8823-7111M o Diploma Programme
Programme du dipléme
' Programa del Diploma

Markscheme

November 2023

Mathematics: analysis and approaches

Higher level

Paper 1

28 pages




-2- 8823 -7111M

© International Baccalaureate Organization 2023

All rights reserved. No part of this product may be reproduced in any form or by any
electronic or mechanical means, including information storage and retrieval systems,
without the prior written permission from the IB. Additionally, the license tied with this
product prohibits use of any selected files or extracts from this product. Use by third
parties, including but not limited to publishers, private teachers, tutoring or study services,
preparatory schools, vendors operating curriculum mapping services or teacher resource
digital platforms and app developers, whether fee-covered or not, is prohibited and is a
criminal offense.

More information on how to request written permission in the form of a license can be
obtained from https://ibo.org/become-an-ib-school/ib-publishing/licensing/applying-for-a-
license/.

© Organisation du Baccalauréat International 2023

Tous droits réservés. Aucune partie de ce produit ne peut étre reproduite sous quelque
forme ni par quelque moyen que ce soit, électronique ou mécanique, y compris des
systemes de stockage et de récupération d’informations, sans l'autorisation écrite
préalable de I'IB. De plus, la licence associée a ce produit interdit toute utilisation de tout
fichier ou extrait sélectionné dans ce produit. L’utilisation par des tiers, y compris, sans
toutefois s’y limiter, des éditeurs, des professeurs particuliers, des services de tutorat ou
d’aide aux études, des établissements de préparation a I'enseignement supérieur, des
fournisseurs de services de planification des programmes d’études, des gestionnaires de
plateformes pédagogiques en ligne, et des développeurs d’applications, moyennant
paiement ou non, est interdite et constitue une infraction pénale.

Pour plus d’informations sur la procédure a suivre pour obtenir une autorisation écrite
sous la forme d’une licence, rendez-vous a I'adresse https://ibo.org/become-an-ib-school/
ib-publishing/licensing/applying-for-a-license/.

© Organizacion del Bachillerato Internacional, 2023

Todos los derechos reservados. No se podra reproducir ninguna parte de este producto
de ninguna forma ni por ningiin medio electrénico o mecanico, incluidos los sistemas de
almacenamiento y recuperacion de informacién, sin la previa autorizacion por escrito del
IB. Ademas, la licencia vinculada a este producto prohibe el uso de todo archivo o
fragmento seleccionado de este producto. El uso por parte de terceros —lo que incluye,
a titulo enunciativo, editoriales, profesores particulares, servicios de apoyo académico o
ayuda para el estudio, colegios preparatorios, desarrolladores de aplicaciones y
entidades que presten servicios de planificacién curricular u ofrezcan recursos para
docentes mediante plataformas digitales—, ya sea incluido en tasas o no, esta prohibido
y constituye un delito.

En este enlace encontrara mas informacion sobre cémo solicitar una autorizacién por
escrito en forma de licencia: https://ibo.org/become-an-ib-school/ib-publishing/licensing/
applying-for-a-license/.



-3- 8823 -7111M

Instructions to Examiners

Abbreviations

M  Marks awarded for attempting to use a correct Method.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

R Marks awarded for clear Reasoning.

AG Answer given in the question and so no marks are awarded.

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their
correct methods/answers using incorrect results.

Using the markscheme

1 General

Award marks using the annotations as noted in the markscheme eg M1, A2.

2 Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

It is generally not possible to award MO followed by A7, as A mark(s) depend on the preceding M
mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an attempt
to use an appropriate method (e.g. substitution into a formula) and A7 for using the correct values.
Where there are two or more A marks on the same line, they may be awarded independently; so if
the first value is incorrect, but the next two are correct, award AOA71A1T.

Where the markscheme specifies A3, M2 efc., do not split the marks, unless there is a note.

The response to a “show that” question does not need to restate the AG line, unless a Note makes
this explicit in the markscheme.

Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question. This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part. For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this situation,
award FT marks as appropriate but do not award the final A7 in the first part.
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Examples:
Correct Further Any FT issues? Acti
i ction
answer seen | working seen
5.65685... No. Award A1 for the final mark
82 (incorrect Last part in question. |  (condone the incorrect further
decimal value) working)
35 0.468111... Yes. Award A0 for the final mark
— (incorrect Value is used in (and full FT is available in
72 decimal value) subsequent parts. subsequent parts)

Implied marks

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or
implied by subsequent working/answer.

Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect
value from part (c)(i) used in part (c)(ii)). Usually, to award FT marks, there must be working
present and not just a final answer based on an incorrect answer to a previous part. However, if all

the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be
awarded for their correct answer, even when working is not present.

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct
answer, without working being seen. For longer questions where all but the answer marks are
implied this rule applies but may be overwritten by a Note in the Markscheme.

Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

If the error leads to an inappropriate value (e.g. probability greater than 1, sind =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

If the candidate’s answer to the initial question clearly contradicts information given in the question,
it is not appropriate to award any FT marks in the subsequent parts. This includes when candidates
fail to complete a “show that” question correctly, and then in subsequent parts use their incorrect
answer rather than the given value.

Exceptions to these FT rules will be explicitly noted on the markscheme.

If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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Mis-read

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR). A
candidate should be penalized only once for a particular misread. Use the MR stamp to indicate
that this has been a misread and do not award the first mark, even if this is an M mark, but award all
others as appropriate.

o If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

e If the MR leads to an inappropriate value (e.g. probability greater than 1, sin@# =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

e Miscopying of candidates’ own work does not constitute a misread, it is an error.

¢ If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy than
given in the question, this is NOT a misread and full marks may be scored in the subsequent part.

e MR can only be applied when work is seen. For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question
specifies a method, other correct methods should be marked in line with the markscheme. If the
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted
unless covered by a note in the mark scheme.

e Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, efc.
¢ Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation for example 1.9 and
1,9 or 1000 and 1,000 and 1.000.

¢ Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

¢ Inthe markscheme, equivalent numerical and algebraic forms will generally be written in brackets
immediately following the answer.

¢ In the markscheme, some equivalent answers will generally appear in brackets. Not all equivalent
notations/answers/methods will be presented in the markscheme and examiners are asked to apply
appropriate discretion to judge if the candidate work is equivalent.
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Format and accuracy of answers

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to
final answers: unless otherwise stated in the question all numerical answers must be given exactly
or correct to three significant figures.

Where values are used in subsequent parts, the markscheme will generally use the exact value,
however candidates may also use the correct answer to 3 sf in subsequent parts. The markscheme
will often explicitly include the subsequent values that come “from the use of 3 sf values”.

Simplification of final answers: Candidates are advised to give final answers using good
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and

/2
any values that lead to integers should be simplified; for example, 75 should be written as % An

exception to this is simplifying fractions, where lowest form is not required (although the numerator

and the denominator must be integers); for example, %may be left in this form or written as % .

However, ? should be written as 2, as it simplifies to an integer.

Algebraic expressions should be simplified by completing any operations such as addition and
multiplication, e.g. 4e>* xe™* should be simplified to 4e’*, and 4e¢™ xe’* —e* xe* should be
simplified to 3e¢’*. Unless specified in the question, expressions do not need to be factorized, nor do
factorized expressions need to be expanded, so x(x+1) and x” + x are both acceptable.

Please note: intermediate A marks do NOT need to be simplified.
Calculators

No calculator is allowed. The use of any calculator on this paper is malpractice and will result in no
grade awarded. If you see work that suggests a candidate has used any calculator, please follow
the procedures for malpractice.

Presentation of candidate work

Crossed out work: If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit note
from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates otherwise.
If the layout of the responses makes it difficult to judge, examiners should apply appropriate
discretion to judge which is “first”.
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Section A
(a) attempt to form (go f)(x) (M1)
((gc>f)(x))=(x—3)2+k2 (=x2—6x+9+k2) A1
[2 marks]
(b)  substituting x=2 into their (g f)(x) and setting their expression =10 (M1)
(2-3)" +k*=10 OR 2°-6(2)+9+k>=10
k*=9 (A1)
k=43 A1
[3 marks]
Total [56 marks]
(a) (P(AUB) :)0.65+O.75—0.6 OR 0.05+0.6+0.15 (A1)
=0.8 A1
[2 marks]
(b) recognition that 4'"B'=(4UB) OR A'"B'=1-AUB
(region/value may be seen in a correctly shaded/labeled Venn diagram) (M1)
(= 1- 0.8)
=0.2 A1
Note: For the final mark, 0.2 must be stated as the candidate’s answer, or
labeled as P(A’mB') in their Venn diagram. Just seeing an unlabeled 0.2
in the correct region of their diagram earns M1A0.
[2 marks]

Total [4 marks]



(a)

METHOD 1
attempt to form at least one equation, using either S, or §;
65=25p-5¢ (13=5p—q) and 40=16p—-4q (10=4p—q)

valid attempt to solve simultaneous linear equations in p and g by substituting
or eliminating one of the variables.

p=3,q=2

Note:

If candidate does not explicitly state their values of p and ¢, but gives
S =3n’—2n, award final two marks as A1AO0.

METHOD 2

attempt to form at least one equation, using either S, or S
65::%(2uf+4d) (26=2u,+4d) and 40=2(2u,+3d) (20=2u,+3d)

valid attempt to solve simultaneous linear equations in u, and d by substituting
or eliminating one of the variables.

u=1,d=6
Sn=§(2+aﬁ—n):yﬁ—zn

p=3andg=2

Note:

If candidate does not explicitly state their values of p and ¢, do not award

the final mark.

(b)

us; =S5 — S, OR substituting their values of u, and d into u; =u, +4d

5
OR substituting their value of , into 65 = E(ul +11; )

(us=)65-40 OR (u;=)1+4x6 OR 65=§(L+%)

=25

8823 -7111M

(m1)

(A1)

(mM1)
A1A1

(M1)
(A1)

(m1)

A1

A1

[5 marks]

(m1)

A1
[2 marks]

Total [7 marks]
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METHOD 1

EITHER

attempt to use Pythagoras’ theorem in a right-angled triangle. (M1)

(\/52 P =)@ (A1)

OR

attempt to use the Pythagorean identity cos® & +sin’ a =1 (M1)

1 2

sin’ BAC =1 _(Ej (A1)

THEN

sinBAC = g (may be seen in area formula) A1

1 . SR
attempt to use ‘Area:Eab sinC' (must include their calculated value of sin BAC) (M1)
:lx10><\/gx\/ﬁ (A1)
2 5

=12 (cm?) A1

[6 marks]

continued...
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Question 4 continued

METHOD 2
attempt to find perpendicular height of triangle BAC (M1)
EITHER

height = /6 xsin BAC

attempt to use the Pythagorean identity cos” & +sin’ =1 (M1)
1 2
height = /6 x [1— (Ej (A1)
5 5
OR
adjacent = g (A1)
attempt to use Pythagoras’ theorem in a right-angled triangle. (M1)
. 6 12 .
height = /6—2—5(: ?j (may be seen in area formula) (A1)
THEN
1 7

attempt to use ‘Area= EbaseXhelght' (must include their calculated value for height) (M1)
= l>< 10><E

5
=12 (cm?) A1

[6 marks]
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attempt to apply binomial expansion

(1+kx)" =14 "Chx+"C,k’x* +... OR "Ck=12 OR "C, =28

nk=12

n*-n-56=0 OR n(n-1)=56

valid attempt to solve

(n—8)(n+7)=0 OR 8(8-1)=56 OR finding correct value in Pascal’s triangle

Note: If candidate finds » =8 with no working shown, award M1A0AOM1A1AO.
If candidate finds » =8 and &k = %with no working shown, award

M1A0AOM1A1A1.

8823 -7111M

(M1)

(A1)

(A1)

(M1)

A1

A1

[6 marks]
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base case n=1: 52 -2°=25-8=17 so true for n=1

assume true for n=k ie 5* —2°* =17s for se€Z OR 5* —2%*is divisible by 17

8823 -7111M

A1
m1

Note: The assumption of truth must be clear. Do not award the M1 for statements
such

as “let n=k” or “n=kis true”. Subsequent marks can still be awarded.

EITHER
consider n=k+1 :
52(k+1) _ 23(k+1)

52 )52k (23 )23k

(

(25)52k ( )23k
(17)

(

17)5% +(8)5* —(8)2* OR (25)5% —(25)2% +(17)2*

17)5° +8(5% —2%)  OR 25(5% -2 )+(17)2*
=(17)5" +8(17s) OR 25(17s)+(17)2*

=17(5% +8s) OR 17(25s+2* ) which is divisible by 17

OR

(52" —23")><52 =522 _ 955 2% —175x25

=5%2 _@x 2 _17x2* =175x25

=522 3B _17x 2% =17s%x25

= 520 _ 3 17503 —175%25

= 52 3 _176% 25417 x 2%

hence for n=/k+1: 57 -2 =17(255+ 27 ) is divisible by 17

THEN
since true for n =1, and true for n =k implies true for n =k +1,

therefore true for all ne Z*

m1

A1

A1

A1

M1

A1

A1

A1

R1

Note: Only award R1 if 4 of the previous 6 marks have been awarded

Note: 5% and 2**may be replaced by 25 and 8* throughout.

[7 marks]
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METHOD 1

attempt to substitute solution into given equation

(5+qi)2 +i(5+qi)=—p+25i

25—¢° +10gi—q+5i+ p—25i=0 OR 25-¢° +10gi—q +5i=— p +25i
25-¢*+ p—q+(10g-20)i=0

attempt to equate real or imaginary parts:

10g—20=0 OR 25—¢* +p—g=0

q=2, p=-19

METHOD 2

2 +iz+p-25i=0

sum of roots=—i, product of roots = p —25i

one root is (5+¢i)so other root is (—5—gi—i)

product(S +qi)(—5—qi—i) =-25-5qi—5i-5qi+q° +q=p-25i
equating real and imaginary parts for product of roots

Im: =25=-10g-5 Re: p=-25+¢"+¢

g=2, p=-19

8823 -7111M

(m1)

A1

(m1)

A1A1

M1

A1

(M1)

A1A1
[5 marks]



(a)

14—

METHOD 1

attempt to integrate by parts

u= (lnx)2 , dv=xdx

J.x(lnx)2 dx =

2 2
@—jxlnxdx

attempt to integrate xInx by parts, with # =Inx
2
[xinx dv=|= h”—jﬁ dx
2 2

felnsf ac -2 02) _[xzinx_ [z dx}

2 2

P(lnx) Xlhx x
e

METHOD 2 ( knowing jlnx dx = xlnx—x)

attempt to integrate by parts

u=xlnx , dv=Inxdx

lenx(lnx) dx =x1nx(xlnx—x)—j(lnx+1 )(xlnx—x)dx

= xlnx(xlnx—x)—jx(lnxfdx+J.xdx

2
2I:xlnx(xlnx—x)+x7+c

= =
2 2

¥ (Inx)” ¥Inx x_z( )

8823 -7111M

(m1)
(m1)

A1
(m1)

A1

A1

[6 marks]

(mM1)
(M1)
A1

A1

M1

A1

[6 marks]

continued...
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Question 8 continued

(b)

METHOD 3 ( knowing j xInx dx)

*(In 2
lenx dx = M_x_

2 4
attempt to integrate by parts
u=Inx , dv=xInxdx

[(xInx)inx de = 1nx[@_’i}jl(xz(m) _x_zjdx

4

:lnx[@—%}—j[@—%}@c

(xz(lnx) xZ] X*Inx x* x*
=lnx| ———— |- ——+—+

2 4] 4 8 8

attempt to substitute limits into their integrated expression

2 2 2 ul
[x (Inx) x lan_} :(8(1n4)2—81n4+4)—(1J
4| 4

2 2

attempt to replace any In4 term with 2In2
:8(2ln2)2—8(21n2)+4—%

=32(ln2)2—16ln2+%

8823 -7111M

(m1)
(M1)

A1

A1

A1

A1

[6 marks]

(m1)

(M1)

A1

AG

[3 marks]
Total [9 marks]



(a)

hence f(x) iseven
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M1

A1

AG
[2 marks]

continued...
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Question 9 continued

(b) METHOD 1

, . 0
Noting that £1£r01(f(x)) =0 (M1)
attempt to differentiate numerator and denominator: M1
lim(f(x)):lim 2k sin kx cos kx :lim(ksmﬂcxj A1
x>0 x—0 2x x—0 2x
(evaluates to %) and attempts to differentiate a second time: M1
2k*(cos® kx —sin® kx 2
= ]jm( ( ) = lim(MJ = k2 A1
x>0 2 =0 2
(k*=16=)k=4 A1

Note: Award relevant marks, even if 11rr3 is not explicitly seen.

