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Question 1
y
A
M
5 = » X
2

The diagram shows the curve y = sin?2xcosx for 0 < x < %n‘ and its maximum point M.

(i) Find the x-coordinate ot M. [6]

(ii) Using the substitution u = sin.x, find by integration the arca of the shaded region bounded by the

curve and the x-axis. [4]
Question 2

(i) Express (v3)cosx +sinx in the form Rcos(x — ), where R> 0 and 0 < a < %n, giving the exact

values of R and a. [3]

(ii) Hence show that

37 i
dx = 1y3. d
J‘n ((vV3)cosx + sin,\-)2 s ¥ [4]

Question 3

(i) By differentiating , show that the derivative of secx is secxtanx. Hence show that if

COSX

y = In(sec x + tan x) then av = secx. [4]

(ii) Using the substitution x = (v3) tan 6, find the exact value of

[Fe=tt

expressing your answer as a single logarithm. [4]



Question 4

The diagram shows the curve with equation
2 +xy? +ay’-3ax =0,

where a is a posilive constant. The maximum point on the curve is M. Find the x-coordinate of M in

terms of a. [6]
Question 5
4
(a) Show that J 4xInxdx=561In2 - 12. [S]
2
e
(b) Use the substitution «# = sin4x to find the exact value of ,[~ cos” 4x dx. [S]
0
Question 6

For each of the following curves. find the gradient at the point where the curve crosses the y-axis:

i
i y= : [3]
T 14
(i) 2 +5xy+y’ = 8. [4]
Question 7
A curve has equation 3e*'y + e"‘yB = 14. Find the gradient of the curve at the point (0, 2). [5]
Question 8
Use the substitution # = 3x + 1 to find J‘ ‘+ 1 dx. [4]
3x

Question 9

4
l s
Find the exact value of J- % @ [5]
X
1



Question 10
The parametric equations of a curve are

t

x=e'cost, y=e'sint.
dy
Show that a\ = tan (7 - %n) [6]
Question 11
(i) Prove that cot 8 +tan 6 = 2 cosec 26. [3]
1z
(ii) Hence show that J cosec260d6 = %ln 3. 4]
1
6
Question 12
y
A
M
» X
O 1
Eﬂf
2sinx

The diagram shows the curve y = e cos.x for 0 < x < 5m, and its maximum point M.

1
2
(i) Using the substitution « = sin x, find the exact value of the area of the shaded region bounded by

the curve and the axes. [5]

(ii) Find the x-coordinate of M, giving your answer correct to 3 decimal places. [6]

Question 13

b

: 2 s ; ; !
The diagram shows the curve (,\1 + _\*2) =2(x* - )»2) and one of its maximum points M. Find the

coordinates of M. [7]



Question 14

A
0 TN
The diagram shows the curve y = xcos %x forO<x< .
. . d.\‘ e 4d2.\‘ % Ot | = S
(i) Find o and show that o +y+4sinzx=0. [5]
(ii) Find the exact value of the area of the region enclosed by this part of the curve and the x-axis.
(5]
Question 15
The parametric equations of a curve are
x="f—tanf, y=In(cost),
for —%n <t< %1‘[.
(i) Show that dy cott [5]
at — = col1i. -~
dx

(if) Hence find the x-coordinate of the point on the curve at which the gradient is equal to 2. Give
your answer correct to 3 significant figures. [2]



Question 16

0 \./ P X

T,

T

The diagram shows the curve y = 10e 2" sin4x for x > 0. The stationary points are labelled T, T,

T3. ... as shown.

(i) Find the x-coordinates of T, and 7,. giving each x-coordinate correct to 3 decimal places. [6]
(ii) Itis given that the x-coordinate of 7 is greater than 25. Find the least possible value of n.  [4]

Question 17

The parametric equations of a curve are

3t+2
x=1In(2t+3), y= ;
( k> 2t+3
Find the gradient of the curve at the point where it crosses the y-axis. [

Question 18

Use the substitution # = | + 3 tanx to find the exact value of

J \/I+%tanx) (5]

C0§ oG

Question 19

By first using the substitution u = e”, show that
In4 er

——  de=In(8). 10

J:) e +3e*+2 (5) L14]

Question 20

A curve is defined for 0 < 6 < %n by the parametric equations

x=tan6, y=2cos’Osin6.

d »
Show that a‘ = 6c0s 0 —4cos’ 6. [5]



Question 21
0.3 2

It is given that [ = I (1+32%) du.
0
(i) Use the trapezium rule with 3 intervals to find an approximation to /, giving the answer correct

to 3 decimal places. [3]

(ii) For small values of x. (1 + 3.1\*2)_2 ~ 1 +ax®+ bx'. Find the values of the constants a and b.

