Subject - Math(Higher Level)
Topic - Vector
Year -Nov 2011 -Nov 2019

Question 1
(@ () |a-b|=|a+b]
=(a-b)-(a-b)=(a+Db)+(a+b) (M1)
:>|a27211-b+ b‘Z:|a2+24:z-b+‘b|2 Al
—4da-b=0=a-b=0 Al
therefore @ and b are perpendicular RI

‘ Note: Allow use of 2-d components.

Note: Do not condone sloppy vector notation, so we must see
something to the effect that le> = c.c is clearly being used for
the M1.

Note: Allow a correct geometric argument, for example that the
diagonals of a parallelogram have the same length only if it
is a rectangle.

Gi) |axb[ =(|a|b|sin6) =|a[’|b[ sin>6 MIAL
‘az b‘27(a-b)2:‘a|2|b|27‘a|2|b‘2<:0329 M1
=la[’|b|' (1-cos*®) Al
:|a|2\b|zsin29
=|axb| =|a[|b[ ~(@-b) AG
[8 marks]
(b) (i) areaof triangle :%IA_’B % ACI (M1)
:%|(bfa)x(cfa)‘ Al
:l2|bxc +bx—a+-axc +fa><fa‘ Al
bx—a=axbh:cxa=—axec; —ax—a=0 M1
hence, area of triangle is %|axb+bxc +cxa‘ AG
(ii) D is the foot of the perpendicular from B to AC
area of triangle ABC:%IAACIIB%DI Al
therefore
LiacuBbi= L1aB xAc M1
2 2
hence, IBDI= ABXACI Al
IACI
‘axb+bxc+cxa|
= AG
c—a|
{7 marks]

Total [15 marks]



Question 2

1 -1
perpendicular when | 2cosx |«| 2sinx |=0
0 1
= —1+4sinxcosx=0
:>5;1'n2:f:l
2
::>2x:E.E
6 6
T 5m
S>x=—,—
12 12

ote: Accept answers in degrees.

(M1)

Al
M1

AlAl

[5 marks]



Question 3

METHOD 1
(@) 9¢,=7-4t;, and
3-6f,=-6+71;

solve simultaneously

Note: Only need to see one time for the A1.

therefore meet at (3, 1)

(b)  boats do not collide because the two times [r .= é ty = 1}

are different

METHOD 2

(a) pathof A is a straight line: y = —%x +3

‘ Note: Award M1 for an attempt at simultaneous equations.

. . . 5
path of B is a straight line: y = —%x +2T

5
—3x+3=—1x+2—(=>x=3)
3 4 4

so the common point is (3, 1)

(by forboatA, 9r=3=t=—andforboatB, 7-4t=3=1¢=1

L’
3

times are different so boats do not collide

MIAl
Al
Al
[4 marks]
(41)
R1
[2 marks]
Total [6 marks]
MIAl
Al
Al
[4 marks]
Al
RIAG
[2 marks]

Total [6 marks]



Question 4

— -

(@ @1 AB=0B-0A =5i— j—2k (or in column vector form)

Note: Award AI if any one of the vectors, or its negative,
representing the sides of the triangle is seen.

—
|AB|=|5i— j—2k|=~/30
-
|BC|=|—i-3j+k|=+11
|CA|=|—di+4j+k|=+33

Note:  Award A1 for two correct and .40 for one correct.

(i) METHOD 1
20+4+2

30433

cosBAC =

Note:  Award M1 for an attempt at the use of the scalar product for
two vectors representing the sides AB and AC, or their
negatives. 41 for the correct computation using their vectors.

_ 26 [_ 26 }
Jo90 | 3410

Note:  Candidates who use the modulus need to justify it — the angle
is not stated in the question to be acute.

METHOD 2

using the cosine rule
30+33-11

230433

_ 26 [: 26 J
990 \ 34110

cosBAC =

i j kK
® @ BCxCA=|1 3 1
4 4 1
=((3)x1-1%4)i +(1x () — (D x1) j+((-D)x4—(3) x(-4)k
=—7i-3j-16k
(i1)  the area of AABC:%E;CXCZA

%J(J)z +(-37 +(-16)°

N
2

(41)

A2

MiAl

Al

MIiAl

Al

Al

MIiAl
AG

(MI)

Al

AG

[6 marks]

[5 marks]



(c) attempt at the use of “(r—a)en=0" (M1)

using r = xi+yj+zk.a=0A and n=—7i—3j-16k (41)
Tx+3y+162=47 Al

Note:  Candidates who adopt a 2-parameter approach should be awarded. 41 for
correct 2-parameter equations for x, y and z; M1 for a serious attempt at
elimination of the parameters; .41 for the final Cartesian equation.

(d r= 0?\+rP:B (or equivalent) MI
r=(—i+2j+3k)+t(5i— j-2k) Al

‘ Note:  Award M140if “r =" is missing.

‘ Note:  Accept forms of the equation starting with B or with the direction reversed.

(€ () OD=(-i+2j+3k)+1(5i—j—2K)

statement that OHD-BAC =0 (M1)
—1+5¢) (-1

2—f |+ 31|=0 Al
3-2r 1

—2-4r=0 01‘f:—% Al

coordinates of D are [—

[SHIEN}

. 4) Al

Note:  Different forms of OD give different values of 7, but the same final answer.

| wn

(i) t<0=>D isnotbetween A and B RI

[3 marks]

[2 marks]

[5 marks]

Total [21 marks]



Question 5

(a)

CA=

.

CB=|0

(A1)

(A1)

Note: If ACand BC found correctly award (41) (40).