METHOD 2

attempt to express sin(kx) as a Maclaurin series M1

sin(kx) = kx(+)

sin? (r) = K2 (+... A1
< 2 2.2
lim[sm gkx)j:hm(k X (:)] M1
x—0 X x—0 X
= lim(k2 +termsin x) R1
x—0

\ Note: This R1 is awarded independently of any other marks.

=k’ A1
(k2=16:>)k=4 A1

Note: Award relevant marks, even if ‘lim’ is not explicitly seen.

x—0

continued...
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Question 9 continued

METHOD 3
splitting function into (smkxj(smkx)and using limit of product = product of
X X
limits (M1)
) kx . .
lim(SIH—E)J:hm(snlkaxlim(Slnkxj A1
x—0 X x—0 X x—0 X
EITHER
using L’ Hopitals rule (M1)
1im(sml“j:hm(kcomj=k (A1)
x—0 X x—0 1
OR
using Maclaurin expansion for sin kx (M1)
sin (kx) = kx(+...)
1im[sml‘"xj=1im(b”“']=1im(k+terms in x)=k (A1)
x—0 X x—0 X x—0
THEN
. 2 ]m
hence hno{sm—(z)} =kxk=k* A1
X—> x
kK> =16=k=4(k>0) A1

Note: Award relevant marks, even if ‘lirr(}’ is not explicitly seen.

[6 marks]
Total [8 marks]



(b)

(i)

(ii)

(iif)

—19-—

Section B

setting In(2x—-9)=2Inx—-Ind
attempt to use power rule

2Inx =Inx’ ( seen anywhere )

attempt to use product/quotient rule for logs

2 2

ln(2x—9)=ln% OR In—

=Ind OR In(2x—9)d =Inx’
x_

2
X

=d OR (2x-9)d =x"

2
X _2x-9 OR
d X —

x2=2dx+9d =0

discriminant = (-2d)* —4x1x9d
recognizing discriminant > 0

(-2d)’ —=4x1x9d >0 OR (2d)’ —=4x9d >0 OR 4d>-36d >0

d>-9d >0

setting d(d —9) >00R d(d —-9) =0 OR sketch graph
OR sign test OR d° >9d

d<0ord>9 ,butdeR’

d>9 (or ]9,20[)

8823 -7111M

A1
[1 mark]

M1

(M1)

(m1)

A1

AG

(A1)
(m1)

A1

AG

(M1)

A1

[9 marks]

continued...
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Question 10 continued

() x*=20x+90 (=0)

attempting to solve their 3 term quadratic equation

(x-10)*~10=0) or ((x:) 201J(—20)2_4x1x90J

2

x=10-+10(=p) or x=10++10(=¢)
subtracting their values of x

distance =2+/10

(a=2,b=10)

8823 -7111M

A1

(m1)

(A1)
(m1)

A1

Note: Accept lm OR \/%

[5 marks]
Total [15 marks]
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(a) attempt to use chain rule to find f”(x)

f'(x)=(-2sin2x)e** (= 0)
=sin2x=0
2x=0,m, 27, ...

T
x=0,—,m,...
2

Coordinates are (O,e),(g,lj,(n,e)
e

Note: Special case: For two correct coordinate pairs award (M1)A1(M1)A0A1.

For extra coordinate pairs award (M1)A1(M1)A1A0.

(b) attempt to differentiate f'(x) using product rule
f"(x)=(-2sin2x)(-2sin2x)e"*** —(4cos 2x) e
at x=0, f"(x)=—4e<0 so maximum AND

at x=m, ["(x)=—-4e<0 so maximum

at x:g, f"(x):i>0 SO minimum
e

Note: The values for the second derivative must be correct in order to award the R
marks.

8823 -7111M

(mM1)
A1

(m1)

A1

A1

[5 marks]
(M1)

A1

R1

R1

[4 marks]

continued...
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22 _
Question 11 continued
(c)
y
e -
1
e
: : 5 X
m T
2 A1A1A1
Note: Award A1 for general shape, A1 for correct maxima(0,¢),(m,¢)and minimum
point (g,—j and A1 for showing a higher rate of change of gradient at
e
maxima and a lower rate of change of gradient at the minimum point.
[3 marks]
continued...
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Question 11 continued

@ G cos2x:1—%+(2:!)+

4
cos2x =1-2x" +2%

(i) METHOD 1
2 3 4

X X
e =l+x+—+—+—+
2 6 24

attempt to substitute series for cos2x—1 into series for e*

8823 -7111M

(m1)

A1

(m1)

Note: Award (MO) for substituting the Maclaurin series for cos2xinto the Maclaurin
series for e*.

4
TP S
3

METHOD 2

cos2x—1 -2x
e =€ P =e el
254

attempt to find the Maclaurin series for e? ORe?

2x*

efz)‘2 =1-2x2+2x" +... el =1+§x4+...

2,
e el = (l —2x* +2x* +...)(1 +£x4 +j
3

4
TP S
3

A1

A1

(M1)

A1

A1

continued...
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Question 11 continued

4 4
(iii) (f(x) z)e{l—zﬁ +8%+..1 (=e—2ex2 + 8? +J A1
[6 marks]
1 1
10 cos2x 10 2
e e dx = ej 1-2x M1
@ | (124" m1)
1/10
2 3
= e{x—i} A1
3 0
1 2
=e(___j A1
10 3000
298¢
3000
_ 149¢ AG
1500
Note: If candidate follows through an incorrect expansion from part (d), award a
maximum of MTA1FTAO
[3 marks]

Total [21 marks]
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(a) attempt to expand using binomial theorem: (M1)

Note: Award (M1) for seeing at least one term with a product of a binomial
coefficient, power of isind and a power of cosé .

.. 5 . . . .
(cos@+isin@) =cos’ 6+ °C,icos’ @sin@+ C,i’ cos’ Osin® 6
+°C,i* cos *0sin’ @+ °C,i* cosOsin* @ +i’sin’ @ A1

= (0055 6 —10cos’ Osin’ @ + 5cosHsin’ 9)+i(5cos4 @sin @ —10cos *fsin’ @ + sin’ 6?) A1A1

Note: Award A7 for correct real part and A7 for correct imaginary part. \

[4 marks]

(b) (cos6’+isin6’)5 =cos 56 +isin 56 (A1)

equate imaginary parts: (M1)

sin 56 = Scos* @sin@ —10cos” Osin’ @ +sin” @ A1

substitute cos® @ =1-sin’ @ (M1)

sin50 = 5(1—sin’ ) sing~10sin’ 6(1—sin’ @) +sin® 0 A1

sin560 = 5(1—2sin2 6 +sin* 9)sin9—10sin3 H(I—Sin2 6’)+sin5 0 A1

=16sin’ @ —20sin’ 6 + 5sin & AG
Note: Some of this working may be seen in part (a). Allow for awarding marks in

part (b).
[6 marks]

continued...
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Question 12 continued

(c) (i) factorising 16sin’ @—20sin’ 8 + 5sin @ m1

(sin56 =)sin¢9(16sin4 6 —20sin” 0 + 5)
EITHER

sinS[%] =0 and sinS(%j =0 R1

Note: The R1 is independent of the M1.

OR

solving sin50 =0

0=% where keZ

R1
Note: The R1 is independent of the M1.
THEN
therefore either sin@ =0 OR 16sin*8d—20sin’@+5=0
. T . 3n . . :
smg #0 and s1n? # 0 (or only solution to sin@=0 is §=0) R1
therefore %,?ﬂ are solutions of 16sin* @ —20sin*@+5=0 AG

Note: The final R71 is dependent on both previous marks.

continued...
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Question 12 continued

(ii)

METHOD 1

attempt to use quadratic formula:

. 20++/80
sin“"f=————
32

5+4/5

8

5+./5

8

. . 3¢n \/5+\/§\/5—\/§
:SlngSln?:

sind =

8 8

5
4

METHOD 2

. . . 2n . 3n . 4n
roots of quartic are sin—,sin—, sin—,sin—
5 5 5 5

5
attempt to set product of roots equal to J_r—6

.. 2n . 3n . 4n 5
sin —sin—sin—sin— = —
5 5 5

5 16

- . . 4 .2 .3
recognition that s1n§ = sm—nand sm—7t = sm—n

. 2T . ,3m 5
sin” —sin” — = —
5 5 16

Vs

.M. 3m
sin—sin— =
5 5 4

8823 -7106M

(mM1)

A1

M1

A1

AG

A1

M1

A1

A1

AG

continued...
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Question 12 continued

METHOD 3
Consider 16sin* @ —20sin> 0+ 5=0 as a quadratic in sin’ @ M1
(6= %,% are roots), so sinzg and sin’ 3?71 are roots of the quadratic. A1
Consider product of roots: M1
:>sin2£sin23—n=i A1

5 5 16
sinﬁsin3—7T = ﬁ AG
5 5 4

[7 marks]

Total [17 marks]
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Instructions to Examiners

Abbreviations

M  Marks awarded for attempting to use a correct Method.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

R Marks awarded for clear Reasoning.

AG Answer given in the question and so no marks are awarded.

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their
correct methods/answers using incorrect results.

Using the markscheme

1 General

Award marks using the annotations as noted in the markscheme eg M1, A2.

2 Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

It is generally not possible to award MO followed by A7, as A mark(s) depend on the preceding M
mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an attempt
to use an appropriate method (e.g. substitution into a formula) and A7 for using the correct values.
Where there are two or more A marks on the same line, they may be awarded independently; so if
the first value is incorrect, but the next two are correct, award AOA71A1T.

Where the markscheme specifies A3, M2 efc., do not split the marks, unless there is a note.

The response to a “show that” question does not need to restate the AG line, unless a Note makes
this explicit in the markscheme.

Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question. This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part. For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this situation,
award FT marks as appropriate but do not award the final A7 in the first part.
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Examples:
Correct Further Any FT issues? Acti
i ction
answer seen | working seen
5.65685... No. Award A1 for the final mark
82 (incorrect Last part in question. |  (condone the incorrect further
decimal value) working)
35 0.468111... Yes. Award A0 for the final mark
— (incorrect Value is used in (and full FT is available in
72 decimal value) subsequent parts. subsequent parts)

Implied marks

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or
implied by subsequent working/answer.

Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect
value from part (c)(i) used in part (c)(ii)). Usually, to award FT marks, there must be working
present and not just a final answer based on an incorrect answer to a previous part. However, if all

the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be
awarded for their correct answer, even when working is not present.

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct
answer, without working being seen. For longer questions where all but the answer marks are
implied this rule applies but may be overwritten by a Note in the Markscheme.

Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

If the error leads to an inappropriate value (e.g. probability greater than 1, sind =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

If the candidate’s answer to the initial question clearly contradicts information given in the question,
it is not appropriate to award any FT marks in the subsequent parts. This includes when candidates
fail to complete a “show that” question correctly, and then in subsequent parts use their incorrect
answer rather than the given value.

Exceptions to these FT rules will be explicitly noted on the markscheme.

If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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Mis-read

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR). A
candidate should be penalized only once for a particular misread. Use the MR stamp to indicate
that this has been a misread and do not award the first mark, even if this is an M mark, but award all
others as appropriate.

o If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

e If the MR leads to an inappropriate value (e.g. probability greater than 1, sin& =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

e Miscopying of candidates’ own work does not constitute a misread, it is an error.

¢ If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy than
given in the question, this is NOT a misread and full marks may be scored in the subsequent part.

¢ MR can only be applied when work is seen. For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question
specifies a method, other correct methods should be marked in line with the markscheme. If the
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted
unless covered by a note in the mark scheme.

o Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, efc.
¢ Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation for example 1.9 and
1,9 or 1000 and 1,000 and 1.000.

¢ Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

¢ Inthe markscheme, equivalent numerical and algebraic forms will generally be written in brackets
immediately following the answer.

¢ Inthe markscheme, some equivalent answers will generally appear in brackets. Not all equivalent
notations/answers/methods will be presented in the markscheme and examiners are asked to apply
appropriate discretion to judge if the candidate work is equivalent.
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Format and accuracy of answers

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to
final answers: unless otherwise stated in the question all numerical answers must be given exactly
or correct to three significant figures.

Where values are used in subsequent parts, the markscheme will generally use the exact value,
however candidates may also use the correct answer to 3 sf in subsequent parts. The markscheme
will often explicitly include the subsequent values that come “from the use of 3 sf values”.

Simplification of final answers: Candidates are advised to give final answers using good
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and

/2
any values that lead to integers should be simplified; for example, 75 should be written as % An

exception to this is simplifying fractions, where lowest form is not required (although the numerator

and the denominator must be integers); for example, %may be left in this form or written as % .

However, ? should be written as 2, as it simplifies to an integer.

Algebraic expressions should be simplified by completing any operations such as addition and
multiplication, e.g. 4e>* xe™* should be simplified to 4e’*, and 4e¢™ xe’* —e* xe* should be
simplified to 3e¢’*. Unless specified in the question, expressions do not need to be factorized, nor do
factorized expressions need to be expanded, so x(x+1) and x” + x are both acceptable.

Please note: intermediate A marks do NOT need to be simplified.
Calculators

No calculator is allowed. The use of any calculator on this paper is malpractice and will result in no
grade awarded. If you see work that suggests a candidate has used any calculator, please follow
the procedures for malpractice.

Presentation of candidate work

Crossed out work: If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit note
from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates otherwise.
If the layout of the responses makes it difficult to judge, examiners should apply appropriate
discretion to judge which is “first”.
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Section A
(a) attempt to form (go f)(x) (M1)
((gc>f)(x))=(x—3)2+k2 (=x2—6x+9+k2) A1
[2 marks]
(b) substituting x=2 into their (g f)(x) and setting their expression =10 (M1)
(2-3)" +k*=10 OR 2°-6(2)+9+k>=10
k*=9 (A1)
k=43 A1
[3 marks]
Total [56 marks]
(a) (P(AUB) :)0.65+O.75—0.6 OR 0.05+0.6+0.15 (A1)
=0.8 A1
[2 marks]
(b) recognition that 4'"B'=(4UB) OR A'"B'=1-AUB
(region/value may be seen in a correctly shaded/labeled Venn diagram) (M1)
(= 1- 0.8)
=0.2 A1
Note: For the final mark, 0.2 must be stated as the candidate’s answer, or
labeled as P(A’mB') in their Venn diagram. Just seeing an unlabeled 0.2
in the correct region of their diagram earns M1A0.
[2 marks]

Total [4 marks]



(a)

METHOD 1
attempt to form at least one equation, using either S, or §;
65=25p-5¢ (13=5p—q) and 40=16p—-4q (10=4p—q)

valid attempt to solve simultaneous linear equations in p and g by substituting
or eliminating one of the variables.

p=3,q=2

Note:

If candidate does not explicitly state their values of p and ¢, but gives
S =3n’—2n, award final two marks as A1AO0.

