Subject - Math(Higher Level)
Topic - Circular trigonometry
Year -Nov 2011 -Nov 2019

Paper 2
Question 1
(a) tan [arctan% —arctan %] = tan(arctana) (M1)
a:0.14285_..:% (A1)Al
(b) arctan(%} =arcsin (x) = x= sin(arct:m%} =0.141 (M1)Al
. |
Note: Accept exact value of | —|.
’ [m )
[5 marks]
Question 2
(a)
7 Sem
\
.\\
A .lf'g_b \C_
A2
Note: Accept 2 separate triangles. The diagram(s) should show that one
triangle has an acute angle and the other triangle has an obtuse angle.
The values 9.63, 7.5 and 45.7 and/or the letters, A, B C' and C should be
correctly marked on the diagram(s).
[2 marks]
(b) METHOD1
sin45.7 _sinC M1
7.5 9.63
=C=6677..",1132..° (41)(41)
= B=67.52...,21.07... (A1)
b 7.5
— = — = b=9.68(cm), b=3.77(cm) AlAl
smB sind5.7

Note: If only the acute value of C is found, award M1(41)(A0)(40)A1.10.




METHOD 2

7.5 =9.63* +b* —2x9.63xbcos45.7 MiA41
b* —1345...b+36.48...=0

13.45...+4/13.45.. > — 4x36.48...

- - (M1)(A1)
AC =9.68(cm) , AC =3.77(cm) AlAl
[6 marks]
Total [8 marks]
Question 3
|
F
[ 8cm
AC=BD=4/13>-3> =12.64... (A1)
cosa:%:a:1.337...(76.65...".) (M1)(41)
attempt to find either arc length AB or arc length CD (M1)
arc length AB=5(n—2x0232..)) (=13.37..) (41)
arc length CD =8(m+2x0.232..)) (=28.85..) (41)
length of string =13.37...+28.85...+2(12.64...) (M1)
=67.5(cm) Al
[8 mariks]
Question 4
1,
—r"x1=7 M1
2
r:3.7...(:J1_4) (or 37... mm) (41)
. n—1 1
height = ZrCOS{TJ (or 2rsm§) (M1)(41)
3.59 or anything that rounds to 3.6 Al
so the dimensions are 3.7 by 3.6 (cm or 37 by 36 mm) Al

[6 marks]



Question 5

(a) let the distance the cable is laid along the seabed be y

" =x> +200" —2 x x x200cos 60° (M1)
(or equivalent method)
¥ = x* —200x + 40000 (Al)
cost=C=80y+20x (M1)
1
C =80(x* —200x +40000)2 +20x Al
[4 marksj]
(b) x=55.2786...=55 (m to the nearest metre) (A1)A1
(x=100- \/2000)
[2 marksj]
Toral [6 marks]
Question 6
(a) EITHER
- (3 : . 3 - J7
AOB =2arcsin o or equivalent (eg AOB = 2arctan ﬁ . AOB =2arccos » WMI)
OR
2 2 2
COSAOBZM (:_l) (MI)
2x4x4 8
THEN
=1.696 (correct to 4sf) Al
[2 marks]
(b) use of area of segment = area of sector — area of triangle (M1)
:%x42x1.696—%x42xsin1.696 (A1)
=5.63(cm’) Al
[3 marks]

Toral [5 marks]



Question 7

(a) attempting to solve for cosx or for # where #=cosx or for x graphically. (M1)

EITHER
2

cosx = (and 2) (A1)
OR
x=48.1897.. (AD)
THEN
x=48 Al

Note:  Award (M1)(41)A0 for x=48",132".

Note:  Award (M1)(41)A0 for 0.841 radians.

[3 marks]
(b) attempting to solve for secx or for v where v=secx. (M1)
secx =442 [and + E} (A1)
secx = iﬁ Al

[3 marks]

Total [6 marks]



Question 8

(a)

(b)

(©)

EITHER

f=m— arctan(g] — arctan( 201 - ) (or equivalent)

X

X

Note:  Accept §=180°— arctau{ 8 ) - eu‘ctan[ 2013

] (or equivalent).