(b)

i j ok
CAxCB=[1 2 -1
2 0 1
-2
-3
4
METHOD 1
1 2 =
—|CAxCB
2
= %,/(—2)2 +(-3)* +4°
29
2
METHOD 2

attempt to apply %|CA‘ |CB‘ sin C

CACB= \/E.chosc = cos(C =

V29

area=——
2

1
—— —>sin
\30

O =

(M)

Al

(MI)

(A1)

Al

(M1)

(41)

e

Al

[4 marks]

[3 marks]



(©

METHOD 1
—2) (1) (-2
r.|-3{={0[|-3
4) (o)l 4

—> 2x-3y+4z=-2
= 2x+3y—-4z =

METHOD 2

—2x-3y+4z=d

substituting a point in the plane
d=-2

= -2x-3y+4z=-2

= 2x+3y—-4z=

Note: Accept verification that all 3 vertices of the triangle lie on the

given plane.

Mi41

Al
AG

Mi4l
Al

AG

[3 marks]



(d)

METHOD 1
i j k -7
2 3 —4|=|-14 MiAl
-1 1| (-14
1
n[2
2
=02 y=0,x=1 (M1)(41)
1 1
L:r={0|+4]2 Al
0 2

Note: Do not award the final 47 if r = 1s not seen.

METHOD 2
eliminate 1 of the variables, eg x M1
_7.1:+7:: 0 (AI)
introduce a parameter M1
= z=
y:A.x:Hi (41)
2
i 1
r=|0|+A1|2| orequivalent Al
0 2

Note: Do not award the final 47 if r = is not seen.

METHOD 3
=t M1
write x and y in terms of t = 4x— y =4+, 2x+3y=2+4¢ or equivalent A7
attempt to eliminate x or v MI
X, v, = expressed in parameters
==,
t
v=t, x=14+— Al
2
1 1
r=|0 [+7] 2 | or equivalent Al
0 2

Note: Do not award the final 47 if r = 1s not seen.

[5 marks]



(e)

®

METHOD 1

direction of the line is perpendicular to the normal of the plane

16) (1

a |.12]=0

-3/)12
16+2a-6=0=>a=-5

METHOD 2

solving line/plane simultaneously
16(1+ A)+2aA-6A=p

16+ (10+2a) A = f

= a=-5

METHOD 3

2 3 4

4 -1 -1|=0

16 o -3
2(3+a)—-3(-12+16)—4(4da+16)=0
> a=-5

METHOD 4

attempt to use row reduction on augmented matrix
2 3 4| 2

to obtain | 0 -1 1 0
0 0 a+5p5-16

MIiAl

Al

MiAl

Al

M1

Al
Al

M1

Al

Al
[3 marks]

Al
Al

[2 marks]

Total [20 marks]



Question 6

(a) |OA|=|CB|=|0OC|=|4B|=6 (therefore a rhombus) AlAl
Note: Award A1 for two correct lengths, A2 for all four.
6 0
Note: Award A140 forOj& = C%B =0 | or JC = A_i3 = —\/ﬂ if no
0 Ji2
magnitudes are shown.
6 0
O_) gO_)C =0 |g 24 |=0 (therefore a square) Al
0)1 V12

Note: Other arguments are possible with a minimum of three conditions,

[3 marks]
® 3 ¥ 2 (=(3.-v6.43)) Al
2 2
[1 mark]

(c) METHOD 1
6 0 0 0
0AXOC=|0 [x| 24 |=| 612 || =| 1243 MiAl

0] | 12 624 _12/6

Note: Candidates may use other pairs of vectors.

equation of plane is —6+/12, y— 6324z =

any valid method showing that d =0 M1
I:y+ V2z= AG
METHOD 2

equation of plane is ax+by+cz=d

substituting O to find d =0 (M1)
substituting two points (A, B, C or M) M1
€g

6a=0, —~24b+12c=0 Al

H:y+\/§:: AG



3 0
@ r=|-+6[+1] 1 AIAIAI

B2

Note: Award A1 for r =, A141 for two correct vectors.

(e) Usmg y=0tofind A Mi
Substitute their A 1into their equation from part (d) M1
D has coordinates (3, 0.3 \/5) Al
(f) A for pownt E 1s the negative of the A for point D (M1)

Note: Other possible methods may be seen.

E has coordinates (3, - 2\/_, —ﬁ) AIAT

Note: Award A7 for each of the y and = coordinates.

3 -3
(g 1 DAghDO=| 0 0 |=18 MiAl
-33 | |33

~ 18 1
cosODA = ——=— M1

V36436 2
hence ODA = 60° Al

Note: Accept method showing OAD is equilateral.

(1) OABCDE 1s a regular octahedron (accept equivalent description) A2

Note: A2 for saying it is made up of 8 equilateral triangles
Award A1 for two pyramids, A1 for equilateral triangles.
(can be either stated or shown in a sketch — but there must be clear
indication the triangles are equilateral)

[3 marks]

[3 marks]

[3 marks]

[6 marks]



Question 7

(a) PR=a+b
QS=b—a

() PR-QS=(a+b)-(b—a)
-l
for a rhombus |a| = ‘b‘

hence |b|2 —|a‘2 =0

Note: Do not award the final 41 unless R1 1s awarded.

hence the diagonals intersect at right angles

Al
Al

MI
Al
R1

Al

AG

[2 marks]

[4 marks]



Question 8

1 -1
(a) direction vector A—>B =| 3 |or B_;% =|-3
-3 5
1 1 2 1
r=|0 |+t 3 |orr=| 3 |[+#| 3 |orequivalent
4 =5 -1 -5

Note: Do not award final A7 unless *» =K ~ (or equivalent) seen.
Allow FT on direction vector for final A41.

(b) both lines expressed in parametric form:

L:
x=1+t

y =3t
z=4-5¢
L:
x=1+3s
y=-2+s
z=-2s5+1

Notes: Award MI for an attempt to convert L, from Cartesian to
parametric form.
Award A1 for correct parametric equations for L, and L,.

