k356 + x3Fe™

dk+1y B d [dk‘}J

Ayt _a At

= I3 %36 +1x 3F e + x3F x 3e™

= (k+1)3*e* + x3'e*™ (as required)

Note: Can award the A marks independent of the M marks

since P(1) istrue and P (k) is true = P(k+1) is true
then (by PMI), P(n) istrue (Yrne Z7)

Note: To gain last R1 at least four of the above marks must have been gained.

M1A1

M1

R1

M1

(M1)

A1
A1

R1

[2 marks]

[7 marks]



(d)

eh+x><3eh:0:>1+3x:0:>x:—%

point is (1 1]
37 3e

EITHER
2 y
%:2x3e”+xx32e”

1 d¥y oy s
when x = ey > 0 therefore the point is a minimum
OR

1
x o

3
i —ve 0 +ve
dx

nature table shows point is a minimum

dzJ" 3x 2 _3x
F:2x3e +xx3%e

2 x3e” +x % 3283x:0:>2+3x:0:>x:—§

point is —E —i
37 3¢

X =

d? v

de
since the curvature does change (concave down to concave up)itis a
point of inflection

—ve 0 +ve

Note: Allow 3 derivative is not zero at — %

M1A1

A1

M1A1

M1A1

A1

M1A1

A1

R1

[5 marks]

[5 marks]



Question 40

(a) attempt to differentiate f(x)=x"—3x"+4
f'(x)=3x>-6x
=3x(x-2)
(Critical values occurat) x=0, x=2
so f decreasingon x€]0,2[ (or 0<x<2)

(b) f'(x)=6x-6
setting /" (x)=0
=>x=1
coordinate is (1, 2)

Question 41

any attempt at integration by parts
dee 1
u=lhnx=>—=—
C X

&l
=

Note: Condone absence of limits at this stage.

4 2 4P
4 i 16 ]

Note: Condone absence of limits at this stage.

=4]112—(1—LJ
16

i
16

m1
A1l

(A1)
A1

(A1)
M1

A1

[4 marks]

[3 marks]

Total [7 marks]

M1
(A7)

(A1)

A1

A1

A1

AG

[6 marks]



Question 42

(a) any attempt to use sine rule

AB 3

sinE sin{zn - 6"]
3 3

NG

sm%cosﬁ—cosz—;sm@

Note: Condone use of degrees.

- V3
£(:os.aﬁhklsinﬂ
2 2

AB 3

N

cos 9+lsin€
74

3

LJAB=—1 72— ——
\/gcost9+sinﬂ

(b) METHOD 1
, —3(—\/§sin9+cos¢9)

(AB) = 2
(\/5 cos @ +sin 19)
setting (AB) =0
1
tand = —
3

T

0=
6

M1

A1

A1

A1

AG

M1A1

M1

A1l

[4 marks]



METHOD 2

ﬁsing

sin(znﬁj
3

. (27
AB minimum when sm(?— 9) is maximum

AB:

2 , =
3 2
==
6
METHOD 3
shortest distance from B to AC is perpendicular to AC
E & F
2 3 6

M1

(A1)

M1

A1

R1
M1A2
[4 marks]

Total [8 marks]



Question 43

EITHER

X =arctant (M1)
LS A1
dr 1+t

OR

f=tanx

dt 5

—=sec x (M1)

X

=1+tan’x A1

=1+£

THEN

sin x =

t
A1
V1+£2 &

Note: This A1 is independent of the first two marks

dr
[ ] = [ M1AT
1+sin” x ¢
1+[ ]
Vi+1®
Note: Award M1 for attempting to obtain integral in terms of 7 and dr
dr dr
= = A1
J.(1+r2)+.‘r2 J.1+2r2
:lJ‘ e :lxiarctan L L A1
2'1.2 2 @ '
2 J2 J2
garctan(ﬁtanx)(+c) A1

[8 marks]



Question 44

(@)

i +1
= an x ¥
tanx—1
2L gagel A1
4 2
sin x
tanx+1 i
=S8 M1A1
tanx—1 Ssmx .
cosx
inx+
_ 51.nx cOoSs X AG
Sinx —cosx
METHOD 1
dy _ (sinx — cos x)(cosx — 51.11 x) — (sin x2+ cos x)(cosx + sinx) M1(A1)
dx (sinx — cosx)
& (2sinxcosx — cos” x — sin® x) — (2sinxcosx + cos” x + sin’ x)
dr cos’x + sin” x — 2sinxcosx
_ -2
1—sin2x
Substitute Einto any formula for d—) M1
6 dx
—t
1-sin%
-2
= s A1
D)
4
2-43
4 (2448 .
2-32+43
& =443
- 1"/_ e A A1

[2 marks]

[2 marks]



T
s
sinx + COSx
Area J.
0

M1
sinx — COSX
ot ‘ A1
Note: Condone absence of limits and absence of modulus signs at
this stage.
= |nfsinZ - cosZ| - ]11|si110 — cosO| M1
6 6
=|In .8 ﬁ -0
2
= |In -1 A1
2
= 2
-~ _In V3 -1 =In| -~ Al
2 A3/ i
_wl 2 fH) _—
NCg A &Y
=In(v3 +1) AG
[6 marks]
Total [16 marks]
Question 45
attempt to integrate one factor and differentiate the other, leading to a sum of two
terms m1
jxsin xdx = x(—cosx) + Icosxdx (A1)(A1)
=—Xxcosx+sinx+c¢ A1
Note: Only award final A7 if + cis seen.
[4 marks]
Question 46
d}" 2 1
a) —=(l—x = M1)A1
@ = )(awz] (M1)
. 1
(b) gradient of Tangent = i (A1)
gradient of Normal = -4 (mM1)
1
¥ +E =—4(x-3) orattempttofindciny=mx+¢ M1
8x+2y-23=0 Al
[4 marks]