OR

20—x
3

0 = arctan ( % ] + arctan( ] (or equivalent)

(1) 6=09%4 (= arctan%)

G) 6=1.19 (:arctan%)

correct shape.
correct domain indicated.

vt *\

MIAl

MIAl
[2 marks]

Al

Al
[2 marks]

Al
Al

[2 marks]



Question 9

(a METHOD 1

2 arcsin(E ] M1
4
a=0.769° (44.0°) Al
METHOD 2
using the cosine rule:
3 =4 +4 -2(4)(4)cosx M1
a=0.769° (44.0°) Al
[2 marks]
(b) one segment
A= % x4” x0.76879 —%xﬁlz xsin(0.76879) MiAl
=0.58819K (41)
2A, =1.18 (em’) Al
Note: Award M1 only if both sector and triangle are considered.
[4 marks]

Total [6 marks]



Question 10

(a)

(b)

each triangle has area %xz si112—ilt (use of %ab sinC)
n

. 1 . 2m
there are » triangles so 4= 3 nx® sin =

n
4(1}‘:0:2 Sinsz
8 n
C_

- 2
X
n . 2=n
so C=—sin—
n n

. n . 2n
attempting to find the least value of » such that —sin— >0.99

T n
n=26
. 2n
nsin—
attempting to find the least value of » such that ———>0.99

n(l+cos£)
n

n =21 (and so a regular polygon with 21 sides)

Note: Award (MO)AO(M1)AI if zlsinE >0.99 is not considered
by

n

. 2xm
nsin—
n

n
n(lJrcos—]
n

Award (M1)A1(M0)A0 for n=26.

and >0.99 is correctly considered.

(c)

EITHER

for even and odd values of », the value of C seems to increase towards
the limiting value of the circle (C =1) ie as » increases, the polygonal

regions get closer and closer to the enclosing circular region

OR

the differences between the odd and even values of » illustrate that this
measure of compactness is not a good one.

(M1)

Al

Al

AG
[3 marks]

(M1)
Al

(M1)

Al

[4 marks]

R1

RI
[1 mark]

Total [8 marks]



Question 11

(a)

(®)

METHOD 1

squaring both equations
9sin® B+24sin Beos C +16cos” C =36

9cos’ B+24cos Bsin C+16sin” C =1

adding the equations and using cos’@+sin’@=1

9+24sin (B+C)+16=37
24(sin Becos C+cos Bsin C) =12
24sm(B+(C)=12

sin(B+C) —%

METHOD 2

substituting for sin B and cos B to obtain
sin(B+C) = [764;05C JcosC+ [71 74;111(: JsinC

_ 6cosC+smnC—4
3
substituting for sinC' and cosC to obtain

) . 6—3smB 1-3cosB
sm(B+C)=smB(jmJ+cosB(zosj

_cosB+6sinB-3
4
Adding the two equations for sin (B +C ):

(or equivalent)

(or equivalent)

2sm(B+C)=

_ (18sinB+24cosC)+(4smC+3cos B)—25

12

. —-25
3111(B+C)=36+2142

si11(B+C)=;

sin 4 =sin(180° = (B+C)) so sin 4 =sin(B+C)
1

si11(B+C):l:>sinA:f
2 2

= 4=30°or 4=150°

if 4=150°, then B <30°

for example, 3sin B+4cosC < % +4 <6, ie a contradiction

only one possible value ( 4 =30°)

obtain

R1

Al

Al

RI
RI

AG

M1
(41)
(41)

M1

Al
(41)

AG

M1

Al

M1

Al

Al
(41)

AG

[5 marks]

Total [11 marks]



Question 12

(@)

(b)

A:%xleszinlOOa

=29.5 (cm’)

AC?*=57+12*-2x5x12xcos100
therefore AC =13.8 (cm)

Question 13

(@)

o

» 3

4

EITHER

area of triangle :%xs x4 (=6)

area of sector = %arcsin(%}x 57 (=115911..)

OR

4
j 25— x2dx
1]

THEN

total area = 17.5911...m?

percentage = % x 100 = 44 %

(m1)

A1

(m1)
A1

[2 marks]

[2 marks]

Total [4 marks]

A1l

A1

M1A1

(A1)
A1

[4 marks]



(b) METHOD 1

v a*~lb 10

i 9

&

i 1 3
area of triangle _;x4x,/a -16

@ = arcsin ( 4]
a

area of sector = 11-36 = lal arcsin(iJ
2 2 a

therefore total area =2/a” —16 + ; a’ arcsin( 4 ) =20
a
rearrange to give: a’ arcsin(ij +44Ja’ —16 =40

a
Question 14
(@ () A=-3

2

ii eriod = —

() p B
B=2

Note: Award as abovefor A=3 and B=-2.

(iy C=2

(b)y x=1.74,297 (.\‘:%(ﬂ+arcsin%),

(21‘[ - arcsinlj]
3

M| =

outside the domain 0< x<m .