METHOD 2

attempt to form at least one equation, using either S, or S
65::%(2uf+4d) (26=2u,+4d) and 40=2(2u,+3d) (20=2u,+3d)

valid attempt to solve simultaneous linear equations in u, and d by substituting
or eliminating one of the variables.

u=1,d=6
Sn=§(2+aﬁ—n):yﬁ—zn

p=3andg=2

Note:

If candidate does not explicitly state their values of p and ¢, do not award

the final mark.

(b)

us; =S5 — S, OR substituting their values of u, and d into u; =u, +4d

5
OR substituting their value of , into 65 = E(ul +11; )

(us=)65-40 OR (u;=)1+4x6 OR 65=§(L+%)

=25

8823 -7106M

(m1)

(A1)

(mM1)
A1A1

(mM1)
(A1)

(m1)

A1

A1

[5 marks]

(m1)

A1
[2 marks]

Total [7 marks]
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METHOD 1

EITHER

attempt to use Pythagoras’ theorem in a right-angled triangle. (M1)

(\/52 P =)@ (A1)

OR

attempt to use the Pythagorean identity cos® & +sin’ a =1 (M1)

1 2

sin’ BAC =1 _(Ej (A1)

THEN

sinBAC = g (may be seen in area formula) A1

1 . SR
attempt to use ‘Area:Eab sinC' (must include their calculated value of sin BAC) (M1)
:lx10><\/gx\/ﬁ (A1)
2 5

=12 (cm?) A1

[6 marks]

continued...
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Question 4 continued

METHOD 2
attempt to find perpendicular height of triangle BAC (M1)
EITHER

height = /6 xsin BAC

attempt to use the Pythagorean identity cos” & +sin’ =1 (M1)
1 2
height = /6 x [1— (Ej (A1)
5 5
OR
adjacent = g (A1)
attempt to use Pythagoras’ theorem in a right-angled triangle. (M1)
. 6 12 .
height = /6—2—5(: ?j (may be seen in area formula) (A1)
THEN
1 7

attempt to use ‘Area= EbaseXhelght' (must include their calculated value for height) (M1)
= l>< 10><E

5
=12 (cm?) A1

[6 marks]
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attempt to apply binomial expansion

(1+kx)" =14 "Chx+"C,k’x* +... OR "Ck=12 OR "C, =28

nk=12

n*-n-56=0 OR n(n-1)=56

valid attempt to solve

(n—8)(n+7)=0 OR 8(8-1)=56 OR finding correct value in Pascal’s triangle

Note: If candidate finds » =8 with no working shown, award M1A0AOM1A1AO.
If candidate finds » =8 and &k = %with no working shown, award

M1A0AOM1A1A1.

8823 -7106M

(M1)

(A1)

(A1)

(M1)

A1

A1

[6 marks]
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base case n=1: 52 -2°=25-8=17 so true for n=1

assume true for n=k ie 5* —2°* =17s for se€Z OR 5* —2%*is divisible by 17

8823 -7106M

A1
m1

Note: The assumption of truth must be clear. Do not award the M1 for statements
such

as “let n=k” or “n=kis true”. Subsequent marks can still be awarded.

EITHER
consider n=k+1 :
52(k+1) _ 23(k+1)

52 )52k (23 )23k

(

(25)52k ( )23k
(17)

(

17)5% +(8)5* —(8)2* OR (25)5% —(25)2% +(17)2*

17)5° +8(5% —2%)  OR 25(5% -2 )+(17)2*
=(17)5" +8(17s) OR 25(17s)+(17)2*

=17(5% +8s) OR 17(25s+2* ) which is divisible by 17

OR

(52" —23")><52 =522 _ 955 2% —175x25

=5%2 _@x 2 _17x2* =175x25

=522 3B _17x 2% =17s%x25

= 520 _ 3 17503 —175%25

= 52 3 _176% 25417 x 2%

hence for n=k+1: 5% - 2" =17(255+ 27 ) is divisible by 17

THEN
since true for n =1, and true for n =k implies true for n =k +1,

therefore true for all ne Z*

m1

A1

A1

A1

M1

A1

A1

A1

R1

Note: Only award R1 if 4 of the previous 6 marks have been awarded

Note: 5% and 2**may be replaced by 25 and 8* throughout.

[7 marks]
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METHOD 1

attempt to substitute solution into given equation

(5+qi)2 +i(5+qi)=—p+25i

25—¢° +10gi—q+5i+ p—25i=0 OR 25-¢° +10gi—q +5i=— p +25i
25-¢*+ p—q+(10g-20)i=0

attempt to equate real or imaginary parts:

10g—20=0 OR 25—¢* +p—g=0

q=2, p=-19

METHOD 2

2 +iz+p-25i=0

sum of roots=—i, product of roots = p —25i

one root is (5+¢i)so other root is (—5—gi—i)

product(S +qi)(—5—qi—i) =-25-5qi—5i-5qi+q° +q=p-25i
equating real and imaginary parts for product of roots

Im: =25=-10g-5 Re: p=-25+¢"+¢

g=2, p=-19

8823 -7106M

(m1)

A1

(m1)

A1A1

M1

A1

(M1)

A1A1
[5 marks]
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METHOD 1

attempt to integrate by parts

u= (lnx)2 , dv=xdx

x° (lnx)2

J.x(lnx)2 dx = —jxlnxdx

attempt to integrate xInx by parts, with # =Inx
2
[xinx dv=|= h”—jﬁ dx
2 2

felnsf ac -2 02) _[xzinx_ [z dx}

2 2

P(lnx) Xlhx x
e

METHOD 2 ( knowing jlnx dx = xlnx—x)

attempt to integrate by parts

u=xlnx , dv=Inxdx

lenx(lnx) dx =x1nx(xlnx—x)—j(lnx+1 )(xlnx—x)dx

= xlnx(xlnx—x)—jx(lnxfdx+J.xdx

2
2I:xlnx(xlnx—x)+x7+c

= =
2 2

¥ (Inx)” ¥Inx x_z( )

8823 -7106M

(m1)
(m1)

A1

(m1)

A1

A1

[6 marks]

(mM1)
(M1)
A1

A1

M1

A1

[6 marks]

continued...
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Question 8 continued

(b)

METHOD 3 ( knowing j xInx dx)

*(In 2
lenx dx = M_x_

2 4
attempt to integrate by parts
u=Inx , dv=xInxdx

[(xInx)inx de = 1nx[@_’i}jl(xz(m) _x_zjdx

4

:lnx[@—%}—j[@—%}@c

(xz(lnx) xZ] X*Inx x* x*
=lnx| ———— |- ——+—+

2 4] 4 8 8

attempt to substitute limits into their integrated expression

2 2 2 ul
[x (Inx) x lan_} :(8(1n4)2—81n4+4)—(1J
4| 4

2 2

attempt to replace any In4 term with 2In2
:8(2ln2)2—8(21n2)+4—%

=32(ln2)2—16ln2+%

8823 -7106M

(m1)
(M1)

A1

A1

A1

A1

[6 marks]

(m1)

(M1)

A1

AG

[3 marks]
Total [9 marks]



(a)

hence f(x) iseven
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M1

A1

AG
[2 marks]

continued...
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Question 9 continued

(b) METHOD 1

, . 0
Noting that £1£r01(f(x)) =0 (M1)
attempt to differentiate numerator and denominator: M1
lim(f(x)):lim 2k sin kx cos kx :lim(ksmﬂcxj A1
x>0 x—0 2x x—0 2x
(evaluates to %) and attempts to differentiate a second time: M1
2k*(cos® kx —sin® kx 2
= ]jm( ( ) = lim(MJ = k2 A1
x>0 2 =0 2
(k*=16=)k=4 A1

Note: Award relevant marks, even if 11rr3 is not explicitly seen.

METHOD 2

attempt to express sin(kx) as a Maclaurin series M1

sin(kx) = kx(+)

sin? (r) = K2 (+... A1
< 2 2.2
lim[sm gkx)j:hm(k X (:)] M1
x—0 X x—0 X
= lim(k2 +termsin x) R1
x—0

\ Note: This R1 is awarded independently of any other marks.

=k’ A1
(k2=16:>)k=4 A1

Note: Award relevant marks, even if ‘lim’ is not explicitly seen.

x—0

continued...
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Question 9 continued

METHOD 3
splitting function into (smkxj(smkx)and using limit of product = product of
X X
limits (M1)
) kx . .
lim(SIH—E)J:hm(snlkaxlim(Slnkxj A1
x—0 X x—0 X x—0 X
EITHER
using L’ Hopitals rule (M1)
1im(sml“j:hm(kcomj=k (A1)
x—0 X x—0 1
OR
using Maclaurin expansion for sin kx (M1)
sin (kx) = kx(+...)
1im[sml‘"xj=1im(b”“']=1im(k+terms in x)=k (A1)
x—0 X x—0 X x—0
THEN
. 2 ]m
hence hno{sm—(z)} =kxk=k* A1
X—> x
kK> =16=k=4(k>0) A1

Note: Award relevant marks, even if ‘lirr(}’ is not explicitly seen.

[6 marks]
Total [8 marks]



(b)

(i)

(ii)

(iif)

—19-—

Section B

setting In(2x—-9)=2Inx—-Ind
attempt to use power rule

2Inx =Inx’ ( seen anywhere )

attempt to use product/quotient rule for logs

2 2

ln(2x—9)=ln% OR In—

=Ind OR In(2x—9)d =Inx’
x_

2
X

=d OR (2x-9)d =x"

2
X _2x-9 OR
d X —

x2=2dx+9d =0

discriminant = (—-2d)* —4x1x9d
recognizing discriminant > 0

(-2d)’ —=4x1x9d >0 OR (2d)’ —=4x9d >0 OR 4d>-36d >0

d>-9d >0

setting d(d —9)>00R d(d—-9) =0 OR sketch graph
OR sign test OR d° >9d

d<0ord>9 ,butdeR’

d>9 (or ]9,20[)

8823 -7106M

A1
[1 mark]

M1

(M1)

(m1)

A1

AG

(A1)
(m1)

A1

AG

(M1)

A1

[9 marks]

continued...
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Question 10 continued

() x*=20x+90 (=0)

attempting to solve their 3 term quadratic equation

(x-10)*~10=0) or ((x:) 201J(—20)2_4x1x90J

2

x=10-+10(=p) or x=10++10(=¢)
subtracting their values of x

distance =2+/10

(a=2,b=10)

8823 -7106M

A1

(m1)

(A1)
(m1)

A1

Note: Accept lm OR \/%

[5 marks]
Total [15 marks]
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(a) attempt to use chain rule to find f”(x)

f'(x)=(-2sin2x)e** (= 0)
=sin2x=0
2x=0,m, 27, ...

T
x=0,—,m,...
2

Coordinates are (O,e),(g,lj,(n,e)
e

Note: Special case: For two correct coordinate pairs award (M1)A1(M1)A0A1.

For extra coordinate pairs award (M1)A1(M1)A1A0.

(b) attempt to differentiate f'(x) using product rule
f"(x)=(-2sin2x)(-2sin2x)e"*** —(4cos 2x) e
at x=0, f"(x)=—4e<0 so maximum AND

at x=m, ["(x)=—-4e<0 so maximum

at x:g, f"(x):i>0 SO minimum
e

Note: The values for the second derivative must be correct in order to award the R
marks.

8823 -7106M

(mM1)
A1

(m1)

A1

A1

[5 marks]
(M1)

A1

R1

R1

[4 marks]

continued...
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22 _
Question 11 continued
(c)
y
e -
1
e
: : 5 X
m T
2 A1A1A1
Note: Award A1 for general shape, A1 for correct maxima(0,¢),(m,¢)and minimum
point (g,—j and A1 for showing a higher rate of change of gradient at
e
maxima and a lower rate of change of gradient at the minimum point.
[3 marks]
continued...
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Question 11 continued

@ G cos2x:1—%+(2:!)+

4
cos2x =1-2x" +2%

(i) METHOD 1
2 3 4

X X
e =l+x+—+—+—+
2 6 24

attempt to substitute series for cos2x—1 into series for e*

8823 -7106M

(m1)

A1

(m1)

Note: Award (MO) for substituting the Maclaurin series for cos2xinto the Maclaurin
series for e*.

4
TP S
3

METHOD 2

cos2x—1 -2x
e =€ P =e el
254

attempt to find the Maclaurin series for e? ORe?

2x*

efz)‘2 =1-2x2+2x" +... el =1+§x4+...

2,
e el = (l —2x* +2x* +...)(1 +£x4 +j
3

4
TP S
3

A1

A1

(M1)

A1

A1

continued...
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Question 11 continued

4 4
(iii) (f(x) z)e{l—zﬁ +8%+..1 (=e—2ex2 + 86; +J A1
[6 marks]
1 1
10 cos2x 10 2
e e dx = ej 1-2x M1
@ | (124" m1)
1/10
2 3
= e{x—i} A1
3 0
1 2
=e(___j A1
10 3000
298¢
3000
_ 149¢ AG
1500
Note: If candidate follows through an incorrect expansion from part (d), award a
maximum of MTA1FTAO
[3 marks]

Total [21 marks]
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(a) attempt to expand using binomial theorem: (M1)

Note: Award (M1) for seeing at least one term with a product of a binomial
coefficient, power of isind and a power of cosé .

.. 5 . . . .
(cos@+isin@) =cos’ 6+ °C,icos’ @sin@+ C,i’ cos’ Osin® 6
+°C,i* cos *0sin’ @+ °C,i* cosOsin* @ +i’sin’ @ A1

= (0055 6 —10cos’ Osin’ @ + 5cosHsin’ 9)+i(5cos4 @sin @ —10cos *fsin’ @ + sin’ 6?) A1A1

Note: Award A7 for correct real part and A7 for correct imaginary part. \

[4 marks]

(b) (cos6’+isin6’)5 =cos 56 +isin 56 (A1)

equate imaginary parts: (M1)

sin 56 = Scos* @sin@ —10cos” Osin’ @ +sin” @ A1

substitute cos® @ =1-sin’ @ (M1)

sin50 = 5(1—sin’ ) sing~10sin’ 6(1—sin’ @) +sin® 0 A1

sin560 = 5(1—2sin2 6 +sin* 9)sin9—10sin3 H(I—Sin2 6’)+sin5 0 A1

=16sin’ @ —20sin’ 6 + 5sin & AG
Note: Some of this working may be seen in part (a). Allow for awarding marks in

part (b).
[6 marks]

continued...
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Question 12 continued

(c) (i) factorising 16sin’ @—20sin’ 8 + 5sin @ m1

(sin56 =)sin¢9(16sin4 6 —20sin” 0 + 5)
EITHER

sinS[%] =0 and sinS(%j =0 R1

Note: The R1 is independent of the M1.

OR

solving sin50 =0

0=% where keZ

R1
Note: The R1 is independent of the M1.
THEN
therefore either sin@ =0 OR 16sin*8d—20sin’@+5=0
. T . 3n . . :
smg #0 and s1n? # 0 (or only solution to sin@=0 is §=0) R1
therefore %,?ﬂ are solutions of 16sin* @ —20sin*@+5=0 AG

Note: The final R71 is dependent on both previous marks.

continued...
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Question 12 continued

(ii)

METHOD 1
attempt to use quadratic formula:
5, 20++/80
sin"f =————
32
_5+45
8
. 5445
sinf =
8
. T . 3m; \/5+\/§\/5—\/§
= sin—sin— =
5 5 8 8
_ [0
64

5
4

METHOD 2

. . . 2n . 3n . 4n
roots of quartic are sin—,sin—, sin—,sin—
5 5 5 5

5
attempt to set product of roots equal to J_r—6

.. 2n . 3n . 4n 5
sin —sin—sin—sin— = —
5 5 5 5 16

- . . 4 .2 .3
recognition that s1n§ = sm—nand sm—7t = sm—n

. 2T . ,3m 5
sin” —sin” — = —
5 5 16

Vs

.M. 3m
sin—sin— =
5 5 4

8823 -7106M

(mM1)

A1

M1

A1

AG

A1

M1

A1

A1

AG

continued...