Allow M1AT at this stage 1f same parameter 1s used in both lines.

attempt to solve simultaneously for x and y:

1+f=1+3s
3t=-2+s
3 1
]=—71 =
4 4

o : . . 31
substituting both values back into z values respectively gives z= "

3 .
and - = 3 so a contradiction

therefore L, and L, are skew lines

Al

Al

[2 marks]

MIiAl

M1

Al

RI

AG
[5 marks]



(¢) finding the cross product:

1 3
3 x| 1
-5 | =2
=—i—-13j-8k

Note: Accept i+13j+8k

~1(0)—=13(1)-8(=2) =3

= —x—13y —8z =3 or equivalent

k
1
-1

(d @) (cosb=)

V2 +1+1x4/1+1

(M1)

Al

(M1)
Al

M1

Note: Award M1 for an attempt to use angle between two vectors formula.

\/5 k+1

2 2 +2)

obtaining the quadratic equation

4(k+1)’=6(k+2)

P —4k+4=0
(k-=2)*=0
k=2

Note: Award MIAOMIAO if cos60° isused (k=0 or k=-4).

Al

Mi

Al

[4 marks]



-1

1
(a) direction vector AB=| 3 |or BA=| -3 Al

=5 5
1 | 2 1
r=[0 |+t 3 |orr=| 3 |+¢ 3 |orequivalent Al
4 =5 -1 -5

Note: Do not award final A7 unless ‘¥ =K ’ (or equivalent) seen.
Allow FT on direction vector for final A1.

[2 marks]

(b) both lines expressed mn parametric form:

L:

x=1+t¢

y =3t

z=4-5¢

I‘Z

x=1+3s

y=-2+s MiAl
=-2s5+1

Notes: Award MI for an attempt to convert [, from Cartesian to
parametric form.
Award A1 for correct parametric equations for £, and L,.

Allow M1A1 at tlus stage 1f same parameter is used in both lines.

atternpt to solve simultaneously for x and y: M1

I+¢=1+3s

t=-2+s

= —E . 8= —l Al
4 4

substituting both values back mto z values respectively gives z =%

3 .
and -z = 5 so a contradiction R1

therefore L, and L, are skew lines AG
[3 marks]



3 2
i r=[0[HA] 1

1 -1
substituting into the equation of the plane /7,:
3424+ 4=12 M1
A=3 Al
point P has the coordinates:
(9,3,-2) Al
9
Notes: Accept 9i+3j—2k and | 3
-2

Do not allow FT if two values found for k.

[7 marks]

Total [18 marks]



Question 9

METHOD 1

s

OP [=/(1+5) +(B+25) +(1=5) (=v/65>+125+11)

te: Award A7 if the square of the distance is found.

EITHER
: . d| = |
attempt to differentiate: = P| (=125 +12)
d|=F
attempting to solve - P| =0 fors
s=-1
OR
attempt to differentiate: f 4 P = 0s + 6
ds 657+ 125 +11
: d| =
attempting to solve ¥ 4 P|=0 fors
s=-1
OR

2

attempt at completing the square: [ OP| - 6(s +1)° + 5}

minimum value
occurs at s = —1

THEN
the minimum length of SP 1S \E
METHOD 2

the length of OP 1s a minimum when OP is perpendicular to | 2
-1

Al

M1

(M1)
(A1)

M1

M1)

(41)

M1

(M1)
4D

Al

(R1)



Question 10
@ @) AM-= %KC
- J(e-a)
(i) BM=BA+AM

1
— 7b - _
=a +2(c a)

B%M:lafbjtlc
2 2

® () Rl:%Bl
~~(a-b)
(i) RT-ZRS
=f(R‘1+§s)
2

"33

zg(a—b)+g(c—a)

ﬁT:—za—2b+ic

9" 9" 9
(c) BT=BR+RT
— ZBA+RT

i . — — — 8 —
point B is common to BT and BM and BT = EBM

so T lies on [BM]

( 4 (a—b)+ % (c— a)) or equivalent.

(M1)
Al

Mi
Al

AG

Al

(M1)

AlAl

Al

AG

(M1)
Al

Al

RIR1

AG

[4 marks]

[5 marks]

[5 marks]

Total [14 marks]



Question 11

(@)

(b)

(€)

(d)

OP=i+2j+3k+A(i+j+k)

0Q=2i+ j—k+ u(i— j+2k)

PQ—0Q- Ol

PQ=i— j—dk—A(i+j+k)+u(i—j+2k)
=(1-A+W)i+(—1-A—w)j+(-4-A+2)k

METHOD 1

use of scalar product
perpendicularto i + j+ k& gives

(I-A+w)+(-1-A— )+ (4-A+2u)=0
= 3A+2u=4

perpendicular to i — j+ 2k gives
A-A+)—(-1-A-w)+2(-4-2+2)=0
= 2A+6u=06

. . . . 6
solving simultaneous equations gives A = — 7 = ;

METHOD 2
vxw=3i—-j-2k
PQ=a(3i— j—2k)
1-A+u=3a

—1-A-p=-a
—4-A+2u=-2a

5

solving simultaneous equations gives 1=——, u :‘7

|

~ 18 6 12

PQ=—"i —j "k

Q 7 71 7
shortest distance = P?) :2\/32+(71)2+(72)3 :%,,‘14

METHOD 1

vector perpendicular to 17 is given by vector product of v and w
vxw=3i—j-2k

so equation of I7 is 3x—y—2z+d =0

through (1,2,3)=>d =5

so equationis 3x—y—2z+5=0

(M1)

A1

M1

A1l

A1l

A1A1

M1A1

A1l

A1A1

A1

M1A1

(R1)
(M1)A1

M1
A1l

[2 marks]

[5 marks]

[3 marks]



METHOD 2

- 2
from part (b) PQ = %ifgjf%k is a vector perpendicular to I7
so equation of I7 is gx*E}’*QZJrC:O
7 7 7

30
through (1, 2, 3) :>c:7

18 6 12 30
so equationis —x——y——=z+—=0 3x—y-2z+5=0
q XY - ( ) )

Note: Allow other methods je via vector parametric equation.

