Subject - Math(Higher Level)
Topic - Calculus
Year -Nov2011-Nov 2019
Paper -2

Question -1

R
V==rh
2

dVv J'[|: dr ,dh]

rh—+r —]
dr 3 dr dr'|

at the given instant

dvV = l}

— == 2(40)(200)| —— |+40%*(3
3[ (40)( J[ 2) ( J;

_ iim“ —-3351.03... =~ 3350

hence, the volume is decreasing (at approximately 3350 mm® per century)

Question -2
d
(a) y
34 s
2
I +
—7
F -—-—"'/U'-'fiu K
-0 ¥

MIAIAL

MI

Al
R1

AlAIAT

Note: Award Al for shape,
Al for x-intercept is 0.820, accept sin(-3) or —sin(3)
Al for y-intercept is —0.141.

0.8202
(b) A:J’O | x+sin (x—3) |dx = 0.0816 sq units

(MI)Al

[6 marks]

[5 marks]



Question-3

b JOR 7 |
@ dt '

attempt to separate the variables

j1+1v2 dv:j-m:

arctanv=—(+k

‘ Note: Do not penalize the lack of constant at this stage.

when t=0, v=1

T

:>k=arctan1=[zj=(45')

n
= v=tan| ——t¢
(4 ]

Tl I

Note: Award AI for general shape,
Al for asymptote,
Al for correct fand v intercept.

Note: Do not penalise if a larger domain is used.

(ii)  area under curve =I“ tan [E- rJdr
0 4

= 0.347(= lan]
2

M1
Al
AlAl

M1

Al

Al
[7 marks]

AIAIAL

[3 marks]

Al

Mm1)

Al

[3 marks]



7:
v=tan| ——¢
G
T
= [tan| =—¢ |dt
3 Ia”(a; J
sin[E“*‘J
J'#dr
T
cos| ——t
i)
=lncos(£*f)+k
4

when t=0, 5=0

k=-Incos™
4

5= lncos[g~ EJ— In cosg [: ln{xﬁ CGS[E— EJD

METHOD 1

T
— — f=arctan v
4

7
f=—=arctan v
4
s=In \/ECDS[E _£ +arctan VT
4 4 ]
s=In [JE cos (arctan V)]

s=ln{x/§ cns[arccus ! T
1+ J]
=In 2
1+ v
1 2

2 1+

M1

(M1)

Al

Al

Al

M1

MIAL

Al

AG

[5 marks]



Question - 4

xX=r _% yor X= % ( h—y) (or equivalent)

J‘ﬂ:)(2 dy

2
h r
:n‘[o{rﬁyj dy

e: Award M1 for If dy and AT for correct expression.

2 %
Accept Tt‘[oh(; y- r) dyand nJ‘:[i( r —%XU dx

e  Accept substitution method and apply markscheme to comresponding steps. |

B 2 _rzlﬁ rz}; :
_r{ry i 0

e Award M1 for attempted integration of any quadratic trinomial. |

= n( r*h—r’h+ % rzh]

e:  Award M1 for attempted substitution of limits in a trinomial.

:17”-3[-,
3

(A1)

M1A1

Al

M1A1

M1A1

Al

e: Throughout the question do not penalize missing dx/dy as long as the integrations

are done with respect to correct variable

[9 marks]



Question -5

(8 (379,—3) Al
[1 mark]
®)  p=157 org, g=6.00 A1A1
[2 marks]
(c) f'(%)=3cos x—4sin x (M1)(A1)
3cos X—4sin Xx=3 = x=4.43. .. (A1)
(y=—4) Al
Coordinates are (4.43, —4)
[4 markg]
@ M =—— M
ormal —
Mangens
gradient at P is —4 so gradient of normal at P is i (A1)
gradient at Q is 4 so gradient of normal at Q is —i (A1)
equation of normal at Pis y—3= i(x— 1.570...) (or y=0.25x+2.60...) (M1)
_ : 1 ;
equation of normal at Q1s y—3= _Z(X_ 5.999. J [01 y=—025x+ 4.499.._] (M1)
Note: Award the previous two M7 even if the gradients are incorrect in
y—b=m( x—a)where (a b) are coordinates of P and Q
(orin y= nmx+ ¢ with cdetermined using coordinates of Pand Q.
intersect at (3.79, 3.55) AlA1
| Note: Award N2 for 3.79 without other working.
[7 marks]
Total [14 marks]
Question -6
Y_3¢ _12x+k M1A1
dx

For use of discriminant & —4ac=0 or completing the square 3(x— 2)2 +k—-12  (M1)
144-12k=0 (A1)

dte: Accept trial and error, sketches of parabolas with vertex (2,0) or use of
second derivative.

k=12 Al




Question - 7

(a)

(162, 0)

8 - ’ > X

ﬂU(~"ﬁf°) 4 -

(-2.8, ,~0317) (294, -0~ 31%)
AlAIAIAL

Note: Award AI for correct shape. Do not penalise if too large a domain is used,
Al for correct x-intercepts,
Al for correct coordinates of two minimum points,
Al for correct coordinates of maximum point.

Accept answers which correctly indicate the position of the intercepts,
maximum point and minimum points.

[4 marks]

(b)  gradient at x=1is —0.786 Al
[1 mark]

-1

dient of li =1.202~ Al

(c)  gradient of normal is —-0.786( ) (Al)

when x=1, y=0.3820... (A1)

Equation of normal is y—0.382=1.27( x—1) Al

(= y=1.27x-0.890)

[3 marks]

Total [8 marks]



Question - 8

ds ds

2s—+—-2=0 MI1AI
dr dr
v=2-2 Al
dr 2s+1
EITHER
a=£=gg (MI)
dt  ds dr
N 7 (A1)
ds  (2s+1)
-4 ds

a=———
(2s+1)? dr

OR
2 2 o
o & +zsd—f+d_j=o 1)
dr dr dr
dsz
& ‘Q(EJ
!
T 41
dr’ 25+l (41)
THEN
s D |
2s+1)}

[6 marks]



Question - 9

x =sinz, dx = costdr

sin’ ¢

f\/l.—x le—sm t

=J‘sin3rdr

cost dr

=fsinzf sintdz
=f(1—coszz)sjnrdr
=fsinrdf— cos” tsinz dr

cos’ t

= —COST+ +C

=
2

=—1-x° +%(\/1—x2 )3 +C

(b0

( 1\11— (2+v)+C)

M1

(41)

MiAl

AlAl

Al

[7 marks]



Question -10

(1.27390 00200673000
g oA
-3 &
(= 11 TS0 —1374133 0x0) i S
intersection points Al1A1
te:  Only either the x-coordinate or the y-coordinate is needed.
EITHER
x=1"-3=yp=#x+3 (accept_v =~.p‘x+3) (M1)
A=J':1“‘”2@dr+ﬁfjf“ﬁ—x3 dx (M1)41A1
=3.4595...+3.8841...
=7.34 (3s1) Al
OR
y=x'=x=3 (M1)
067.... ”
A =ﬁ1,3?4.__%/-1_:_(-1: —3)dy (MDA
=7.34 (3s1) A2

[7 marksj]



Question -11

(a)

(b)

©

I=CA+AD M1
sinag=—— —CA= .a Al
CA sina
cosa=i=>AD= H Al
AD cos o
Byt o @ AG
sin@ cosc
5 1
a=5andb=1=L=——+
sin@  Cosa
METHOD 1
/
\\ A
W*mv———-‘-—-—w-”j
(1042, 7773 )
> X
(M1)

minimum from graph= L=7.77 (M1)A1
minimum of L gives the max length of the painting R1
METHOD 2

£= —5.c;>sa+ smza' M)
da sin"a cosTa

dr sin’ a s

—=0=>"—"=5=tana=35 (@=10416..) (M1)
der cos’ o
minimum of L gives the max length of the painting R1
maximum length=7.77 Al
Gf -~ Soese b (or equivalent) Mi1A4141

- -2 2
da sin” o cos” a

[3 marks]

[4 marks]

[4 marks]

[3 marks]



3 2 o 3
dl  =3kcos’a+ksin’a (Al)

d —=
@ da sin® acos” a
= 3
A 2 ¥ a5 (@=09654..) M141
da cos'ax  k
tana:ﬂ%éL:\}H%@ (1.755..7) (41)
cosa
1 A1+3/9
and — = +39 (1.216..) (A1)
sina )
3
LY LT (225405598 0) A1 N4
B
[6 marks]
(e) L=8=Fk=148 MI1A1
the minimum value is 1.48
[2 marks]
Total [18 marks]

Question 12

volume = TE‘[ x3dy (M1)

x=arcsin y+1 (M1)(A41)
1

volume = n.[o (aresin y +1)*dy Al

te: A1 is for the limits, provided a correct integration of y. |

=2.608993...t=820 A2 N5
[6 marks]




Question 13

(a)
v

[’o.vbf,g. h)

Az 76

(2-5 4
K 0‘(;30

Note: Award A7 for general shape, 41 for correct maximum and minimum,
A1 for mtercepts.

| Note: Follow through applies to (b) and (c).

