Subject - Math (Higher Level)
Topic - Functions and Equations
Year -Nov2011-Nov 2017

Paper -2
Question 1
(a) £y
B s
Z A
1 +
—
j ———-"/U:{fﬂu x
AL

AIAIAI

Note: Award Al for shape,
Al for x-intercept is 0.820, accept sin(—3) or —sin(3)
Al for y-intercept is —0.141.

Question 2
1
B =
l+e
y(l+e™)=1 MI
1+e_"':L:>c"‘ :l—l Al

y y

:>x——ln{l—1J Al
y

f"(x)——‘“[%_q (_m(‘x"'n y

domain: O<x<1 AlAI

‘ Note: Award A/ for endpoints and A1 for strict inequalities.

(b)y 0.659 Al

[7 marks]



Question 3

h(xX)= f(x—3)-2=In(x-3)-2 (M1)(A1)
(¥ =—h(x)=2—In(x—3) M1

fe: Award M1 only if it is clear the effect of the reflection in the x-axis:
the expression is correct OR
there is a change of signs of the previous expression OR
there’s a graph or an explanation making it explicit

~Ine’ ~In(x-3) M1
e2
ln[ J Al
x—3
[5 marks]
Question 4
(a)
(152, 6)
" P x
v 7
- 44
(-2-8, -0-312) (2294, -0~ 21%7)
AlA14141
Question 5
A=(5-k) +4(k+2) MiAl
=k*—6k+33 (41)
= (k —3)* +24 which is positive for all k R1

te: Accept analytical, graphical or other correct methods. In all cases only award
R1 if a reason is given in words or graphically. Award MI4140R1 if mistakes
are made in the simplification but the argument given is correct.

[4 marks]




Question 6

(a) o,

N

Ny

N

A correct graph shape for 0 <x <10.

maxima (3.78, 0.882) and (9.70, 1.89)
minimum (6.22, —0.885)

x-axis mtercepts (1.97,0), (5.24,0) and (7.11,0)

Note: Award A1 if two x-axis intercepts are correct.

by 0<x<1.97
524<x<7.11

—7 -

Al
Al

Al
A2

[3 marks]
Al
Al

[2 marks]

Total [7 marks]



Question 7

(a) METHOD 1

sketch showing where the lines cross or zeros of y = x(x+2)° —x (M1)
x=0 (A1)
x=—1and x=-3 (A1)
the solutionis 3<x<—1 or x>0 AlAl

Note: Do not award either final 47 mark if strict inequalities are not given.

METHOD 2

separating into two cases x>0 and x<0 (M1)
if x>0 then (x+2)°>1=always true (M1)
if x<0 then (x+2)°<1=>-3<x<-1 (M1)
so the solutionis 3<x<-1lor x>0 AIAT

Note: Do not award either final .47 mark if strict inequalities are not given.

METHOD 3

F(x)=x" +12x° + 60x” +160x* +240x" +192x> +64x (A1)
solutions to x” +12x°% +60x° +160x* + 2405 +192x% +63x =0 are (M1)
x=0,x=-1and x=-3 (A1)
so the solutionis 3<x<-1or x>0 ATAT

Note: Do not award either final 47 mark if strict inequalities are not given.

METHOD 4

f(x)=2x when x(x+2)°*=x

either x=0 or (x+2)° =1 (41)
if (x+2)°=1then x+2=2%1s0o x=—1 or x=-3 (M1)(Al)
the solutionis —3<x<-1or x>0 Al1AT

Note: Do not award either final .47 mark if strict inequalities are not given.

[5 marks|



Question 8

@ @O foy=-1 (M1)Al
(i) (fog)(0)=74=3 Al
(iif)
hY
44

2 1 I 2
(M1)AI
Note: Award M1 for evidence that the lower part of the graph has
been reflected and A1 correct shape with y-intercept below 4.
[5 marks]
®) @) >
\ * &
24
T T T T X
4 £ 2 4
i (M1)AT
Note: Award M1 for any translation of y = |v|
Al

(i) +1

Note: Do not award the 47 if coordinates given, but do not penalise
in the rest of the question

[3 marks]



(©

(d)

(e)

(®)

Note: Award M1 for evidence that lower part of (b) has been reflected
in the x-axis and translated.