- 28— 8823 -7106M
Question 12 continued

METHOD 3
Consider 16sin* @ —20sin> 0+ 5=0 as a quadratic in sin’ @ M1
(6= %,% are roots), so sinzg and sin’ 3?71 are roots of the quadratic. A1
Consider product of roots: M1
:>sin2£sin23—n=i A1

5 16
sinﬁsin3—7T = ﬁ AG
5 5 4

[7 marks]

Total [17 marks]
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Instructions to Examiners

Abbreviations

M  Marks awarded for attempting to use a correct Method.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

R Marks awarded for clear Reasoning.

AG Answer given in the question and so no marks are awarded.

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for
their correct methods/answers using incorrect results.

Using the markscheme

1 General

Award marks using the annotations as noted in the markscheme eg M1, A2.

2 Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

It is generally not possible to award MO0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A7 for using the
correct values.

Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award AOA1A1.

Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question. This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part. For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A7 in the first part.
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Examples:
Correct Further Any FT issues? Acti
i ction
answer seen | working seen
5.65685... No. Award A1 for the final mark
82 (incorrect Last part in question. |  (condone the incorrect further
decimal value) working)
35 0.468111... Yes. Award A0 for the final mark
— (incorrect Value is used in (and full FT is available in
72 decimal value) subsequent parts. subsequent parts)

Implied marks

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or
implied by subsequent working/answer.

Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect
value from part (c)(i) used in part (c)(ii)). Usually, to award FT marks, there must be working
present and not just a final answer based on an incorrect answer to a previous part. However, if all
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should
be awarded for their correct answer, even when working is not present.

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct
answer, without working being seen. For longer questions where all but the answer marks are
implied this rule applies but may be overwritten by a Note in the Markscheme.

¢ Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

e If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

¢ Ifthe error leads to an inappropriate value (e.g. probability greater than 1, sin@ =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

¢ The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

e If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts. This includes when
candidates fail to complete a “show that” question correctly, and then in subsequent parts use
their incorrect answer rather than the given value.

e Exceptions to these FT rules will be explicitly noted on the markscheme.

¢ If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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Mis-read

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR). A
candidate should be penalized only once for a particular misread. Use the MR stamp to indicate
that this has been a misread and do not award the first mark, even if this is an M mark, but award
all others as appropriate.

o If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

o Ifthe MR leads to an inappropriate value (e.g. probability greater than 1, sind =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

¢ Miscopying of candidates’ own work does not constitute a misread, it is an error.

e If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy
than given in the question, this is NOT a misread and full marks may be scored in the subsequent
part.

¢ MR can only be applied when work is seen. For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question
specifies a method, other correct methods should be marked in line with the markscheme. If the
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted
unless covered by a note in the mark scheme.

e Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, efc.
¢ Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000.

¢ Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

e In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, some equivalent answers will generally appear in brackets. Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.
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Format and accuracy of answers

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to
final answers: unless otherwise stated in the question all numerical answers must be given exactly
or correct to three significant figures.

Where values are used in subsequent parts, the markscheme will generally use the exact value,
however candidates may also use the correct answer to 3 sf in subsequent parts. The
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf
values”.

Simplification of final answers: Candidates are advised to give final answers using good
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and

any values that lead to integers should be simplified; for example, , /2745 should be written as %

An exception to this is simplifying fractions, where lowest form is not required (although the

10
numerator and the denominator must be integers); for example, % may be left in this form or

written as % However, ? should be written as 2, as it simplifies to an integer.

Algebraic expressions should be simplified by completing any operations such as addition and
multiplication, e.g. 4¢** xe** should be simplified to 4e™, and 4e** xe** —e** xe* should be
simplified to 3e™. Unless specified in the question, expressions do not need to be factorized, nor
do factorized expressions need to be expanded, so x(x+1) and x”* + x are both acceptable.

Please note: intermediate A marks do NOT need to be simplified.
Calculators

No calculator is allowed. The use of any calculator on this paper is malpractice and will result in no
grade awarded. If you see work that suggests a candidate has used any calculator, please follow
the procedures for malpractice.

Presentation of candidate work

Crossed out work: If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit
note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates
otherwise. If the layout of the responses makes it difficult to judge, examiners should apply
appropriate discretion to judge which is “first”.



(a)

(b)

attempts to find perimeter
arc+2xradius OR 10+4+4

=18 (cm)

10

1 2
(c) area =§(7j(4 ) (=1.25x16)

=20 (cm?)

i

Section A

M23/5/MATHX/HP1/ENG/TZ2/XXIM

(M1)

A1
[2 marks]

(A1)
A1

[2 marks]

(A1)

A1

[2 marks]
Total [6 marks]
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i x=2 A1
iy y=1 A1
[2 marks]
(i) (o,%} A1
i) (3.0) A1
[2 marks]

continued...
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Question 2 continued
(c)
¢
2
e | | y=1______
— T T T T i /_ X
: (3,0)
1 :
=1- !
Y x—2 :
two correct branches with correct asymptotic behaviour and intercepts clearly shown A1

[1 mark]
Total [5 marks]
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3.  substitutesinto P(4wB)=P(A4)+P(B)—-P(4AN B) toform

0.55=0.4+P(B)-P(4NB) (orequivalent) (A1)
P(ANnB P(ANnB
substitutes into P(A | B) = gto form 0.25 = Q (or equivalent) (A1)
P(B) P(B)
attempts to combine their two probability equations to form an equation in P(B) (M1)

Note: The above two A marks are awarded independently. \

correct equation in P(B) A1

P(B)-0.15
0.55=0.4+P(B)-025P(B) OR (P)T:O'ZS OR P(B)-0.15=0.25P(B)

(or equivalent)

P(B):l—5 (:1:0.2] A1
750 5

Total [56 marks]
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X
x+2

4, A:j; dx
0

EITHER

attempts to integrate by inspection or substitution using u =x*+2 or u =x’ (M1)

Note: If candidate simply states u = x> +2 or u = x*, but does not attempt to
integrate, do not award the (M1) .

Note: If candidate does not explicitly state the u-substitution, award the (M1) only
for expressions of the form klnu or kln(u+2).

2 .

42 c
[llnu} OR {lln(u+2)} OR [lln(xz +2)} A1
2 2 2

0 0

‘ Note: Limits may be seen in the substitution step.

OR
attempts to integrate by inspection (M1)

Note: Award the (M1) only for expressions of the form kln(x2 + 2) :

c

Bln(xﬁz)} A1

0

\ Note: Limits may be seen in the substitution step.

THEN

correctly substitutes their limits into their integrated expression (M1)
l(1n(c2+2)—1nz) (=1n3) OR l1n(c2+2)—11nz(=1ns)
2 2 2

continued...
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Question 4 continued

correctly applies at least one log law to their expression (M1)

2 2
lln(c ;zj(zln3) OR ln\/cz+2—ln\/§(=ln3) OR ln(c ;2J21n9

2
cc+2 42
OR In(c’+2)-In2=In9 OR In (=In3) OR In (=In3)
V2
‘ Note: Condone the absence of In3 up to this stage. ‘
2 2
c+2:9 OR c+2:3 A1
¢’ =16

Note: Award AO for ¢ =+4 as a final answer. ‘

Total [6 marks]
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attempts to form (go f)(x) (M1)
[fO)] +/(x)+3 OR (ax+b) +ax+b+3

a2x2+2abx+b2+ax+b+3(=4x2—14x+15) (A1)

equates their corresponding terms to form at least one equation (M1)

a’x*=4x> OR a*=4 OR 2abx+ax=-14x OR 2ab+a=-14 OR

b*+b+3=15
a =12 (seen anywhere) A1
attempt to use 2ab +a =—14 to pair the correct values (seen anywhere) (M1)

f(x)=2x—-4 (accept a=2 with b=—-4), f(x)=-2x+3 (accept a=-2 with b=3) A1A1

[7 marks]
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(a) E(X)=2a (by symmetry) A1

[1 mark]

(b) METHOD 1

uses Var(X)=E(X?)-[E(X)] (M1)
T 2
Var(X)= a de—(2a)
x3 ¥ 2
|| e "
_ 133“2 ~(2a) (A1)
_a A1
3

Note: Award as above if E(X2) and [E(X)]2 are calculated separately

2 2
leading to Var(.X) :%. Award (M1)AOAOAO for Var(X )= 13; :

continued...
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Question 6 continued

METHOD 2
uses Var(X)=E(X -E(X)) (M1)
3a _ 2
Var(X)= I()c2—2¢z)dx
a
3 3a
_ (x—Za) A1
6a
:—a3 _(_a3) or equivalent
quivalen (A1)
6a
_a A1
3
[4 marks]

Total [56 marks]
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n r 1
let P(n) be the proposition that =1- for all integers, n>1

S(r+1)! (n+1)!

considering P(1):

LHS:% and RHS:% and so P(1) is true R1
assume P(k) is true ie i T - ! M1
S (r+1) (k+1)!
Note: Do not award M1 for statements such as “let n=k" or “n =k is true”.
Subsequent marks after this M7 are independent of this mark and can be
awarded.
considering P(k+1):
ooy k r k+1
_ y M1
;(r+1)! ;(r+l)! ((k+1)+1)! M7
1 k+1
=1- A1
(k1)1 (k+2)!
=1_(k+2)—(k+1) a1
(k+2)!
1 1
=1- =1- A1
(k+2)![ ((k+1)+1)J
P(k+1) is true whenever P(k) is true and P(1) is true, so P(n) is true
(for all integers, n>1) R1

Note: To obtain the final R1, any four of the previous marks must have been
awarded.

[7 marks]
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sink

(@) cosk= A1
cosk
cos’ k =sink AG
[1 mark]
(b) f'(k)=-sink and g'(k)=sec’k A1
Note: Award A1 for f'(x)=—sinx and g'(x)=sec’x.
EITHER
£(k)g (k) == w1
cos k
coszkzsink:>f’(k)g'(k) :_sink =-1 R1
sink
OR
g(k)=—5 m1
cos" k
2 . , 1 1
cos'k=sink= g'(k)=—+=— R1
sink f'(k)
Note: Accept showing that f"(k)= —,; :
g (k)
Note: Allow’backwards methods’ such as starting with f"(k)=—-——— leading to
cos’ k =sink
THEN
= the two tangents intersect at right angles at P AG
Note: To obtain the final R1, all of the previous marks must have been awarded. \
[3 marks]

continued...
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Question 8 continued

(c) 1-—sin’k =sink (from part (a)) A1
sin’k +sink—1=0
attempts to solve for sink (M1)

1417 =4(1)(-1
ik (D(=1)
2
(for 0<k<g,sink>0):>sink:_1;\/§ A1
(a=—1,b=5,c=2)
\ Note: Award A0 if more than one solution is given \
[3 marks]

Total [7 marks]
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(@) OM=a-+ke A1
MC:(I—k)c—a A1

[2 marks]

(b) attempts to expand their dot product OM-MC = (a+ke)((1-k)c—a) m1

=(1- 2k)(a-c)—|a|2 +k(1 —k)|c|2 (or equivalent)
uses |c| = 2|a| and aec = 2|a|2 cosd M1

= 2(1—2lc)|a|2 COS¢9—|a|2 +4k(1—k)|a|2

=2(1-2k)|a| cos @ —(1-2k)’|a[ A1

laf’ (1-2k)(2c0s 0 —(1-2k)) =0 AG

[3 marks]

(c) attempts to solve |a|2(1—2k)(2cosé?—(1—2k)):O for k (M1)

k:l or k:l—cosﬁ (|a|2 >O)
2 2

Note: Award (M1) for their * k£ =’ or their ‘cos @ =’. For example, cos@ :% or

equivalent.

as 0<k <1, OSL—COSGSl

1 <cosf< 1 A1
2 2
T 2n o
—<0<==, 0= A1A1
3 3 2
(0= r corresponds to only one possible position for M when k =—)
[4 marks]

Total [9 marks]
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Section B
10. (@) °=9-x"OR y=+J9—x’ A1
(since y>0) = y=+/9-x" AG
[1 mark]
b) b=2y (:2 9—x2) or h=x+3 (A1)
attempts to substitute their base expression and height expression into 4 = %bh (M1)
2(x+3)Vv9—-x’
A=+9—-x%(x+3) (orequivalent) | = (x 2 Y o 13— A1
[3 marks]
(c) METHOD1
., d4
attempts to use the product rule to find o (M1)
attempts to use the chain rule to find %x@—xz (M1)
1 ) :
(%=j VO’ +(3+x)(—)(9—x2) P () | =Afo_x - X A1
dx 2 9—x’
(dA j 9-x"  x*+3x 9—x"— x2+3x) A1
dx \/9—x2 \/9—x2 NCESS

d4 9-3x-2x°

a7 ex AG
dx V9 —x?

continued...
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Question 10 continued
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METHOD 2
d4_d4 &y
de dy dx
attempts to find a4 where 4= y(x+3) and Y where y* =9 —x’ (M1)
dy dx
%=y%+x+3 and d_y:_ﬁ (or equivalent) A1
dy "~ dy dx
substitutes their a and their Y into %:%xd—y (M1)
dy dx d« dy dx
%:(y(—lj+x+3J(—£j (or equivalent)
dx X y
= D—x _x —gF (or equivalent) A1
\/9—x2
d4d 9-3x-2x°
a4a _ AG
dx V9 —x*
[4 marks]

continued...
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Question 10 continued

d4 9—3x—2x"
d —=0|—F—=0 M1
(d) m [ - j (M1)
attempts to solve 9—3x—2x> =0 (or equivalent) (M1)
~(2x=3)(x+3)(=0) OR x= 3% */(_32)2__2;‘ (=20) (or equivalent) (A1)
_— A1

Note: Award the above A1 if x=-3 is also given. ‘

substitutes their value of x into either y =+/9—x*> or y =—/9—x* (M1)

Note: Do not award the above (M1) if x<0.

:_@[:_ﬁ,:_ Z,:_\/ﬁ] A1

[6 marks]
Total [14 marks]
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METHOD 1
b= (" +(B) (=43)
=2

reference anglezg OR argu =mn—tan™' (\/g) OR argu =n+tan_‘(—\/§)

Note: Award the above M1A1 for a labelled diagram that convincingly shows that
T
argu =—.
8 3
27'[ 2m

=— andso u :ZeIT
3

METHOD 2

reference anglezg OR argu =n—tan”' (\/g) OR argu =m+tan™' (—\/5)

Note:

Award the above M1A1 for a labelled diagram that convincingly shows that

argu——n
3

r(cosz?nﬂsinz?n] = —1+\/§i

COS— - Sin—— 73
3 2 3,

2n
2T
=2 andso u=2e¢?