(€) OT=2i+j—k+nQiej—2k)
T=(2+3n,1-n,—-1-2n) lies on I implies
32437 (1-n)-2(-1-2n)+5=0

6
:>12+14J]:0:>I]:—7

Note: If no marks awarded in (d) but correct vector product calculated
in (e) award M1A1 in (d).

—

T

(f)

~ |

JE D2 +(-2)° =§J1_4

(g) they agree

Note: FT is inappropriate here.

—
BT is perpendicular to both 7 and /,

so its length is the shortest distance between /7 and /, which is the

shortest distance between /; and I,

R1A2

M1

A1

[5 marks]

m1

A1

[2 marks]

M1A1
[2 marks]

A1

R1
[2 marks]

Total [21 marks]



Question 12

(@)

(b)

(c)

- —

BR=BA+AR(:EA+%AE) (M1)

=(a—b)+%(c—a)

[2 marks]

(i) rBR=b+?{%a—b+%c}{=%a+(l—l)b+%c} A1A1

‘ Note: Award A1AQ if the r = is omitted in an otherwise correct expression/equation. ‘

- 1 1
ii Q=—a+—-b+—c A1
(i) PR (A1)
1,1 H, MU
n.=a+ il —-a+—-b+—c||=(0- a+—b+*2c A1
wmaru(-asJhete](=0-ma+ L]

(i)  when AQ and §P intersect we will have 1z = 1,4 (M1)
A A M, U
Za+(1-Ab+—c=(-a+=b+"—c
2 ) 2 (=) 2 2
attempt to equate the coefficients of the vectors @, b and ¢ M1

A1
i (A1)
) H
1-i=%£
2

A_n
2 2

2 2
A==oru== A1

3 3 3
substituting parameters back into one of the equations M1
O_E}l'za+[l—% b+l-zc:l(a+b+c) AG

2 3 3 233 3
[9 marks]

21 1

CP=—a+—-b-c (M1)A1
2 2

1 1 2 ,
so we have that 1, =c + Ea + Eb — ¢ | and when ff = 3 the line
passes through

1

the point G (je, with position vector g(a + b+ ¢)) R1

hence [AQ], [BR] and [CP] all intersect in G AG

[3 marks]



1 3 2 2
(d) 0(3:%3+7+2=4 A1
1) 5] l1 -1

Note: This independent mark for the vector may be awarded wherever the
vector is calculated.

2 (1) (-6
ABXAC=| 4 |x|-1|=|-6 M1A1
%) lo) -6
1
GX=all (M1)
1

1
volume of Tetrahedron given by 3 X Area ABC x GX

_ 11
302

Note: Accept alternative methods, for example the use of a scalar triple product.

—

AB % AC

)x GX=12 (M1)(A1)

= é\/(fs)% (—6) + (~6) X \J&* + & + &’ =12 (A1)
=é6\/§‘a|\/§:12
=|a|=4 A1l

Note: Condone absence of absolute value.

2 4
this gives us the positionof X as | 4 | £| 4
-1 4
X(6,8.3) or (-2,0.,-5) A1

Note: Award A1 for either result.

[9 marks]

Total [23 marks]



Question 13

(@)

angle between planes is equal to the angles between the normal to the

planes (mM1)
4 4
1le| 3 |=18 (A1)
1 -1
let @ be the angle between the normal to the planes
cos@ = _ 18 = E(or equivalent,for example 324 or 2) M1A1
Jig/26 V26 468 V13
[4 marks]
(b) () METHOD1
4 4 —4
1|x| 3 |=| 8 M1A1
1 -1
-1
which is a multiple of | 2 R1AG
2
—4 -1 —4 -1
Note: Allow any equivalentwordingor| 8 |[=4| 2 | donotallow| 8 |=| 2
8 2 8 2
METHOD 2
let z =1t (or equivalent)
solve simultaneously to get M1
yv=i—-4,x=3-05¢ A1
-0.5
hence direction vectoris | 1
1
-1
which is a multiple of | 2 R1AG

2



METHOD 3

4\ (-1

1ol 2 |=—4+2+2=0
1) |2

4\ (-1
3|e|2|=-446-2=0
-1

| Note: If only one scalar product is found award MOAQAQ. \

(i) [1:4+0+4=8and /[[,:4+0-4=0

1 -1
i)y r=0[+A4 2
4 2

M1A1

A1

R1

A1A1

Note: A7 for “r =" and a correct point on the line, A1 for a parameter and a

correct direction vector.

Note: Award MOfor | b |e| 2 |=0.

1 2

(d)

—a+1+2b-6=0=a-2b=-5
lieson /lso 4a+b+1=8=4a+b=7

a=1,b=3

AB=40%+ 32+ (-3) =32

(A1)

M1

A1

M1
A1

M1AG

[6 marks]

[5 marks]



() METHOD 1

AB = |AP =32 (M1)
-1

5

AP=1t| 2 (A1)
2

31 =32 > t=%42 (M1)A1

P(1-+2. 22, 4+ 242) and (1+ 2, -242. 4 - 242 A1

[5 marks]

METHOD 2

let P have coordinates (14, 24, 4+24) m1
0 -A

- -

BA=|-3|, BP=|24-3 Al
3 3+24

- -
cos4s’ = DA*BP m1
BA|BP|
| Note: Award M1 even if AB rather than BA is used in the scalar product. |

BTAOEP =18

1__ By

V2 figori+1s

A=%\2 A1

P(1-+v2, 242, 4+ 242) and (1442, -242, 4 - 2/2) A1

| Note: Accept answers given as position vectors. |

[5 marks]