(b) 0<r<0.785, [0r05r<

S—ﬁ]

B
(allow £ <0.785)

and 7> 2.55 [or >

5+3ﬁ }

b — 1 if)
(c) 0sr<0.785,[01‘0<_(f< 3J_]

(allow 7 <0.785)

2<r<2.55.[or2<1‘<

5+3J7 ]

>3

(d) positionofA: «x,= II3 —52 46t dr

T s 2
X =20 =431 +c
=gy (+¢)

when =0, x,=0s0 c=0

AIAIAL

Al

Al

Al

Al

Al

(M1)
Al

R1

[3 marks]

[2 marks]

[3 marks]

[3 marks]



(e)

®

dvy

— =—2v, = I dv, = j —2dt

1
Vg
]J1|v3| =2t+c

vy =de®

vy =—20 when 7=0 so v; =—20e™

xz =10e” (+¢)
xp =20 when =0 so x; =10 +10

W
meet when if“ - 513 +31° =10 +10

= 4.41(290..)

Question 14

(a)

®)

J.rseczx dx :xtanfo‘lxtanx dx

=xtanx+In|cosx| (+¢) (=xtanx—In|secx|(+c))

attempting to solve an appropriate equation eg m tanm +In(cosm) = 0.5
m=0.822

Note:  Award A7 if m=0.822 is specified with other positive solutions.

(M1)
(41)

(MI)
Al
[4 marks]

(M1)(41)
(M1)Al

(M1)
Al

[6 marks]

Total: [21 marks]

MI1A41

MI1A41
[4 marks]

(MI)
Al

[2 marks]

Total [6 marks]



Question 15

METHOD 1
dv 1
—=—(60-v
dr 40( )
. . dv dr
attempting to separate variables =|—
R E -[ 60—v 40

f
—In(60—-v)=—+c
( M 40 ‘

c=—In60 (or equivalent)
attempting to solve for v when =30
3

v=60—60e *
v=31.7 (ms™)

METHOD 2

dv 1
57%(6071))
dr 40
dv 60—v
‘[V,r 40
0 60—v

(or equivalent)

attempting to solve L:f v dv =30 for v,

—v
v=31.7(ms™)

dv =30 where v, is the velocity of the car after 30 seconds.

(M1)
MI

Al

Al
(M1)

Al

(M1)
Mi
AlA1

(M1)

Al

Tortal {6 marks]



Question 16

(a)

(®)

(©

) (or equivalent)

Note:  Accept 8= 180°fa1'ctan(

X

8 ] { 13
—arctan
20

J (or equivalent).

EITHER

7 :n—arctan(g]—arctau( I
- 20

OR

% 20
6 = arctan 5 +arctan

(1) 6=09%4 (= arctan%)

. 5
(i) 6=1.19 (:arctanE)

correct shape.

correct domain indicated.

i

] (or equivalent)

i -
wr F\
1
0t 1 ! [ L
0 5 10 15 20

MiAdl

MiAal

[2 marks]

Al

Al
[2 marks]

Al
Al

[2 marks]



(@

(e)

®

attempting to differentiate one arctan( f(x)) term

EITHER
Q:ﬂ:farctan(ﬁ)farctan[ L ]
x 20—x
deé 8 1 13 1
& o I 2_(207\')’“X 13V
I CIRRE )
% 20-x
OR
54 —x
@ =arctan| — |+arctan
(5 e %55°)
1 1
de 3 13
E: 8\* Tt Zéil’ i
1+ l] 1+(7'
8 13
THEN
8 115]

T 164 569—40x+2

_ 8(569—40x +x7) —13(x” +64)
(x” +64)(x” —40x +569)

~ 5(744-64x—x7)
(2 +64)(x% —40x +569)

Maximum light intensity at P occurs when % =i}
v
y g dée . y de
either attempting to solve PN 0 for x or using the graph of either & or s
he
x=10.05 (m)
E =05
dr
At x=10, %:0.000453 (= 2 ):
dx 11029
de dé dx
use of —=—x—
dr dx dr

g 0.000227 (= L) (rad s
dt 22058

Note:  Award (41) for % =—0.5 and A7 for i—? =-0.000227 (=—

-
22058

).

Note:

Tmplicit differentiation can be used to find d_6 Award as above.

M1

AlAl

AlAl

Al

Mi1A41

AG
[6 marks]
(M1)

(M1)

Al
[3 marks]

(41)
(A1)
M1

Al

[4 marks]

Total [19 marks]



Question 17

a

@ 4

A .

\/ S

1o
A correct graph shape for 0 <x<10. Al
maxima (3.78, 0.882) and (9.70, 1.89) Al
minimum (6.22, —0.885) Al
x-axis intercepts (1.97,0), (5.24,0) and (7.11,0) A2

Note: Award 47 if two x-axis intercepts are correct.

[5 marksj]
(b) 0<x<1.97 Al
524=x<7.11 Al

[2 marks]

Total [7 marks]



Question 18

EITHER
& _ 2sec’u
du

2sec’ u du

I Atan? u\]4+ Atan® u

7'[ 2sec’ u du

OR

4tan’ u x 2secu

X
u = arctan —
2

du 2
dc x*+4

I 3!4 tan® o + 4 du

2x4tan’ u

2secu du
THEN

A

2x4tan’ u

secu du

tan® u

—icosec u (+C)

use of either tanuw =

\

either sinu =
x2+4
—xi+4
=——(+C
4x (HO)

chosec ucotu du [

Al
(M1)
du 2sec’ u du
= o =| ——————) Al
Jlﬁlsin2 m/tan2 u+1 Atan® uaf4sec’ u
Al
(M1)
Al
1 ¢ cosu
=— du Al
4'[ Sin2 u )
(+C)] Al
4sinu
an appropriate trigonometric identity Mi
144
or cosec i = (or equivalent) Al
AG

Total [7 marks]



Question 19
(@ () METHOD 1

V:_fScosidt
4
Lt
=12sin—+c¢
4
& b
t=0,v=12=> V:125mZ+12
METHOD 2
‘ t
V—lsz 3cos—dt
o 4

V=1231n£+12

6 1n ¢n i n

Note: Award A1 for shape and domain 0< t<8m.
Award Al for (0,12) and (6, 0) [(18.8, 0}).

Award AT for (2, 24) ((6.28, 24)).

(iii) METHOD 1

6x i )
j [125in- +12]dr
0 4

=274 (m) (=72n+48 (m))

METHOD 2
. lesin£+12 di
A

= —48C05£+ 12t+¢

When t=0, s=0 and so c=48.
When ¢= 67, s=274 (m) (=72n+48 (m)).

M1

Al

Al

MIiAL

Al

AIAIAT

M1

Al

M1

Al

[8 marks]



(®)

®

METHOD 1

d
J.v2:4=fjldf

)
—arctan| — [=—r+c¢
2 2

EITHER

f=0.v=2::><:'=E
8

arc‘[au[iJ ! 2t
2 4

OR
v= 2tan(2c—2f)

t=04r=2—tan 2 —1 and soczg

THEN
v= 2tan{£—2z‘J
4

v=2tan[n_gr}
4

METHOD 2

ﬁ——ﬁlsecz[ﬂ:_&‘)
dt 4

o T
Substituting v =2 tau[

4
ﬂ:[4tallz{ﬂ—8f)+4J
dt 4
—4[T3112(E:18IJ+1J

=—4sec? { =i
4

Verifying that v=2 when 7 =0.

(A1)
MI

Al

M1

Al

Al

M1

Al

AG

MI141

M1

(41)

Al

Al



(i)

(iii)

METHOD 1

d
Vd—::—(vz+4)

::,ﬂ’_ ('/2-1-4)

ds v
METHOD 2
dv dv dt

= b4

ds dt ds
dv (v2+4)
Y

ds v

METHOD 1

When v=0, t=

S= IS 2tan(-n_8-
o 4
s

(t=0.392..) .

Jae

:%IHZ (m)]

~ oA

5=0.347 (m)

METHOD 2

_[4:‘; dv= —jds

EITHER

%ln( V+ 4) =—5+ ¢ (or equivalent)

v=2,5=0=c= ;II‘IS

§= —lln(v2 +4)+ llnS s:lln
2 2

2

v=0= 5=-:]2-lr12 (m) (5=0.347 (m))

OR

I
2 44+

dv=s (or equivalent)

Note: Award M1 for setting up a definite integral and
award A1 for stating correct limits.