A1
AG

m1

A1

AG

[3 marks]

m1

A1

AG

A1

AG
[3 marks]

continued...
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Question 11 continued

) () u”eR:z%n:kn (kez) (M1)(A1)

Note: Award M1 for noting that Sin_2l3m =0 from u" =2" (cos 2’3"‘ +isin 2’3”[)

Award (A1) for a multiple of 3 considered.

n=3 A1

(i)  substitutes their value (must be a multiple of 3) for » into u" (M1)
w =2’cos2m

=8 A1

[5 marks]

continued...
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Question 11 continued

() (i) —1—\/§i is a root (by the conjugate root theorem) A1

2n

Note: Accept 2 3.

let z =c¢ be the real root

EITHER

uses sum of roots (equated to +5) (M1)
((—1+\/§i)+(—1—\/§i)+0) =-5 (A1)
Dtc=-5 (A1)
OR

uses product of roots (equated to +12) (M1)
(—1+x/§i)(—l—\/§i)c - 12 (A1)
4e¢=-12 (A1)
OR

(z—<—1+\/§i))(z—(—1—\/§i))222+2Z+4 (A1)
compares coefficients eg (M1)

(Z—C)(22+2Z+4)=Z3+522+1()Z+12

4c=12 (A1)

THEN

c=-3 (and so z=-3 is aroot) A1

continued...
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Question 11 continued

(i) METHOD 1

compares z’ +5z° +10z+12=0 and 1+5w+10w* +12w’ =0

w z
1+ 1
S S B B ESVE} A1A1
3 —1%43i 4
METHOD 2
attempts to factorize into a product of a linear factor and a quadratic factor (M1)
1+ 5w+10w" +12w° = (3w+1) (4w’ +2w+1) A1
14+ 1
we—d, A s ALl A1A1
3 —1+43i 4
[9 marks]
(d) (a+bi) =2(a—bi) A1
attempts to expand and equate real and imaginary parts: M1

a’ —b* +2abi=2a-2bi
a’*—b*=2a and 2ab=-2b

attempts to find the value of a or b M1

2b(a+1)=0

b=0=a’=2a=>a=2 (real root) A1

a=-1=1-p=-2=b=+3 (complex roots —li\/gi) A1
[5 marks]

Total [22 marks]
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(a)

(b)
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let ¢ = \/;
t* =x=>2t dt =dx (or equivalent)
SO Jcos\/; dx = ZItcost dt

attempts integration by parts

u=2t,dv=cost dt, du =2 dt, v=sint
ZItcost dt:2tsint—2jsint dt

=2¢sint+2cost+C

substitution of t=\/; = Icos\/; dx= 2\/;sin\/;+2cos\/;+C

n+l 4 4

(- [=(2n+1)2n2J

m1
A1
A1

(m1)

(A1)
A1
AG

[6 marks]

A1

[1 mark]

continued...
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Question 12 continued

(c) areaof R is

Xt
I COS\/; dx‘

xl

\ Note: Modulus may be seen at a later stage.

(2n+l)2n2

= [2\/;sin X +2005\/;}

4
(2n-1)’x?
4

Note: Condone +C at this stage.

attempts to substitute their limits into their integrated expression

(M1)

A1

(m1)

( or equivalent )

ey Bty

2 2
ooty U, gy Bl
n 4nm
=2((-1) BN
=4nn

Note: Award a maximum of (M1)ATM1A1A1A0AO for only attempting to

calculate I cos\/; dx, and not applying the modulus.

A1

A1

[7 marks]

continued...
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Question 12 continued

(d) EITHER
attempts to find (d =)R,,, — R, M1

(d =)4(n+1)7t—4mt

Note: Award MO for consideration of special cases for example R, and R, .

Accept d =km.

which is a constant (common difference is 4m) R1
OR

an arithmetic sequence is of the form u, =dn+c (u, =dn+u,—d) M1
attempts to compare u, =dn+c (u, =dn+u,—d) and R, =4nn m1
d =4n and c:O(ul—d:O) A1

Note: Accept d =km.

THEN
so the areas of the regions form an arithmetic sequence AG

[3 marks]
Total [17 marks]
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Instructions to Examiners

Abbreviations

M

A

R

AG

FT

Marks awarded for attempting to use a correct Method.

Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

Marks awarded for clear Reasoning.

Answer given in the question and so no marks are awarded.

Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their
correct methods/answers using incorrect results.

Using the markscheme

1

General

Award marks using the annotations as noted in the markscheme eg M1, A2.

Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

It is generally not possible to award MO followed by A7, as A mark(s) depend on the preceding M
mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an attempt
to use an appropriate method (e.g. substitution into a formula) and A7 for using the correct values.
Where there are two or more A marks on the same line, they may be awarded independently; so if
the first value is incorrect, but the next two are correct, award AOA1A1T.

Where the markscheme specifies A3, M2 efc., do not split the marks, unless there is a note.

The response to a “show that” question does not need to restate the AG line, unless a Note makes
this explicit in the markscheme.

Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question. This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part. For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this situation,
award FT marks as appropriate but do not award the final A7 in the first part.
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Examples:
Correct Further Any FT issues? Acti
i ction
answer seen | working seen
5.65685... No. Award A1 for the final mark
82 (incorrect Last part in question. |  (condone the incorrect further
decimal value) working)
35 0.468111... Yes. Award A0 for the final mark
— (incorrect Value is used in (and full FT is available in
72 decimal value) subsequent parts. subsequent parts)

Implied marks

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or
implied by subsequent working/answer.

Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect
value from part (c)(i) used in part (c)(ii)). Usually, to award FT marks, there must be working
present and not just a final answer based on an incorrect answer to a previous part. However, if all

the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be
awarded for their correct answer, even when working is not present.

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct
answer, without working being seen. For longer questions where all but the answer marks are
implied this rule applies but may be overwritten by a Note in the Markscheme.

Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

If the error leads to an inappropriate value (e.g. probability greater than 1, sind =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

If the candidate’s answer to the initial question clearly contradicts information given in the question,
it is not appropriate to award any FT marks in the subsequent parts. This includes when candidates
fail to complete a “show that” question correctly, and then in subsequent parts use their incorrect
answer rather than the given value.

Exceptions to these FT rules will be explicitly noted on the markscheme.

If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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Mis-read

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR). A
candidate should be penalized only once for a particular misread. Use the MR stamp to indicate
that this has been a misread and do not award the first mark, even if this is an M mark, but award all
others as appropriate.

o If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

o If the MR leads to an inappropriate value (e.g. probability greater than 1, sin& =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

e Miscopying of candidates’ own work does not constitute a misread, it is an error.

¢ If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy than
given in the question, this is NOT a misread and full marks may be scored in the subsequent part.

e MR can only be applied when work is seen. For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question
specifies a method, other correct methods should be marked in line with the markscheme. If the
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted
unless covered by a note in the mark scheme.

e Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, efc.
¢ Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation for example 1.9 and
1,9 or 1000 and 1,000 and 1.000.

¢ Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

¢ Inthe markscheme, equivalent numerical and algebraic forms will generally be written in brackets
immediately following the answer.

¢ Inthe markscheme, some equivalent answers will generally appear in brackets. Not all equivalent
notations/answers/methods will be presented in the markscheme and examiners are asked to apply
appropriate discretion to judge if the candidate work is equivalent.
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Format and accuracy of answers

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to
final answers: unless otherwise stated in the question all numerical answers must be given exactly
or correct to three significant figures.

Where values are used in subsequent parts, the markscheme will generally use the exact value,
however candidates may also use the correct answer to 3 sf in subsequent parts. The markscheme
will often explicitly include the subsequent values that come “from the use of 3 sf values”.

Simplification of final answers: Candidates are advised to give final answers using good
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and

/2
any values that lead to integers should be simplified; for example, 75 should be written as % An

exception to this is simplifying fractions, where lowest form is not required (although the numerator

and the denominator must be integers); for example, %may be left in this form or written as % .

However, ? should be written as 2, as it simplifies to an integer.

Algebraic expressions should be simplified by completing any operations such as addition and
multiplication, e.g. 4e>* xe™* should be simplified to 4e’*, and 4e¢™ xe’* —e* xe* should be
simplified to 3e¢’*. Unless specified in the question, expressions do not need to be factorized, nor do
factorized expressions need to be expanded, so x(x+1) and x” + x are both acceptable.

Please note: intermediate A marks do NOT need to be simplified.
Calculators

No calculator is allowed. The use of any calculator on this paper is malpractice and will result in no
grade awarded. If you see work that suggests a candidate has used any calculator, please follow
the procedures for malpractice.

Presentation of candidate work

Crossed out work: If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit note
from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates otherwise.
If the layout of the responses makes it difficult to judge, examiners should apply appropriate
discretion to judge which is “first”.
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Section A
recognizing f(x)=0

x=-1

(i)  x=2 (must be an equation with x)

@iy y :% (must be an equation with y)

EITHER
interchanging x and y
2xy—4x=Ty+7

correct working with y terms on the same side: 2xy -7y =4x+7

OR
2yx—4y=Tx+7
correct working with x terms on the same side: 2yx—7x=4y+7

4y +7
2y-17

interchanging x and y OR making x the subject x =

THEN

. 4x+7 . 7
=——— (or equivalent #*—
/0= f(oreq ) [ x#5

(mM1)

A1
[2 marks]

A1
A1

[2 marks]

(M1)

(A1)

(A1)

(mM1)

A1

[3 marks]
Total [7 marks]
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(@) (i) summing frequencies of riders or finding complement (M1)
34

robability = — A1
P Y 40

(i)  attempt to find expected value (M1)

E+ 2X£ + 3><i + 4><i
40 40 40 40

60

4—0(= 1.5) A1

[4 marks]

(b) evidence of their rides/visitor x1000 or +10 (M1)
1500 OR 0.15

150 (times) A1

[2 marks]

Total [6 marks]
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1—2sin’x =sinx A1

2sin*x+sinx—1=0

valid attempt to solve quadratic (M1)
-1£1-4(2)(-1
(2sinx—1)(sinx+1) OR 2)=D
2(2)
recognition to solve for sin x (M1)
. 1 ,
sinx =—ORsinx = -1
2

any correct solution from sinx =-1 A1
any correct solution from sin x :% A1

Note: The previous two marks may be awarded for degree or radian
values, irrespective of domain.

Y A1

T T
X=——"y—,—/
26 6

Note: If no working shown, award no marks for a final value(s).

Award A0 for —g,%,% if additional values also given.

Total [6 marks]
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recognition of quadratic in e*

() ~3¢" +Ink(=0) OR 4> ~34+Ink(=0)
recognizing discriminant = 0 (seen anywhere)
(-3) - 4(1)(Ink) OR 9—4Ink

lnké% (A1)

e”* (seen anywhere)

O<k<e™

M23/5/MATHX/HP1/ENG/TZ1/XXIM

(M1)

(M1)

(A1)

A1
A1
[6 marks]
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(a) recognition that period is 4m OR substitution of a point on f ( except the origin) (M1)
2
4m==" OR 1 =singm
q
m=— A1
2q
[2 marks]
(b) horizontal scale factor is % (seen anywhere) (A1)

Note: This (A1) may be earned by seeing a period of 6m , half period of 3m or the
correct x-coordinate of the maximum/minimum point.

y
4
3
2
1
0 X
1 m 2m 3m 4m Sm om
-2
-3
-4
A1A1A1
Note: Curve must be an approximate sinusoidal shape (sine or cosine).
Only in this case, award the following:
A1 for correct amplitude.
A1 for correct domain.
A1 for correct max and min points and correct x-intercepts.
[4 marks]

Total [6 marks]
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2
/ 3
6. A= %xz sing OR 4= %xz sin60° OR triangle height /=[x’ —(gj [z %x} (A1)

:lxz(ﬁj OR A:lx[ﬁxj (:ﬁle A1
2 2 2 2

4

Note: Award A1 for sin— = ﬁ This may be seen at a later stage.

attempt to use chain rule or implicit differentiation (M1)

V3 o dv odd 1w dr A1)

=30(cm’s™") A1

e |

Note: Award a maximum of (A71)A1(M1)(A0)A1 for a correct answer with
incorrect derivative notation seen throughout.

[5 marks]
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METHOD 1
3i (is a root)

(other complex root is) —3i

Note: Award A1A1 for P(3i)=0 and P(-3i)=0 seen in their working.
Award A1 for each correct root seen in sum or product of their roots.

EITHER
attempt to find P(3i)=0 or P(-3i)=0

4m —3mi+22(3i) ~ (3i) =0
m

dm —3mi—§(—9)+27i =0
m

attempt to equate the real or imaginary parts

27-3m=0 OR 9x>2 = 4m

m

OR

attempt to equate sum of three roots to ﬁ
m

Note: Accept sum of three roots set to —ﬁ.

m

Award MO for stating sum of roots is iﬁ.

m
3i—3i+r=§(: r=ﬁ]
m m

substitute their rinto product of roots

36 36
3i)(=3i)| == |=4m OR (2> +9) =-
(3i)( 1)(’”) m OR (4 )(m Zj
9xﬁ:4m OR 4—m:ﬁ

m 9 m

A1
A1

(M1)

(M1)

(m1)

(M1)

continued...
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Question 7 continued

OR

attempt to equate product of three roots to 4m (M1)

Note: Accept product of three roots set to —4m.
Award MO for stating product of roots is +4m .

(31)(=3i)xr = 4m(:> r= %’”j
substitute their » into sum of roots (M1)

334 2 239 oR (z2+9)(4—”"—z]
9 9

m

dm 36

9 m

THEN

m=9 (A1)
third root is 4 A1

[6 marks]
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Question 7 continued

METHOD 2
3i (is a root) A1
(other complex root is) —3i A1

recognition that the other factor is (z +3i) and attempt to write P(z) as product of three
linear factors or as product of a quadratic and a linear factor (M1)

P(z)=(z-3i)(z+3i)(r-z) OR (z-3i)(z+3i)=2"+9 :>P(z):(z2 +9)(4Tm—zj

Note: Accept any attempt at long division of P(z) by z*> +9.

Award MO for stating other factor is (z +3i) or obtaining z* +9
with no further working.

attempt to compare their coefficients (M1)
—9=-m OR am _39

9 m
m=9 (A1)
third root is 4 A1

Note: Award a maximum of AOAO(M1)(M1)(A1)A1 for a final answer
P(z)=(z—3i)(z+3i)(4-z) seen or stating all three correct

factors with no evidence of roots throughout their working.