Total [6 marks]



Question 47

METHOD 1
c? dx e
J' — =[In(in )] (M1)A1
e xlnx "
=In(lne*) - In(lne) (= In2 - In1) (A1)
=In2 A1l
METHOD 2
u=Inx, @ — l M1
dv  x
2
= jd—” A1
1 12
=[In u]12 or equivalentinx (= In2 — In1) (A1)
=2 A1l
Question 48
dy dy
a = 4+y=2y-—= M1A1
(@) Y=l
a horizontal tangent occurs if i\—y =0so0oy=0 m1
we can see from the equation of the curve that this solution is not
possible (0 =4) and so there is not a harizontal tangent R1
dy , dx
(b) Y2 or equivalent with —
dx 2_}‘ —e d_}‘
the tangent is vertical when 2y = x M1
substitute into the equation to give 2y° = y* + 4 M1
et A1
coordinates are (4, 2), (-4, —2) A1

[4 marks]

[4 marks]

[4 marks]

[4 marks]

Total [8 marks]



Question 49

(@) sin(ﬁ + EJ = siné cos~ + cosd sin ~ M1
2 2 2

= cos@ AG

[ Note: Accept a transformation/graphical based approach. |
[1 mark]

(b) consider n =1, f'(x) = a cos(ax) M1

since sin{ax + %] = cosax then the proposition is true for n =1 R1

-~ . 1 () R A km
assume that the proposition is true for n =k so [ (x) = a" sin| ax + 5 M1
d(/P ) 2
) = (7) =a|a* Cos(ax + l] M1
dx 2
. ke
= sm(ax + o + ;] (using part (a)) A1
. k+1

= g sm(ax + %j A1

given that the proposition is true for #» =k then we have shown that the

proposition is true for n = &£ + 1. Since we have shown that the proposition

is true for n =1 then the proposition is true for all ne Z* R1

Note: Award final R1 only if all prior M and R marks have been awarded.
[7 marks]

Total [8 marks]



Question 50

@  f(=x) = (=x)y1 = (=x)
——xafl =2

=—f(x)
hence f is odd

I

b) ['(x)= x%(l ~& | 22 (1-F P

XY g 1 = :1—2x2
= =

Note: This may be seen in part (b).

fi(®)=0=1-2x"=0
1
ii

2

o —

1
(d) y-coordinates of the Max Min Points are y = iE

1 1
sorange of f(x) is | ——.
ge of f(x) [ g 2}

\ Note: Allow FT from (c) if values of x, within the domain, are used. |

M1

R1
AG

M1A1A1

A1

M1

A1

M1A1

A1

[2 marks]

[3 marks]

[3 marks]

[3 marks]



()

11
#3)
0.3
0
f 0.5 0 0.5 1
-0.5
(3
2t o2
Shape: The graph of an odd function, on the given domain, s-shaped,
where the max(min) is the right(left) of 0.5(-0.5) A1
x-intercepts Al
turning points A1l
1 2
(f) area = J'Ox 1-x* dr (M1)
attempt at “backwards chain rule” or substitution m1

ol : 2
_—Eju(—zl) 1— %" dx

1
=E(I—x2);_ﬂ A1

=0_(~1J=1 A1
3) 3

] dx >0 R1
Elx.h e dx‘ =0 R1
so Jlll‘x\/i“xz dis ‘J‘jlx,/l—xz dx‘=0 AG

[3 marks]

[4 marks]

[2 marks]



Question 51
dy

dx

= — cos(mcosx) X wsin x

M1A1

ote: Award follow through marks below if their answer is a multiple of the correct answer. |

considering either sinx = 0 or cos(mcosx) =0
=0, 1

T TE[ 1 1]
MCOSXY =—, —— | =>cosx=—, ——
2 2 2" 2

ote: Condone absence of wg.

T 2n
= e

(0,0), [%,IJ,(T{,O)

=

Question 52

b e+ 18x2 4 Tx L5

when x = —1, ﬁ = =2
dx

8+ 18+ 7x —5=-2
8x’+18x°+7x-3=0

(x + 1) is afactor

8x°+18x"+ 7x — 3 = (x + 1) (82 + 10x — 3)

| Note: M1 is for attempting to find the quadratic factor. |
(x+DM@x-D2x+3)=0
(x==1),x=025,x=-1.3

| Note: M1 is for an attempt to solve their quadratic factor. |

(M1)
Al

M1

A1l

Al

[7 marks]

A1

A1

M1

A1
(m1)

(M1)A1

[7 marks]



Question 53

(@)

a=1
1
dx «x

J. @dx =I w’du

il 1 -
area = {uj] or J:(hl x)3:|
3 0 3 1

(i)  use of integration by parts

I e n-1
i [—l(lnx)"} ] %
x Y& £

= _L +nl
e

A1l

(A1)

M1A1

A1l

A1l

(A1)

A1l

M1

A1A1

AG

[1 mark]

[5 marks]



Question 54

@)