(i) 0, +2
(i +1, 43
(i) 0,42, +4

(iii) 0, 12, 14, +6, +8
@ (.3 (285) 8.
N=2n+l

(1) Using the formula of the sum of an arithmetic series

EITHER

4
4(1+2+3+...+n)25n(n+1)
=2n(n+1)
OR

2(2+4+6+...+2n):%n(2n+2)
=2n(n+1)

(M1)A1

Al
[3 marks]

Al
Al

Al
[3 marks]

(M1)
Al

(M1)

Al

Al
[4 marks]

Total [18 marks]



Question 9

(a) ¥
8
x=2
6
4
7 X mtercept

/(2.33, 0)
A6

68 6 4 =2 ° éQﬁc
— 2

v intercept
(0, — 3459 N y=-3
6

—8- AIAIAT

Note: Award A7 for correct shape, A1 for x=2 clearly stated and 47 for y=-3
clearly stated.

x intercept (2.33, 0) and y intercept (0, —3.5) Al

Note: Accept—3.5 and 2.33 (7/3) marked on the correct axes.

[4 marks]

) x=-3+—— M1

Note: Award M1 for interchanging x and y (can be done at a later stage).

s s s b

y-2
|

}: — 2 = Mi

x+3
Note: Award M1 for attempting to make y the subject.
it S g A141
x+3 x+3

Note: Award A7 only if f'(x) is seen. Award A7 for the domain.

[4 marks]

Total [8 marks]



Question 10

using p(a)=-7 to obtain 3a’ +a’ +5a+7=0
(a+D)Ba*-2a+7)=0

Note: Award M1 for a cubic graph with correct shape and 47 for
clearly showing that the above cubic crosses the horizontal axis

at (-1, 0) only.

a=-1

EITHER

showing that 3g* —2a+7 =0 has no real (two complex) solutions for a

OR

showing that 3¢° + ¢’ + 5a + 7 = 0 has one real (and two complex)
solutions for a

MI1A41
(M1)(AI)

Al

R1

R1

Note: Award R1 for solutions that make specitic reference to an appropriate graph.

Question 11

(a) \

Total [6 marks]

asroots of f(x)=0 are —1,1.5

solutionis oo, —1[ U]L5[ (x<-lorl<x<5)

:2 Award ATAO0 for closed intervals.

(M1)

A1A1

[3 marks]



(b) METHOD 1

1
55

(graphs of g(x) and

A
I
l

roots of g(x)=0 are—3 and 2 (M1)(A1)

Notes: Award M1 if quadratic graph is drawn or two roots
obtained.
Roots may be indicated anywhere eg asymptotes on graph
or in inequalities below.

the intersections of the graphs g(x) and of 1/g(x)
are —3.19,-2.79,1.79,2.19 (M1)(A1)

Note: Award A1 for at least one of the values above seen
anywhere.

solution is |-3.19,-3[ L [-2.79.1.79[ W |2,2.19]
(3 1%9<x<-36h—240 <x%l. 79 or 2<x<2.19 ) A1A1A1

Note: Award A1TA1A0 for closed intervals.




METHOD 2

(graph of g(x) )
g(x)

asymptotes at x=-3 and x=2

Note: May be indicated on the graph.

roots of graph are —3.19, -2.79,1.79, 2.19

Note: Award A1 for at least one of the values above seen
anywhere.

solution is (when graph is negative)
]73.19;3[u}2.79,1.79[&)]2,2.19[
(—3.19 <x <38 O-2. 19 < x <SSR x < 2 SICH)

Note: Award ATA1AQ for closed intervals.

(M1)(A1)

(M1)(A1)

A1A1A1

[7 marks]

Total [10 marks]



Question 12

@l

> X
-L
-5
general shape including 2 minimums, cusp A1A1
correct domain and symmetrical about the middie (x=15) A1
[3 marks]
(b) x=9.16 or x=0.838 A1A1
[2 marks]
Total [5 marks]
Question 13
(@ () —Ad=<sy<-2 A1A1
(i) —S=v<-l A1A1
(i) -3<2x-6<5 (M1)
Note: Award M1 for f(2x —6).
3<2x<11
é R e E A1A1
2 2

[7 marks]



(b) (i) any valid argument eg f is not one to one, [ is many to one,
fails horizontal line test, not injective R1

(i) largest domain for the function g (x) to have an inverse is [—1, 3] A1At1

(iii)
35

" (1.:3)
2.5
2
1.5

y=g"' 1 JE

% T y=aw
0 i

-2 -15 -1/~05,/70 05.71 15 2 25 3 35
4

0.5 - -
(T ==y
-1.5
-2
y-intercept indicated (coordinates not required) Al
correct shape Al
coordinates of end points (1, 3) and (-1, —1) Al

Note: Do not award any of the above marks for a graph that is not one to one.