5=0.347 (m) (s=%ln2 (m)]

Al

AG

Al

AG

(M1)A1

M1)

Az2

M1

Al

Mi

(A1)

Al

MIA1

A2

[12 marks]
Total [20 marks]



Question 20

(a)

®

(i)

(iii)

either counterexample or sketch or

recognising that y =k (k > 1) intersects the graph of y = f(x) twice M1

function is not 1-1 (does not obey horizontal line test)
so /! does not exist

F@=3{e ¢

f'(hﬁ)z% (=133)
3
m=——
4
D
f(h13):§ (=1.67)
EITHER
5
iy 3 :72
x—In3 4
2
4y——=-3x+3In3
OR
5 3
—=——In3+c
3 4
c="+_In3
4

5
y:73x+7+ghl3

12y =—9x+20+9In3

THEN
9x+12y—9In3-20=0

The tangent at (a, f(a)) has equation y— f(a)= f'(a)(x—a).

fa)= f@ (or equivalent)
a

a —a
o ©'+e .
ef—g = (or equivalent)
a

attempting to solve for a
a—11.20

Ri
AG

(A1)
(41)
M1

Al

M1

Al

MI

Al

AG
(M1)
(41)

Al

(M1)
A141

[14 marks]



(b)

(1) 2y=e"+e™

e —2ye" +1=0 MI1A1
Note: Award M1 for either attempting to rearrange or interchanging
x and y.
2 fi,/4 2 —4
FTAF T : . Al

e =yt \}yz -1
x=h1(yi,/y2 —1) Al
)= ln(x i T 1) Al

Note: Award .41 for correct notation and for stating the positive “branch”.

2

@ v=nf s(m( y+r -1 )) dy (MI1)(A1)

d
Note: Award M1 for attempting to use ¥ = th. x’dy.

c

Question 21

(a)

®)

=37.1 (units® ) Al
[8 marks]
Total [22 marks]
T 3n
—(1.57), —(4.71) A141
2 2
hence the coordinates are E: = ] 3—R, 3—]1: Al
2" 2 2 2
[3 marks]
31
@) nj,g (* —(x+2cosx)’ )dr A14141
Note: Award A1 for x> —(x+2cosx)’ , A1 for correct limits and 47 for .
(i) 61°(=59.2) A2
Notes: Do not award ft from (b)(1).
[5 marks]

Total [8 marks]



Question 22

METHOD 1

volume of a coneis V' = %m‘zh

given h=r, V:%I[ff M1
dv )

- —1th* ‘A1
T (A1)

when =4, d—V =ntx4*x0.5 (using d—V = d—Vx%) MiAl

dr dt dh dt

o w25 () Al
dr

METHOD 2

volume of a cone1s V' = %K:‘zh

given h=r, V= %n}f M1
d—V:lthSh2 xﬁ Al
3 dr
dv 5
when /=4, d_ =x4"x0.5 MIiAl
Iy
dv /
—=8r (=25.1) (cm’min™) Al
dr
METHOD 3
v=Lnn
3
d—V=ln' 21’h£+r2% MiAl
dr 3 dr dt

Note: Award M1 for attempted implicit differentiation and 417 for
each correct term on the RHS.

when 7 =4, .--:4.%:%n(2x4x4x0,5+42x05) MiAl
dv .
p =8n (=25.1) (e’ min™) Al

[5 marks]



Question 23

(a)

METHOD 1
expanding the brackets first:
x+2x%yt +yt =4t

dy dy dy
43 + 41}’2 + 4x2y kil + 4}'3 2 _ 4}-‘2 +8xy £
dx dx dx

Note: Award M1 for an attempt at implicit differentiation.

Award A1 for each side correct.

dv X -xl+y
—=—— "= - orequivalent
dv  y” —2xp+)°

METHOD 2
dy dy

2(+ )| 2x+2y-=L |=45" +8ay
( . ) }dx . }dx

Note: Award M1 for an attempt at implicit differentiation.

Award 41 for each side correct.

(®)

dy dy
2+ x+y= =9+ 2L
[a*4p )( }dx] Yr2ay

dy dy dy
X +x2yi+ })2,\‘~1—y3 ol y2 +2xy—}
dx dx dx
Q B 7x3 7@1 +y2

= = — or equivalent
' =2xy+y

METHOD 1
dy .
at (1, 1) , — is undefined
dx
p=1
METHOD 2
2 3
yx~ =2xy+y
gradient of normal = b - —M
dy (fx —xy +y‘)

dx
at (1, 1) gradient =0
=l

M1

MIAIAT

Al

MIAIAT

M1

Al

MiAl
Al

Mi

Al
Al

[5 marks]

[3 marks]



Question 24

(a) £ .
\":Ltj Maximvn

4
t Al
AT for correct shape and correct domain
(1.41, 0.0884)(\/5,%] Al
[2 marks]
(b) EITHER
u=r
LW Al
dr
OR
1
t=u?
1
o 1 u '’ Al
du 2
THEN
t 1 d
'[ . dr = —j 4 < Ml
12:4t Q127
. arctan | — +c) Mi
w12 Jiz
= iarctau i (+c) or equivalent Al
443 243

[4 marks]



6 f
© L. 12+r*df
6

i)
e s

Note:  Accept \lfzgarctan(&/g ) or equivalent.

g =

. 1
a :ﬂICSHl(\/;)Xizm

a = arcsin (\/_)

a=0536 (ms”)

2\1'0 1x0.9

(M1)

M1

Al

[3 marks]

(41)

(M1)

Al
[3 marksj]

Total [12 marks]



Question 25

METHOD 1

attempt to set up (diagram, vectors) (M1)
correct distances x = 15¢, y = 20t (A1) (41)
the distance between the two cyclists at time 7is s = /(15¢)* +(20¢)” = 25¢ (km) A1
L (kmh™) Al
dr

hence the rate is independent of time AG
METHOD 2

attempting to differentiate x*+ y°=s* implicitly (M1)

d dy ds
2x—T+2y—}:25— (A1)

dr dr dz
the distance between the two cyclists at time 7 is 4/(15¢)” + (20¢)” = 25¢ (k) (41)

2(150)(15)+2(201)(20) = 2(25;)3‘j M1

Note: Award M1 for substitution of correct values mto their equation

: . ds
involving —.
dr

L (kmh™) A1
dr

hence the rate is independent of time AG



Question 26

(a) 3—%:0:>r:6(s)

Note: Award A0 if either 1=-0236 or r=4.24 or both are stated with
i=6.

(b) let d be the distance travelled before coming to rest

M1A1
[2 marks]

4 6
d = [5—(-2)7 de+[3-Lds (M1)(A1)
fearan]

Note: Award M1 for two correct integrals even if the integration
limits are incorrect. The second integral can be specified as the
area of a triangle.

d zg (=15.7)(m)

r
attempting to solve J(% et 3} dr = g (or equivalent) for T
s 2

T=13.9(s)

(A1)
M1
Al

[5 marks]

Total [7 marks]



Question 27

(a)

(®)

use of 4 :%qr sin @ to obtain 4 :%(x+ 2)(5-x)"sin30°
1
= Z(x +2)(25 - 10x + x%)

1
A :Z(x3—8x2+5x + 50)

(i) % = i(3x2— 16x +5) = 5(3;; ~(x-95)
(i) METHOD 1

EITHER

THEN
S0 %:0 when le
dx 3
METHOD 2
solving L 3 0 forx
dx
1
—2 <@ Serae—
<)
SO %:0 when x :l
dx 3
METHOD 3
a correct graph of % Versus x

the graph clearly showing that % =0 when x=

W | =

S0 %:0 when x:l
dx 3

M1

Al

AG

Al

MiAdl

MiAdl

AG

M1

Al

AG

M1

Al

AG

[2 marks]

[3 marks]



(©)

(1)

(i)

(iii)

&4 1
=—(3x-8
2 2( )
o =i, S 5 s
37 dx

2

1 . . .
SO x = ; gives the maximum area of triangle PQR

343 5
A —E(— 12.7)(em™)

PQ= % (cm) and PR = (%) (cm)

o5 (5] 435
3 3 F N 3

=391.702
QR =19.8(cm)

Al

RI

AG

Al

(A1)

(M1)(41)

Al
[7 marks]

Total [12 marks]



Question 28

(@)

(b)

b
attempting to use V' = TEJ xzdy

attempting to express x” in terms of y ie x* =4(y +16)

h
for y=nh, V:411:J0 y+16dy

hZ
V= 47[(7 + 16hJ

() METHOD 1
dh _dh dV
& dAr’ dr
Y w16
dh
dh 1 y —250h

dr  an(h+16)  w(h+16)

dh dV

Note: Award M1 for substitution into ﬁ e —

dr  dr

dn_ 250vh

dt  4a’(h+16)
METHOD 2

%/ =A4n(h+ lé)i—h (implicit differentiation)

—250vh
n(h+16)
dh _ 1 &, Sa50Vh
dt  4n(h+16) =n(h+16)
dn  250vh

&t 4’ (h+16)

dh
=4n(h+ 16)5 (or equivalent)