Note: Award (M1)A0 if extra correct solutions eg (—=1.40, —0.170) are given

A1

(A1)

A1

A1

AG

Al

(M1)
Al

A1
[4 marks]

(M1)A1

[2 marks]

Total [6 marks]



Question 15
1 .
2l==-6-11-smmA
2
. 7
SinA=-—
11
EITHER
- - .7 7 . .
A =10.6897...,2.452. .. A:arcsmﬁ,n—arcsmﬁ =39.521..°,140.478... J

OR

62

A=+—(=x0.771...
cos 0 ( )

THEN
BC*=6"+11"-2-6-11cos A
BC=16.1or 7.43

e: Award M1ATAOM1A1AQIf only one correct solution is given.

Question 16

attempting to use the area of sector formula (including for a semicircle)
semi-circle % Tx5 = % =39.26990817...

angle in smaller sectoris m—6

area of sector = % X 22% (m — 6)

attempt to total a sum of areas of regions to 44
2(m— ) =44 — 39.26990817 ...

a=0.777 (: %)Tn - 22)

\ Note: Award all marks except the final A7 for correct working in degrees. \

Note: Attempt to solve with goat inside triangle should lead to nonsense
answer and so should only receive a maximum of the two M marks.

Question 17
AC’=78"+104"
AC=13
- 6.5 +9.1"-13
use of cosine rule eg, cos(ABC) =
2(6.5)(9.1)
ABC =111.804..° (=1.95134..)

=112

(M1)

(A1)

(A1)

(A1)

(M1)
A1A1

M1
(A1)
(A1)
(A1)
(m1)

A1

(M)
(A1)

M1

(A1)
A1

[6 marks]

[6 marks]

[5 marks]



Question 18

(@)

METHOD 1

let AC = x

Y=x'r 4 - chosg
attempting to solve for x
x=1.09, 6.43

METHOD 2

let AC=x
using the sine rule to find a value of C
4'=x" + 3"~ 6xcos(152.869...°) = x =1.09

4= x" +3" - 6xcos(27.131...°) > x =6.43

METHOD 3

let AC =x
using the sine rule to find a value of B and a value of C

obtaining 5=132.869...°, 7.131...° and C =27.131...°,152.869...°

(B=2319...,0.124... and C=0.473..., 2.668...)
attempting to find a value of x using the cosine rule
x=1.09,6.43

| Note: Award MTAO(M1)A1AO for one correct value of x|

(b)

l><4><6.428...><:;inE and l><4><1.088...><sin£
2 9 2 9

(4.39747... and 0.744833...)
let D be the difference between the two areas

] . 1 .

D= —x4x6428...x s~ — —x4x1.088...xsi0~
2 9 2 9

(D = 4.39747...-0.744833...)

:3_65(cm2)

M1A1

(M1)
A1A1

M1
(M1)A1

(M1)A1

M1
A1

(M1)
A1A1

[5 marks]

(A1)

(m1)

A1
[3 marks]

Total [8 marks]



Question 19

(@ A=2(x—sina)r*+ %(6’ — sin @)r? M1A1A1
Note: Award M1A1A1 for alternative correct expressions eg. 4 = 4[% — sin%)r2 + %Grz .
[3 marks]
(b) METHOD 1
consider for example triangle ADM where M is the midpoint of BD M1
sin% = 1 A1l
4 4
a 1
— —arcsin—
4 4
.1
a =4 arcsin— AG
4
METHOD 2
attempting to use the cosine rule (to obtain lfcos% = %) M1
sinZ =1 (obtained from sin% = A1
4 4 4
a 1
— = arcsin—
4 4
1
a =4arcsin— AG
4
METHOD 3
. (n . a 8 n© «
sm| ——— [=2sm— where —=———
2 4 2 2 2 4
cos? = 4sin ¥ cos & M1
4 4 4
Note: Award M1 either for use of the double angle formula or the conversion
from sine to cosine.
1 —sinZ A1
4 4
a .1
— =arcsin—
4 4
1
a= 4a1‘csmE AG
(c) (from triangle ADM), & = TE*% [: n— Za,rcsini = 2a1‘ccosi =2.6362.. ) A1l
attempting to solve 2(a — sina)r® + %(6’ —sin@)r* =4
. 1 a 1
with & :4a1'csmz and 6’:7175 zzal'ccosz for » (M1)
r=169 A1
[3 marks]

Total [8 marks]