[6 marks]
Question 14
(a) EITHER

y=ln(x—a)+b=In(5x+10) (M1)
y=In(x—a)+Inc=In(5x+10)
yzhl(c‘(x*ﬂ)):hl(SerIO) (M1)
OR
y=In(5x+10)=In(5(x+2)) (M1)
y=InB)+In(x+2) (M1)
THEN

a=-2,b=In5 A1A1



23—
x+d

(€ ) vy=

(x+d)y=2x-5 M1

Note: Award M1 for attempting to rearrange x and y in a linear

expression.
x(y-2)=—-dy -5 (A1)
—dy -5
xX=—" Al
v_2 (A1)
Note: x and y can be interchanged at any stage
g =D A1
% 2
Note: Award AT only if 7' (x) is seen.
(i) self Inverse = Ni(x) = i7" (x)
2x -5 —dx-5
= M1
x+d x-2 (1)
d=-2 Al
(i) METHOD 1
2k(x) -5 Bix
> (m1)
k(x)—-2  x+1
] i i A1
2
METHOD 2
2(3}5
! 2% L. x+1 (M1)
x+1 2x ~p
x+1
X+5
k(x)= A1
(x) 5
[8 marks]
Question 15
(@ (x+2)°-6 A1A1
[2 marks]
B) (o)X =(+2)"-6 (mM1)
= g(x)=x"—6 A1
[2 marks]

Total [4 marks]



Question 16

3(-x)’+10
(@) f(x)=—7F A1
(-x) -4
3x°+10
= ki
f(x) = f(-x) R1
hence this is an even function AG

| Note: Award ATR1 for the statement, all the powers are even hence f(x) = f(—x). |

[ Note: Just stating all the powers are even is AORO. |

| Note: Do not accept arguments based on the symmetry of the graph. |

[2 marks]
(b) () ,
1 10 1
D8
s
/o,
,,,,,,,,,,,,,,,, A A P
) I
| |
1 0 1
-12-10 8 6 4 2 o2 4 6 § 10 12
]
VA
61 |
IR
ol |:
correct shape in 3 parts which are asymptotic and symmetrical A1l
correct vertical asymptotes clear at 2 and -2 A1
correct horizontal asymptote clear at 3 A1
conunuea...
Question 5 continued
(i f(x)>3 A1
Jxy=-25 A1
[5 marks]

Total [7 marks]



(a) valid method eg, sketch of curve or critical values found (mM1)
x<—224,x>224,

A1
-1<x<038 A1

| Note: Award M1A1AQ for correct intervals but with inclusive inequalities. |

[3 marks]
(b) (i) (@.67,-5.14),(-1.74,-3.71) A1A1
| Note: Award ATAO for any two correct terms. \
(i)  f(x)=4x+0.6x"—11.6x -1

) =12"+12x-11.6=0 (mM1)
—-1.03, 0.934 A1A1

Note: M1 should be awarded if graphical method to find zeros of f”“(x) or turning points of
f/(x) is shown.

[5 marks]
€y i 1867 A1
(i)
(0,4)
(-5.14, 1.67)
4 (4,0
—54 (1.67,-5.14)

M1A1A1
Note: Award M1 for reflection of their y:f(x) in the line y = x provided
their f is one-one.
A1 for (0, 4), (4,0) (Accept axis intercept values) A7 for the other two sets of
coordinates of other end points
iy x=7(@1) m1
=-1.6 A1l




d) () y=2sin(x—1-3

x=2sin(y—-1)-3 (M1)
. +3

(g7 (x) =) arc sm[I 5 ] +1 A1

~S<x<-1 A1A1

Note: Award A7 for —5 and —1, and A1 for correct inequalities if numbers are
reasonable.

iy f(g@®)<1
g(x)>-16 (M1)
x> g (-1.6)=1.78 (A1)

Note: Accept =in the above.

1.78<x£%+1 A1A1

Note: A7 for x>1.78 (allow >) and A1 for x$§+1.

[8 marks]
Question 18
(a)
|
Ay = f=x)
| (0652, 1-68)
_>I -
-1,-9°42) r“"’
correct shape passing through the origin and correct domain A1
Note: Endpoint coordinates are not required. The domain can be indicated by
—1 and 1 marked on the x-axis.
(0.652, 1.68) A1
two correct intercepts (coordinates not required) A1
Note: A graph passing through the origin is sufficient for (0, 0).
[3 marks]
(b) [-9.42.1.68](or[-3m.1.68]) A1A1

Note: Award A1A0 for open or semi-open intervals with correct endpoints. Award A1AQ
for closed intervals with one correct endpoint.