.. dt AT (h+16)°
(i et
dn 25041
2 2
f=j—4n (h+16)°
250\h
2 2
r:j—4“ (F+32h+256)
2507n

A 3 1 1
pie J' h? +32h% +256h 2 |dh
250

(M1)
(M1)
Al

AG

(M1)

(A1)

MIiAl

AG

(M1)

Al

MIiAl

AG

Al

M1)

Al

AG

[3 marks]



(i) METHOD 1

—47? o
" 250 I

t=2688.756__ (s)
45 minutes (correct to the nearest minute)

4
48

3 1 1
(iﬁ +320h2 + 25611_2](111

METHOD 2
Zz 5 3 1
e Ehz +ﬂh2 +512h2 |+
250 (5 3

2
when £=0.h —48:>c—2688.756...(c—%

—X
015

2. .2 4 2 -
487+ —= X482 512X 48 (M1)

(M1)

(41)
Al

I [ 2. o0 6 2 :
when /=0, r=2688.756...| t = ——| =x 482 + — x 487 +512x 482 | |(s) (A1)
250( 5 3
45 minutes (correct to the nearest minute) Al
[10 marksj]
(¢) EITHER
dr 250
the depth stabilises when —=0 je 8 5————= R1
dr w(h+16)
attempting to solve 8.5— M =0 forh (M1)
n(h+16)
OR
dh 1 25041
the depth stabilises when — =0 je ——— | 8 5—7\/_ =0 R1
dr An(h+16) n(h+16)
attempting to solve e 250+ /. 0 for i (M1)
4n(h+16) n(h+16)
THEN
h=5.06(cm) Al
[3 marks]
Total {16 marks]
Question 29
1 AL ] s 1 iy
| 1:r:(e X ) dx ([ e dx or [ 2me™ dx) (M1)(A1)(A1)
e:  Award M1 for integral involving the function given; A1 for
242
correct limits; A1 for m and (e" )
=3.758249...=3.76 A1

[4 marks]



Question 30

V =200m’

ote: Allow V' =ahr? if value of 4 is substituted later in the question.

EITHER

d—V = 2007:2rg
dr dr

ote: Award M1 for an attempt at implicit differentiation.

at =2 we have 30= 2007:4%
t

OR

dr
dr gy
ar dv

dr
dv

=L — 40077
.

dr
=2 we have — =800m
dr

THEN
dr _ 30
dr 800w

{:i :0.0119} (cms™)
80m

Question 31

Fix)=3x"+e"

e: Accept labelled diagram showing the graph y = f ’(x) above the x-axis;

do not accept unlabelled graphs nor graph of y = f(x).

EITHER

this is always > 0
so the function is (strictly) increasing
and thus 1-1

OR

this is always > 0 (accept # 0)
so there are no turning points
and thus 1-1

te: A1 is dependent on the first R1.

(A1)

M1A1

M1

M1

M1

A1

A1

Total [5 marks]

A1

RrR1
R1
A1

R1
RrR1
A1

Total [4 marks]



Question 32

x=0=y=1

1/(0)=1.367879...

+1 il
»te: The exact answer is y'(O) _E 1+—.
e e
so gradient of normal is 771(: —0.731058. )
1.367879...

equation of normal is y =—0.731058.__x+¢
gives y=—-0.731x+1

»te: The exact answeris y—— x+1.

e+l
Accept y—1=-0.731058_. _(x —0)

(A1)

(M1)(A1)

(M1)(A1)

(m1)
A1

Total [7 marks]



Question 33
(a) x—>-—o=y —)—% S0 ¥ :—% is an asymptote

e'=2=0=x=1In2 so x=1In2(=0.693) is an asymptote

O 6 A=
(-2)
:el\_4elr_e.(

(e=2)
(ii)) €'(x)=0 when " —4e™ —e"=0
e (ez" —4et 1 ] =0
e'=0, e’ =—0.236, e =4.24 (or of =2+ JE)

(MDA1
(MDAl
4 marks]

MIAl

M1

AlAl

Note: Award A1 for zero, AI for other two solutions.

Accept any answers which show a zero, a negative and a positive.

as e" > 0 exactly one solution

Note: Do not award marks for purely graphical solution.

(iii) (1.44,8.47)

© f(0)=—4

. . -
so gradient of normal is n

A0)=-2

so equation of Z is y= T‘:x =V

1xX ‘__l
d) ) 2

so x=1.46

T(1.46)=8.47
equation of W™y —8. 47 = i(x —-1.46)

1
or y=—x+8.11
(or y e )

R1

AlAl
18 marks]

(A1)
M1)
(A1)

Al

/4 marks|

1

(M)A

(41)
Al

Ty, § marks]

Total [21 marks]



Question 34

(a)

(b)

EITHER

area of triangle = %x 3x 4 (=6)

area of sector = %arcsin[g}f (=EFL5911...)

OR
4
[V25-xdx
0
THEN
total area=17.5911... m*
percentage = %x 100 = 44 %,
40
METHOD 1
/ a =16 10
] 9
k A

3

1 2
area of triangle = Ex dxqJa” —16

L[4
0= arcsm[—}
o

area of sector = lrlﬁ = la1 arcsin i
2 2 a

therefore total area =2\/a” —16 + %az arcsin(i ]: 20

a

)—1-4«/(12—16 =40

rearrange to give: a’ arcsin(

ISR [N

A1

A1

M1A1

(A1)
A1
[4 marks]

A1

(A1)

A1

A1

AG

continued...



(c)

METHOD 2

4
j\;‘az —x%dx=20
0

_— . d:
use substitution x = asiné, d—x =acost

al‘csin(i\'
_[ a’ cos*0do =20
1]
al‘c:;in|(i\|'
az a )
= [ (cos20+1)do =20

0

g urrsin[ % .‘|
P Hsm 26, , )-| _Jip

2 o

WS
H]Ci]l]| o
\a

& [(sin0c059+9)] ::40

0

s e (22

a’ arcsin(i]+4 a’—16=40

a

solving using GDC = a =5.53cm

M1

M1

A1

A1

AG
[4 marks]

A2
[2 marks]

Total [10 marks]



Question 35

(a) attempt at implicit differentiation

2x—5xd—y—5y+2yQ=0
dx dx

Note: A7 for differentiation of x*— 5xy, A1 for differentiation of
y* and 7.

2x—5}’+g(2}*—5x)=0
dx

dy 5y—2x
dx 2y-5x

dy 5x1-2x6 1
B YL
dr 2xI1-5x6 4

gradient of normal =—4

equation of normal y=—4x+¢
substitution of (6, 1)
y=—4x+25

Note: Accept y—1=—-4(x—6)

Sywlx @ 1
y—5x \
y=—x
substituting into original equation
X+5xt+x* =7
Ta="7
x=*1
points (1, —1) and (-1, 1)

distance = \/g(: 2\6)

(c) setting

A1A1

AG
[3 marks]

A1

A1

A1

[4 marks]

=

A1
(E
(A1)

A1

(A1)

(M1)A1
[8 marks]

Total [15 marks]



Question 36

(a)

(b)

METHOD 1

9
s=|(97—3¢ )dr ==~ (+e
[(or-3¢)di ="~ (vo)
=0 5F=3a=3
t=4=s5=11
METHOD 2

S=3+i(91‘—3f2)df
0

NS
2 1 max (3, 16°S)
o 1
51 /{r,-»-w:ﬂ
0 [ - 2 2 S t
ol mind (5,95 )
— /o

correct shape over correct domain
maximum at (3, 16.5)
t intercept at 4.64, s intercept at 3
minimum at (5, —9.5)

(m1)

(A7)
A1

(M1)(AT)

A1

(A7)

A1
A1
A1l
A1

[3 marks]

[3 marks]

[5 marks]



(c) —95=a+bcos2n
16.5=a+bcos3n

Note: Only award M1 if two simultaneous equations are formed over the
correct domain.

(d) aty:

o 2
solving ;—ISCOS?TU: 3

L

GDC = 1,=6.22

(M1)

A1

A1
[3 marks]

(m1)

At

(M1)

A1

Note: Accept graphical approaches.

[4 marks]

Total [15 marks]



Question 37

@ () a()=—=-10(ms?

dv
de

(i) 7=10=v=-100 (ms ')

(i) s= _[—IOtdt =—57 (+¢)
5 =1000 for £=0=>¢=1000

s ==57+1000
at 7=10, s =500 (m)

Note: Accept use of definite integrals.

dr 1

& dv (-10-5v)

(c) METHOD 1

z:J’ 1 dvz—éln(—IO—Sv)(-H;)

-10-5v

Note: Accept equivalent forms using modulus signs.

7=10,v=-100
10:——;ln(490}+c

c=10+ ;— In (490)

f:10+~;-ln490—%ln{—10—5v)

Note: Accept equivalent forms using modulus signs.

1:10+é-ln(i]

==y

Note: Accept use of definite integrals.