Total [21 marks]

Question 14

(@ axb=-12i-2j-3k (M1)A1
[2 marks]
(b) METHOD 1
—12x -2y —3z=d M1
—“12x1-2x0-3(-l)=d (M1)
=d=-9 A1

—12x -2y -3z=-9 (or 12x + 2y + 32 =9)

METHOD 2
x) (12 1) (-12
yvif -2 1=[0]] -2 M1A1
z -3 -1){ -3

—12x -2y -3z=-9 (or12x + 2y + 3z =9) A1

[3 marks]

Total [5 marks]



Question 15

(@)

METHOD 1
-3 1 x=-3+p
Lir=|-2+84|=y=-"2+4p M1
a 2 z=a+2p
6—(—3+ —2+4p)-2
( ﬂ):( p) :>4:ﬂ:>ﬂ:3 M1A1
3 4 3
6—(-3+
M:I—(a+2ﬁ):>2:—5—a:>a:—7 A1
METHOD 2
3+ pF=6-34
2+ 4f =44 +2 m1
a+2p=1-4
attempt to solve M1
A=2, =3 A1
a=1-4A-2p=-7 A1
(s (1)
OP=| -2 |+3:| 4 (M1)
-7 2
(o)
=| 10 A1
-1
= P(0,10, -1)

[4 marks]

[2 marks]

Total [6 marks]



Question 16

(@)

(b)

ABx AD =—-i +10j - 7k

- —

area = |AB x AD| = /1> + 10° + 7°
:SJE( 150)

METHOD 1

AB-AD=--4-2-6
—-12

considering the sign of the answer
- -

AB - AD < 0, therefore angle DAB is obtuse

(as it is a parallelogram), ABCis acute

METHOD 2

- -

BA-BC=+4+2+6
=12
considering the sign of the answer

BA - BC > 0 = ABC is acute

M1A1

A1
[3 marks]

M1A1

M1

A1
[4 marks]

M1A1

M1

A1
[4 marks]

Total [T marks]



Question 17

6
(a) A%: -8
17

0 6 6 6

r=| 3 |[+A|-8|orr=|-5|+4| -8

-6 17 11 17

| Note: Award M1AQ if » = is not seen (or equivalent). \

(b) substitute line L in I7:4(64) —3(3 —84) + 2(-6 + 174) = 20

821 =41
2=t
2
0 6 3
r=| 3 |+=| -8|=|-1
-6 17) | 3

5
so coordinate is (3,1,2j

3
Note: Accept coordinate expressed as position vector | —1 |.

5
2

(A1)

M1A1

[3 marks]

M1

(A1)

A1

[3 marks]

Total [6 marks]



Question 18

(a)

EITHER

1 1 2|2 1 1 212

3 -1 146 |—»|0 1 =213 M1
1 2 0]-5 00 00
row of zeroes implies infinite solutions, (or equivalent). RI

Note: Award M1 for any attempt at row reduction.

OR
1 1 2
3 -1 14 =0 Mi
1 2 0
1 1 2

3 -1 14/=0 with one valid point RI
1 2 0

OR

x+y+2z=-2
3x—y+14z=06
x+2y=-5 =x=-5-2y

substitute x =—5—2y 1nto the first two equations:
—5-2y+y+2z=-2

3(-5-2y)—y+14z=6

-y+2z=3

—Ty+14z=21

M1

the latter two equations are equivalent (by multiplying by 7) therefore an

mfinite number of solutions. R1
OR
for example, 7xR —R, gives 4x+8y=-20 M1

this equation is a multiple of the third equation, therefore an infinite
number of solutions. RI



(b) let y=t¢ MI

then x=-5-2¢ Al

L= tt3 Al
2

OR

let x=t¢ MI

—5—t

then y=—— Al
7 2

z zﬁ Al
4

OR

let z=t M1

then x=1-4¢ Al

y=-3+2t Al

OR

attempt to find cross product of two normal vectors:

i j ok

eg:|l 1 2|=—4i+2j+k MiA1
1 20

x=1-4¢

y==3+2t

z=t Al

(or equivalent)

Total [5 marks]



Question 19

EITHER
eliminating a variable, x, for example to obtain y + 3z =-16 and -5y — 3z =8 M1A1
attempting to find the value of one variable M1
point of intersection is (-1, 2, —6) A1A1A1
OR
2 1 -1|6
attempting row reduction of relevant matrix, eg. |1 3 1 -1 M1
1 2 -2]15
21 -1 6
correct matrix with two zeroes ina column, eg. |0 5 3|8 A1
01 3|-16
further attempt at reduction m1
point of intersection is (-1, 2, —6) A1A1A1
:e: Allow solution expressed as x=-1, y=2 , z=—6 for final A marks.
Question 20
ce(b-a)=0 M1
-
te: Allow ¢ « AB = 0 or similar for M1.
ceb=cea A1
be(c—a)=0
boc = bla A1
cea =bea M1
(c—Db)ea=0 A1
hence a is perpendicular to BC AG

te: Only award the final A7 if a dot is used throughout to indicate scalar product.
Condone any lack of specific indication that the letters represent vectors.