[2 marks]



(c) attempting to solve either |3x arccos(x)| >1 (or equivalent) or |3x arccos(x)l =1 (or
equivalent) (eg. graphically)

(M1)

i

|

|

Ny =|ft=2]
an’
(~o°1sd,0 ?-‘i (oi0ea1) (oAET,07
-: - l \-[_. ?x
x=-0.189, 0.254, 0.937 (A1)
-1<x<-0.189 or 0254 < x < 0.937 A1A1
Note: Award A0for x < —0.189.
[4 marks]

Total [9 marks]



Question 19

(@ x*—1>0
x<-lorax>1

(b)

(~2.90, 0)

V

(2.90,0)

shape
x=1and x =8I
x-intercepts

(c) EITHER

f is symmetrical about the y-axis

OR
f==x)=f(x)

(d) EITHER

[ is not one-to-one function

OR

horizontal line cuts twice

‘ Note: Accept any equivalent correct statement.

(€) x:fl+111( }’271)

e2x+2: }’271

gl (x) =4/ +1, xeR

(M1)
A1

A1
A1

A1

R1

R1

R1

R1

M1

M1
A1A1

[2 marks]

[3 marks]

[1 mark]

[1 mark]

[4 marks]



Question 20
(@) gx)=3x"ta’+bx*-Tx -4
g)=0=a+5b=8
g-D)=0=>-a+b=-6
=.a=7,; b=l

thy Bx'iTa's x277x74:(x271)(px2+ gx + r')

attempt to equate coefficients
p=3,q=7,r=4

3+ T+ 20— Tx — 4= (27— 1) (357 + T + 4)
=(x-Dx+1D*Bx+4)

[Note: Accept any equivalent valid method. |

(c)

M1A1
A1
A1l

(m1)
(A1)

A1

(0.476, —6.20)

A1 for correct shape (je with correct number of max/min points)

A1 for correct x and y intercepts
A1 for correct maximum and minimum points

(d ¢>0
—6.20 < ¢ < —0.0366

A1l
A1A1

[ Note: Award A1 for correct end points and A7 for correct inequalities. |

is ATFTAOAQ for ¢ > —6.20 seen.

Note: If the candidate has misdrawn the graph and omitted the first
minimum point, the maximum mark that may be awarded

[4 marks]

[3 marks]

[3 marks]

[3 marks]

Total [13 marks]



Question 21
(@ (i)

g

41

64

S.

4]

3]

2.

/

R Fox o0 oz

8 3 B 8 ATAT

AT for correct concavity, many to one graph, symmetrical about the midpoint of the
domain and with two axes intercepts.

| Note: Axes intercepts and scales not required. |
AT for correct domain

(i)  for each value of xthere is a unique value of f(x) Al

| Note: Accept “passes the vertical line test” or equivalent. |

(iii)  no inverse because the function fails the horizontal line test
or equivalent R1

| Note: No FT if the graph is in degrees (one-to-one). |

(iv) the expression is not valid at either of X=% (ar —%] R1

I5 marksj



(b) METHOD 1

n
tan[x-ﬁ- ZJ
——t M1
T
tan| — — x
{4 ]

T
tan x + tan —
4

f(x)=

T
1 — tan xtan —
& M1AT

T
tan — — tan x
4

b3
I + tan — tan x
4

2
= 1+¢ AG
-t

METHOD 2
T T T

f(x)=tan| ¥+ — |tan| — — — + x M1
3 ‘m[ 4]“‘“(2 4 } oy
:tanl{erE} Al

4

A 2
tan x + tan

gy =| ——=% A1

b1
| — tan xtan—
4

= 1+¢ AG
| 2

[3 marksj
(c)
I Wy . G
0.5

! -

10 5 0
for t< 0, correct concavity with two axes intercepts and with asymptote y=1 A7
tintercept at (-1, 0) AT
yintercept at (0, 1) Al

[3 marks]



(d)

(i)

(ii)

METHOD 1
o LED
, [} satis - =k
4 p v (I~
1+ £+ 2t=k(1+ £ =20)
k-DE=2k+Dt+(k-D=0
attempt at using quadratic formula

k+1+ 27k
== T

or equivalent

METHOD 2

a, B satisfy %:(i)\/}

t+Jkt=k-1

{=\/E—|
ﬁ+l

r—ﬁr:—(ﬁﬂ)

t= ﬁt: (or equivalent)
Jk-1 ﬂzﬁﬂ
JEr15 0 ik

(k+1) (1+ k)
=2 = —
“+y Mwn( ZU—MJ

sincel + k>1-k
a+ f<-2

(or equivalent)

so foreg, a =

| Note: Accept a valid graphical reasoning.

