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Instructions to Examiners

Abbreviations

M

A

R

AG

FT

Marks awarded for attempting to use a correct Method.

Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.
Marks awarded for clear Reasoning.

Answer given in the question and so no marks are awarded.

Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their
correct methods/answers using incorrect results.

Using the markscheme

1

General

Award marks using the annotations as noted in the markscheme eg M1, A2.

Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

It is generally not possible to award MO followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award AOA1A1. If A1 marks are on
separate lines, they are assumed to be dependent and hence AOA1 is unlikely to be awarded.
However, where such marks are independent (e.g. the markscheme is presenting them in
sequence, but in the solution one does not lead directly to the other) this should be communicated
via a note, and hence AOA1 (for example) can be awarded.

Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.

The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question. This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part. For example, when a correct exact value is followed by an incorrect decimal
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approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final Al in the first part. Examples:

Correct Further Any FT issues? Acti
; ction
answer seen | working seen
5.65685... No. Award A1 for the final mark
82 (incorrect Last part in question. | (condone the incorrect further
decimal value) working)

35 0.468111... Yes. Award AO for the final mark

— (incorrect Value is wused in (and full FT is available in

72 decimal value) subsequent parts. subsequent parts)

Implied marks

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or
implied by subsequent working/answer.

Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect
value from part (c)(i) used in part (c)(ii)). Usually, to award FT marks, there must be working
present and not just a final answer based on an incorrect answer to a previous part. However, if all
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be
awarded for their correct answer, even when working is not present.

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct
answer, without working being seen. For longer questions where all but the answer marks are
implied this rule applies but may be overwritten by a Note in the Markscheme.

e Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

¢ If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version

e Ifthe error leads to an inappropriate value (e.g. probability greater than 1, sin€é =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

e The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

e If the candidate’s answer to the initial question clearly contradicts information given in the
guestion, it is not appropriate to award any FT marks in the subsequent parts. This includes when
candidates fail to complete a “show that” question correctly, and then in subsequent parts use
their incorrect answer rather than the given value.

e Exceptions to these FT rules will be explicitly noted on the markscheme.

¢ If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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Mis-read

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR). A
candidate should be penalized only once for a particular misread. Use the MR stamp to indicate that
this has been a misread and do not award the first mark, even if this is an M mark, but award all
others as appropriate.

e If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

e If the MR leads to an inappropriate value (e.g. probability greater than 1, Sin@=1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

e Miscopying of candidates’ own work does not constitute a misread, it is an error.

¢ If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy
than given in the question, this is NOT a misread and full marks may be scored in the subsequent
part.

e MR can only be applied when work is seen. For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question
specifies a method, other correct methods should be marked in line with the markscheme. If the
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted
unless covered by a note in the mark scheme.

e Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.
¢ Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000.

¢ Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

e In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

e In the markscheme, some equivalent answers will generally appear in brackets. Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.
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Format and accuracy of answers

Final answers will generally not need to restate the variable and/or units to be considered correct.
To help examiners, the markscheme will include variables and units, where appropriate. However,
their omission from a candidate’s final answer should only be penalized if explicitly instructed in a
markscheme note.

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the
required accuracy. If the level of accuracy is not stated in the question, , the general rule applies to
final answers: unless otherwise stated in the question all numerical answers must be given exactly
or correct to three significant figures.

Where values are used in subsequent parts, the markscheme will generally use the exact value,
however candidates may also use the correct answer to a “correct” level of accuracy (e.g 3 sf) in
subsequent parts. The markscheme will often explicitly include the subsequent values that come
“from the use of 3 sf values”.

Simplification of final answers: Candidates are advised to give final answers using good
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and

any values that lead to integers should be simplified; for example, ,/? should be written as g :

An exception to this is simplifying fractions, where lowest form is not required (although the

| : 10 o
numerator and the denominator must be integers); for example, Xmay be left in this form or

, 5 10 ) A .. .
written as E . However, g should be written as 2, as it simplifies to an integer.

Algebraic expressions should be simplified by completing any operations such as addition and
multiplication, e.g. 4e* xe* should be simplified to 4e>*, and 4e** xe* —e* xe* should be
simplified to 3e®*. Unless specified in the question, expressions do not need to be factorized, nor
do factorized expressions need to be expanded, so x(x+1) and x* + x are both acceptable.

Please note: intermediate A marks do NOT need to be simplified.
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Calculators

A GDC is required for this paper, but If you see work that suggests a candidate has used any
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the
procedures for malpractice.