[6 marks]

[5 marks]



Question 21

(@)

EITHER

1 p
n=|1|andd=|2
3 1

and n # kd
OR
=5
nxd=|3p-1
2-p

the vector product is non-zero for pe R

THEN

L is not perpendicular to /7

METHOD 1
Q2+pA)+(qg+20)+31+A)=9
g+ +(p+54=9
p=—5and g=4

METHOD 2
direction vector of line is perpendicular to plane, so
7)1
21-111=0
1)13
p=-5
(2, ¢,1) is common to both L and /7
23 (1
either | g |-| 1 | =9 or by substitutinginto x + y +3z =9
113
qg=4

A1A1

R1

M1A1

R1

AG

M1
(A1)
A1A1

M1

A1

M1

A1

[3 marks]

[4 marks]



(ii)

METHOD 1

o is the acute angle between n and L

. 1 |
if sin@ = — then cosax = —— (M1)(A1)

Vi V11
attempting to use cosa = n-d or sinf = nd M1

] ] ]
p+5 1
—_— = A1A1
I x\p>+5 N
(p+57=p"+5 M1
10p = —20 (or equivalent) A1
METHOD 2
a is the angle between n and L
. 1

if SN& =— then sinar = @ (M1)A1

Jit Vit

. ? |n X d|
attempting to use sinw = M1
]
VS +G@p -1+ 2 - p) V10 21A1
Jlx\p*+5 Vi1
pP’-p+3=p’+s i
—p + 3 =15 (or equivalent) A1
x-2_y—q
p:—2andz=71:>—2:T:—2 (A1)
x=6and y=q -4 (A1)
this satisfies /7 so 6+g—4—-3=9 M1
g=10 A1
[11 marks]

Total [18 marks]



Question 22

METHOD 1
for eliminating one variable from two equations (M1)
(x+y+z=3)
eg, 2x+2z= A1A1
2x+3z=11
for finding correctly one coordinate
(x +y+z= 3)
eg. =1 (2x+2z=8) A1
z=3
for finding correctly the other two coordinates A1
x=1
= qy=-1
z=3

the intersection point has coordinates (1, —1, 3)

METHOD 2
for eliminating two variables from two equations or using row reduction (M1)
(x+y+z=3) (1 1 13
eg, —2y=2 or|0 -2 02 A1A1
z=3 0 0 13
for finding correctly the other coordinates A1A1
x=1 1 0 01

=qy=-lor|0 1 0-1
(z=3) 0 0 13

the intersection point has coordinates (1, —1, 3)



Question 23

(a) METHOD 1
-3 1 x=-3+p
Lir=|2+p|4|=>y="2+4p M1
a 2 z=a+2p8
6—(-3+ —2+4p)-2 4
3 4 3
6—(-3+
Ml—(a+2ﬂ):>2—5—a:>a—7 A1
METHOD 2
-3+ p4=6-31
2 +48 =41 +2 m1
a+2p=1-24
attempt to solve M1
A=2, =3 A1
a=1-4A-20=-17 A1
[4 marks]
LYy )
(b) OP=| 2 |+3-| 4 (M1)
-7 2
(o )
=| 10 A1
-1
= P(0,10, -1)
[2 marks]

Total [6 marks]



Question 24

METHOD 1
1 3 a-1
(a) det|2 2 a-2
31 a-3

=1(2(a-3)-(a-2))-3(2(a=3)-3(a-2))+(a=1)(2-06)

(or equivalent)

=0 (therefore there is no unique solution)

1 3 a-1
(b) 2 2 a-2
31 a-3
1 3 a-1
0 -4 -a
0 0 0
b=1

1 3 a-1]1
0 -4 -a | -1
0 -8 —2a |b-3
1

-1

b-1

| Note: Award M1 for an attempt to use row operations.

-1 | (and 3 zeros imply no unique solution)

METHOD 2
1 3 a-1 |1 1 3 a-1 1
(a) 2 2 a-2 |1 0 -4 -a -1
31 a-3 |b 0 -8 -2a |b-3
1 3 a-1 1
0 -4 -a
0 0 0 b-1
(b) b=1
[ Note: Award A4 only if “5 -1 seen in (a). |

M1
Al
Al
[3 marks]
MiAl
Al
A1 N2
[4 marks]
MiAl
A1
[3 marks]
A4
[4 marks]

Total [7 marks]



Question 25

1 1 0 2 1 1
(a) AB=[(0|-|2|=|-2]|, AC=|-1|-|2|=|-3 AlAl
5 3 2 4 3 1

| Note: Award the above marks if the components are seen in the line below. I

i j k| (4
ABxAC=|0 -2 2|=|2 (M1)Al1
1 3 1 2
[4 marks]
(b) area = %‘( ABx XCJ (M1)
:rmzz 7 :%Jz_z;(z\lé) Al
Note: Award M0A0 for attempts that do not involve the answer to (a). |
[2 marks]
Toral [6 marks]

Question 26

(@) (i) a pair of opposite sides have equal length and are parallel R1
hence ABCD is a parallelogram AG

(i)  attempt to rewrite the given information in vector form M1
b—a=c—d A1
rearranging d —a =c—b M1

hence AD = BC AG

'e: Candidates may correctly answer part i) by answering part ii) correctly and then deducing there
are two pairs of parallel sides.

[4 marks]
(b) EITHER
use of AB = DC (M1)
2 q+1
-3 |=|1-r A1A1
p+3 |
OR
use of AD = BC (m1)
-2 qg-3
r—=21= 2 A1A1
1 2-p
THEN
attempt to compare coefficients of 7, j, and k in their equation or statement
to that effect M1
clear demonstration that the given values satisfy their equation A1
p=lg=1r=4 AG

[5 marks]



(c) attempt at computing fB X fD (or equivalent) M1

-11
-10 A1l
-2
- -
area = |AB x AD)(=+/225) (M1)
=15 A1l
[4 marks]
> 1
(d) valid attempt to find OM :§(a+c) (mM1)
1
3 A1
_1
2
the equation is
1 11
r=| % |+t 10| or equivalent M1A1
- 2
| Note: Award maximum MT1AQIif 'r =___' (or equivalent) is not seen. \
[4 marks]
(e) attempt to obtain the equation of the plane in the form ax + by + ¢z = d M1
1lx+10y+2=z =25 A1A1
| Note: A7 for right hand side, A7 for left hand side. |
[3 marks]
(f)y (i) putting two coordinates equal to zero (mM1)
X E,O_O ,Y[O,E,O],Z(O,O_E A1
11 2 2
5 (25Y
(i YZ= (—] +{—] M1
2 2
_ [325( 5104 5426 an
2 4 2
[4 marks]
Total [24 marks]