M1

Al

Al
M1

Al

m1
m1

Al

M1

A1

Al

R1
AG

[7 marks]

Total [18 marks]



Question 22

(a)
v a
_____-_-_-_-‘-—“'-a..

y= Vi
either graph passing through (or touching) A A1
correct shape and vertical asymptote with correct equation for either graph A1
correct horizontal asymptote with correct equation for either graph A1
two completely correct sketches A1
[4 marks]
1
(b) «—=|+1=0=z=2 A1
2
X 4
from horizontal asymptote, [BJ = 5 (M1)
o )
—=+t—=5h=%3 A1
b 3
. 4
from vertical asymptote, ¢ 5 +c=0
b=3,c=—4orb=-3, c=4 A1
[4 marks]

Total [8 marks]



Question 23
(a) METHOD 1

26=3) _ omnz+)
X

3)
J'(x) =

_ 2(x-3)-x(2Inx+1)

(x=3)

|

(M1)A1A1A1

J

x(x = 3)

[ Note: Award M1 for attempt at quotient rule, A1A7 for numerator and A7 for denominator. |

METHOD 2
f(x) =(2Inx+1)(x-3)"

f1) = [%](x—?)) (2 1)(-3)° [: 2

(A1)
x—3)—x(2nx+1)

3)°

J (M1)A1A1

x(x —

[ Note: Award M1 for attempt at product rule, A7 for first term, A7 for second term. |

(b) finding turning point of y
x=0.899
y = £(0.899048...) = — 0.375

(0.899, —0.375)

f'(x) orfinding root of y = f"(x)

[4 marks]

(M1)
A1
(M1)A1

| Note: Do not accept x = 0.9. Accept y-coordinates rounding to —0.37 or —0.375 but not —0.38. \

(c)

[4 marks]

mssscsssassssscmsmss===pen

(0.607, 0)

[

1 bl




(i)  smooth curve over the correct domain which does not cross the y-axis

and is concave down for x > |
x-intercept at 0.607

equations of asymptotes given as x = 0 and x = 3 (the latter must

be drawn)

(i) attempt to reflect graph of f in y = x

A1
A1

A1A1
[4 marks]

(m1)

smooth curve over the correct domain which does not cross the x-axis

and is concave down for y > |
y-intercept at 0.607

equations of asymptotes given as y =0 and y = 3 (the latter must

be drawn)
| Note: For FT from (i) to (i) award max M1A0A1A0. |

(d) solve f(x)= f'(x) or f(x)=x toget x=0.372
0<x< 0372

[ Note: Do not award FT marks. |

Question 24
(a)

[ Note: Award A1 for each correct curve, showing all local max & mins. ]

[ Note: Award AOAO for the curves drawn in degrees. |

A1
A1

A1

[4 marks]

(M1)A1
A1

[3 marks]

Total [19 marks]

A1A1

[2 marks]



(b) x=1.35,4.356.64 (M1)

| Note: Award M1 for attempt to find points of intersections between two curves. |
0<x<1.35 A1

| Note: Accept x <1.35. |
435<x<6.64 A1A1

[ Note: Award A1 for correct endpoints, A7 for correct inequalities. |

| Note: Award M1FTATFTAOFTAOFT for 0 < x<7.31. |

| Note: Accept x<7.31. |

[4 marks]
Total [6 marks]
Question 25
(@ Ax)=3 A1
[1 mark]
(b) x=secy+2 (M1)
ote: Exchange of variables can take place at any point.
N Exch f variabl ke pl i
Cos y = (A1)
x—2
\7'1(x):arccos[ 12], x>3 A1A1
r—

[ Note: Allow follow through from (a) for last A1 mark which is independent of earlier marks in (b). |

[4 marks]
Total [5 marks]
Question 26
(@<= (1)=0 (A1)
ﬂ'(()) =] A1
[2 marks]
(b) —=/(3) (m1)
=_=4 A1
[2 marks]
(c) domainis -2<x<6 A1
rangeis -6 < y <10 A1
[2 marks]

Total [6 marks]