03

Hence, by evaluating J (1 +ax* + bx*) dx. find a second approximation to I, giving the answer
0

correct to 3 decimal places. [5]

Question 22

The parametric equations of a curve are

where 0 < 1 < 1.

d y
(i) Show that ﬁ = sint. [4]

(ii) Hence show that the equation of the tangent to the curve at the point with parameter f is
y=Xxsint—tant. [3]

Question 23

a
It is given that J In(2x)dx = 1, where a > 1.
1

In2
(i) Show that a = %exp(l + %) where exp(x) denotes e*. [6]

Question 24

Ilx+7
Let f(x) = T —.
(2x—=1)(x+2)°
(i) Express f(x) in partial fractions. [5]
(ii) Show that I f(x)dx =& +In(3). [5]
1

Question 25

2x
3 : e 3 ; . .
The curve with equation y = 3, has one stationary point. Find the exact values of the coordinates

+e
[6]

of this point.



Question 26

The parametric equations of a curve are
x=acos't, y=a sin*¢,
where a is a positive constant.

)

. d
(i) Express =%

in terms of 7. [3]

(i) Show that the equation of the tangent to the curve at the point with parameter 7 is

xsin’f + ycos’t = asin’f cos*t. [3]

(iii) Hence show that if the tangent meets the x-axis at P and the y-axis at Q, then
OP + 0Q = a,

where O is the origin. [2]

Question 27
1
Jx
Let/ = dx.
L 2—4/x

(i) Using the substitution # = 2 —y/x. show that [ = J.
1

o
22} u)?

du. (4]
u

(ii) Hence show that [ = 8In2 — 5. [4]
Question 28

A curve has equation y = cos x cos 2x. Find the x-coordinate of the stationary point on the curve in
the interval 0 < x < %ﬂ, giving your answer correct to 3 significant figures. [6]



Question 29

<

P X

The diagram shows part of the curve with parametric equations

x=2In(t+ 2), y=1 +284 3.

(i) Find the gradient of the curve at the origin.

Question 30

<

(0

22

The diagram shows the curve y = x“e“ ™ and its maximum point M.

(i) Show that the x-coordinate of M is 2.

~

(ii) Find the exact value of J x%e?* dx.
0

Question 31
(a) Find J(4+ tan® 2x) dx.

1
. " sin(x + L)
(b) Find the exact value of _—

1

sinx

- X



Question 32
The equation of a curve is
v=3cos2x+ 7sinx + 2.
Find the x-coordinates of the stationary points in the interval 0 < x < 7. Give each answer correct to
[71]

3 significant figures.
[8]

9=

T
9sin2x

Question 33
V(4 —3cosx) -

Use the substitution # = 4 — 3 cos x to find the exact value of J
0

Question 34

A curve has equation
2 —tanx

VE= 3

’ 1 +tanx
Find the equation of the tangent to the curve at the point for which x = %7[ giving the answer in the
(6]

form y = mx + ¢ where ¢ is correct to 3 significant figures.

Question 35

S

(0] 1
2
for x > 0, and its maximum point M. The shaded region R

The diagram shows the curve y =
S 145

is enclosed by the curve, the x-axis and the linesx = | and x = p.
(4]

(i) Find the exact value of the x-coordinate of M.
(ii) Calculate the value of p for which the area of R is equal to 1. Give your answer correct to
(6]

3 significant figures.



Question 36

The equation of a curve is y = e Ztanx, for 0< x < %n.

2 : - dy ; ; . o
(i) Obtain an expression for a and show that it can be written in the form e 2"(a - btanx)2. where
a and b are constants. [5]
(ii) Explain why the gradient of the curve is never negative. [1]
(iii) Find the value of x for which the gradient is least. [1]

Question 37

A curve has equation

sinylnx =x-2siny,

for —%n’ <y< 57

B

L
(i) Find d_: in terms of x and y. [5]

(ii) Hence find the exact x-coordinate of the point on the curve at which the tangent is parallel to the
X-axis. [3]

Question 38

1
0 (3+x)

(i) Using the substitution x = (¥3) tan 6, show that I = v3 J
0

1

6" 5
cos” 6d6. [3]

(ii) Hence find the exact value of /. [4]

Question 39

1 XS
Let/= | — dx.
o (1 +x2)

: (u—1)>

S du 3]

(i) Using the substitution « = 1 + x%, show that / = J
1

(i) Hence find the exact value of /. [5]



Question 40

The parametric equations of a curve are

X =1+cost, y = In(1 +sinft),
| 1
where —3 <t <5
(i) Show that dy sect [S]
\’ dx - -
(ii) Hence find the x-coordinates of the points on the curve at which the gradient is equal to 3. Give
your answers correct to 3 significant figures. [3]
Question 41
(In ‘,)2
The curve with equation y = ——— has two stationary points. Find the exact values of the coordinates
X
of these points. (6]
Question 42
1
fn'
Find the exact value of J x% sin 2x dx. [5]
0
Question 43