Presentation of candidate work

Crossed out work: If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit
note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
guestion, an examiner should only mark the first response unless the candidate indicates
otherwise. If the layout of the responses makes it difficult to judge, examiners should apply
appropriate discretion to judge which is “first”.
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Section A
(@) BV =y(6-3)2+(8—4)?+(0-9) (A1)
=10.2956...
=10.3 (=v/106) Al
-3
Note: Award SC(A0)A1 for BV =| —4 | where a candidate has misinterpreted notation.
9
[2 marks]
(b) METHOD 1
BV =VC AND BC =8 (seen anywhere) (A1)
attempt to use the cosine rule on triangle BVC for any angle (M1)

Note: Recognition must be shown in context either in terms of labelled sides or in side lengths.

10.2..7+10.2..7 -8
2x10.2...x10.2...

82 =10.2...7 +10.2..2 —2x10.2...x10.2...cos BVC (A1)

cosBVC =

BVC = 0.798037...

BVC =0.798 (accept 45.7°) Al

Note: If no working shown, award (A0)(M1)(A0)AO for BVC =0.80 (or 46°) (2sf).

METHOD 2
let M be the midpoint of BC

BM =4 (seen anywhere) (A1)

attempt to use sine or cosine in triangle BMV or CMV (M1)

arcsini OR E—arccosi OR 0.399018 (A1)
J106 2 J106

BVC = 0.798037...

BVC =0.798 (accept 45.7°) Al

Note: If no working shown, award (A0)(M1)(A0)AO for BVC =0.80 (or 46°) (2sf).
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METHOD 3
3 3

VC=|-4|and VB=| 4 (A1)
-9 -9

attempt to use the cosine formula for an angle using two vectors representing the

edges of triangle BVC (M1)

cos BVC — 3(3)—4(4)-9(-9) (: 74 j (A1)

J3 +(—4)? +(-9)? /3 + 4%+ (-9)* \ 106
BVC =0.798037...
BVC =0.798 (accept 45.7°) Al

Note: If no working shown, award (A0)(M1)(A0)AO for BVC =0.80 (or 46°) (2sf).

METHOD 4
3 3
VC=|-4|and VB=| 4 (A1)
-9 -9
attempt to use the cross product formula for an angle using two vectors representing
the edges of triangle BVC (M1)
72
0
n 24 \J
sinBVC = = 5760 (A1)
3+ (—4)? +(-9)2 3 +47+(-9)2 | 106
BVC =0.798037...
BVC =0.798 (accept 45.7°) Al
Note: If no working shown, award (A0)(M1)(A0)AO for BVC =0.80 (or 46°) (2sf).
1 \/5760
Award SC(A1)(M1)(A0)AO for area = > 0 (= T(: 37.9) where a candidate has
24
misinterpreted notation.
[4 marks]

Total [6 marks]
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@)

Al1A1A1

Note: Award marks as follows:
Al for approximately correct roots, in the intervals —2 < x < -1 and
2<x<3.
A1 for y-intercept AND local minimum in approximately correct positions. Allow for y-
intercept —3.5 < y <—2.5, and for local minimum 0.5<Xx<1.5, 5<y<—4.
A1 for approximately correct endpoints, with the left end in the intervals
—45<x<-3.5 7.5<y<8.5 and the right end in the intervals 2.5<x<3.5, 6.5<y<7.5

[3 marks]
1
b) k== Al
(b) 5
¢ =—3 (accept translate/shift 3 (units) down) Al
[2 marks]

Total [5 marks]
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(a) use of sector area formula to find area of at least one sector (M1)

%XS.ZXlOO—%x&Zx r’ OR 10275—%102 x(2n—5.2)—(nr2 —%x(2n—5.2)x rzj Al

(area) = 260 2.6r” AG

Note:There are many different ways to find the area of the “C”. In all methods, the A mark is
awarded for working which leads directly to the AG.
Many candidates are working with rounded intermediate values. Award the A mark to correct
work with values that round to the 3sf value of 260 and the 2sf value of 2.6 eg

259.99 —2.6015r7.

[2 marks]
(b) (i) 260—2.6r° =64 (A1)

r=8.68243...

14465
=8.68(cm) [ \/_ exactJ Al
13

(i) 10x5.2 OR 8.68...x5.2 (A1)
substituting their value of r into 10x5.2+r x5.2+2(10—r) (or equivalent) (M1)

Perimeter = 10x5.2+8.68...x5.2+2(10—-8.68...) (=52+45.1486...+2.63513...)