[6 marks]
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(a) attempt to reflect / in the x OR y axis (M1)

A1A1A1
Note: For a curve with an approximately correct shaped right-hand
branch, award:
A1 for correct asymptotic behaviour at y =2 (either side)
A1 for correctly reflected RHS of the graph in the y-axis with
smooth maximum at (0, 3).
A1 for labelled x-intercept at (—a,0) and labelled asymptote
at y =2 with sharp points (cusps) at the x-intercepts.
[4 marks]
(b) k=0 A1
4<k<9 A2
Note: If final answer incorrect, award A1 for critical values 4 and 9 seen
anywhere.
Exception to FT:
Award a maximum of AOA2FT if their graph from (a) is not
symmetric about the y-axis.
[3 marks]

Total [7 marks]
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METHOD 1 (subtracting volumes)

h’ h
radius of cylinder, R is 4|’ 7 OR R’ =7 vy (seen anywhere)

correct limits 0 and % OR —g and % (seen anywhere)

EITHER
volume of part sphere = nj.(rz —y? )dy

correct integration

3
oy
73

attempt to substitute their limits into their integrated expression

*hooB

2 24
recognition that the volume of the ring is nj(r2 —yz)dy—nth where R # r

2

nj‘(r2 —yz)dy—J{r2 —%}v (or equivalent)

correct equation

2 3 3 3 3
2n rh_ I —nr2h+i=n OR h——h—zl (or equivalent)
4 4 12

2

h
recognition that the volume of the ring is nj[(rz —yz)—(r2 —TD dy (or equivalent)

correct integration

h2 3
4 3

attempt to substitute their limits into their integrated expression

oo

8 24

correct equation

P
2n| ———|=mn OR 2| ——-—|=1 (orequivalent)
8 24

(A1)

(A1)

A1

(m1)

(m1)

(A1)

(m1)

A1

(m1)

(A1)

A1
[7 marks]

continued...
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Question 9 continued

METHOD 2 (volume of cylindrical hole)

n "’
radius of cylinder, R is 4|’ - OR R* =7 - (seen anywhere) (A1)
. .. h
correct limits 5 and r» (seen anywhere) (A1)

volume of part sphere = nj(rz —y? )dy

correct integration A1
3
2. )
’/' _——
Y73
attempt to substitute their limits into their integrated expression (M1)
2 e i
3 2 24
recognition that the volume of the cylindrical hole is n_[(rz —yz)dy+ nR*h where R # r (M1)
nj(rz -y’ )dy +m| r’ —h—2 (: inr3 - nj (or equivalent)
4 3
correct equation (A1)
3 2 3 3 3 3
om| 2R e ™2 s n OR LY (or equivalent)
3 2 24 4 12 4
h=x/6 A1
[7 marks]

continued...
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Question 9 continued

METHOD 3 (shells)

n "’
radius of cylinder, R is 4|’ - OR R* =7 - (seen anywhere) (A1)
attempt to use shells method (M1)
2n_[x\/r2 —x” dx
h2
correct limits rand , |7’ _T (seen anywhere) (A1)
correct integration A1
1 2 2 2
=)
attempt to substitute their limits into their integrated expression (M1)
3
2\\2
L 0—|r*—| 7’ i
3 4
correct equation (A1)
3
_ 2 2 3
2% 2z O—er—{rz—%n =n OR 2[2—nxh—j=n
h=x/6 A1

[7 marks]
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Section B
(i)  recognition that n =5 (M1)
S, =45 A1
(i) METHOD 1
recognition that S, +u, =S, (M1)
u, =15 A1
METHOD 2
recognMonthat60:r§(S1+u6) (M1)
60 = 3(5 +u6)
u, =15 A1
METHOD 3
substituting their u, and d values into u, +(n—1)d (M1)
u, =15 A1
[4 marks]
recognition that «, = S, (may be seen in (a)) OR substituting their «, into s, (M1)
OR equations for S; and S, in terms of u, and d
6
1+4 OR 60=—(u+15)
u =5 A1
[2 marks]

continued...
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Question 10 continued

(c)

(d)

EITHER

valid attempt to find d (may be seen in (a) or (b))
d=2

OR

valid attempt to find S, -S|
n’ +4n—(n’ —2n+1+4n-4)
OR

equating n’ +4n = 2(5 +u,)

2n+8=>5+u, (or equivalent)
THEN

u,=5+2(n-1) ORu, =2n+3

recognition that v, r’ = v, OR (v, )2 =V, XV,
> =3 OR v, =(+)5V3

V:i\/g

M23/5/MATHX/HP1/ENG/TZ1/XXIM

(mM1)

(A1)

(mM1)

(A1)

(mM1)

(A1)

A1

[3 marks]
(M1)
(A1)

A1

Note:

If no working shown, award M1A1A0 for \/5 .

(e)

recognition that r is negative

[3 marks]

(m1)

A1

[2 marks]
Total [14 marks]



11.

(a)

(b)

L=AC+CB

o

i=sin0{: CB=
CB

cosax

Smao

3
so L= Zseca + 6coseca

(i)

(ii)

- 22 —

dL 3
— =—seca tan o — 6¢coseca cot

da

3.

(24

6cosa

- 2
da cos'«a

dL
da

tan’ o =8
tang =2

o =arctan 2

sin’ a

3
Z 3
=cosa :>AC:—:>AC:Zseca

=CB= 6coseca]

6

M23/5/MATHX/HP1/ENG/TZ1/XXIM

attempt to write % in terms of sina,cosa or tana (may be seen in (i)

étan305—6
4

3
—tana
da cosa

. B 2
sinx tan o cosatan” o

—:O:isin3a—6cos3a:0 OR %tan3a—6:O (or equivalent)

A1

A1

AG

[2 marks]

A1

(M1)

(A1)

A1
A1
AG
[5 marks]

continued...
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Question 11 continued

(c) (i)

attempt to use product rule (at least once)
d’L
do’

3
=—secatanatana +Zsecocsec2 a

+6coseca cot & cot o + 6cosecacosec’a (or equivalent)

Note: Award A1 for %secatanatana +§secozsec2 o and A1 for

+6coseca cot o cot o + 6cosecacosec’a . Allow unsimplified correct
answer.

(ii)

dzL 2 3 3 2 3
d 7 = Sseca tan” o +ZSCC a +6coseca cot” a + 6cosec o
a

attempt to find a ratio other than tan«a using an appropriate trigonometric
identity OR a right triangle with at least two side lengths seen

Note: Award MO for ¢ = arctan 2 substituted into their

further progress.

2

> with no

da

one correct ratio

seca = \/g OR coseca = OR sina =

Vs
2

OR cota :% OR cosa =

Gl

y i
NG

Note: M71A1 may be seen in part (d).

4

i(\/g)(zz)Jri(\/gf +6£§J(%)2 +6[§] (or equivalent)

1245 1545 35 1545
-+ + +

4 4 4 4

Note: Award A7 for only two or three correct terms.
Award a maximum of (M1)(A1)A1 on FT from c(i).

d*L 45 5
=—4/5
da’* 4

(m1)

A1A1

(m1)

(A1)

A2

AG

[7 marks]

continued...
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Question 11 continued

d’L
(d) (@ i >0 OR concave up (or equivalent) R1
a

(and (;i =0, when a =arctan2, hence L is a minimum)
a

) 3 5
(i) (L _)Z(\E )+6[7J (A1)
EN] At
4
[3 marks]
(e) (11.25=) # > # (or equivalent comparative reasoning) R1
the pole cannot be carried (horizontally from the passageway into the room) A1

Note: Do not award ROA1.

[2 marks]
Total [19 marks]
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(a)

(b)

- 25— M23/5/MATHX/HP1/ENG/TZ1/XXIM

2t+1x0+0x(3+1) (=2¢) (seen anywhere)

one correct magnitude V12 +12 + 02 ,\/(2t)2 +(3+1)
correct substitution of their magnitudes and scalar product
2t
2t =2 xJ(2)) + 3 +1)* xcos~ OR cos~ =
3 3 J2xA52+6t+9
2t
2 (St2 +61 + 9)

|
4t=\/2(4t2 +9461+£) OR —= (or equivalent)

4 =10t +12¢t +18

correct quadratic equation
166> =10£* +12¢t +18, 61 —12t—18=0 , £ —2t-3=0

valid attempt to solve their quadratic set =0

1244/(~12)° —=4x 6x (~18)

(t+1)(t-3) OR -

OR (t-1) -4

t=3

Note: Award A0 if additional answer(s) given.

(A1)

(A1)
m1

A1

AG
[4 marks]

A1

(m1)

(A1)

A1

[4 marks]

continued...
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Question 12 continued

(c) METHOD 1

recognizing shortest distance from A is perpendicular to L, (M1)
A
OR sinE: al
P 3 P_;\
PA |=6"+6 (= J72, 6\/5) (seen anywhere) (A1)
3 X
N2 A1
NG (A1)
=50 [656)
shortest distance is 2216 (:\/5—4 s 3\/6) A1
[4 marks]

continued...
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Question 12 continued

METHOD 2
v X PTA
recognition that the distance required is |v| (M1)
| 1 6
=—|11x|0 (A1)
2 0) \6
6
=% 6 (A1)
-6
shortest distance is /54 (: 3\/8) A1
[4 marks]

continued...



Question 12 continued

METHOD 3

recognition that the base of the triangle is

1
Ll.()
26/ L6
T(3I)OR
PA|=

—28—

v-PA

i

=V6>+6’ ( J72, 6\/7) (seen anywhere)

M23/5/MATHX/HP1/ENG/TZ1/XXIM

Note: The value of

—

PA

of their shortest distance, d = ‘

i
PA

=+/6>+6> may be seen as part of the working

-4 =7

3

32 )2

shortest distance is \/5>4 (: 3\/8)

(M1)

(A1)

(A1)

A1

[4 marks]

continued...
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Question 12 continued

METHOD 4
Let B be a general pointon L, (l,8+/1, —3) such that AB is perpendicular to L,

attempt to find vectorA—jS OR Aj3 (the shortest distance from Ato L,) (M1)
1 0 1 6 1
AB=0OB-OA=0P+A|1|-OA|=| 8 |[+A|1|-|8 |=AP+A|1 || (A€R)
0 -3 0 3 0
-6 1
B=| 0 |+4]1 OR‘AB‘z\/(/1—6)2+(8+/1—8)2+(—3—3)2 A1
-6 0

AB|=(2-6)" + 22 +(-6) (=\24"-122+72)
EITHER

d (] 2 f
—{AB J:O:>4/I—12:0:>i:3 A1
di
OR

AB|= 2(/1—3)2+54 to obtain 4 =3 A1
OR

—-6+4) (1

A |1]|=0=2-6+A+4A=0=>1=3 A1

-6 0
THEN
shortest distance is ﬁ (: 3\/6) A1

[4 marks]

continued...
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Question 12 continued

(d) attempt to find the vector product of two direction vectors (M1)
1 6
1(x|0
0 6
1
n=| —1| (or any scalar multiple of this) (accept n=<1,—1,—1> or equivalent) A1

Note: Award A0 for a final answer given in coordinate form.

[2 marks]
continued...
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Question 12 continued

(e) substituting their x into volume formula and equating (M1)
2
%n(:sJE) h=90\3n
h=5M3 (seen anywhere) A1
recognition that the position vector of vertex is given by OA+ un OR OTA+ hxn (M1)
6 1
8|+ul-1| OR (6+u,8—,u,3—y)
3 -1
EITHER
recognition that ,u|n|:h (where u is a parameter) (M1)
e 5J3 OR \/,u2 +(—,u)2 +(—,u)2 =53 OR 3u* =75 (: Bu= 5\/5)
u=15 (accept u=5) (A1)
OR
attempt to find cone’s height vector hxn (M1)
1
n _ L -1 (A1)
V3
-1
. 1
53 x—| -1
3
-1
THEN
6 1 6 5
=|8 (x5 -1||=|8|%x|-5
3 -1 3 -5
vertex = (11,3,-2) and (1,13,8) (accept position vectors) A1A1
Note: Award a maximum of (MO)AO(M1)(M1)(A1)A1A1FT for
Q,H,—i and E’ﬂ,Z obtained using x = PTA from
4 4 4 4 4 4
part (c)
[7 marks]

Total [21 marks]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show all
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 4]
The function g is defined by g(x) = e"zﬂ, where x € R.

Find g'(-1).

§ 00N |

P
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[Maximum mark: 7]

Consider a circle with a diameter AB, where A has coordinates (1,4, 0) and B has
coordinates (-3, 2, —4).

(@) Find

(i)  the coordinates of the centre of the circle;

(i)  the radius of the circle. [4]
The circle forms the base of a right cone whose vertex V has coordinates (-1, -1, 0).

diagram not to scale

(b)  Find the exact volume of the cone. [3]

L

12E

P
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[Maximum mark: 5]

Let a be a constant, where a > 1.

2 2 2 2
(@) Show that a2+(a2 1) :[a;l] . [3]

2 2
Consider a right-angled triangle with sides of length a, (a 5 1} and (a 2“}.

(b) Find an expression for the area of the triangle in terms of a. [2]

L

12EPO
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[Maximum mark: 5]
6x
xr+1
The graph of y = f(x) passes through the point (1, 5). Find an expression for f(x).

The derivative of the function f is given by f'(x) =

L

12EPO

EPO05

Turn over
i |
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[Maximum mark: 7]

Consider the equation z* + pz’ + 54z — 108z + 80 =0 where z € C and p € R.

Three of the roots of the equation are 3 + 1, o and o, where a € R.

(@) By considering the product of all the roots of the equation, find the value of «. [4]

(b)  Find the value of p. [3]

L

12E
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[Maximum mark: 6]
Events 4 and B are such that P(4)=0.3 and P(B) =0.8.
(@) Determine the value of P(ANB) in the case where the events 4 and B are independent. [1]
(b) Determine the minimum possible value of P(4ANB). [3]

(c) Determine the maximum possible value of P(4 N B), justifying your answer. [2]

L

12EPO

EPO7

Turn over
Il |
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[Maximum mark: 7]
Consider the curve with equation (x* + )%))” = 4x* where x>0 and -2 <y < 2.

Show that the curve has no local maximum or local minimum points for x > 0.

L
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[Maximum mark: 5]

Let /' (x)=cos(x — k), where 0<x<a and a, k € R".

(a) Consider the case where k = g

By sketching a suitable graph, or otherwise, find the largest value of a for which the
inverse function f‘1 exists. [2]

(b)  Find the largest value of a for which the inverse function /™' exists in the case
where k=r. (1]

(c) Find the largest value of a for which the inverse function /' exists in the case
where 1 < k < 2m. Give your answer in terms of k. [2]
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[Maximum mark: 10]
2 2
Consider the homogeneous differential equation % = M , Where x,y#0.
xy

It is given that y=2 when x=1.

(a) By using the substitution y = vx, solve the differential equation. Give your answer in the
form y° = £ (x). [8]

The points of zero gradient on the curve y* = f(x) lie on two straight lines of the form y = mx
where m € R.

(b)  Find the values of m. [2]
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Do not write solutions on this page.

Section B
Answer all questions in the answer booklet provided. Please start each question on a new page.
10. [Maximum mark: 20]
The function 1 is defined by f(x) = cos’x — 3sin’x, 0 <x < 7.
(@) Find the roots of the equation f(x)=0. [5]
(b) (i) Find f'(x).
(i)  Hence find the coordinates of the points on the graph of y = f(x) where f'(x)=0. [7]

(c) Sketch the graph of y =|f(x)|, clearly showing the coordinates of any points
where f’(x) = 0 and any points where the graph meets the coordinate axes. [4]

(d) Hence or otherwise, solve the inequality | f(x)| > 1. [4]

1. [Maximum mark: 16]

Consider a three-digit code abc, where each of a, b and ¢ is assigned one of
the values 1,2,3,4 or 5.

(a) Find the total number of possible codes
(i)  assuming that each value can be repeated (for example, 121 or 444);
(i) assuming that no value is repeated. [4]

Let P(x) =X’ + ax’ + bx + ¢, where each of a, b and c is assigned one of
the values 1, 2, 3,4 or 5. Assume that no value is repeated.

Consider the case where P(x) has a factor of (x* + 3x + 2).

(b) (i) Find an expression for b in terms of a.
(i)  Hence show that the only way to assign the valuesis a=4, b=5 and c=2.
(i) Express P(x) as a product of linear factors.

(iv) Hence or otherwise, sketch the graph of y = P(x), clearly showing the
coordinates of any intercepts with the axes. [12]
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Do not write solutions on this page.
12. [Maximum mark: 18]
Let z, be the complex number defined as z, = (n’ +n + 1) +i for n € N.
(@ () Find arg(z,).
(i)  Write down an expression for arg(z,) in terms of n. [3]

Let w,=2z,z,2,2;...2, ,z, for n € N.

(b) (i) Show that arctan(a)+arctan(b):arctan(1a+b) fora,beR", ab<1.
—a
(i)  Hence or otherwise, show that arg(w,) = arctan(2). [5]
(c) Prove by mathematical induction that arg(w ) = arctan(n + 1) for n € N. [10]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show all
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 5]

The n™ term of an arithmetic sequence is given by u,=15-3n.

(a) State the value of the first term, u, . [1
(b)  Given that the n™ term of this sequence is =33, find the value of . [2]
(c) Find the common difference, d. [2]
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[Maximum mark: 6]
Consider any three consecutive integers, n—1, n and n+ 1.
(a) Prove that the sum of these three integers is always divisible by 3. [2]

(b) Prove that the sum of the squares of these three integers is never divisible by 3. [4]
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3. [Maximum mark: 8]

Afunction 1 is defined by f(x) :%, where x e R, x#—1.
(@) The graph of y = f(x) has a vertical asymptote and a horizontal asymptote.
Write down the equation of
(i)  the vertical asymptote;
(i)  the horizontal asymptote. [2]
(b)  On the set of axes below, sketch the graph of y =f(x) .