The equation of a curve is s 3.\‘2)’ + y*” =38

’ dy x*-—2xy
(l) Show that a = ﬁ [4]
(ii) Find the coordinates of the points on the curve where the tangent is parallel to the x-axis. [5]

Question 44

The curve with equation y = sin.xcos 2x has one stationary point in the interval 0 < x < %n. Find the

x-coordinate of this point, giving your answer correct to 3 significant figures. (6]
Question 45
1
Find the exact value of J xe 2 dx. [5]
0
Question 46
-
0 o
Let/ = L dx.
] 2(x +4/x)

2
u—1

(i) Using the substitution u = /x, show that I = J du. [3]

+
1ul

(ii) Hence show that/ = 1+ In g. [6]



Question 47

: . sinx . : -
The equationof acurve is y = % , for —m <x < m. Show that the gradient of the curve is positive
cosx

for all x in the given interval. [4]
Question 48

)?

A

M
P X
(@] 2\

The diagram shows part of the curve y = (2x — x?)eZ" and its maximum point M.
(i) Find the exact x-coordinate of M. [4]

(ii) Find the exact value of the area of the shaded region bounded by the curve and the positive x-axis.

[5]
Question 49
(i) Prove the identity tan 26 — tan 6 = tan 0 sec 26. [4]
e
(ii) Hence show that J tan O sec 20 d6 = %ln % [4]
0

Question 50

The equation of a curve is xy(x — 6y) = 9>, where a is a non-zero constant. Show that there is only
one point on the curve at which the tangent is parallel to the x-axis, and find the coordinates of this
point. [7]

Question 51
b4

\ ’

The diagram shows the curve y = (lnx)z. The x-coordinate of the point P is equal to e, and the normal
to the curve at P meets the x-axis at Q.

1Q

a

o

(i) Find the x-coordinate of Q. [4]



(ii) Show that J Inxdx = xInx — x + ¢, where ¢ is a constant. [1]

(iii) Using integration by parts. or otherwise. find the exact value of the area of the shaded region
between the curve, the x-axis and the normal PQ. [5]

Question 52

The curve with equation y =e ™ tanx, where a is a positive constant, has only one point in the interval

O<x< %n at which the tangent is parallel to the x-axis. Find the value of @ and state the exact value

of the x-coordinate of this point. (7]

Question 53

<

1
X
: e2 i L .
The diagram shows a sketch of the curve y = — for x > 0, and its minimum point M.
X

(i) Find the x-coordinate of M. [4]

Question 54

A curve has equation y = % In(1 +3 coszx) forOsxs %n.

dv
(i) Express d—: in terms of tanx. [4]

(ii) Hence find the x-coordinate of the point on the curve where the gradient is —1. Give your answer
correct to 3 significant figures. [2]

Question 55

Using the substitution u# = e*, solve the equation 4e™ = 3¢* + 4. Give your answer correct to 3 significant
figures. [4]

Question 56

I
2

Find the exact value of J Osin %9 do. [4]
0



Question 57

1 dy
(i) Prove thatif y= —— then o sec O tan 6. [2]
: cos 6 de
- : . 1+sin@ s
(ii) Prove the identity ————— = 2sec” 0+ 2secOtan 0 — 1. [3]
1 -sinB
I\
T
(iii) Hence find the exact value of ﬂ deé. [4]
| —sin6

Question 58
The parametric equations of a curve are

x=>+1, y=4t+In(2r=1).
; dy# .
(1) Express —— in terms of 7. [3]
dx
(ii) Find the equation of the normal to the curve at the point where 7 = 1. Give your answer in the

form ax + by + ¢ = 0. [3]

Question 59

0O > X

e
e

The diagram shows the curve y = sinx cos?2x for 0 < x < ;11-7t and its maximum point M.

(i) Using the substitution # = cosx, find by integration the exact area of the shaded region bounded
by the curve and the x-axis. [6]

(ii) Find the x-coordinate of M. Give your answer correct to 2 decimal places. [6]



Question 60

The parametric equations of a curve are
x=Incosh, y=36-tan6,

where 0 € 6 < %n.

dy
(i) Express d_l in terms of tan 6. [5]

(ii) Find the exact y-coordinate of the point on the curve at which the gradient of the normal is equal
to 1. (3]

Question 61
Itis given that x = In(1 —y)—Iny, where 0 <y < 1.

—X

(i) Show that y = — —. (2]
l+e

1 2
(ii) Hence show that J ydx = ln( i ) [4]
0 e+ 1

Question 62

-

(0 2

-1
The diagram shows the curve y = (1 + Al)c > for x > 0. The shaded region R is enclosed by the curve,
the x-axis and the lines x = 0 and x = 2.