EITHER

use of a diagram and trig ratios

egl
A

R

0 A
tanex =— = cotar =—
4 9]

: /4 A
from diagram, tan| ——a |=—
2 o

OR

. (¥
sin| — — &
2 _cosax

s
use of tan(——oz]: =—
o/ (TE J sine
cCos| — X
2
THEN

T
cota = tau(r) 3 af]

“

cotar
1

cotar
(b) —dx = [arctan x| *
m;'. Jd+x =
Note: Limits (or absence of such) may be ignored at this stage.
= arctan(cot @) — arctan(tan &)
T
=——-a-a
2
=X _ou
2

R1

R1

AG

[1 mark]

(A1)

(mM1)
(A1)

A1
[4 marks]

Total [5 marks]



iy E=—t ving,

In x)*
volume = nr( 2)
1 x

dx(=mn1,)
EITHER

f=—Lyar
e

:-1+{~1+MJ
(<} e

5
:5+1212:+12(1+211)
€ 5] €

OR
v 3 3
using parts_[ (]nz) dx:—1+4’[ (hlf) dx
LI - e legsit
1 A2
:_1+4(Ml+3_|‘ (h”)ch]
e e Y -
THEN
2
——£+24(1—:)—24—§
e e e

volume = n{24 e 65}
e

(M1)

A1
[7 marks]

(A1)

M1A1

M1

M1A1

M1

A1

[5 marks]

Total [18 marks]



Question 55

(@)

b
use of nj x*dy

a

| Note: Condone any or missing limits. |

V= ﬂJ‘(Scos2y + 4)2 dy

0
= n[(9cos’ 2y + 240052y + 16)dy
0
2 9
9cos 2V = 5(1 + C-OS4}’)
=n £+28in4v+125in2v+]6v
2 8 FrAL

= n(% - 167r)
2

_ 41n” (cnf]

(M1)

(A1)

A1

(M1)

M1A1

(A1)

A1

te: If the coefficient “n” is absent, or eg, “2xn” is used, only M marks are available. \

(b)

(i) attempting to use ol = £ X i with Lid =
e dr AV dr
dh _ 2
dt  m(3cos2h + 4)°
i) subsigiing s Q= o 1
4 dr
dr_ @ (cm min't)
dr 8=

| Note: Do not allow FT marks for (b)(ii). |

) dzhkd(dh]gdhxd dh
dft drl dr dt dh\ dr
2 " 24sin2h

=7c(3c032h +4)?°  m(3cos2h + 47

d
Note: Award M1 for attempting to find —| —
ptng dh(dr

th_

48sin2h

M1

A1

(M1)

A1

(M1)

M1A1

PDF®Merder Mac - Unregistered ™

[8 marks]

[4 marks]



(i) sin2h=0=h=0, g T

Note: Award A7 for sin2h=0= h =0, g 7 from an incorrect

(i) METHOD 1

f

t

Question 56
(@) attempt to differentiate implicitly

B [4}-’9 - 2}:2)ex_1_ 0
T dy

Note: Award A1 for correctly differentiating each term. |

@_ 3.e1—x72y2

+4
1 _ 1 2
[1, \/;] the tangentis y — \/; = ?(;\ —1) and
1 1 2
— | the tangentis y + -1
13 | metnantis - - L

A1

(:Th is a minimum at »# = 0, © and the container is widest at these values

R1

i—h is a maximum at i = g and the container is narrowest at this value

R1
[7 marks]

Total [19 marks]

M1
A1A1A1

A1

A1

M

A1

A1



Question 57

dy . .
(a) a} =e"sinx +¢" cosx(z e’ (sinx + cos x))

(b) EJ; =e"(sinx + cosx) + e (cosx — sinx)
= 2e"cosx

4
2 ELY
sz =2e* cos— <0

. 3n
hence maximum at x = T

2

d y
@ —ZL=0=2¢"cosx=0
dx

T
S e
2

| Note: Award M1AQ if extra zeros are seen.

€)

Max

I "
4
correct shape and correct domain

(SRR

3
max at x = Tﬁ point of inflexion at x = %

esatx=0gndx=n

M1A1

M1A1

AG

R1

R1

AG

M1

A1

A1
A1
A1

[2 marks]

[2 marks]

[2 marks]

[2 marks]



() EITHER

F s
jex sinx dx = [e" sinx] -

0

je’ sinx dy = %(en‘F I)

0

dy
2 g
(@) dr
2 3n o In
dizZe“cosﬂz—ﬁe""
4
3
‘\/584 :
;(:f:\/ieT
(hy x=0

the graph is approximated by a straight line

Question 58
attempt at integration by parts with z = arcsinx and v' =1

Iarcsinx dr = x arcsinx — j

X
dx
2
X

=

r.g
0
n T £ i
J-ex sinx dx = [ex smx] = [e* cosx]o + _[e’ sinx dx
0
0 0

b 4
0
- I % K T .
e'sinx dx = [fex cos x] + [e” sin x]o — ‘[e" sinx dx
0

Note: Award A7 for x arcsinx and A7 for — j

i

8
dx .
x?.