Question 27
(3i—4j—5k) » (5i—4j+3k)

cosf = — — (mM1)
3i—4j—5k||5i -4 +3k|
16
= A1A1
7504/50
e: A1 for correct numerator and A1 for correct denominator. \
25\ 50

[4 marks]



Question 28

(a) recognising normal to plane or attempting to find cross product of two

vectors lying in the plane (M1)
0 -1 1
—= -
for example, ABx AD=|1|x| 0 [=]0 (A1)
0 1 1
1l :x+z=1 A1
[3 marks]
(b) EITHER
1 0
0le| 1 |=1=+2+2cos® M1A1
1 1
OR
1 0
0 (x| 1[=3=4242sin0 M1A1
1 1
| Note: M1 is for an attempt to find the scalar or vector product of the two normal vectors. \
— 0=60" [: ’T] A1
3
. 21
angle between faces is 1207 | = 3 A1
[4 marks]
1 (1)
2 -
(c) B=| 1 |orBD=| -1 (A1)
—1 1
I :x+y—z=k (M1)
I :x+y-z=0 A1l
[3 marks]

Continue...



(d) METHOD 1

0 |

line AD:(r=)| 0 |+A| 0

intersects H3 when 4 —(1-1)=10

1

SO A=—
2

hence P is the midpoint of AD

METHOD 2

midpoint of AD is (0.5, 0, 0.5)
substitute into x+ y—z =0

1 -1

0.5+0-0.5=0

hence P is the midpoint of AD

() METHOD 1

OP =

PQ=

area —

Continue...

1
\/E ,
1

&

]
W12

OPQ=90", OQP = 60°

1B
M3 12

M1A1

m1
A1
AG

(M1)A1
M1

A1l
AG

A1A1A1

A1

A1l

[4 marks]



METHOD 2

1 -1
line BD:([’:) 1|+A4] -1
0 1
—i=2 (A1)
3
1
3
iy |
0oQ= 3 At
2
3
11> —
area = OP x OQ M1
1
2
>
P=[0 A1
1
2
ste: This A1 is dependent on M1. |
3
area :£ A1
12

[5 marks]

Total [19 marks]



Question 29

(@) METHOD1

0 2b
n=|1|x| 0
2 b-1
b-1
=| 4b
-2b

(0,0,0)0on I7 so (b—1D)x + 4by — 2bz =0

METHOD 2

using equation of the form px + gy +rz =

(0,,2)on IT=>g+2r=0
(2b,0,b-1) on IT = 2bp+r(b-1)=0

| Note: Award (M1)A1 for both equations seen. |

solve for p, ¢, and r
(b—Dx + 4by — 2bz =

(b) M has coordinates (b, 0, EJ

‘ 2
b h-1

r=| 0 [+4] 45
b-1 )
2

| Note: Award M1AQ if r = (or equivalent) is not seen. |

x—b ¥

2--b+1

Note: Allow equivalent forms such as ==
b—1 4b

b

(M1)

(M1)A1

(M1)A1

(M1)

(M1)A1

(M1)
A1

(A1)

M1A1

[5 marks]

[3 marks]



(c) METHOD 1

x=z=0

| Note: Award M1 for either x = 0 or z =0 or both.

b+ ?L(b—l):Oand%—ZﬂLb:O

attempt to eliminate A

__b bl
b-1 4b
~4p*=(b-1)
EITHER

consideration of the signs of LHS and RHS

the LHS is negative and the RHS must be positive (or equivalent statement)

OR

—4P=B 2k + 1

= 5b"=2b+1=0
A=(-2)-4x5x1=-16(<0)

.. no real solutions

THEN

so no point of intersection

METHOD 2

x=z=0

| Note: Award M1 for either x = 0 or = = 0 or both.

b+/1(b—1):0and%—ub:o

attempt to eliminate 5

A 1
—
1+4 1-4A
( 1)
4= =2 =—
\ 7

consideration of the signs of LHS and RHS

there are no real solutions (or equivalent statement)

so no point of intersection

(m1)

A1
m1
(A1)

A1l

(m1)
R1

M1
R1

AG

(m1)

A1l
M1

(A1)

A1l

(M1)

R1

AG
[7 marks]

Total [15 marks]



Question 30

(@) asb=(1x0)+ (1x—1)+ (tx4r)
=—t+4f

(b)  recognition that a=b =|a||b|cos &

ash<0or t+4°<0 or cos@<0

| Note: Allow < for R1. |

attempt to solve using sketch or sign diagram

0<t<l

Question 31

0
(@ () AB=|2
-2

-4

(i) AC
2

| Note: Accept row vectors or equivalent. |

(b) METHOD 1
attempt at vector product using AB and AC.
J_r(zi +6j+ 6k)

-

.y
attempt to use area = %‘AB x AC

Continue....

(m1)
A1

(M1)
R1

(m1)
A1

[2 marks]

[4 marks]

Total [6 marks]

A1

A1

(M1)
At

M1

A1

[2 marks]

[4 marks]



METHOD 2

—

AB

—

attempt to use AB«AC = |AB||AC] cos @ M1

3
2 | 1 (=40 422 +(-2) 3+ +(-2)’ cos®
2=

6=/814cos 8 A1

6

6
NN YIRNTT)

1
attempt to use area= 5

cosf =

—

AB

—

AC|smé M1

1 36( 1 76
NN l_m(zz\/w “2]
=ﬁ(=~/ﬁ) A1

Total

Question 32

(a) (i) appreciation that two points distinct from P need to be chosen

from each line M1

‘o, x>C,

=18 A1
(i) EITHER

consider cases for triangles including P or triangles not including P M1

3x4+4x°C,+3x°C, (A1)(A1)

| Note: Award A1 for 15 term, A7 for 2 & 3dterm. |

OR

consider total number of ways to select 3 points and subtract those

with 3 points on the same line M1

¢, -G (A1)(A1)
| Note: Award A1 for 15term, A1 for 2™ & 3@ term. |

56-10—4

THEN

=42 A1

continue...