(i) Find the exact values of the x-coordinates of the stationary points of the curve. [4]

42
(ii) Show that the exact value of the area of Ris 18 — =" [5]



Question 63

The equation of a curve is 24 + xy3 + _\'4 = 10.

dy 8x> +y°
(i) Show that =m0 [4]
a3

x 3,\'_\«'2 + 4)«'3 ’

(ii) Hence show that there are two points on the curve at which the tangent is parallel to the x-axis
and find the coordinates of these points. [4]

Question 64

3

The equation of a curve is x”y — 3x_\*3 = 2a*. where a is a non-zero constant.

% dy 3x%y- 3_\3
(l) Show that I — m. [4]

(ii) Hence show that there are only two points on the curve at which the tangent is parallel to the
x-axis and find the coordinates of these points. 4]

Question 65

2 —sinx

The curve with equation y = E TR has one stationary point in the interval —%J’L‘ EXL %x.

(i) Find the exact coordinates of this point. [5]
(ii) Determine whether this point is a maximum or a minimum point. 2]
Question 66

¥
A
R
B 5 » X

_1
The diagram shows the curve y = (1 g Je 2" for x 2 0. The shaded re gion R is enclosed by the curve,
the x-axis and the lines x = 0 and x = 2.

(i) Find the exact values of the x-coordinates of the stationary points of the curve. [4]

42
(ii) Show that the exact value of the area of Ris 18 — —. [5]
e



Question 67

The equation of a curve is ot xy3 + _v4 =/10;

dy 8x3 +y3
@) Show that—=Y = _°* TV [4]
dx 3xy? +4y3

(ii) Hence show that there are two points on the curve at which the tangent is parallel to the x-axis
and find the coordinates of these points. [4]

Question 68

The equation of a curve is P ),?3 - 3,\'_)72 = 2a’, where a is a non-zero constant.
< dy 22—y
(i) Show that — = —5— [4]
dx Ve + 2_1'))

(ii) Find the coordinates of the two points on the curve at which the tangent is parallel to the y-axis.

(5]

Question 69

(i) Express cos 0 + 2sin 6 in the form R cos(6 — a), where R > 0 and 0 < a < %n. Give the exact

values of R and tan a. [3]

1
17[
15
(ii) Hence, showing all necessary working, show that - 5 de = 5. [5]
cos 0 + 2 sin
! ( 0 + 2sin0)

Question 70

l -
The curve with equation y = '3r-l:l has a stationary point at x = p.
3+x
(i) Show that p satisfies the equation Inx = 1 + ;— [3]
(ii) By sketching suitable graphs, show that the equation in part (i) has only one root. [2]

X ; .
. Use an iterative
Inx

formula based on this rearrangement to determine the value of p correct to 2 decimal places.
Give the result of each iteration to 4 decimal places. 3]

(iii) It is given that the equation in part (i) can be written in the form x =

Question 71

1z
6

Showing all necessary working. find the value of J xcos 3x dx, giving your answer in terms of 7.
0

(5]



Question 72

y

[/ Q

1
. —zX . . -
The diagram shows the curve y = (x+ 1)e 3 and its maximum point M.

(i) Find the x-coordinate of M. [4]

(ii) Find the area of the shaded region enclosed by the curve and the axes, giving your answer in
terms of e. [5]

Question 73
The equation of a curve is x*(x + 3y) — y® = 3.
dy )
(i) Show that d—\ = (4]

X .\f =X

(ii) Hence find the exact coordinates of the two points on the curve at which the gradient of the
normal is 1. [4]

Question 74

. 2sinx —sin2x sinx
(i) Show that =

(4]

Ll —2052x\, 1+4cosx

1

2" 7 qi —sin2x
(ii) Hence, showing all necessary working. find i, ¥ aiiind” dx, giving your answer in the
. = 1 —cos2x i ’
ix
form Ink. [4]
Question 75
3
4 X
Istl= J‘ \/ ( )dx.
1 I —x
4
In
(i) Using the substitution x = cos? 0, show that / = J 2cos>0d6. [4]

g’f

(ii) Hence find the exact value of I. [4]



Question 76

3x
A curve has equation y = T Find the x-coordinates of the stationary points of the curve in the
lanzx
interval O < x < w. Give your answers correct to 3 decimal places. 6]

Question 77

The parametric equations of a curve are
x=2f+sin2f, y=1-2cos?2t,
1 1
for —57 <1< 57.
. dy
(i) Show that — = 2tant. 5]
dx
(ii) Hence find the x-coordinate of the point on the curve at which the gradient of the normal is 2.

Give your answer correct to 3 significant figures. [2]

Question 78

(i) Using the expansions of cos(3x + x) and cos(3x — x), show that

%(cos 4x + cos 2x) = cos 3x cosx. [3]

1y
(ii) Hence show that J. : cos 3xcosxdx =

-&%

V3. (3]

00|