On your sketch, clearly indicate the asymptotes and the position of any points of

intersection with the axes. [3]
y
6 -
4 -
2 -
T T T T T T T T T T T T X
—6 —4 -2 0 | 2 4 6
-2 4
—4
_6 -
: . 2x-1
(c) Hence, solve the inequality 0 < <2. [1
x+1
_ _ 2|x|-1
(d) Solve the inequality 0 < <2. [2]

|x|+1

(This question continues on the following page)
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(Question 3 continued)
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[Maximum mark: 5]
. . . X T 1
Find the least positive value of x for which cos(—+ —) =—.
2 3) 2
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[Maximum mark: 7]

Consider the binomial expansion (x + 1)’ = x” + ax® + bx’ + 35x* + ... + 1 where x #0
anda,beZ’.

(@) Showthat b=21. [2]

The third term in the expansion is the mean of the second term and the fourth term in
the expansion.

(b) Find the possible values of x. [5]
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[Maximum mark: 8]

Afunction 1 is defined by f(x)=xv1-x* where -1 <x<1.

The graph of y = f(x) is shown below.

(@) Show that f is an odd function.
Therange of fis a<y<b,where a, b € R.

(b) Find the value of a and the value of 5.

[2]

[6]
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[Maximum mark: 6]

By using the substitution # = secx or otherwise, find an expression for |sec” xtanx dx in

terms of n, where n is a non-zero real number.

oct—ua
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[Maximum mark: 6]

A continuous random variable X has the probability density function

2
2

0, otherwise

The following diagram shows the graph of y =f(x) for a <x <b.

y

+
Given that ¢ > aTb , find an expression for the median of X in terms of a, b and c.
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[Maximum mark: 5]

Prove by contradiction that the equation 2x’ + 6x + 1 = 0 has no integer roots.
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

L

10.

[Maximum mark: 16]

A biased four-sided die with faces labelled 1,2, 3 and 4 is rolled and the result recorded.
Let X be the result obtained when the die is rolled. The probability distribution for X is given
in the following table where p and ¢ are constants.

x 1 2 3 4
0.3 q 0.1

P(X=x) p

For this probability distribution, it is known that E(X) =2.
(a)
(b)
Nicky plays a game with this four-sided die. In this game she is allowed a maximum of five

rolls. Her score is calculated by adding the results of each roll. Nicky wins the game if her
score is at least ten.

Show that p=0.4 and ¢ =0.2.

Find P(X >2).

After three rolls of the die, Nicky has a score of four.
(c) Assuming that rolls of the die are independent, find the probability that Nicky wins
the game.

David has two pairs of unbiased four-sided dice, a yellow pair and a red pair.
Both yellow dice have faces labelled 1, 2, 3 and 4. Let S represent the sum obtained by
rolling the two yellow dice. The probability distribution for S is shown below.

s 2 3 4 5 6 7 8

1 2 3 4 3 2 1

P(s=s) | — | = = | 2 = | 2| L
16 16 16 16 16 16 16

The first red die has faces labelled 1, 2,2 and 3. The second red die has faces

labelled 1, a,a and b, where a <b and a, b € Z". The probability distribution for the sum
obtained by rolling the red pair is the same as the distribution for the sum obtained by rolling
the yellow pair.

(d)
(e)

Determine the value of 5.

Find the value of a, providing evidence for your answer.
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Do not write solutions on this page.

1. [Maximum mark: 20]

Afunction f is defined by f(x)= ,where x e R, x=—1,x#3.

x*=2x-3

(a) Sketch the curve y =f(x), clearly indicating any asymptotes with their equations. State
the coordinates of any local maximum or minimum points and any points of intersection
with the coordinate axes. [6]

A function g is defined by g(x)= ,where x e R, x> 3.

x'—2x-3
(b) Theinverse of g is g'.

Vax® +x

x
(i)  State the domain of g'. [7]

(i)  Showthat g”'(x)=1+

Afunction £ is defined by 7(x)= arctan%, where x € R.
(c) Giventhat (hog)(a) :g , find the value of a.

Give your answer in the form p+%\/;, where p,q,r e Z". [71
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Do not write solutions on this page.
12. [Maximum mark: 18]

In the following Argand diagram, the points Z,, O and Z, are the vertices of triangle Z,0Z,
described anticlockwise.

Imz

\ \
\ \\ 9 Rez

The point Z, represents the complex number z, = r.e'”, where r, > 0. The point Z,
represents the complex number z, = r,e¢'’, where r,> 0.

Angles «, 0 are measured anticlockwise from the positive direction of the real axis such
that 0 < o, 0<2m and 0 < ax— O< .

(@) Show that z,z,* = r,r,e*~? where z,* is the complex conjugate of z,. 2]
(b) Given that Re(z, z,*) = 0, show that Z,0Z, is a right-angled triangle. [2]
In parts (c), (d) and (e), consider the case where Z 0Z, is an equilateral triangle.
() (i) Express z, interms of z,.

(i) Hence show that z,° +z,> =z, z,. [6]
Let z, and z, be the distinct roots of the equation z* + az + b =0 where z € C and a, b € R.
(d)  Use the result from part (c)(ii) to show that «* — 35 =0. [5]
Consider the equation Z+az+12=0,where ze C and a € R.

(e) Giventhat 0 < o — 6 < m, deduce that only one equilateral triangle Z,0Z, can be
formed from the point O and the roots of this equation. [3]

References:
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show all
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 5]

9
Find the value of J.l (

3‘/;_5]@.

oy
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[Maximum mark: 7]

A survey at a swimming pool is given to one adult in each family. The age of the
adult, a years old, and of their eldest child, ¢ years old, are recorded.

The ages of the eldest child are summarized in the following box and whisker diagram.
diagram not to scale
ages of eldest child (years)

2 6 7 10 18

(@) Find the largest value of ¢ that would not be considered an outlier.

o . . . 1
The regression line of a on c is a :%c+20. The regression line of c on a is ¢ =5a—9.
(b) (i)  One of the adults surveyed is 42 years old. Estimate the age of their eldest child.

(i)  Find the mean age of all the adults surveyed.

3]

[4]
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[Maximum mark: 7]

Consider the functions f(x)= J3sinx+cosx where 0<x<n and g(x)=2x where x € R.

(a) Find (feg)(x). [2]

(b) Solve the equation ( fo g)(x) =2cos2x where 0 <x < 7. [5]
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[Maximum mark: 5]
Consider the curve with equation y = (2x — 1)e, where x e R and k € Q.
The tangent to the curve at the point where x = 1 is parallel to the line y = 5¢'.

Find the value of k.
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[Maximum mark: 7]

Consider f(x)=4sinx + 2.5 and g(x) = 4sin(x—37nj+2.5+q , Where x e R and ¢ > 0.

The graph of g is obtained by two transformations of the graph of f".

(@) Describe these two transformations. [2]
The y-intercept of the graph of g is at (0, r).

(b) Given that g(x) > 7, find the smallest value of r. [5]
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[Maximum mark: 5]

Consider the expansion of (Sx3 —%j where n € Z". Determine all possible values of n for
X

which the expansion has a non-zero constant term.
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[Maximum mark: 8]

The continuous random variable X has probability density function

k
—, 0<Zx<l1
f(x)=14-3x
0, otherwise.
(@) Find the value of k. [4]
(b) Find E(X) . [4]
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[Maximum mark: 6]

Consider integers a and b such that a° + b’ is exactly divisible by 4. Prove by contradiction
that @ and b cannot both be odd.
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[Maximum mark: 6]

Consider the complex numbers z, = 1 + bi and z, = (1 — b°) — 2bi, where b € R, b = 0.

(@) Find an expression for z,z, in terms of b. [3]
(b) Hence, given that arg(zz,)= % find the value of b. [3]
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Do not write solutions on this page.

Section B
Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 18]

Consider the series lnx+plnx+%lnx+..., where xe R,x>1and pe R,p=#0.

(@) Consider the case where the series is geometric.

(i) Show that p:ii.

3

(i)  Hence or otherwise, show that the series is convergent.

(i) Giventhat p>0 and S, =3++/3, find the value of x. 6]

(b) Now consider the case where the series is arithmetic with common difference d.

(i)  Show that pz%.

(i)  Write down d in the form klnx, where k € Q.

1
(i)  The sum of the first n terms of the series is ln(—s) .
X

Find the value of n. [12]

1. [Maximum mark: 15]

Consider the three planes
[[,:2x—y+z=4
[:x—2y+3z=5
[l,:-9x+3y—-2z=32

(@) Show that the three planes do not intersect. [4]
(b) (i) Verify that the point P(1, -2, 0) lies on both [, and [1,.
(i)  Find a vector equation of L, the line of intersection of [, and [1,. [5]

(c) Find the distance between L and [],. [6]
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Do not write solutions on this page.
12. [Maximum mark: 21]
The function f is defined by f'(x) = ¢'sinx, where x € R.

(a) Find the Maclaurin series for f(x) up to and including the x> term. [4]

(b) Hence, find an approximate value for J.; e* sin(x*)dx . [4]
The function g is defined by g(x) =e¢"cosx, where x € R.
(c) (i) Show that g(x) satisfies the equation g"(x) = 2(g'(x) — g(x)).

(i) Hence, deduce that g¥l(x) = 2(g""(x) - g"(x)) . 5]

(d)  Using the result from part (c), find the Maclaurin series for g(x) up to and including
the x* term. [5]

. gy —1-
(e) Hence, or otherwise, determine the value of hngecosx_}x. [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show all
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 4]

. dy _ T 3n .
Given that E—COS X_Z and y =2 when sz’ﬂnd v in terms of x.
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2. [Maximum mark: 9]

The function £ is defined by f(x) = y ,where x e R, x#3.
—Xx

(@) Write down the equation of
(i)  the vertical asymptote of the graph of f;
(i)  the horizontal asymptote of the graph of f.
(b) Find the coordinates where the graph of f crosses
(i) the x-axis;

(i)  the y-axis.

(2]

(2]

(This question continues on the following page)

1
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(Question 2 continued)
(c) Sketch the graph of f on the axes below. 1
Yy
15 -
10 1
5 4
T T T T T T X
-15 -10 -5 0 5 10 15
_5 4
_10 _
_15 _
. . , ax+4
The function g is defined by g(x)=3—, where x e R, x#3 and a € R.
—X
(d) Given that g(x) = g ' (x), determine the value of a. [4]
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[Maximum mark: 5]

Solve the equation log;, Jx = 5 !

+log.(4x*), where x> 0.
log, 3 g3( )
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4. [Maximum mark: 5]

Box 1 contains 5 red balls and 2 white balls.
Box 2 contains 4 red balls and 3 white balls.

(@) Aboxis chosen at random and a ball is drawn. Find the probability that the ball is red. [3]
Let 4 be the event that “box 1 is chosen” and let R be the event that “a red ball is drawn”.

(b) Determine whether events A and R are independent. [2]

§ [0
16EPO

EPO7

Turn over
Il §




-8- 8821-7101

[Maximum mark: 7]

The function f is defined for all x € R. The line with equation y = 6x — 1 is the tangent to
the graph of f at x=4.

(@) Write down the value of f'(4).

(b) Find f(4).

The function g is defined for all x € R where g(x) =x’—3x and h(x) =f(g(x)).
(c) Find h(4).

(d) Hence find the equation of the tangent to the graph of 4 at x =4.

(1]
(1]

(2]
[3]
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[Maximum mark: 7]
2
(@) Showthat 2x—3——0 22X =5¥=3 p oL, 2]
x—1 x—1
(b) Hence or otherwise, solve the equation 2sin260 —3—# =0 for0<6O<m, 0= T [5]
sin26 —1 4

L

16E

P

09



-10- 8821-7101

[Maximum mark: 7]
The equation 3px” + 2px + 1 = p has two real, distinct roots.
(@) Find the possible values for p. [5]

(b) Consider the case when p = 4. The roots of the equation can be expressed in

ai\/ﬁ

6

the form x =

, Where a € 7. Find the value of a. [2]
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[Maximum mark: 7]
In2x 2 1
Solve the differential equation % :n_zx__y, x>0, giventhat y=4 at x= 3
X X

Give your answer in the form y = f(x).
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[Maximum mark: 7]

1
Consider the expression \/— —V1-x where a € Q, a#0.
1+ ax

The binomial expansion of this expression, in ascending powers of x, as far as the term in x*
is 4bx + bx*, where b € Q.

(a) Find the value of a and the value of b. [6]

(b) State the restriction which must be placed on x for this expansion to be valid. [1
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.

11.

L

[Maximum mark: 16]

A particle P moves along the x-axis. The velocity of P is vms™ at time ¢ seconds,
where v(f) =4 + 4t -3¢ for 0<¢<3.When t=0, P is at the origin O.

(@)

(b)

(c)

(i)  Find the value of t when P reaches its maximum velocity.

(i)  Show that the distance of P from O at this time is i—j metres.

Sketch a graph of v against ¢, clearly showing any points of intersection
with the axes.

Find the total distance travelled by P.

[Maximum mark: 14]

(@)
(b)

Prove by mathematical induction that %(x%") :[xz +2nx+n(n—1)]ex forneZ'.

Hence or otherwise, determine the Maclaurin series of f(x) = x’¢" in ascending powers
of x, up to and including the term in x*.

3
et — xz)
Hence or otherwise, determine the value of 11rr(} 0
X
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Do not write solutions on this page.

12. [Maximum mark: 22]
Consider the equation (z — 1)3 =1, z € C. The roots of this equation are o,, ®, and w,,
where Im(w,) > 0 and Im(w,) <0.
(@) (i) Verifythat o, =1+ e is a root of this equation.
(i) Find o, and w,, expressing these in the form a + ¢!, where a € R and 0> 0. [6]
The roots ®,, w, and w, are represented by the points A, B and C respectively on an
Argand diagram.
(b) Plot the points A, B and C on an Argand diagram. [4]
(c) Find AC. [3]
Consider the equation (z - 1)’ =iz’, z € C.
(d) By using de Moivre’s theorem, show that o = — is a root of this equation. [3]
1-e®
(e) Determine the value of Re(a). [6]
References:

© International Baccalaureate Organization 2021

L

16

EP14

|




L

Please do not write on this page.

Answers written on this page
will not be marked.

16

EP15

|



L

Please do not write on this page.

Answers written on this page
will not be marked.

16EP16

P

|




Diploma Programme
Programme du diplome

Programa del Diploma

© International Baccalaureate Organization 2021

All rights reserved. No part of this product may be reproduced in any form or by any
electronic or mechanical means, including information storage and retrieval systems,
without the prior written permission from the IB. Additionally, the license tied with this
product prohibits use of any selected files or extracts from this product. Use by third
parties, including but not limited to publishers, private teachers, tutoring or study services,
preparatory schools, vendors operating curriculum mapping services or teacher resource
digital platforms and app developers, whether fee-covered or not, is prohibited and is a
criminal offense.

More information on how to request written permission in the form of a license can be
obtained from https://ibo.org/become-an-ib-school/ib-publishing/licensing/applying-for-a-
license/.

© Organisation du Baccalauréat International 2021

Tous droits réservés. Aucune partie de ce produit ne peut étre reproduite sous quelque
forme ni par quelque moyen que ce soit, électronique ou mécanique, y compris des
systemes de stockage et de récupération d’informations, sans Il'autorisation écrite
préalable de I'IB. De plus, la licence associée a ce produit interdit toute utilisation de tout
fichier ou extrait sélectionné dans ce produit. L'utilisation par des tiers, y compris, sans
toutefois s’y limiter, des éditeurs, des professeurs particuliers, des services de tutorat ou
d’aide aux études, des établissements de préparation a I'enseignement supérieur, des
fournisseurs de services de planification des programmes d’études, des gestionnaires de
plateformes pédagogiques en ligne, et des développeurs d’applications, moyennant
paiement ou non, est interdite et constitue une infraction pénale.