=99.7837...
=99.8 (cm) Al
[5 marks]

Total [7 marks]
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4. (a) recognizing at rest when $=OOR sIS a minimum (M1)
q=5.73553...
=5.74 Al

Note: If no working shown, award (M1)AO for g = 5.7 (2sf).

[2 marks]
() METHOD 1
recognizing that integral of v(t) is required (M1)
5.73.. 573..| d 573 5.73..
IO v(t)|dt or jo ‘as(t)‘dt OR ‘ ) v(t)dt‘ OR —jo v(t)dt (A1)

Note: Condone absence of dt.

Only accept quv(t) dt‘ if their value of g does not result in the particle changing direction in

the first g seconds.

=7.68302...
=7.68 (M) Al

Note: Special Cases:

Award a maximum of (M1)(A1FT)AOFT if the candidate obtains q =1.62320... in part (a), and
uses that value to find the total distance to be 3.38302... (3.37644... from 3sf).

5.73...
Award (M1)(A0)A1 if the candidate writes J'O v(t)dt followed by the correct answer.

METHOD 2

recognition that total distance travelled is the difference between the initial

displacement and the displacement at minimum (M1)
initial displacement is 3.38302... AND at minimum is —4.3 (Al)
total distance travelled = 3.38302...—(—4.3)

=7.68302...

=7.68 (M) Al

Note: If no working shown, award (M1)(A0)AO for 7.7 (2sf).

[3 marks]

Total [5 marks]
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5. E(X)=k+2k’+3a+4k*=23 (A1)

k+k?*+a+k’®=1 (A1)

Note: The first two A marks are independent of each other.

EITHER (finding intersections of functions)

attempt to make a the subject in both of their equations (M1)
a=1-k-k*-k*and a:%(2.3—k — 2k - 4k®)

use of graph or table to attempt to find intersection (M1)
OR (solving algebraically)

attempt to solve their equations algebraically to find a cubic in k (M1)
k®-k?-2k+0.7=0 OR 3(1— k—k*— k3) =2.3-k—2k?*-4k> (or equivalent)

attempt to solve their cubic in k (M1)
THEN

a=0.552839... OR k =0.315870... (other solutions to cubic are k =—1.18538...,1.86951... )
a=0.553 Al

Note: If no working shown, award (A1)(A1)(M1)(M1)AO for a=2.44587... OR a=-10.8987... and
award (A0)(A0)(M1)(M1)AO0 for a=0.55 (2sf).

Total [5 marks]
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(b)

— 14—

5.75=25p(1-p)

p =0.641421...,0.358578...

5++/2
10

p =0.641,0.359 [:

Var(Y)=(-2)" Var(X)(=4Var(X))

=23

8823 -7112M

(A1)

AlAl

[3 marks]
(Al)
Al

[2 marks]

Total [5 marks]
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@ () (9! =) 362880 Al
‘ Note: Accept 9! or 363000. ‘
(i)  attempt to consider girls as a single object (M1)
(3! x 7! :) 30240 Al
[ Note: Accept 30200, |
[3 marks]
(b) METHOD 1
recognition of the two different cases for 2 girls and 3 girls (M1)
exactly 2 girls is °C, x °C, =60 and exactly 3 girls (°C,x)°C, =15 (A1)
total (=60+15)=75 Al
METHOD 2
recognition of the three different cases: total choices, 1 girl and no girls (M1)
total choices °C, =126 , one girl case °C, x °C, =45 , no girl case °C, =6 (A1)
total (=126—-45-6)=75 Al
[3 marks]

Total [6 marks]
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1
AB=[1-p Al
-1
o p
AC=|-p Al
2
attempt to evaluate their ABxAC by use of formula or determinant M1
[ 2-p)-p
ABxAC=| —(2+p) |OR (2(1-p)-p)i—-(2+p)j+(-p-p(1-p))k Al
-p-p(1-p)
2-3p
ABxAC=| —2-p AG
p*-2p
[4 marks]
_ —2
[ABxAC]
=(2-3p)° +(-2-p) +(p” —2p)2 (= p*-4p°+14p*-8p+8) (A1)
mmmpnoﬁmhmmmumoﬂhdﬂﬂﬁxﬂér (M1)
6.75257... OR p=0.3264...
min value is 6.75 Al
[3 marks]

continued...
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Question 8 continued
(c) METHOD 1

1— ——
valid attempt to find area = E‘ABXAC‘ using their answer to part b) (M1)

area = %\/6.75257...

=1.299285...