[4 marks]

[6 marks]

[6 marks]



(b) METHOD 1
substitution of (4, 6, 4) into both equations
A=3and =1
(4.6,4)

METHOD 2

attempting to solve two of the three parametric equations
A=3o0or u=1

check both of the above give (4, 6, 4)

(M1)
A1A1
AG

M1
At

M1AG

to check (4,6,4) withone of “A " or “ 1"

Note: If they have shown the curve intersects for all three coordinates they only need

(c) A=2
-1 -5
(d) PA=|-2|, PB=| -6
-1 -2

-e: Award A1A0 if both are given as coordinates. |

() METHOD 1

area triangle ABP = % P_])3 X P_)

(Y ()
:l —6 |x| -2 :l -3
2 -2 —1_ 2 4

¥

)

EITHER

PC = 3PA. PD = 3PB
area triangle PCD = 9 x area triangle ABP

929
2

Continue...

[3 marks]

A1
[1 mark]

A1A1

[2 marks]
continued. ..

m1

A1

A1

(M1)
(M1)A1

A1



OR

D has coordinates (-11, —12, —2)

area triangle PCD = %

-

PDxPC:% —18 x| -6

| Note: A1 is for the correct vectors in the correct formula. \

THEN

area of CDBA =

=429

METHOD 2

D has coordinates (-11, —12, —2)

— —

CB x CA

1
area = —
2

o
Msl
o

%]

+_
2

[ee]
o

A1

M1A1

A1

A1
[8 marks]

continued...

A1

m1

| Note: Award M1 for use of correct formula on appropriate non-overlapping triangles. |

| Note: Different triangles or vectors could be used. |

()

1

CB:L 0 J CA=

[ 4)
6
-8

-+ -

(2)

§

A1

A1

A1



o)y (e (12
Note: Other vectors which might be used are DA =| 16 |, BA=| 4 [,DC=| 12 |.
5 1 3
| Note: Previous ATA1A1A1 are all dependent on the first M1. |
|

valid attempt to find a value of E‘a X b‘ M1
| Note: M1 independent of triangle chosen. |

area = %xe@vL%xﬁx@

=429 A1

1 1
Note: Accept Ew}l 16 + E\) 1044 or equivalent.
[8 marks]
Total [20 marks]
Question 33
(2 )V 3 )
asb=| k | k+2
-1 k

=—6+k(k+2)-k A1
a*bh=0 (M1)
F+k-6=0
attempt at solving their quadratic equation (M1)
(k+3)(k-2)=0
k=-3,2 A1

te: Attempt at solving using ||| = |a x B| will be MTAOAOAQ if neither answer found M1(A1)A1A0

for one correct answer and M71(A1)A1A1 for two correct answers.

Question 34

N P
(@ @ AV= p
p-10
0 P 10(p—10)+10p
AB xAV =10 |x| p |= ~10p
-10) | p-10 ~10p
20p-100 10-2p
= —-10p |[=-10] p
-10p D
10 D 10p p
ACxAV=| 0 |x| p |=|100-20p | =10/10-2p
-10) {p-10 10p P

Total [4 marks]

A1

A1

AG

A1



(i) attempt to find a scalar product m1

10-2p D
-10| p |#10[10-2p |=100(3p" —20p)
VL P
10-2p P
OR-| p [|e/10-2p|=3p"-20p A1
P P
attempt to find magnitude of either AB x AV or X(" x AV M1
10-2p D
—10 D =10 10-2p ||= 10\/(10—2p)2+2p2 A1
r P
2
100(3})2—20p):100(41(10—21))2+2p2) cos @
2 —
cosf = % A1
(10-2p) +2p°
| Note: Award A1 for any intermediate step leading to the correct answer. |
3p—-20
_ P( r ) AG
6p> —40p +100
| Note: Do not allow FT marks from part (a)(i). |
[8 marks]
. 20
() @) p(3p-20)=0=>p=0orp=— M1A1
3
coordinates are (0,0,0) and (EQE A1
3 3°3
| Note: Do not allow column vectors for the final A mark. |
(i) two points are mirror images in the plane
or opposite sides of the plane
or equidistant from the plane
or the line connecting the two Vs is perpendicular to the plane R1
[4 marks]
. . ) _ ~ p(3p-20)
(c) (i) geometrical consideration or attempt to solve —1 —— (M1)
6p~—40p+100
p:?,t?:ar or @ =180° A1A1
. 1
(i) p%w:coséaa M1
b
hence the asymptote has equation & = 5 A1

[5 marks]



Question 35

1
a vector normal to 1, is|0 (A1)
0
1 P
te: Allow any scalar multiple of | 0 |, including | 0
0 0

attempt to find scalar product (or vector product) of direction vector of line
1

with any scalar multiple of | 0 m1
0
1 5 1 5 0
Ofs sm@ |=5 (or | 0 |x| sin@ |=| —cos@ |) A1
0)\cos@ 0 cos @ sin@

(if « is the angle between the line and the normal to the plane)
5 1

cosa = (or sina = ) A1
1x+/25+sin’ @+ cos’ @ 1x+/25+sin’ 6 +cos’ @
" > or si ! A1
COS ¥ =—— SN =——
26 J26
this is independent of p and &, hence the angle between the line and the
plane, (90—a), is also independent of p and 6 R1

[6 marks]