Pour plus d’informations sur la procédure a suivre pour obtenir une autorisation écrite
sous la forme d’une licence, rendez-vous a I'adresse https://ibo.org/become-an-ib-school/
ib-publishing/licensing/applying-for-a-license/.

© Organizacion del Bachillerato Internacional, 2021

Todos los derechos reservados. No se podra reproducir ninguna parte de este producto
de ninguna forma ni por ningiin medio electrénico o mecanico, incluidos los sistemas de
almacenamiento y recuperacion de informacién, sin la previa autorizacion por escrito del
IB. Ademas, la licencia vinculada a este producto prohibe el uso de todo archivo o
fragmento seleccionado de este producto. El uso por parte de terceros —lo que incluye,
a titulo enunciativo, editoriales, profesores particulares, servicios de apoyo académico o
ayuda para el estudio, colegios preparatorios, desarrolladores de aplicaciones y
entidades que presten servicios de planificacién curricular u ofrezcan recursos para
docentes mediante plataformas digitales—, ya sea incluido en tasas o no, esta prohibido
y constituye un delito.

En este enlace encontrara mas informacién sobre cémo solicitar una autorizacién por
escrito en forma de licencia: https://ibo.org/become-an-ib-school/ib-publishing/licensing/
applying-for-a-license/.

International Baccalaureate”
Baccalauréat International
Bachillerato Imtemnacional




L

Diploma Programme
Programme du dipléme

Programa del Diploma

Mathematics: analysis and approaches
Higher level
Paper 1

Thursday 6 May 2021 (afternoon)
Candidate session number

2 hours

Instructions to candidates

* Write your session number in the boxes above.

* Do not open this examination paper until instructed to do so.

* You are not permitted access to any calculator for this paper.

» Section A: answer all questions. Answers must be written within the answer boxes provided.

e Section B: answer all questions in the answer booklet provided. Fill in your session number
on the front of the answer booklet, and attach it to this examination paper and your
cover sheet using the tag provided.

* Unless otherwise stated in the question, all numerical answers should be given exactly or

correct to three significant figures.

* Aclean copy of the mathematics: analysis and approaches formula booklet is required for

this paper.

e The maximum mark for this examination paper is [110 marks].

2221-7111
15 pages © International Baccalaureate Organization 2021

16E

Baccalauréat International

P

Bachillerato Internacional

“““ ‘“ ‘“ @ International Baccalaureate”




L

Please do not write on this page.

Answers written on this page
will not be marked.

16EP02

P

2221-7111

|




=

-3- 2221-7111

Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show all
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 4]
Consider two consecutive positive integers, » and n + 1.

Show that the difference of their squares is equal to the sum of the two integers.

i [
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2.

2221-7111

[Maximum mark: 7]

Solve the equation 2cos’x + Ssinx =4, 0 < x < 27.

L

16EPO

EP04
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[Maximum mark: 5]
In the expansion of (x + k)’, where k € R, the coefficient of the term in x” is 63.

Find the possible values of k.
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[Maximum mark: 9]
Consider the function f defined by f(x)=1In (x* — 16) for x > 4.

The following diagram shows part of the graph of f* which crosses the x-axis at point A, with
coordinates (a, 0). The line L is the tangent to the graph of f at the point B.

h% x=4

N

A(a, 0)

(@) Find the exact value of a.

(b) Given that the gradient of L is % find the x-coordinate of B.
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[Maximum mark: 4]

Given any two non-zero vectors, a and b, show that |a x b = |a|* |b|" — (a - b).
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[Maximum mark: 7]
The following diagram shows triangle ABC, with AB =10, BC =x and AC = 2x.

diagram not to scale

10

2x

Given that cosC = % , find the area of the triangle.

g

Give your answer in the form 7 P where p,q € 7"
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[Maximum mark: 5]

The cubic equation x* — kx* + 3k = 0 where k> 0 has roots «, 8 and o + .

2

Given that aff = —% , find the value of k.
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[Maximum mark: 8]

The lines /, and /, have the following vector equations where 4, u € R.

3 2

Lin=|2 |+A4] 2

-1 2

2 1

L:r,=]0|+pu| -1

4 1
(@) Show that /, and /, do not intersect. [3]
(b)  Find the minimum distance between /, and /,. [5]
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-1 = 2221-7111
[Maximum mark: 7]
By using the substitution u = sinx, find '[ - jme.OSX dx .

sin” x —sinx —2
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Do not write solutions on this page.
Section B
Answer all questions in the answer booklet provided. Please start each question on a new page.
10. [Maximum mark: 15]
Consider the function f defined by f(x) =6 + 6cosx, for 0 <x <4m.

The following diagram shows the graph of y = f'(x).

The graph of f touches the x-axis at points A and B, as shown. The shaded region is
enclosed by the graph of y = f(x) and the x-axis, between the points A and B.

(@) Find the x-coordinates of A and B. [3]
(b) Show that the area of the shaded region is 12x. [5]

(This question continues on the following page)
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Do not write solutions on this page.
(Question 10 continued)

The right cone in the following diagram has a total surface area of 12n, equal to the shaded
area in the previous diagram.

The cone has a base radius of 2, height /, and slant height /.

diagram not to scale

(c) Find the value of /. [3]

(d) Hence, find the volume of the cone. [4]
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Do not write solutions on this page.

11.

[Maximum mark: 20]

The acceleration, ams™, of a particle moving in a horizontal line at time ¢ seconds, >0, is
given by a = —(1+v) where vms ' is the particle’s velocity and v > —1.

At £ =0, the particle is at a fixed origin O and has initial velocity vOms’l.

(a) By solving an appropriate differential equation, show that the particle’s velocity at time ¢
is given by v(7)=(1 +v)e ' — 1.

(b) Initially at O, the particle moves in the positive direction until it reaches its maximum
displacement from O. The particle then returns to O.

Let s metres represent the particle’s displacement from O and s, its maximum
displacement from O.

(i)  Show that the time 7' taken for the particle to reach s, satisfies the
equation €' =1 +v,.

(i) By solving an appropriate differential equation and using the result from part
(b) (i), find an expression for s in terms of v, .

Let v(T — k) represent the particle’s velocity & seconds before it reaches s_ , where

v(T—k)=(1+v)e " P —1.
(c) By using the result to part (b) (i), show that v(T— k) =¢" - 1.
Similarly, let v(T + k) represent the particle’s velocity k& seconds after it reaches s, .

(d) Deduce a similar expression for v(7T + k) in terms of k.

(e) Hence, show that v(T—k)+v(T'+k)>0.

16
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Do not write solutions on this page.

12. [Maximum mark: 19]

The following diagram shows the graph of y = arctan(2x+1)+§ for x € R, with asymptotes

T
at y=——and y=—.
y 4 y

(a) Describe a sequence of transformations that transforms the graph of y = arctan x to the

graph of y = arctan(2x+1)+§ for x € R. [3]
(b) Show that arctan p +arctanq = arctan[lp+q J where p, ¢ >0 and pg<1. [4]
—Pq
(c) \Verify that arctan(2x+1)= arctan(ilj+g forxe R, x>0. [3]
x+

(d) Using mathematical induction and the result from part (b), prove that

Zarctan (sz = arctan (L) forneZ’. [9]
r=1 2]"

n+l

References:
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show all
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 5]

The graph of y = f(x) for -4 <x < 6 is shown in the following diagram.

y
8
6
4
2
X
4 2 0 2 4 \6
: \
—4
—6
(@) Write down the value of
M f@;
(i)  (fe/)2). [2]
(b) Let g(x)= %f(x)+1 for —4 <x < 6. On the axes above, sketch the graph of g. [3]
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[Maximum mark: 5]

Consider an arithmetic sequence where u, =S, = 8. Find the value of the first term, u,, and
the value of the common difference, d.
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[Maximum mark: 5]

A research student weighed lizard eggs in grams and recorded the results. The following
box and whisker diagram shows a summary of the results where L and U are the lower
and upper quartiles respectively.

diagram not to scale

: a

10 L 40 U 75

The interquartile range is 20 grams and there are no outliers in the results.
(@) Find the minimum possible value of U. [3]

(b) Hence, find the minimum possible value of L. [2]

L
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[Maximum mark: 7]
Consider the functions f(x) =—(x — )’ + 2k and g(x) =¢*~ + k where /4, k € R.
(@) Find f'(x). 1]

The graphs of f and g have a common tangent at x =3.

(b) Show that / = % . [3]
2
(c) Hence, show that £k =¢ +% : [3]
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[Maximum mark: 8]
(@) Show that sin2x + cos2x — 1 = 2sinx(cosx — sinx).

(b) Hence or otherwise, solve sin2x + cos2x — 1 + cosx —sinx =0 for 0 <x < 2m.
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[Maximum mark: 4]

It is given that cosecO :% , Where g< 0 < %ﬁ . Find the exact value of cot 6.
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[Maximum mark: 8]
Consider the quartic equation z* + 4z° + 82 + 80z + 400 =0, z € C.
Two of the roots of this equation are a + bi and b + ai, where a, b € Z.

Find the possible values of a.
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[Maximum mark: 5]

. tan 2
Use I'Hopital’s rule to find hm[wj.
x>0\ tan3x
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[Maximum mark: 8]

A farmer has six sheep pens, arranged in a grid with three rows and two columns as shown
in the following diagram.

Five sheep called Amber, Brownie, Curly, Daisy and Eden are to be placed in the pens. Each
pen is large enough to hold all of the sheep. Amber and Brownie are known to fight.

Find the number of ways of placing the sheep in the pens in each of the following cases:

(@) Each pen is large enough to contain five sheep. Amber and Brownie must not be
placed in the same pen.

(b) Each pen may only contain one sheep. Amber and Brownie must not be placed in pens
which share a boundary.
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Do not write solutions on this page.

Section B
Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 16]

A biased four-sided die, A, is rolled. Let X be the score obtained when die A is rolled. The
probability distribution for X is given in the following table.

X 1 2 3 4
1
P(X'=x) p p p 5P
(@) Find the value of p. [2]
(b) Hence, find the value of E (X). [2]

A second biased four-sided die, B, is rolled. Let Y be the score obtained when die B is rolled.
The probability distribution for Y is given in the following table.

y 1 2 3 4

P(Y=y) q q q r

(c) (i) State the range of possible values of r.
(i)  Hence, find the range of possible values of ¢. [3]
(d) Hence, find the range of possible values for E(Y). [3]

Agnes and Barbara play a game using these dice. Agnes rolls die A once and Barbara rolls

1
die B once. The probability that Agnes’ score is less than Barbara’s score is 3

(e) Find the value of E(Y). [6]
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Do not write solutions on this page.

1. [Maximum mark: 19]

+1
Consider the line L, defined by the Cartesian equation XT =y=3-z.

(@ (i) Show that the point (-1, 0, 3) lieson L,.

(i)  Find a vector equation of L, . [4]
0 a
Consider a second line L, defined by the vector equation r=| 1 |+¢| 1 |,
2 -1

where t € Rand a € R.
(b)  Find the possible values of a when the acute angle between L, and L, is 45°. [8]
It is given that the lines L, and L, have a unique point of intersection, A, when a # k.

(c) Find the value of k&, and find the coordinates of the point A in terms of a. [71

12. [Maximum mark: 20]

Let f(x)=+1+x for x>—1.

1
(@) Show that f"(x)=——F———. [3]
41 +x)*
n-1 1
2n-3)!
(b) Use mathematical induction to prove that f(”)(x) :(—%] %(IH)2
n—2)!
forneZ,n>2. [9]

Let g(x)=¢™", meQ.

Consider the function /4 defined by % (x) =f(x) x g(x) for x > —1.

It is given that the x> term in the Maclaurin series for 4 (x) has a coefficient of 2

(c) Find the possible values of m. [8]

References:
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show all
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 5]

Let 4 and B be events such that P(4) =0.5,P(B)=0.4 and P(4 U B)=0.6.
Find P(4 | B).

§ [N |
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2.
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[Maximum mark: 5]
(@) Showthat 2n — 1)+ (2n+1)’=8n’+2,where neZ. [2]

(b) Hence, or otherwise, prove that the sum of the squares of any two consecutive odd
integers is even. [3]
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[Maximum mark: 5]

Let f'(x) = 8—2‘ Given that £(0) =5, find £(x).

2x + 1
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[Maximum mark: 5]

The following diagram shows the graph of y = f(x). The graph has a horizontal asymptote
at y=—1. The graph crosses the x-axis at x=—-1 and x=1, and the y-axisat y=2.

y

4

y=f(

On the following set of axes, sketch the graph of y =[ f(x)]’+ 1, clearly showing any
asymptotes with their equations and the coordinates of any local maxima or minima.

Y
N
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[Maximum mark: 5]

x+3

The functions " and g are defined such that f(x) = and g(x)=8x+5.

(@) Showthat (go f)(x)=2x+11. [2]

(b) Giventhat (go f)'(a) =4, find the value of a. [3]
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6. [Maximum mark: 8]
(a) Show that log, (cos2x + 2) = log, \/cos2x + 2 . [3]
(b)  Hence or otherwise solve log, (2sinx) = log,(cos2x + 2) for 0 < x < g [5]
TR
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[Maximum mark: 7]

A continuous random variable X has the probability density function f* given by

n—xsin(n—x], 0<x<6
f(x)=1<36 6 .

0, otherwise

Find P(0 < X< 3).
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[Maximum mark: 7]

The plane II has the Cartesian equation 2x +y +2z=3.

3 1
The line L has the vector equation r =| =5 | + u| -2 |, u, p € R. The acute angle between
1 p

the line L and the plane I1is 30°.

Find the possible values of p.
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9. [Maximum mark: 8]

The function 1 is defined by f(x) =e*— 6e'+5,xeR,x<a.The graph of y = f(x) is
shown in the following diagram.

—4+

(@) Find the largest value of a such that f has an inverse function. [3]

(b)  For this value of a, find an expression for /' (x), stating its domain. [5]

(This question continues on the following page)
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(Question 9 continued)
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Do not write solutions on this page.
Section B
Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 16]

Let f(x) :% where x>0, keR".

— In5x

oy 1
(@) Show that f'(x) = P (3]

The graph of f has exactly one maximum point P.

(b) Find the x-coordinate of P. [3]
o . y 2In5x -3
The second derivative of f is given by f"(x) = " The graph of f has exactly one
point of inflexion Q.
1 32
(c) Show that the x-coordinate of Q is gez . [3]

The region R is enclosed by the graph of £, the x-axis, and the vertical lines through the
maximum point P and the point of inflexion Q.

y

N

Vv

(d) Given that the area of R is 3, find the value of k. [71
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Do not write solutions on this page.

11.

12.

[Maximum mark: 18]
(a) Express —3 + +/3i in the form re’, where >0 and —n < 6 <m.

Let the roots of the equation z° = — 3 + \/gi be u,v and w.

(b) Find u, v and w expressing your answers in the form re”, where »>0 and -t < <.

On an Argand diagram, u, v and w are represented by the points U, V and W respectively.
(c) Find the area of triangle UVW.

(d) By considering the sum of the roots u, v and w, show that

[Maximum mark: 21]
The function f is defined by f(x) =¢e"".

(@) Find the first two derivatives of f(x) and hence find the Maclaurin series for f(x) up to
and including the x° term.

(b)  Show that the coefficient of x’ in the Maclaurin series for f'(x) is zero.

(c) Using the Maclaurin series for arctanx and e¢*— 1, find the Maclaurin series
for arctan (e~ 1) up to and including the x* term.

) -1
(d) Hence, or otherwise, find hm%.
>0 arctan (e - 1)

[5]

[5]

[4]

[4]

[8]
[4]

[6]

[3]
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