A1

A1

M1A1
(M1)
A1l
AG

A1

M1A1

M1
A1

A1

AG

[6 marks]

[1 mark]



METHOD 2

1 e 1 1
7=I_IO_Svdvz—gJ'Z_[_Vdvz—gln|2+v|(+c)

Note: Accept equivalent forms.

7=10,v=-100

10:-11n|—98\+c
5

Note: If ln(—98) is seen do not award further A marks.

c= 10+§h‘198

1:10+11n98—lln|2+v|
5 5

Note: Accept equivalent forms.

7= 10+~1~]I{ 28 J
5 —2—v

Note: Accept use of definite integrals.

@ 5-10)Bn L
=2-v)
2+v — g 10
98
y=—2-98¢ 1
(e) E: —2_9Re S(r-10)
dt

s:—2:+9€8-e 0
98
at 7=10,5=500= 500=720+?+1’:>k=500,4

98 .,
§= —2z+?e 0 4 500.4

Note: Accept use of definite integrals.

()  7=250 for s=0

M1A1

M1

A1

A1

AG

[5 marks]

(M1)

A1
[2 marks]

Mm1A1
M1A1

A1

[5 marks]

continued...

(M1)A1

[2 marks]

Total [21 marks]



Question 38

(@)

(iy area-= J';.;‘_v —2dy

(i) =1.886 (4 sfonly)

= 27 (exact only)

Question 39

(@)

(b)

(c)

1,=1.77(s) (:JE(S)) and 7, 2.51(5) (= Jﬁ(s))

(i)  attempting to find (graphically or analytically) the first 7

t =1.25(s) {: \/E(s)]

(i)  attempting to find (graphically or analytically) the first 7,

t =2.17(s) { \/7(5)]

2.506..

distance travelled = “:m' | e‘s””zdf‘ (or equivalent)

=0.711(m)

M1A1

Al
[3 marks]

(M1)

(A1)

Al
[3 marks]

Total [6 marks]

A1A1
[2 marks]

(M1)

A1l

(M1)

A1
[4 marks]

(M1)

A1

[2 marks]

Total [8 marks]



Question 40

(@)

Fix) =30e .22 |3 M1A1
4000 20

Note: Award M7 for attempting to use the chain rule.

B P Pp.p
Fr) = e w0 3 | =3 e X M1A1
20 4000 20 200

Note: Award M7 for attempting to use the product rule.

(b)

the roof function has maximum gradient when f'"(x) =0 (M1)

Note: Award (M1) for attempting to find f“(ﬂ/ZOO).

EITHER

0 Al
OR

F(x) = 0=>x = +/200 Al
THEN

valid argument for maximum such as reference to an appropriate graph or
change in the sign of f"(x) eg [f"(-15)=0.010..(>0) and

f"(~14)=-0.001...(< 0) R1
= x = —+/200 AG

[4 marks]

[3 marks]



aZ

(€) A=2a-30e *® | =60ae *° =400 f'(a) (M1)(A1)

EITHER
dA 7% a 7:.#20 "
E:Gan -—E+60e =0=a = ~200 (—400f (a):0:>a:\/200)
M1A1
OR
by symmetry eg a = —+/200 found in (b) or A__ coincides with f"(a)=0 R1
= a =+/200 Al
THEN
_200
A, =60 -+/200e 0 M1
1
= 600+/2¢ 2 AG
[5 marks]
(d) (i) perimeter=4a + 60e 00 Al1A1
Note: Condone use of x .
o al
4a + 60e
(i) I(a)=—""—ar (A1)
60qe *©
graphing I (a) or other valid method to find the minimum (M1)
a=12.6 A1l
\2
20 =
(i) area under roof = Jl 030e ik M1
=896.18... (A1)
_(126..)°
area of living space = 60-(12.6...) -g M = 50860... (A1)
percentage of empty space = 43.3% A1l
[9 marks]

Total [21 marks]



Question 41

ds e’ 1 2
(a) v=—= = or —1+ =

dt 2-e 21 2-e

dis - (2 - e”) —e'xe”’ —2e~*
) a=—_z= =

dr? (2~e")2 (2 ~e")2

L Zs —2e'
Note:If simplified in part (a) award (M1)A1for a = — = ( )
! 2e¢'—1

() a=-2(ms?)

M1A1

[2 marks]

M1A1

[2 marks]

A1
[1 mark]



Question 42

(a) valid method eg, sketch of curve or critical values found (M1)
X< —224,x 3224, A1
-1<x<08 A1
| Note: Award M1A1AQ for correct intervals but with inclusive inequalities \
[3 marks]
(b)y () (1.67,-5.14),(-1.74,-3.71) A1A1
| Note: Award A71A0 for any two correct terms.
(i) fF(x)=4x+06x>-11.6x -1
@ =12x"+12x-11.6=0 (M1)
-1.03, 0.934

A1A1

Note: M1 should be awarded if graphical method to find zeros of #”(x) or turning points of
f'(x) is shown.

[5 marks]
(c) (i) 1.67 A1
(if)
(0, 4)
(-5.14, 1.67)
x (4,0)
L5 (1.67,-5.14)
M1A1A1

Note: Award M1 for reflection of their y = /' (x) in the line y = x provided
their f is one-one.

A1 for (0, 4), (4,0) (Accept axis intercept values) A1 for the other two sets of
coordinates of other end points
iy x=/1Q@ M1
=-16 A1l



(d) () wyv=2sin(x—-1)-3
x=2sin(y -1 -3

(g_l (x) :) arcsin[x : SJ +1

—5<x<-1

(M1)
A1

A1A1

reasonable.

Note: Award A1 for —5 and -1, and A1 for correct inequalities if numbers are

i) f(g@)<l
g(x)>-16
x>g(-1.6)=1.78

| Note: Accept = in the above.

1_78<xsg+1

Note: A7 for x>1.78 (allow =) and A1 for xsgﬂ.

Question 43

(@) a’=5-1
a =2

dy dy J .
b 2y — =|2x=+ 2y |==¢
(0) }dx (de 4

(m1)
(A1)

A1A1

[8 marks]

Total [22 marks]

(mM1)
At
[2 marks]

M1A1A1A1

Note: Award M1 for an attempt at implicit differentiation, A1 for each part.

dy _ 2y-¢
de  2(y - x)

;3
(c) atx=0, d—}:—
dx 4

finding the negative reciprocal of a number

gradient of normal is 7%

4
F = =X
‘ 3

AG

[4 marks]

(A1)
(m1)

A1l
[3 marks]



(d)

substituting linear expression

4 1 4
(——x + 2\ - Zx[—gx + 2J +¢e"— 5 =0 or equivalent

x=156
y=-0.0779
(1.56 ,—0.0779)

dv dy

e) — =337

(e) &Y 4
E:3><4><i:9
dx

Question 44

(b)

dy 4
3y’ —dx)" =4y~ 3%
(39" - 4x) =4y -3
dy 4y -3x°
dx  3p*—4x

ﬁ=0:>4y73x2=0

substituting x =k and y = %kl into x>+ 3 = 4xy
B+ 2 po= 3
64

27
attempting to solve &’ + akﬁ = 3% fork

k:LﬁS(:i{EJ
3

3
Note: Condone substituting y = ZxQ into x*+ 3’ = 4xy and solving for x .

(M1)

(M1)A1
A1

[4 marks]

M1A1

A1
[3 marks]

Total [16 marks]

M1A1
A1

AG

[3 marks]
(M1)

m1

A1
(M1)

At

[5 marks]

Total [8 marks]



Question 45

dv coss —
a = = 5 o
(@) ds smn“s+1
dv
a=v— M1
% (M1)
arctan(sins)cos s
= A1
sm-s + 1
[4 marks]
(b) EITHER
i
0.75 -
V= aly) 054
0,25
0 05 1
f (M1)
OR
0.3
02+
014
y=a(s)—025
nla; \1\
=0.1
—0.2
THEN
5 =0.296, 0.918 (m) A1

[2 marks]

Total [6 marks]



Question 46
(a) EITHER

5
o= arctan% - al'ctanl'—0 (=34992..°—26.5651..7) (M1)(A1)(A1)

Note: Award (M1) for o = APT — Bf’T, (A1) for a correct APT and (A1) for a correct BPT.

OR

o = arctan2 — arctan% (=63.434..°— 55.008...%) (M1)(A1)(A1)

Note: Award (M1) forcr = PBT — PAT, (A1) for a correct PBT and (A1) for a correct PAT .

OR
125 +149 - 4
O = arccos| ————— (M1)(A1)(A1)
(2 X Af125 x /149 }

Note: Award (M1) for use of cosine rule, (A1) for a correct numerator and (A1)
for a correct denominator.

THEN

=8.43 A1l
[4 marks]



(b) EITHER
% _
X

= | w

tan = M1A1A1

Note: Award M1 for use of tan(4 — B), A1 for a correct numerator and A1 for a correct
denominator.