X

1— x?

jarcsmx dx =xarcsinx +4/1 —x* +¢

solving J'

dx by substitution with # =1 — x* or inspection

M1A1

A1l

M1A1

A1

M1A1

A1

[6 marks]

(A1)

(A1)

A1l

[3 marks]
A1
R1

[2 marks]

Total [22 marks]

M1
A1A1

(m1)

A1
[5 marks]



Question 59

371
a) (i P Be gy =l = | =2 A1
(@ (@) x"+3x [x 2) -
iy #2543 2=10+DE+1) A1
[2 marks]
(b) )
Vertical Asymptote
x=-1
¥ y Intercept
Vertical Asymptote i i [0’ 25
x=-2 Horizontal

(c)

Local Maximum

5
L Asymptote

i s R e e N B R o
T L

ﬂ-4

;...-

A1 for the shape
A1 for the equationy = 0

A1 for asymptotes x =2 and_ ==

3
A1 for coordinates | — =5 —4

A1 y-intercept [0 ! 4 )
2

[5 marks]
1 1 2) —
B :(x+) (x+1 i
Xl xe2 (x+D(x+2)
1
4. AG
x4+ 3x 52

[1 mark]



x+1 x+2

:DMx+D—m&+2m

=In2-In3-Inl+In2

o)

: gt
o p 5

(e)
1 y

(0,0.5)

<+

-5

symmetry about the y-axis
correct shape

| Note: Allow FT from part (b). |

0 2f fx)dx

e

‘ Note: Do not award FT from part (e). ‘

[N

A1

M1

M1A1

[4 marks]

M1
A1

[2 marks]

(M1)(A1)

A1

[3 marks]

Total [17 marks]



Question 60

(@) s=1+cos2t

& e M1A1
dt
-0 M1

. 1
= sin2¢t = —

2

P PE. L X A1A1
i b .

Note: Award AOAQ if answers are given in degrees.

[5 marks]
b) s=-2 +cos™ .5':£+£(m) A1A1
12 6 12 2
[2 marks]
Total [T marks]
Question 61
(a) let x=tané
=& o (A1)
de
; 2
J- 1 zd‘x:_[ sec62d8 M1
(x2+ 1) (mn28+1)
| Note: The method mark is for an attempt to substitute for both x and dx.
1
= I—,df? (or equivalent) A1
sec” @
whenx:O,49:Oandwheﬂx:1,6‘:E M1
.
= Ic053 ade AG
0
[4 marks]
T 4
(b) Iﬁda = Icos* 646 | = Ej(l + c0s26)16 M1
0 (x + l) 0 0
:1[9+ sinZBT o
2 a
r 1
et g A1
8§ 4
[3 marks]

Total [7 marks]



Question 62

@
J )

A1 for correct shape
A1 for correct x and y intercepts and minimum point

(if)
g1
j J(I)

a P

I
[
I
[
|
i —
[
[
[
|

A1 for correct shape

A1 for correct vertical asymptotes

A1 for correct implied horizontal asymptote
A1 for correct maximum point



(iii)
1~

Ya+

i
I
1
!
I
|
\
|
| 7 X
|
\
|

\
I
|
[
[
I
I
|
[
|

A1 for reflecting negative branch from (i) in the x-axis

A1 for correctly labelled minimum point

[8 marks]
(b) EITHER
attempt at integration by parts (M1)
j(xzfaz)cosxdx:(xzf az)sinx fj2xsinxd.x A1A1
:(xz—az)sinx— 2[—xcosx + Jcosxdx] A1l
:(xzfaz)sinerZxcosx72sinx+c A1
OR
J.(x2 —a’ )cos xdx = J.Jr2 cosxdxfj.a2 cos xdx
attempt at integration by parts (M1)
Ixz cosxdx = x?sinx f’[2xsinxdx A1A1
=xsinx — 2[—xcosx + J.cosxdx] A1
= x%sinx + 2xcosx — 2sinx
7’[02 cosxdx = —a’sinx
J‘(xzf az)cosxdx = (x2 < az)sinx + 2xcosx — 2sinx + ¢ A1
[5 marks]
1
© g@)=x(x"-a")
1 1
Lo e
(x)=(x*— ) + =x(x*—a?) 2(2x) M1A1A1
g@=(x-a’f +2x(x*-a’)
‘ Note: Method mark is for differentiating the product. Award A1 for each correct term.
L &
g'(x)= (x2 = 02)2 +x7 (x2 = az) 2
both parts of the expression are positive hence g'(x) is positive R1
and therefore g is an increasing function (for |x| Sl ) AG
[4 marks]

Total [17 marks]



Question 63

(@)

(b)

(i) the width of the rectangle is 2» and let the height of the rectangle be 7

P=2r+2h+mr

2

A=2rh+—
2
h:Perfm‘
2

e 2r(f’—2r—m]+
3

d4
=P-4r-mr

dr
“_,
dr
P
=r=
4+ x

v

hence the width is
+ T

d’4
dr?
hence maximum

=—4—-n<0

EITHER
_P—2rGr

7

2P Pr

h

S 4+n  4+m
2
4P +mP 2P 7P
2(4+m)
h= E =
(4+7)

OR

_ P—-2r—mr
2
P=r(4+m)

h

- r(4+7)-2r—mr
2

_drtar—2r—mr
2

h

v

(A1)

(A1)

M1A1

A1

M1

(A1)

A1

R1
AG

[9 marks]

M1

A1

AG

m1

A1

AG
[2 marks]

Total [11 marks]



Question 64

b | =

j10re‘2'd1

0

attempt at integration by parts

_7;

—5e7Hdr

2 3 2t
[ —Sre -7 :|
2 0

ﬁfe

=) '—.lo

(SR

M1

A1

(A1)

te: Condone absence of limits (or incorrect limits) and missing factor of 10 up to this point. |

10fe ™ ds

——ie‘+5(—5+5J(—5e10)
o 2l e 2\ 4%

QL—.MI—

Question 65

¥*+y' =3x=0
3x% + 3_1’2ﬂ - 3.1'& -3y=0
X dx

'e: Differentiation wrt y is also acceptable.