Question 20

a x=— A1
(a) 1
5 3
L L A1
4 4
[2 marks]
(b) reflection in the y-axis results in y — tan(—x + %J ( cot[x + ED (A1)
) . 1 T 1 b
vertical stretch gives y = tan(—x + } = cot(x + J (A1)
2 4 2 4
translation
1
y =—tan| — P
2 4 4
A1A1
lIan(—x+£]— 3( lcot(x) - 3)
2 2 2
Notes: Award the A1s independently of each other.
Do not penalize the absence of y —.
[4 marks]
Total [6 marks]
Question 21
(@) p’=12"++ - 2x12xrxcos(30°) M1A1
212437 +144 - p? =0 AG
[2 marks]
(b) EITHER
72— 12437 + 80 =0 (M1)
OR
using the sine rule (M1)
THEN
PO =5.10(cm) or A1
PO =15.7 (cm) A1
[3 marks]
1 .
(c) area = 3 x 12 % 5.1008... x sin(30%) M1A1
=15.3(cm?) A1

[3 marks]



(d)

METHOD 1

EITHER

= 12437+ 144 — p* =0

discriminant = (12\/5)* —4x (144 - p) m1
=4(p*-36) A1
(p*-36)>0 M1
p>6 A1l
OR

construction of a right angle triangle (M1)
12 sin30°=6 M1(A1)
hence for two triangles p > 6 R1
THEN

p<12 A1l
144 — p2 > 0 to ensure two positive solutions or valid geometric argument R1
SL6<p<l2 A1l
METHOD 2

diagram showing two triangles (M1)
125in30° =6 M1A1
one right angled triangle when p =6 (A1)
.. p > 6 for two triangles R1
p <12 for two triangles A1
6<p<l2 A1l

[7 marks]

Total [15 marks]



Question 22

METHOD 1
area = (four sector areas radius 9) + (four sector areas radius 3) (M1)
1 ,m 1_,7n

=4/ -9 = | +4| =3 — A1)(A1
(2 9} (2 18 ] (ATAT)

=18+ 7n

= 2571:(2 78.5(:1112) A1

METHOD 2

area =

(area of circle radius 3) + (four sector areas radius 9) — (four sector areas radius 3) (M1)

1 .= 1,7
n3’ + 4 —92—)—4(—32—J A1)(A1
{2 9 273 (A1)(A1)
ote: Award A1 for the second term and A1 for the third term. |
=9 + 187 — 2n
= 251t(: 78.5{:1112) A1

ote: Accept working in degrees. |

[4 marks]

Question 23

attempt to use tan, or sine rule, in triangle BXN or BXS m1)
NX =80tan 55 (: - :114.25J (A1)
tan35
. 80
SX =80tan65°| = =171.56 (A1)
tan 25°
Attempt to use cosine rule M1
SN?=171.56"+114.257 - 2 x 171.56 x 114.25¢c0s 70° (A1)
SN =171(m) A1

ote: Award final A7 only if the correct answer has been given to 3 significant figures. |

[6 marks]



Question 24

(@) K-k-12<0

(k—H(k+3)<0 (M1)
SB3<k<4 A1
[2 marks]
2 2 2
(b) COSB:M (0r16:22+ c2—4ccosB) M1
dc
-z 1 A1
4e 4

= -e-12<0
from result in (a)

0<AB<4 or -3< AB<4 (A1)
but AB must be at least 2
=2<4B<4 A1
Note: Allow < 4B for either of the final two A marks.
[4 marks]
Total [6 marks]
Question 25
(a) (i) METHOD1
3
PC = g or 0.8660 1)
PM = 1 pC = V3 or 0.4330 (A1)
2 4
1 3
AM =T
4 16
= \f or 0.661 (m) Al
| Note: Award M7 for attempting to solve triangle AMP. |

METHOD 2

using the cosine rule

AME:IE_{?] —2x gx cos(30°) MiA1

AMzg or 0.661(m) Al
(i) [an(Al\A/[P) = 2 or equivalent M1)

NG
=0.857 Al

I5 marksj



(b) EITHER

%AME (ZAMP — sin(2AMP)) (M1)AT
OR
%AME X 2AMP—€ (M1)AT
=0.158(m°) Al
| Note: Award M1 for attempting to calculate area of a sector minus area of a triangle. |
[3 marksj
Total [8 marks]
Question 26
tan(x+ 1) = tan X{: S x } (M1)A1
cos X
oY .
COS(X—E]:sm X (M1)A1
e: The two MT's can be awarded for observation or for expanding. |
1an(x+:rc)cos[x—£]: o At
2 Cos X
I5 marks]
Question 27
(a) METHOD 1
use of tan (M1)
1
tan@) = — (A1)
1
Q = arctan| — At
r
METHOD 2
AP= ¢’ +1 (A1)
use of sin, cos, sine rule or cosine rule using the correct length of AP (M1)