2
— X
L "
x2
OR
x_*
taney = — 21 M1A1A1

Note: Award M1 for use of tan(4 — B), A1 for a correct numerator and A7 for a
correct denominator.

2x
= LZ M1
e
35
OR
2
5
cosar = L ik M1A1

J(5+ 25)(x+ 49)

Note: Award M1 for either use of the cosine rule or use of cos(4 — B). |

sing = g A1

J(x+ 25)(x*+ 49)
2x
. J+ L:S)(x‘ +49) -
x“+ 35

\/(x2+ 25)(x* + 49)

THEN

tano = 22x AG
x“+ 35

[4 marks]



(©)

U

2(x*+35) = (22)(2 — 9yl
%(mna): (x+35) - @x)2x) | _ 70 -2«

(*+ 35)2 (= + 35)2

M1A1A1

Note:

Award M1 for attempting product or quotient rule differentiation,
A1 for a correct numerator and A1 for a correct denominator.

(ii)

METHOD 1
EITHER

i(tane:)z) =0=>70-2x"=0
dx

x = /35(m)(= 5.9161...(m))
1

V35

tano = (=0.16903..)

OR

attempting to locate the stationary point on the graph of
2x

x*+35

x=5.9161... (m)(=+/35(m))

fano =

tan¢ = 0.16903...(: LJ

V35

THEN

o =959

(mM1)
A1

(A1)

(mM1)
A1

(A7)

A1



METHOD 2

EITHER
2
= arctan( = ] = d—a = % M1
¥H+35)  dv (F435) +4x°
%:O:x:\/?g(m)(: 5.9161...(m)) A1
OR
attempting to locate the stationary point on the graph of
2x
¢ = arctan M1
(xz + 35] e
x =5.9161...(m) (= 35 (m)) A1
THEN
o =0.1674 (ﬁ arctanlJ (A1)
=9.59° A1l
p.
2 x* +35) (—4x)—(2)(2x)(x* +35)(70-2x" 4x(x*— 105
(iii) d—z(tana')=( ) ( ) ( )( )(4 )( ) = ( 3)
(x* +35) (=*+35)
M1A1
d2
substituting x = +/35 (= 5.9161...) into s (tana) M1
d—;(tanar) < 0 (=-0.004829..)and so & = 9.59° is the maximum
dx
value of o R1
o never exceeds 10° AG
[11 marks]
(d) attempting to solve — X_>tan7® (M1)
x +35
Note: Award (M1) for attempting to solve ; =tan7°.
X35
x=255and x=13.7 (A1)
255<x<13.7 (m) Al

[3 marks]

Total [22 marks]



Question 47

(a)

U]

! m1)
4 oall _9 e—ig
2 .2
- ! (A1)
2(e‘+ e’I) - (e’_ e’”')
1 A1
e’ + 3¢
__ ¢ AG
e’ +3
u=¢"=du =e"dx A1
I 2e dx:I 71 du M1
e+ 3 w+3
(when x=0, =1 andwhen x=1n3, u =3)
3 3
1 1 u
—dw =| —=arctan| — M1A1
!u“r 3 {«E (\EH
3’
= Larctau i
G E ),
%
_=f_#5 (M1)
9 18
:"_\5 A1

18

[9 marks]



(b) () (+De”—2ke*+(m—1)=0 M1A1

2k .4k —4(n" =1
.2ty (n*~1) e

€

2in+1)

ktb—n?+1

x= h{”] M1A1
n+1
(i)  for two real solutions, we require & > .Jk* — n*+ 1 R1
and we also require £*—n"+1>0 R1
F>n—1 A1
=k >+fn" =1 (keR") AG
[8 marks]
(¢) () METHOD1

() =

e“+e
, (e’+ e‘r)z—(e —e_’r)2
£(x) = M1A1

X ==X 2 X —X 2
[e +e j__[e —e ]
r'(x) = P L A1l

Lf] - [g]

_ : AG
[£(0)]
METHOD 2
t'(x) = f(x)g’(x) ~ gz(x)f,(x) M1A1
[£()]
g'(x) = f(x) and f'(x) = g(x) A1
— M AG

[



METHOD 3

Hx) = (ex-— e"r)(ex+ e"x)

-1

e —e™ )2
7' (x) =1- 5 M1A1
e’ + e"”)
O] a1
[f)]
_ [f(] - [.g;(X)] s
[/
METHOD 4
I’(I) = g’(x) o g(x)f,(-zx) M1A1
f& [f@)]
&'(x) = f(x) and f'(x) = g(x) gives r’(,~c):1—[g(x)]2 A1
[/ )]
_ /@I - [i’("” i
[/()]
(i) METHOD 1
[f(x)]2 > [g(.vr)]2 (or equivalent) M1A1
[f@] >0 R1
hence £(x) >0, xeR AG
Note: Award as above for use of either f(x) = a J;eir and g(x) = g—c

ore"+e and e*—e".




METHOD 2

[F ] =[g®] =1 (or equivalent) M1A1
[f] >0 R1
hence (x) >0, xeR AG
. eX =% e.r - e—X
Note: Award as above for use of either f(x) = and g(x) =
ore’+e ande’ —e .
METHOD 3
g 4
f(x) = >
(e’ + e”)
(e +e) >0 M1A1
4
——>0 R1
(ex + e"x)
hence #(x) >0, xeR AG
[6 marks]

Total [23 marks]



Question 48

METHOD 1
substituting for x and attempting to solve for y (or vice versa) (M1)
y=(+)0.11821... (A1)
EITHER
dy 145
Wity =g | P 105 M1A1
dx dx 143y
OR
145x£ + 143_}’$ =0 M1A1
dr dr
THEN
) ) 145(3.2x107
attempting to find d—} d—J:— ( ) x(7.75><10’5) (M1)
dr [ dr 143((+) 0.11821...)
Y _ 55 185107 A1l
dr

[ Note: Award all marks except the final A7 to candidates who do not consider +. |

METHOD 2
1-72.5x
y=() & M1A1
71.5
dy_ (£)0.0274... (M1)(A1)
dx
% =(4)0.0274...x7.75 x 107 (M1)
t
Q:iz_lsxlo*5 A1
dt

| Note: Award all marks except the final A1 to candidates who do not consider +. |
[6 marks]




Question 49

(a) attempting to solve either 2e*—1=10 or 2e"— 1+ 0 for x (M1)
D=R\{-In2} (orequivalent eg x #—In2) A1

‘ Note: Accept D =R\ {-0.693} or equivalent eg x # —0.693.

(b) considering lim f(x) (M1)
x=-In2 (x=-0.693) A1
considering one of lim f(x) or lim f(x) M1
lim f(x)=-2=y=-2 A1
1i111f(x)*—1:>7*—1 A1l
X—+0 2 Y 5

Note: Award ACAOfor y=-2 and y= —% stated without any justification.

. —e" (2e‘— 1)— 281(2—6)()
) [fi(x)= 3 M1A1A1
(2¢-1)
e O AG
(2¢"-1)
(d) f'(x)<0 (forall xeD) = [ is (strictly) decreasing R1
Note: Award R1 for a statement such as f’(x) =0 and so the graph of f/ has no
turning points.
one branch is above the upper horizontal asymptote and the other branch is
below the lower horizontal asymptote R1
J has an inverse AG
—oo<x<72u7%<x<oo A2

[ Note: Award A2 if the domain of the inverse is seen in either part (d) or in part (). |

[2 marks]

[5 marks]

[3 marks]

[4 marks]



_ 2-e
2e¥ -1

(€)

m1

| Note: Award M1 for interchanging x and y (can be done at a later stage). |

2xet - x=2 -a¥
e2x+D)=x+2
2
1 — I Kt
£ (2x+1

J (f(x) =In(x + 2)-In(2x +1))

b
(f) useof V= :n:sz dy

a

1 o RS
:ﬁj N dy
p 2y +1

| Note: Award (A1) for the correct integrand and (A1) for the limits. |

=0.331

Question 50

dy 1 dy
@ y+x2r-—-2-p
de y dr
‘ Note: Award A1 for the first two terms, A7 for the third term and the 0.
b
dx 1-xy
= :2
Note: Accept = :
Iny

Note: Accept il -

%o
y
%
e
(b)y my—=
l-ex—
e
- 2
f?’n'Tf — €
y—e=—ex+2e

—e’x — y + 3e = 0 or equivalent

Note: Accept y=-7.39x+8.15.

m1
A1

A1

[4 marks]

(m1)

(AT)(A1)

A1
[4 marks]

Total [22 marks]

M1A1A1

A1

[4 marks]

(mM1)

(A1)

A1

[3 marks]

Total [7 marks]



Question 51
(a) METHOD 1

1 T T
2arcsin(x — 1) — —=— (M1)
4 4
1
x=1+—4(=1707 _ (A1)
7 )
1+L
4 T T
I - - (Zarcsin (x-1D-— —] dx M1A1
AR 4
Note: Award M1 for an attempt to find the difference between two functions,
A1 for all correct.
METHOD 2
-5
when x=0, y = " (= -3.93) A1
x=1+ sm({";ﬂ] M1A1

‘ Note: Award M1 for an attempt to find the inverse function.

z [ 4y
J._“gn[l + sm( s 7]:Ndy A1
= 8

METHOD 3

71 i
L:jsm(Zarcsin(xl)ZJ dx‘+ J. T i j (Zarcsiu(xl)Zde M1A1A1A1

0 138

Note: Award M1 for considering the area below the x-axis and above the x-axis and A1 for each
correct integral.