=1.30 (units?) Al

[2 marks]

Total [9 marks]
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9. (a) attemptto use recursive formula y = yn_l+0.1£4_1—g"‘1j (M1)
n X Yn
0 0 2
1 0.1 2.02
2 0.2 2.0398
3 0.3 2.05940...
4 04 2.07880...
5 0.5 2.09801...
y, =2.02 (A1)
y, =2.098 Al

Note: Accept any answer which rounds to the correct 4sf value.

Award no marks for a final answer of 2.1 or 2.10 with no working.

[3 marks]

continued...
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Question 9 continued

(b) METHOD 1

8823 -7112M

Note: Condone absence of absolute value signs throughout

dy dx
Jazy=T5

X
—Inj4—-y|=—(+c
[4=y|=15(+¢)
EITHER
substituting initial conditions X =0, y = 2to find the value of ¢

(-In2=0+c=)c=-In2

—In|4—y|:%—ln2:>ln|4;y| :—%

X

[4—y|=2e

OR

X

[4—y|=e ™ (so 4-y=+e’e ™)

4-y=Ae ™
substituting initial conditions x=0 ,y =2 to find the value of A
2=Ae" = A=2

THEN

y=4-2e 1

M1

Al

M1

Al

Al

Al

M1

Al

AG

Note: Candidates may use —Id—y4 = Jf_())( and correctly obtain |y —4| =2 10 leading to 4—y =2e ©
y_

X

after consideration of the boundary conditions. In this case, the absence of absolute value signs

should not be condoned until the sign has been resolved.

continued...
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Question 9 continued
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METHOD 2
attempt to rearrange and find an integrating factor M1
idx i><
d—y+iy:i so IF eIlo =gl
dx 10 10
e%X d—y+ie%xy :ie%X
dx 10 10
Ly Ly
el"y=4e (+c) A1A1
Note: Award A1l for LHS and A1l for RHS.
substituting initial conditions x =0, y = 2to find the value of ¢ M1
(2e°:4e°+c:>)c:—2 Al
1, 1,
et y=4e -2
y=4-2e AG
[5 marks]
(c)  absolute error =2.0980199...— (4—2e°%)=0.000478749...
=0.000479(=4.79x10™) Al
Note: Accept 0.000459(: 4.59><10‘4) from use of 4sf value.
[1 mark]

Total [9 marks]
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Section B

(@) recognizing probabilities sum to 1 (M1)

0.288+P(94.6 < X <98.1)+0.434 =1

P(94.6 < X <98.1) =0.278 Al

Note: If no working shown, award (M1)AO0 for P(94.6 < X <98.1) =0.28 (2sf).

[2 marks]
(b) METHOD 1
recognizing the need to use inverse normal with 0.288, (1-0.434) or 0.434 (M1)
Note: Accept use of calculator notation eg invNorm (0.288) (: —0.559236...).
4 +invNorm(0.288)c = 94.6, 1 +invNorm(1—0.434)c = 98.1 (or equivalent) (A1)(AL)

attempt to solve their equations in two variables using the GDC (that involve
either z-values or ‘invNorm’ rather than probabilities) (M1)

1 =97.2981..., o =4.82468...

#=97.3 0 =482 Al

Note: Condone use of different variables throughout, but do not award the final Al if they do
not clearly identify which variable is their mean and standard deviation.

METHOD 2

use of inverse normal to find at least one z-score for P(Z < z) =0.288 or

P(Z <z)=1-0.434 (M1)

7, =-0.559236... or z,=0.166199...

24074 _ _0559236..., 22174 _0.166199... (or equivalent) (A1)(AL)
(o2 o

attempt to solve their equations (that involve z-values rather than probabilities) (M1)

H=97.2981..., o =4.82468...

1=97.3 o=482 Al

Note: Award marks as appropriate for work seen in part (a).

Note: If no working shown, award (M1)(A0)(A0)(M1)AO for x =97, o = 4.8 (2sf).

[5 marks]
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Question 10 continued

(c) () recognition of Binomial distribution (M1)
X ~ B(100,0.434)
P(X =34) =0.0133198...
=0.0133 Al

Note: If no working shown, award (M1)AO0 for P(X =34) =0.013 (2sf).

(i)  P(X <49)=0.848218...(seen anywhere) (A1)

recognition of conditional probability (M1)

Note: recognition must be shown in context, either in symbols eg P(X =34|X < 49), orin

words eg P(34 plants|less than 49 plants), not only as P(A| B).