I A&
or = arccos A1
.2+1} ¥ [\/pl-i-l}

[3 marks]

g = arcsin[
h g



b) QR=1=r=g+l

(A1)
[ Note: This may be seen anywhere. |

tanf) = tan(é’q - .9,)

attempt to use compound angle formula for tan

M1
tand +tand
tanf =————

= A1
" l-tan@, tané, (A1)

L) "
1—
ol 'l'
AR v}
l: g g+l of p= g \g+1

—1 L J A1
P (1Y L L,

g o +1 q g+l
1 S +g+l M1
P q(g+) -1

Note: Award M1 for multiplying top and bottom by__ (g +1). |

+g -1
P = T4 AG
2g +1
[6 marks]
(c)
M
P
* q
9
increasing function with positive_ -intercept A1
[ Note: Accept curves which extend beyond the domain shown above. |
(().618 <)_, <9 (A1)
= range is (0<jg < 4.68 (A1)
0 < <4.68 A1
[4 marks]

Total [13 marks]



Question 28

attempt to apply cosine rule

2 2 2
cosA=> = 0 4sas
2x5x11
= A=117.03569..°
= A=117.00

attempt to apply sine rule or cosine rule:
sin117.03569... sinB

14 11
= B=44.4153.."
= B=444"
C=180"-A-B
C=18.5

te: Candidates may attempt to find angles in any order of their choosing. |

Question 29
(a) METHOD 1

LHS = l+sin2x _ 1+ 2sin xcos x

cos2x cos” x—sin’ x

(cos2 x+sin® \:) +2sin xcos x

cos’ x—sin’ x

(cosx+sinx]2

(cosx+sinx)(cosx—sinx)
_cosx+ sin x

cos x —sinx

cosx sinx
+

COSX COSX

cosx sinx

COSX COSX
_l+tanx

1—tan x

METHOD 2

l+sin2x I+ 2sinxcosx
LHS = = = _—
cos2x cos  x—sin” x

dividing numerator and denominator by cos* x

sec” x+2tanx

1—tan’ x
~ l+tan® x+ 2tanx
B l—tan” x
(tan x + 1)’
N (1—tan x)(1 + tan x)
1 + tan x
- I - tanx

| Note: Candidates may start with RHS; apply MS in reverse.

m1

A1
m1

A1

A1

M1

M1

A1

A1

AG

M1
M1

A1

A1

AG

[5 marks]

[4 marks]



(b) valid attempt to solve l+tanx _ 3

(M1)
|- tan x
Lanx—ﬁ_l
ﬁ+l
T 13n
x=0262|=— |, x=340| =— A1
12 12

[Note: Award M1A0 if only one correct solution is given]

[2 marks]

Total [6 marks]



Question 30
(@ 3,-3

)
(b) stretch parallel to the y-axis (with x-axis invariant), scale factor 3

) —0.003 .
translation of [ 0 J (shift to the left by 0.003)

| Note: Can be done in either order. |

(c)

59 (0.0035, 4.76)

=
<
(=}
(%]

(0.0085, —1.24)

correct shape over correct domain with correct endpoints
first maximum at (0.0035, 4.76)

first minimum at (0.0085, —1.24)

(d) 2 =3between 7=0.0016762 and 0.0053238 and ¢t =0.011676
and 0.015324

| Note: Award M1A1 for either interval. |
=0.00730

ﬁ :_nn? 6sin (10071) sin( 1007 (s + 0.003)) de

=2.87

€ 7.=

A1A1
[2 marks]

A1

A1

[2 marks]

A1
A1l

A1
[3 marks]

(M1)(A1)

A1
[3 marks]

(m1)

A1
[2 marks]

continued...



(f)  in each cycle the area under the ¢ axis is smaller than area above the ¢t axis R1

the curve begins with the positive part of the cycle R1
[2 marks]
4.76—(-1.24)
(@ a= — (M1)
a=3.00 A1
d 4.76+(—-1.24)
2
d=1.76 At
b= 2n
0.01
b=628(=200m) At
2= 0.0035 _% (w1)
¢=0.00100 At
[6 marks]
Total [20 marks]
Question 31
(a) each arc has length = 6x : =2m(=6.283...) (M1)
perimeter is therefore 6n (: 18.8) (cm) A1
[2 marks]
(b) area of sector, s, is %;,29 =18x % =6m(=18.84...) (A1)
area of triangfes=, is %x 6x 343 =9\3(=15.58...) (M1)(A1)
[ Note: area of segment, £, is 3.261... implies area of triangle |
finding 35— 2¢ or3«+1 or similar
area = 35— 2t = 187—183 (=25.4) (cm?) (M1)A1
[5 marks]

Total [7 marks]