[4 marks]

(b) area—=3.30 (square units) A2
[2 marks]

Total [6 marks]



Question 52

(@)

1 .
area of segment = o 0.5 % (8 —sin®)

V = area of segment x 10

S
V ==—(6-sinf
4( )

METHOD 1

5
o =—(1- cosrﬁ’)E
de 4 dr
5
0.0008 = [1 _ cos“J ad
4 3) dr
e

—~ =0.00128 (rad s
dr

METHOD 2
dg _do av

dr dV  dr

ar _s
de 4
ﬁ_ 4x%0.0008
dr S(ICOSK]

3

99 _ 000128 ij (rad s
dr 3125

(1-cosf)

M1A1

A1l
[3 marks]

M1A1
(M1)

A1l

(m1)

A1

(m1)

A1

[4 marks]

Total [7 marks]



Question 53

(@ x'—1=0 (M1)
x <=1 or x>1 A1
[2 marks]
(b)
x=-] x=1
; ¥
(-2.90,0) : (2.90, 0)
shape ) J A1
x=land x =—-1 A1
x-intercepts A1
[3 marks]
(c) EITHER
[ is symmetrical about the y-axis R1
OR
Fx)=f(x) R1
[1 mark]
(d) EITHER
f is not one-to-one function R1
OR
horizontal line cuts twice R1

Note: Accept any equivalent correct statement.

[1 mark]



) x=—1+h1(Jf_—1) M1

92X+2:J"2_1 M1
g )=/« L, xclE A1A1
[4 marks]
1 2
f gx)= x M1A1
JP-1 21
g =— A1
x ]
[3 marks]
@ @) gx= 2x1=0::>x=0 M1
2
which is not in the domain of g (hence no solutions to g'(x) =0) R1
¥ 2x+2
iy (g7) @) =F—= m1
( ) 921+2+1
as e > 0= (g"l) (x) >0 so no solutions to (g"') (x)=0 R1
Note: Accept: equation ¢”* =0 has no solutions. ‘
[4 marks]
Total [18 marks]
Question 54
() METHOD 1
44y =7
dy
8qx+2y—=0 (M1)(A1)
dx
dy  4x
dx y

d H
Note: Award M1A1 for finding a} =—-2.309... using any alternative method.

hence gradient of normal = % (M1)
X
hence gradient of normal at (1\/5) is ?(z 0.433) (A1)
. | 3
hence equation of normal is y — 3= T(x -1 (M1)A1

J?:—x

4

] (¥ =0.433x+1.30)



METHOD 2

434 9" =7
y=7-4x" (M1)
___ Ax (A1)
dx 7—4x"
Note: Award M1A1 for finding % =-2.309... using any alternative method.
X
2
hence gradient of normal = % (M1)
X
3
hence gradient of normal at (1,J§ ) is %( 0.433) (A1)
3
hence equation of normal is y — NERS {(x -1 (M1)A1
= ﬁx +£ (y =0.433x+1.30)
4 4
[6 marks]
1
28
(b) Useof V== j 3idx
0
a7
v=n|(7-45)ds (M1)(A1)
0
Note: Condone absence of limits or incorrect limits for M mark.
Do not condone absence of or multiples of .
T
-194 {: ‘/_T[} A1
3
[3 marks]

Total [9 marks]



Question 55
EITHER

x?=2secd

23:E =2secHtanf M1A1
de

fﬁ

secftan 6dé@
= M1A1
'[2sec G Jdsec’ 8 — 4
OR
1 1
x= \E(sec 6’)5[: \E(cos{;’)_i)
1 3
o —z(sec f): tan 6| = ﬁ(cos 6) 2sind M1A1
de 2 2
j dx
xAfxt—4
1 3
_ J- ﬁ(sec?ﬁ tan 0d @ / ﬁ(cos 01) 25inodo M1A1
2\/5(sec 6)7\}4531:26 —4 2\/5(&:-56')_5 \J4sec’d — 4
THEN
1 tan&dE
= 2 M1
2'[ 2tan @ g
1
=—\|dé
.|
e
=—+c A1
4
5 2
x"=2sec@ = cost =— M1
32
ite: This M1 may be seen anywhere, including a sketch of an appropriate triangle. \
6 1 2
S0 +C31'CCDS[2 +c AG
4 4 s

[7 marks]



Question 56

(a) (i) attempt to use quotient rule or product rule M1
1
sillx[%x 2]—\/;cosx \/_
' 1
£ = — s L NI A1A1
s x 2\/; sin x s~ x
1 : 3
Note: Award A1 for ————— or equivalent and A1 for fﬁcifsv or
2\/;smx sIn” x
equivalent.
setting f'(x) =0 m1
sin x J
—+xcosx =0
2x
cisian ol Jx cosx or equivalent A1
2x
tanx — 2x AG
i) =x=1a7
0<x <18 A1A1

\ Note: Award A1 for 0 < x and A for x <1.17. Accept x <1.17. \

[7 marks]

0 ! ) ! x

concave up curve over correct domain with one minimum point above the x-axis.A1
approaches x = 0 asymptotically A1

approaches x = m asymptotically A1

Note: For the final A7 an asymptote must be seen, and © must be seen on the x-
axis or in an equation.

[3 marks]



1
Sinx(%x 2} — J;cos.r

© )| = - =1 (A1)
sin- x
attempt to solve for x (M1)
x =196 A1
¥ :f(1.96...)
1 A1
[4 marks]
z xdx
@ V-nfi=5 (M1)(AT)
= Sl X

6

\ Note: M1 is for an integral of the correct squared function (with or without limits and/or ). |

= 2.68(2 0.852m)

A1
[3 marks]
Total [17 marks]
Question 57
@ @ f (x) =4sinxcosx+14cos2x+sec’ x (or equivalent) (M1)A1
(i) 8
204
151
101
l .
o o
R
- A1ATA1AT

Note: Award A1 for correct behaviour at x =0, A1 for correct domain and

correct behaviour for x — % , A1 for two clear intersections with x-axis

and minimum point, A7 for clear maximum point.




(i) x=0.0736
x=113

(b) (i) attempt to write sinx in terms of # only
u

sinx =
AL+ u’
(i !
cosx =
I+ u’
; : u 1
attempt to use simn2x = 2smxcosx | =2
Jl +u 1+
2
sin 2x = —— >
1+ u®

(i)  2sin’x + 7sin2x + tanx —9 =0
2u° 14u
B +
1+u 1+ u
2 + 14u + u(l + uz) — 9[1 + 112)
1+
=T+ 150 -9=0

+ u —9(=0)

2

= 0 (or equivalent)

(¢ wu=loru=3
x = arctan(l)
x = arctan(3)

| Note: Only accept answers given the required form. |

Question 58

(a) attemptto solve W)= 0 for tor equivalent
t=0441(s)

b) () af= %%’: wpttalan e 6Re™

[ Note: Award M7 for attempting to differentiate using the product rule. |

i) alt)= —2.28(ms_2)

A1
A1l

[8 marks]
(m1)
At

(A1)

(m1)

At

M1

At

AG
[7 marks]

(M1)

At

At
[3 marks]

Total [18 marks]

m1)
AT
[2 marks]

M1A1

AT
{3 marks]

Total [5 marks]



Question59

(a) attempt at implicit differentiation M1
dy dy, .
1+ =L + (y+ x=1)sin =0 ATM1A1
e (y dx) (x)
[ Note: Award A7 for first two terms. Award M7 for an attempt at chain rule A7 for last term. |
: d ;
(1+ X5111(Xy))d— = —1— ysin(xy) or equivalent Al
X
d si
dy_ 1+ y‘gn{,\y) A
dx 1 + xsin(xy)
[5 marks]
(b) (i) EITHER
T
when Xy:—E,cosxy:{) M1
> x+y=0 (A1)
OR
X—i—COS 4 0 or equivalent M1
2x 2
X———=0 (A1)
2x
THEN

therefore X = — | x= iJE Xx=1+1.25) AT
2 2
Q

Al

|
T
YER
W
(o]
s
%)
Lh
|
[
Lh
]
|
%]
n
%]
h
p—

T
l—‘/‘) x —1
(ii) == —— M1A1
’Jt
1+ ,]— x -1
\ 2

]—‘/;x—l
2

mm,=1 AG

| Note: Award MTA0AQ if decimal approximations are used. |

| Note: No FT applies. |

[7 marks]



(c) equate derivative to —1
(y - »sin(xy) =0
y=x,sin(xy) =0
in the first case, attempt to solve 2x = cos( X")

(0.486,0.486)
in the second case, sin(xy)=0= xy=0 and x+ y=1

(0,1), (1,0)

Question 60
(@ 2¢X-3x+1=AX+1)+ Bx+C

A=2,C=1,
A+ B=—-3=>B=-5

(b) j2X1—3X+ldX:I[2X_ 5x T 1 de

X +1 X+1 x +1

m1
(A1)
R1
M1
A1
M1)
A1l
[7 marks]

Total [19 marks]

Al
Al
[2 marks]

Mim1

‘ Note: Award M7 for dividing by (x* +1) to get 2x, M7 for separating the 5x and 1.