(P(X =34] X <49)-) P(X =34) OR P(X =34) [: 0.0133198...) (A1)
P(X <49) P(X <48) | 0.848218...
=0.0157033...
P(X:34|X <49):0.0157 Al
Note: Exception to FT: If the candidate finds P(X <49) (: 0.890474...) and uses that to
calculate P(X =34| X <49)=0.0149581... award (AO)(M1)(A1)AO.
Note: If no working shown, award (A0)(M1)(A0)AO for P(X =34| X < 49) =0.016 (2sf).
[6 marks]

continued...
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Question 10 continued

(d) Ql =96.19 or Q3 =101.01 (may be seen on a labelled diagram with areas
indicated) (A1)

P(96.19 < F <101.01) =0.5 OR P(F <96.19) =0.25 OR P(F <101.01) =0.75
(or equivalent)

EITHER
attempt to find d using graph or table (M1)

OR
2.41
1—2P(Z <_Tj:0'5 OR P(Z <_2'T41)=o.25 OR P(Z <2'T41)=o.75

2.41 2.41

OR p(_T <Z< T) — 0.5 (or equivalent) (M1)
_24_ 674489, OR Z'T‘” — 0.674489...

THEN

3.57307...

d =3.57 Al

Note: Accept 3.56 using 96.2 or 101.

Note: If no working shown, award (A0)(M1)AO for d =3.6 (2sf).

[3 marks]

Total [16 marks]
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11. (a) (vertical asymptote equation) X =—3 Al
Note: Accept 2x+6=0 or equivalent.
[1 mark]
(b) (2,0) and (12,0) AlAl
Note: Award A1 for (2,0) and A1 for (12,0).
Award A1AQ if only X values are given.
[2 marks]
(c) METHOD 1
a== Al
2
N | X* —14x+ 24
attempt at ‘long division’ on —— (M1)
2X+6
x? —14x+ 24
2X+6
=1x—lzfr ' } (A1)
2 2\ 2x+6
b—_1/ Al
2
Note: Accept y—lx—E
: p > >

continued...
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Question 11 continued
METHOD 2
a=1t Al
2
X’ -14x+24 1 c
————=—X+b+ (A1)
2X+6 2 2X+6
xz—14x+24za%x(2x+6)+b(2x+6)+c
attempt to equate coefficients of x: (M1)
-14=3+2b
A Al
2
1 17
Note: Accept y=—X——.
pty > >
METHOD 3
a1 Al
2
x> -14x+24 1 _-17x+24 (A1)
2x+6 2 2x+6
attempt to find the limit of f (x) —ax as X —> oo (M1)
b = lim —L/X+24
o 2X+6
= —E Al
2
Note: Accept y—ix—E
; p > >
[4 marks]

continued...
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Question 11 continued

(d)

50

two branches with approximately correct shape (for -50< x <50) Al

Note: For this Al the graph must be a function.

their vertical and oblique asymptotes in approximately correct positions with both
branches showing correct asymptotic behaviour to these asymptotes Al1Al

Note: Award Al for vertical asymptote and behaviour and A1l for obliqgue asymptote and

behaviour.

If only top half of the graph seen only award A1AO0 if both asymptotes and behaviour are
seen.

their axes intercepts in approximately the correct positions Al

Note: Points of intersection with the axes and the equations of asymptotes do not need to be
labelled. Ignore incorrect labels.

[4 marks]
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(e) (—10—5\6 =)—18.6602.... OR (—10+5J§ =)—1.33974.... seen anywhere (A1)

attempt to write the range using at least one value in an interval or an inequality in y or f (x)

(M1)
y<-18.7, y>-1.34 A1A1
Note: Award A1l for each inequality. Award A1AO for strict inequalities in both.
Do not award FT from (d).
Accept equivalent set notation.
[4 marks]
(f) (—10 — 231 =) ~21.1355.... OR (—10 +24/31 =)1.13552.... seen anywhere (A1)
x<-211 -3<x<1.14 AlA1A1

Note: Award A1l for x<—-21.1, Al for correct endpoints of a single interval -3 and 1.14 and A1 for
-3<x<1.14.
Do not award FT from (d).
Accept equivalent set notation.

[4 marks]

Total [19 marks]
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12. (a) attempt to set at least two components of Land M equal M1
1+2s=9+4t
2+3s=9+t
—-3+6s=11+2t
attempt to solve two of their equations simultaneously (M1)
s=20Rt=-1 Al
EITHER
substitute s =2 and t =-1linto remaining component e.g.—3+6(2)=11+2(-1) R1
OR
recognition that 2"¢ and 3™ equations are equivalent R1
THEN
5
position vector of Ais | 8 Al
9

Note: Accept a row vector and/or coordinates.
The final Al is independent of R1.