ﬁ_Sy—?wcz _y—x
de 3" —3x L

'e: All following marks may be awarded if the

ominator is correct, but the numerator incorrect.

y¥-x=0
EITHER

ey

¥+ -3y'=0
¥ -2y'=0

y’ (}'3 ~ 2) =0
() cip=3p

() (=48

(mM1)

A1

[5 marks]

M1A1

(A1)

M1

M1A1

A1

A1



'L —3gr=10 M1
x(fo 2_1’) =0
x2
x#z0=y=— A1
2
4
!2 o L
¥
x4
x=—
4
x(xP— 4) =0
(x;t()).'.x:xﬁ A1
2
I
y = ( 7) =iz A1
Question 66
(a) even function A1
since coskx = cos(—kx) and f (x) is a product of even functions R1
OR
even function A1
since (cos2x)(cos4x)... =(cos(—2x))(cos(—4x))... R1
| Note: Do not award AOR1. |
(b) consider the case n =1
511.1 dx o 2sin 2_xcos 25 O M1
2sin 2x 2sm 2x
hence true for n =1 R1
) N sin 2%'x
assume true for n = k | Je, (coszx)(cos4x)...(cosz x) =5 M1
2" s 2x
| Note: Do not award M1 for “let n = k" or “assume » = £” or equivalent. |
consider n = k + 1:
Fea(®) = fo(x)(cos2""x) (mM1)
< 2k+1
=222 T o052ty A1
2" sin2x
= E+1 L Ak+l
_ 2sm2k+1x.c052 X A1
P Y| 1
- k+2
S o ar
2% sin 2x
so n =1true and n = £ true = n =k + 1 true. Hence true for all neZ" R1

| Note: To obtain the final R1, all the previous M marks must have been awarded. |

[8 marks]

[2 marks]

[8 marks]



' ’
vu —uy

(c) attempttouse f'= .
v

(or correct product rule) M1

(2" sin 2x)(2"+l cos 2”*'x) - (sinZ"“x)(Z"+l cost)

fl(x) = 5 A1A1
(2” sin 2x)
| Note: Award A1 for correct numerator and A1 for correct denominator. |
[3 marks]
[2” singJ{Z"“ cos 2™ %] - {31112’”' EJ[Z”“ cosg]
(d) f;’[—] = p (M1)(AT)
4 LT
{2” sme
2
(zn )( 2n+l cos 2n+l EJ
T 4
5 H = 3 (A1)
: (2)
:2cos2”+15(:2cos2"”1r) A1
4
T
'—=]=2 A1l
3
T
= =0 A1l
3
| Note: This A mark is independent from the previous marks. |
yz[x—ﬁ) M1A1
4
4x-2y-m=0 AG
[8 marks]

Total [21 marks]

Question 67

(a)
log, x log x
log ,x =—""—| = L M1A1
r log r* 2log, r
_ log, x AG
2
[2 marks]
(b)
log, vy +log, x +log, 2x =0
log, y+log, 2x* =0 M1
log, y+%log2 It =1 M1
1 2
log, y= —Elog2 2x
log, y=log (1] M1A1
2 2 \/Ex

f=—e X A1
=



(c)

o B
theareaof Ris | ——=x dx
1%

1 a
= —=Inx

[JE ]

1
=—he

N2
hla:\/z

2
(5]

-

R
I

‘ Note: Only follow through from part (b) if y is in the form y = px?.

Question 68

(@)

de 1 L 1 - :
— =—x ? (accept du = —x 2dx or equivalent)
dx 2 2

substitution, leading to an integrand in terms of «
J- 2udu

or equivalent
u tu

=2 arc-tan(\/; )(+c)

1o dr

Ej.l : — = arctan 3 —arctan
¥+ x?

-1

tan(arctan 3 —arctan 1) =
1+3x1

1
tan(arctan 3 —arctan 1) = =

i}
arctan 3 —arctan 1 = arctan 5

M1

A1

A1

M1

A1l

[6 marks]

Total [12 marks]

A1

M1
A1

A1
[4 marks]

A1l

(m1)

A1
[3 marks]

Total [7 marks]



Question 69

(a) (i) attempt at product rule M1
f'(x)=—e"sinx +e *cosx At
(i) g'(x)=—e"cosx—e “sinx A1

[3 marks]

I'= je_x sin xdx

=—¢e cosx — je_x cosxdx OR = —¢ sinx + je_x cos xdx M1A1
=_e sinx—e COSX — jeix sin xdx
I:—%e_x(sinx+ CosX) A1
T —x . 1 -
j e 3111xdx=—(1+e ) A1
0 )
[4 marks]
Total [7 marks]

Question 70

valid attempt to find d—} M1
dx
E = J T 3 5 A1A1
dx (1-x) (x—4)
dy
attempt to solve — =0 M1
dx
x=2, x=—2 A1A1

[6 marks]



Question 71
(a) attempt to differentiate (M1)

f)=-3"-3x A1

e: Award M1 for using quotient or product rule award A1 if correct derivative seen even in

—15x* ><2x3—6x2(2—3x5)

(2w

unsimplified form, for example f’(x) =

ER Y M1
X

=557 = AES =1 A1

' 5
A(I,J A1l

2
) ) f"(x)=0 m1
F)=12x"— 345 A1

| Note: Award A1 for correct derivative seen even if not simplified. |

hence (at most) one point of inflexion R1

[5 marks]

Note: This mark is independent of the two A1 marks above. If they have shown
or stated their equation has only one solution this mark can be awarded.