=g ——Z—]n(f +l)+arctan x(+c)

Note: Award (MT7)AT for integrating S

R AT for the other two terms.

(M1)ATAT

I5 marksj

Total [7 marks]



Question 61

(@)

differentiating implicitly: M1
2xy + XZEX:f{V‘g}—] Al1A1
dx dx
[ Note: Award A7 for each side. |
ifg—y:()then either x=0or y=0 MI1A1
X
x= 0= two solutions for y(y:i{/g) R1
¥ =0 not possible (as 0 # 5) R1
hence exactly two points AG

Note: For a solution that only refers to the graph giving two solutions at x = 0 and

no solutions for y=0 award R7only.

[7 marks]
d d
b) at(2,1) 4+4=_4Y m1
dx dx
dy 1
o A=~ AT
dx 2 an
gradient of normal is 2 M1
l=4+c m1)
equation of normalis y=2x-3 Al
I5 marksj
(c) substituting M1)
2
£2x—-3)=5- (2x-3)" or (J’T”J y=5_y (A1)
x=10.724 Al
[3 marks]
(d) recognition of two volumes 1)
% - 4
volume 1 :nL Gl 4 dy(=1.0Iln =3.178...) MTATA1
Y
> _— 5—y .
Note: Award M7 for attempt to use ‘n:_[ xdy, At for limits, AT for . Condone omission of
¥
at this stage.
volume 2
EITHER
1
=5n><22x4(=16.75...) (M1)(AT)
OR
1 y+3Y 16n
= —— | dy(=—=16.75... (AT
o[22 ] a1 ) Ay
THEN
total volume =19.9 Al

[7 marksj]

Total [22 marks]




Question 62

1 >
}(x)zj 15vx + — ldx=10x?— —— (+ ¢) (M1)A1A1
’ (x +1) x+1
e: A1 for first term, A1 for second term. Withhold one A1 if extra terms are seen. |
3 1 2
7(;():]'[103(2— +c]dx:4x2—lrl[x+l)+cx+d A1
’ x+1
e: Allow FT from incorrect 7(x) if it is of the form 7 (x)= Ax? + l +c.
x+
Accept In|x +1|.
attempt to use at least one boundary condition in their 7(x) (M1)
x=0,y=—4
= =-4 A1l
x=1Ly=0
S 0=4=mh2+ec~4
= ¢ =1n2(=0.693) A1
5
Ax)=4x*—In(x+ 1)+ xIn2 -4
Question 63
fx+h) - f(x)
h
(3(x +hy' = (x + h)) - (3;—-‘— x)
= m1
h
((x+ =X )+ (x—(x+h)
I )+ (3= + ) -
h
3n((x+h 2+x()(+hr)+_7c3 —h
= (( ) ) A1
h
cancelling A m1
:3((x+h)3+x[x+h]+x2)—l
3 2 3y
then l}r;}(3((x+h) +x(x+h)+x ) l)
=0x’—1 A1

te: Final A1 dependent on all previous marks. |

[7 marks]

[5 marks]



fx+h) - fx)

h
(3(x +h) — (x + h)) - (3x-‘— x)
- M1
h
3(x3+ 3x°h + 3xh’ + hs) ~x—h-3+x
= (A1)
: h
_ 9x°h+9xh*+ 3’ — h A1
h
cancelling A M1
=9x>+ 9xh + 3h° - 1
then lim(9x* + 9xh + 3h* - 1)
h—0
=09x’—1 A1
Question 64
attempt to integrate dto find V M1
v=[adt=[(20-1) dr
=t'—t+c A1
.s'=’|‘v dt = I(rz —r+c) dt
tj 2
=———+ct+d A1
3 2
attempt at substitution of given values (M1)
at 1=6, 18.25=72-18+6¢c+d
at 1=15, 922.75=1125-112.5+15¢+d
solve simultaneously: (M1)
c=—6;d=025 A1
£ 7 I
=s=————6t+—
3 2 4
[6 marks]

Question 65

METHOD 1
equation of tangent is y = 22.167... x—14.778... OR y—7.389...=22.167... (x—1)
(M1)(A1)
meets the x-axis when y =0
x=0.667
2
meets x -axis at {0.667,0)[— [50]] A1A1

continue....



METHOD 2

Attempt to differentiate
dy
dx

=e™ + 2xe™

when x =1, d—y:3e2
dx

equation of the tangent is y—e” =3¢’ (x—1)

y=3e’x—2¢’

2
meets x-axis at x= E

2

te: Award AT for x = % or x=0.667 seen and A1 for coordinates (x, 0) given.

Question 66
METHOD 1
write as jlx (]I'] x]zdx
= x(in ) =[x 2055

= x(]l’l x}2—2x1n x+j2dx

dx(: x(In * = [2In x)

=x(InxP -2xlnx+2x+c

METHOD 2

let u:ll'lx

do_1

dF %
jr_rze"'du

= P’ - jzw”du
=u’e" —2ue” +_[Ze"'du
= e’ —2ue" +2e¢°+ ¢

=x(Inx)* —2xlnx+ 2x+ ¢

METHOD 3
dv

Setting up u=1n xand —=1In x
X

In x( xIn <= x) = [(In x=1)dx

=x(nx)> —xlnx—(xInx—x)+x+¢c

=x(Inx)* —2xIlnx+ 2x+ ¢

(M1)

(M1)

A1A1

Total [4 marks]

(M1)

M1AT

(M1)(A1)

Al

M1

Al
M1
Al

MI1AT

M1

M1AT
MI1AT

Al
Totar [6 marksj



Question 67
1

volume = :"[ y2 +1 ] dy—nf ’(y—1)dy (M1)(M1)(M1)(A1)(A1)

iz Award (M1) for use of formula for rotating about y-axis, (M1) for finding at least one inverse,
(M1) for subtracting volumes, (A1)(A1)for each correct expression, including limits.

= 268.6... —100.5... (85.51—32m)
= 168(= 53.5m) A2
Total [7 marks]

Question 68

(a) (i) A[7.47,2.28) and 8(43.4,—2.45] A1A1A1A1
(i) maximum speedis 2.45 (ms™) A1
[5 marks]
(b) (i) v=0=1=251(s) (M1)A1
(il I v de (M1)
0
=41.0(m) A1
(iii) azg atvt=t=25.1 (M1)
dt
1 =-0.200 (ms™) A1
| Note: Accept o =—-0.2. l
[6 marks]
(c) attempt to integrate between 0 and 30 (M1)
[ Note: An unsupported answer of 38.6 can imply integrating from 0 to 30. |
EITHER
30
f [v] de (A1)
0
OR
30
410~ [ var (A1)
THEN
=43.3(m) A1
[3 marks]

Total [14 marks]



Question 69

(a) (i) valid attempt to differentiate implicitly (M1)
4x:35in2ycosyi}—’ A1A1
dx
L = 147)( A1
dx 3sin” ycosy
o aflE| L4 (m1)
4’6 ) dv 3sin®ycosy 3[1 ]* 3
2 2
:Q:__g (=—1.54) At
&r 33
hence equation of tangent is
y—s(—n——1.54[x—%] OR y=-1.54x+3.00 (M1)A1
]

[Note:Accept y=—1.54x+3. |

[8 marks]

B e /% shily (M1)
J.: "%SinJ ydy (A1)

=1.24 At
[3 marks]
(c) use of volume = j nx’dy (M1)
J‘“ | .
= | —msin” ydy A1
0

1 o . - Y .
= n'[ (sm y—sin ycos’ y) dy
0

| Note: Condone absence of limits up to this point.

reasonable attempt to integrate (M1)

“

1 SO i
= —n[— COS ¥ + —C0s” Ry A1A1
2 3 J(l

Note: Award A1 for correct limits (not to be awarded if previous M1 has
not been awarded) and A1 for correct integrand.

SRR .

= AG

[6 marks]

Total [17 marks]