[5 marks]
(b) METHOD 1
attempt to substitute at least one line into the equation of the plane (M1)
1+2s 0
2+3s o 2 :2(2+35)—1(—3+68)=7 Al
-3+6s )| -1
9+4t \( O
9+t |of 2 :2(9+t)—1(11+2t):7 Al
11+2t) (-1

continued...
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Question 12 continued

METHOD 2

consideration the direction of one line and a point on that line

0 1)\(0 5\ (0

direction | 3|.| 2 |=0 ANDpoint | 2 [.| 2 [=7 |or |8 || 2
-1 -3)\-1 9)-1

4\(0 9 0 5Y(0

direction | 1|.| 2 |=0 ANDpoint | 9 |.| 2 [=7 |or |8 || 2
-1 11){-1 9)1-1

METHOD 3

consideration of direction of both lines

EITHER
2\( 0 4\(0
3|1 2|=0and|1|| 2 |=0 (hence Land M are parallel to the plane)
6)\-1 2)\-1
OR
2) (4 0 0
3|x|1|=| 20 |=k| 2 | (hence Land M are parallel to the plane)
6) |2 -10 -1
THEN
5\(0 1)\(0 9)(0
8l 2|=7TOR| 2 || 2|=7TOR|9]|| 2 |=7
9/1-1 -3/\-1 11) (-1

8823 -7112M

(M1)

Al

Al

(M1)

Al

Al

Al

[3 marks]

continued...
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Question 12 continued

-3 0 -3
(c) () position vector of point on the lineis (r=)[ 12 [+4| 2 | | =|12+24 (A1)
2 -1 2—-1
attempt to substitute position vector into equation of plane 1/ (M1)
-3
meets [I when |12+24 || 2 |=7
2—-1 -1
2(12-|—2/1)—(2—/1) =7
22+54=7
A=-3 (A1)
-3 0 -3) (-3
position vectorof | r=[12 |-3| 2 |=]|| 6 |=| 6 Al
2 -1 5
Note: Accept a row vector and/or coordinates.
(i) METHOD 1
attempt to find BC using OC—OB (M1)
-3 -3 0
BC=0C-OB=| 6 |-|12 |=| -6
5 2 3
attempt to use distance formula to find ‘ﬁ:‘ (M1)

\ﬁ\ = J(-6)*+3

=6.71(:\/E:3\/§) Al




—-31-

METHOD 2
0
recognition that ‘B—C‘ =3x| 2
-1

attempt to use distance formula to find || 2
-1

BC|= 32 +(-1)

- 6.71(: J45 = 3J§)

8823 -7112M

(M1)

(M1)

Al

[7 marks]

continued...
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Question 12 continued

(d) let B’ be the image of B

METHOD 1

-3 0
OB = |12 |+u| 2 (A1)
2 -1

recognition that x =24(=—6) OR |BC| =|CB'| ( may be seen in a diagram) (M1)

so coordinates are B'(—3,0,8) Al

METHOD 2

0
BC=CB =| -6 (A1)
3

0
. v _ _ 1
Note: This may come from BC = ~3\5n using the unit normal vector N = N 2

OB'=0C+CB’ OR OB’ =0OB+2BC OR OB =20C-OB (M1)

-3 0 -3 0 —6 -3
=6 |[+|6|0OR|12 |+2|-6|0OR |12 |-|12
S 3 2 3 10 2

-3
0B'=| 0 | (so coordinates are B'(-3,0,8)) Al
8

[3 marks]

Total [18 marks]
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Instructions to Examiners

Abbreviations

M

A

R

AG

FT

Marks awarded for attempting to use a correct Method.

Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.
Marks awarded for clear Reasoning.

Answer given in the question and so no marks are awarded.

Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their
correct methods/answers using incorrect results.

Using the markscheme

1

General

Award marks using the annotations as noted in the markscheme eg M1, A2.

Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

It is generally not possible to award MO followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award AOA1A1. If A1 marks are on
separate lines, they are assumed to be dependent and hence AOA1 is unlikely to be awarded.
However, where such marks are independent (e.g. the markscheme is presenting them in
sequence, but in the solution one does not lead directly to the other) this should be communicated
via a note, and hence AOA1 (for example) can be awarded.

Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.