2
7"(x) changes sign at x = {/Z[— 25J R1

so exactly one point of inflexion



2

(i) x=ﬂz=f[¥>a%] A1
2 —3x2? s

f(25]:¥:5x2 2 (=pb=-3) (M1)A1

2x2°
[8 marks]

| Note: Award M1 for the substitution of their value for x into £ (x). |

(c)

y

10- A1A1A1A1

A1 for shape for x <0
A1 for shape for x>0
A1 for maximum at A
A1 for POl at B.

Note: Only award last two A71s if A and B are placed in the correct
quadrants, allowing for follow through.

[4 marks]

Total [17 marks]

Question 72



(a) yarccos(x)édy 1 [ 1
s 2\/1_(1)2 Va-a?

| Note: M1 is for use of the chain rule. |

(b) attempt at integration by parts

[x] du 1
u=arccos| = |=>—=—
2) dx 4-x7

=i
dx

cos( §ae=cameo( 3|+ [
arccos| — | dx =| xarccos| — +J‘ S dx
L 2 2/, Jofa—x?

using integration by substitution or inspection

el et

Note: Award A1 for — (4 £ )5 or equivalent.

Note: Condone lack of limits to this point. |
attempt to substitute limits into their integral

:%,\E+2

Question 73
(@) j°2 F)dx =10-12=—2
0
dex:[zx]f2 -4
0
2

[ (f@+2)de=2

® [ fe2de= [ feod
=12

Question 74

M1A1

[2 marks]

M1

(A1)

A1

(M1)

A1

M1
A1l

[7 marks]

Total [9 marks]

(M1)(A1)
A1l

A1l
[4 marks]

(M1)

A1l
[2 marks]

Total [6 marks]



(a) attempt at chain rule or product rule (M1)
dy

—— = 2sinfcos & A1l
de
[2 marks]
(b) 2sinfoosd=2sin’ O
sin@=0 (A1)
=0,n A1
obtaining cos @ =sin & (M1)
tand =1 (M1)
= 3 A1
4
[5 marks]
Total [7 marks]
Question 75
(a) 1 ¥
attempt at integration by parts with # =cos2x, o =¢" M1
J-excosilxdx —e"cos2x+ 2_[6‘ sin2xdx A1
=e"cos2x + 2(e’sin2x— 2.[8" costdx) M1A1
=e*cos2x + 2e* s 2x — 4I e’ cos 2xdx
.'.5_[6?r cos2xdx =e” cos2x + 2e” sin2x M1
jex cos2xdx = 2; sin2x + % cos 2x(+c) AG
5 3
[5 marks]
(b) J.eI cos” xdx = j%(cos 2x + Ddx M1A1
=] l 2¢ sin2x + e—c052x + S8 A1
Zh. D 5 %)
X ) eX e]’
= —sin2x + —cos2x + — (+¢) AG
5 10 2

| Note: Do not accept solutions where the RHS is differentiated. |

[3 marks]



(c)

f(x) = €" cos’ x — 2e" sinxcosx

M1A1
| Note: Award M1 for an attempt at both the product rule and the chain rule. |
e" cosx(cosx—2smx) =0 (mM1)
Note: Award M1 for an attempt to factorise cosx or divide by cos x(cosx # 0).
discount cosx =0 (as this would also be a zero of the function)
=>cosx — 2sinx =0
= tanx — = (mM1)
1 1
— x =arctan 2 (at A) and x =m + arctan 5 (at C) A1A1
[ Note: Award A1 for each correct answer. If extra values are seen award A1A0. |
[6 marks]
T 3rm
(d) cosx:0:>x:—o1'? A1
[ Note: The A1 may be awarded for work seen in part (c).
3
3n ex ) ex ex 2
jnz (ex cos’ x)dx = {sm 2x + — cos2x + — m1
2 - :
3n 3n x = 3n n
e? He? o e 2e? _2el
A A B —— M1(A1)A1
10 2 10 2 5 5
e: Award M1 for substitution of the end points and subtracting, (A1) for sin3x=sin7t=0 and
cos3n =cosm=-1 and A1 for a completely correct answer.
[5 marks]
Total [19 marks]
Question 76
dv
@ C:y+xZ=0 (M1)
d'\.
| Note: M1 is for use of both product rule and implicit differentiation.
dy ;
0 A1
dx 5
4
Note: Accept — —;.
C,: 2y —2x=0
)i 2y = 2x= (m1)
dv
g B A1
dv
x
Note: Accept =

J2ax?

[4 marks]



(b)  substituting a and & for x and y

bi(a . '
3 = —1 or equivalent reasoning

product of gradients at P is [
a

| Note: The R1 is dependent on the previous M1. |
so tangents are perpendicular

Question 77
(a) attempt to use Pythagoras in triangle OXB
= r*=R*~(h—-R)’

2
nrh

substitution of their * into formula for volume of cone ¥ =

"3”( ~(h-RY)

ﬂ:lr(

R? —(112 +R? —2;;1{))

e: This A mark is independent and may be seen anywhere for the correct
expansion of (71—R)’.

“}'(zm )

= E(ZRITQ —ha)

(b) atmax, d—V =0
dh

dV T
= (431? -3 )

= 4Rh =3I’

=S = % (since h = 0)

EITHER

2Rh = )from part (a)
Y aua]
3
16R2 GAR®
27

w|::]

w|::]

M1
R1

AG

[2 marks]

Total [6 marks]

M1
A1
M1
A1
AG
[4 marks]
continued...
R1
A1
A1
A1



Question 78

(a) attempt to differentiate implicitly

dy z(mJ mody m (m]
= xsec —x—+—y |+tan
dx 4 J)|4 dx 4 ol

| Note: Award A1 for each term. |

d
attempt to substitute x =1, ¥ =1 into their equation for b
X
& _ady

i
dx 2dx 2
=

ﬂ(l_EJ_ +1
dx 2 2

£_2+n:
& 2-=xm

+1

(b) attempt to use gradient of normal =

Y
dx
e
g
so equation of normal is v—1= it_z(xfl) or y= n_2x+ 2
mn+2 n+2 7 F2

A1

A1

AG
[4 marks]

Total [8 marks]

M1

A1A1

M1

A1

AG
[5 marks]

(M1)

At

[2 marks]

Total [7 marks]



Question 79

u =sin x = du = cos xdx (A1)
valid attempt to write integral in terms of # and du M1
cos’ x dx (1_?*’2) du
ot z
*,/Sl]_l.\’ \/?;
1z
:I[u R ] du
5
1o
=2u% - (+c) (A1)
)
2(+/sinx
=2+fsinx _Q(H’) or equivalent A1

Question 80

. 2 . .
(a) (smx+cosx) =sin? x+2sin xcosx +cos? x M1A1

‘ Note: Do not award the M1 for just sin’x + cos’x.

| Note: Do not award A1 if correct expression is followed by incorrect working. |
=1+sin2x AG

(b) sec2x+tan2x = ! + Sy M1

cos2x cos2x

[5 marks]

[2 marks]

3: M1 is for an attempt to change both terms into sine and cosine forms (with the same
argument) or both terms into functions of tan x.

_ 1+sin2x
cos2x
) 2
(smx +cosx)

= - A1A1
cos’x—sin’ x

| Note: Award A1 for numerator, A1 for denominator. |

B (sinx+cos x)2 R
~ (cosx—sinx)(cosx+sinx)

cosx+sinx
— S i—— AG
CcOoSX—sIinx

| Note: Apply MS in reverse if candidates have worked from RHS to LHS. |

| Note: Alternative method using tan 2x and sec2x in terms of tanx . \

[4 marks]



(c) METHOD1

E(cosx+sinx}dr i

COSXY—sinx

| Note: Award A1 for correct expression with or without limits. |

EITHER

=|-In(cosx—sinx gor In(cosx—sinx ?[ (M1)A1A1
[-In )i o [In )=

Note: Award M1 for integration by inspection or substitution, A7 for ln(cosx—sjnx),
A1 for completely correct expression including limits.

= —]n(cos%—Siﬂ%Jﬂn(cosO—smO)

M1
| Note: Award M1 for substitution of limits into their integral and subtraction. |
o [ V3 1] (A1)
Zl 2
continued. ..

OR

let u =cosx—sinx M1
du

=—sinx—cosx =—(sinx+cos x)

dx

M1 1
—jz 2| = |du A1A1
1 u

Note: Award A1 for correct limits even if seen later, A1 for integral. |

REY
:[fhm]l2 2 or [Inu]

1
Vi
2

NER |
:—In(z—z}(ﬂnl)

THEN

i) .

Award M1 for both putting the expression over a common denominator and for correct use of
law of logarithms.

:ln(l+«./§)

A1

L
2

M1

(M1)A1

[9 marks]



METHOD 2

E In(tan 2x +sec 2x) —%ln (cos2x) :
= Jui5+2)—3u(3)-
m(4+2J_)

In (1+f )

(1+\/§)

=3 I\JI'—- MI»—- I\JI»—-

Question 81
(@ 3

(b) attempt to use definite integral of f'(x)

[ fx)dx=05

fO)-f(0)=0.5
f1)=05+3
=35

[ 7 dr=-25

| Note: (A1) is for -2.5.

S@-f1)=-2.5

f(4)=35-25
=9
(d)
n
1 (1.3
34
24

4, 1)

A1A1

A1A1(A1)

m1

M1A1

A1
[9 marks]

Total [15 marks]

A1
[1 mark]

(M1)

(A1)

A1
[3 marks]

(A1)

A1
[2 marks]

A1A1A1

A1 for correct shape over approximately the correct domain A7 for maximum and minimum (coordinates or
horizontal lines from 3.5 and 1 are required), A1 for y-intercept at 3 [3 marks] Total [9 marks]



Question 82

attempt at implicit differentiation M1
3y2$+3y1+6n~ﬁ—3x2 =0 A1A1
dx dx
te: Award A1 for the second & third terms, A1 for the first term, fourth term & RHS equal to zero.
L, dy
substitution of — =10 M1
dx
3% 3x%=0
g Ao A1
substitute either variable into original equation M1
_1f:x:>x3:9:>x:5j§(or _1!3:9:>_1’:§/§) At
RN =2 =3 (or P =-2T=25=-3) A1
(¥0.340).3.-3) At
Total [9 marks]