The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question. This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part. For example, when a correct exact value is followed by an incorrect decimal
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approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final Al in the first part. Examples:

Correct Further Any FT issues? Acti
; ction
answer seen | working seen
5.65685... No. Award A1 for the final mark
82 (incorrect Last part in question. | (condone the incorrect further
decimal value) working)

35 0.468111... Yes. Award AO for the final mark

— (incorrect Value is wused in (and full FT is available in

72 decimal value) subsequent parts. subsequent parts)

Implied marks

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or
implied by subsequent working/answer.

Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect
value from part (c)(i) used in part (c)(ii)). Usually, to award FT marks, there must be working
present and not just a final answer based on an incorrect answer to a previous part. However, if all
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be
awarded for their correct answer, even when working is not present.

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct
answer, without working being seen. For longer questions where all but the answer marks are
implied this rule applies but may be overwritten by a Note in the Markscheme.

e Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

¢ If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version

e Ifthe error leads to an inappropriate value (e.g. probability greater than 1, sin€é =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

e The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

e If the candidate’s answer to the initial question clearly contradicts information given in the
guestion, it is not appropriate to award any FT marks in the subsequent parts. This includes when
candidates fail to complete a “show that” question correctly, and then in subsequent parts use
their incorrect answer rather than the given value.

e Exceptions to these FT rules will be explicitly noted on the markscheme.

¢ If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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Mis-read

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR). A
candidate should be penalized only once for a particular misread. Use the MR stamp to indicate that
this has been a misread and do not award the first mark, even if this is an M mark, but award all
others as appropriate.

e If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

e If the MR leads to an inappropriate value (e.g. probability greater than 1, Sin@=1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

e Miscopying of candidates’ own work does not constitute a misread, it is an error.

¢ If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy
than given in the question, this is NOT a misread and full marks may be scored in the subsequent
part.

e MR can only be applied when work is seen. For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question
specifies a method, other correct methods should be marked in line with the markscheme. If the
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted
unless covered by a note in the mark scheme.

e Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.
¢ Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000.

¢ Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

e In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

e In the markscheme, some equivalent answers will generally appear in brackets. Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.
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Format and accuracy of answers

Final answers will generally not need to restate the variable and/or units to be considered correct.
To help examiners, the markscheme will include variables and units, where appropriate. However,
their omission from a candidate’s final answer should only be penalized if explicitly instructed in a
markscheme note.

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the
required accuracy. If the level of accuracy is not stated in the question, , the general rule applies to
final answers: unless otherwise stated in the question all numerical answers must be given exactly
or correct to three significant figures.

Where values are used in subsequent parts, the markscheme will generally use the exact value,
however candidates may also use the correct answer to a “correct” level of accuracy (e.g 3 sf) in
subsequent parts. The markscheme will often explicitly include the subsequent values that come
“from the use of 3 sf values”.

Simplification of final answers: Candidates are advised to give final answers using good
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and

any values that lead to integers should be simplified; for example, ,/? should be written as g :

An exception to this is simplifying fractions, where lowest form is not required (although the

| : 10 o
numerator and the denominator must be integers); for example, Xmay be left in this form or

, 5 10 ) A .. .
written as E . However, g should be written as 2, as it simplifies to an integer.

Algebraic expressions should be simplified by completing any operations such as addition and
multiplication, e.g. 4e* xe* should be simplified to 4e>*, and 4e** xe* —e* xe* should be
simplified to 3e®*. Unless specified in the question, expressions do not need to be factorized, nor
do factorized expressions need to be expanded, so x(x+1) and x* + x are both acceptable.

Please note: intermediate A marks do NOT need to be simplified.
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Calculators

A GDC is required for this paper, but If you see work that suggests a candidate has used any
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the
procedures for malpractice.

Presentation of candidate work

Crossed out work: If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit
note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
guestion, an examiner should only mark the first response unless the candidate indicates
otherwise. If the layout of the responses makes it difficult to judge, examiners should apply
appropriate discretion to judge which is “first”.
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Section A
(@) BV =y(6-3)2+(8—4)?+(0-9) (A1)
=10.2956...
=10.3 (=v/106) Al
-3
Note: Award SC(A0)A1 for BV =| —4 | where a candidate has misinterpreted notation.
9
[2 marks]
(b) METHOD 1
BV =VC AND BC =8 (seen anywhere) (A1)
attempt to use the cosine rule on triangle BVC for any angle (M1)

Note: Recognition must be shown in context either in terms of labelled sides or in side lengths.