Question 83

let OX=x
METHOD 1
& _ o4 (or-24) (A1)
dt
de - dx X do (M1)
de dr dx
3tanfd = x A1
EITHER
3sec’ A = L A1
dé
dae 24
dt 3sec’f
attempt to substitute for 8 = 0 into their differential equation M1
OR
@ = arctan [1]
3
1+Z
3—6 =24 % %
t
3[1 +x]
9
attempt to substitute for x = 0 into their differential equation M1
THEN
9 _24_g(rads?) A1

dt 3



METHOD 2

dx
—=24 (or-24 Al
i ( ) (A1)
3tanf = x A1
attempt to differentiate implicitly with respect to m1
3sec? Ox g0 _ gx A1
dr dr
dg 24
df  3sec’d
attempt to substitute for 8 = 0 into their differential equation M1
E:E:S(rad s1) A1
d 3

Note: Accept —8rads™.

Note: Can be done by consideration of CX, use of Pythagoras. |

METHOD 3

let the position of the car be at time t be 7 —24¢ from O (A1)

tanﬁ?:dzm{:i—&) M1
3 3

24¢
Note: For tane):T award AOM1 and follow through.

EITHER
attempt to differentiate implicitly with respect to m1
dé
sec’§— =8 A1
dr
attempt to substitute for # = 0 into their differential equation M1
OR
d
e arctan{ﬁSrj M1
3
de 8
————— A1
dr %)
(48]
3
d
atO, r=— A1l
24
THEN
9 _ 4 A1
dr

Total [6 marks]



Question 84

@ @

(i)

attempt to use quotient rule (or equivalent)
, (x* —1)(2)-(2x—4)(2x)
F (x): y 2
(1)

: ~F5* LR
(= -1)
f’(x)z(]

simplifying numerator (may be seen in part (i))
= x>~ 4x+1=0 or equivalent quadratic equation

EITHER
use of quadratic formula

4:12

2

OR

use of completing the square
(x—2) =3

THEN

=2 \E (since 2 +\/§ is outside the domain)

Note: Do not condone verification that x =2 —+/3 = f'(x)=0.
Do not award the final A1 as follow through from part (i).

(b) ()
(it)

(0,4)

2x—4=0=>x=2
outside the domain

(M1)

A1

(M1)

A1

A1

A1

AG

A1

A1
R1

[5 marks]

continued. ..



(iii)

A1A1

award A1 for concave up curve over correct domain with one minimum point in the first
quadrant
award A1 for approaching x =+1 asymptotically

[5 marks]
(c) valid attempt to combine fractions (using common denominator) M1
3(x=1)—(x+1)
_— A1
(x+1)(x-1)
_3x-3-31
. |
2x—4
—— AG
x -1
[2 marks]
continued...
(d)
f(x)=4=2x-4=4x" -4 m1
1
(x=0 or) x=— A1
2
1
area under the curve is I?‘f(x) dx M1
0
: 8 1
- I 2 i
0 xXx¥El =1

| Note: Ignore absence of, or incorrect limits up to this point. |




1
=[3Mm|x+1|-ln|x-1 2
3 .1
=3In>—In—(-0)

gy
4

area is Z—J.ff(x)dr or Eéldx—.l.ff(x)dx

55, T
4

L
27

4¢?
—Syv=—
25

Question 85

(a)

(b)

attempt to complete the square or multiplication and equating coefficients

2x—x° =f(.1c71)2 +1
a=-1 h=1 k=1

3

use of their identity from part (a) .[5 !

= [arcsin(x—l):lg or ‘:arcsin (”)JE

Ml'—‘

Pl 1)

dx

| Note: Condone lack of, or incorrect limits up to this point. |

(3w 3)
=arcsi| — (—arcsm| ——
2 2

A1

A1

M1

A1

[7 marks]

Total [19 marks]

(M1)
A1

[2 marks]

(M1)

A1

(M1)

(A1)

A1
[5 marks]

Total [7 marks]



Question 86
f(x)=e> +2xe* A1

2: This must be obtained from the candidate differentiating f(x). ‘

:(2'x+1x 21"') e A1
(hence true for n=1)

assume true for n =% : M1
f® (2)= (ka +k251 ) e’

2: Award M1 if truth is assumed. Do not allow “let n =% . |

consider n =k +1:

L VS

attempt to differentiate 7' (x) M1
S8 (x) = 2™ +2(25x + k251 )e™ A1
(.k+1 (x) ( k 2Jr+1x+}1(2k)

£ (x)= (2k+'r+(k+1)2") A1
(2;7”1er k+1)2[k+1) )eh

True for n =1 and » = k true implies true for n =% +1.
Therefore the statement is true for all r.r(e Z”) R1

2: Do not award final R1 if the two previous M1s are not awarded.
Allow full marks for candidates who use the base case n=0.

[7 marks]
Question 87

—e* seen (A1)
A NS g, 1,
attempt at using limits in an integrated expression Ee :Ee _Ee (M1)

0
I mee 1 o
=—g > g A1
> 5 (A1)
Setting their equation =12 M1

3: their equation must be an integrated expression with limits substituted. |

lee 1l g A1
2 2
(B =25=)k=5 A1

3: Do not award final A7 fork =45. \

[6 marks]