10.2..7+10.2..7 -8
2x10.2...x10.2...

82 =10.2...7 +10.2..2 —2x10.2...x10.2...cos BVC (A1)

cosBVC =

BVC = 0.798037...

BVC =0.798 (accept 45.7°) Al

Note: If no working shown, award (A0)(M1)(A0)AO for BVC =0.80 (or 46°) (2sf).

METHOD 2
let M be the midpoint of BC

BM =4 (seen anywhere) (A1)

attempt to use sine or cosine in triangle BMV or CMV (M1)

arcsini OR E—arccosi OR 0.399018 (A1)
J106 2 J106

BVC = 0.798037...

BVC =0.798 (accept 45.7°) Al

Note: If no working shown, award (A0)(M1)(A0)AO for BVC =0.80 (or 46°) (2sf).
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METHOD 3
3 3

VC=|-4|and VB=| 4 (A1)
-9 -9

attempt to use the cosine formula for an angle using two vectors representing the

edges of triangle BVC (M1)

cos BVC — 3(3)—4(4)-9(-9) (: 74 j (A1)

J3 +(—4)? +(-9)? /3 + 4%+ (-9)* \ 106
BVC =0.798037...
BVC =0.798 (accept 45.7°) Al

Note: If no working shown, award (A0)(M1)(A0)AO for BVC =0.80 (or 46°) (2sf).

METHOD 4
3 3
VC=|-4|and VB=| 4 (A1)
-9 -9
attempt to use the cross product formula for an angle using two vectors representing
the edges of triangle BVC (M1)
72
0
n 24 \J
sinBVC = = 5760 (A1)
3+ (—4)? +(-9)2 3 +47+(-9)2 | 106
BVC =0.798037...
BVC =0.798 (accept 45.7°) Al
Note: If no working shown, award (A0)(M1)(A0)AO for BVC =0.80 (or 46°) (2sf).
1 \/5760
Award SC(A1)(M1)(A0)AO for area = > 0 (= T(: 37.9) where a candidate has
24
misinterpreted notation.
[4 marks]

Total [6 marks]
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@)

Al1A1A1

Note: Award marks as follows:
Al for approximately correct roots, in the intervals —2 < x < -1 and
2<x<3.
A1 for y-intercept AND local minimum in approximately correct positions. Allow for y-
intercept —3.5 < y <—2.5, and for local minimum 0.5<Xx<1.5, 5<y<—4.
A1 for approximately correct endpoints, with the left end in the intervals
—45<x<-3.5 7.5<y<8.5 and the right end in the intervals 2.5<x<3.5, 6.5<y<7.5

[3 marks]
1
b) k== Al
(b) 5
¢ =—3 (accept translate/shift 3 (units) down) Al
[2 marks]

Total [5 marks]
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(a) use of sector area formula to find area of at least one sector (M1)

%XS.ZXlOO—%x&Zx r’ OR 10275—%102 x(2n—5.2)—(nr2 —%x(2n—5.2)x rzj Al

(area) = 260 2.6r” AG

Note:There are many different ways to find the area of the “C”. In all methods, the A mark is
awarded for working which leads directly to the AG.
Many candidates are working with rounded intermediate values. Award the A mark to correct
work with values that round to the 3sf value of 260 and the 2sf value of 2.6 eg

259.99 —2.6015r7.

[2 marks]
(b) (i) 260—2.6r° =64 (A1)

r=8.68243...

14465
=8.68(cm) [ \/_ exactJ Al
13

(i) 10x5.2 OR 8.68...x5.2 (A1)
substituting their value of r into 10x5.2+r x5.2+2(10—r) (or equivalent) (M1)

Perimeter = 10x5.2+8.68...x5.2+2(10—-8.68...) (=52+45.1486...+2.63513...)

=99.7837...
=99.8 (cm) Al
[5 marks]

Total [7 marks]
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4. (a) recognizing at rest when $=OOR sIS a minimum (M1)
q=5.73553...
=5.74 Al

Note: If no working shown, award (M1)AO for g = 5.7 (2sf).

[2 marks]
() METHOD 1
recognizing that integral of v(t) is required (M1)
5.73.. 573..| d 573 5.73..
IO v(t)|dt or jo ‘as(t)‘dt OR ‘ ) v(t)dt‘ OR —jo v(t)dt (A1)

Note: Condone absence of dt.

Only accept quv(t) dt‘ if their value of g does not result in the particle changing direction in

the first g seconds.

=7.68302...
=7.68 (M) Al

Note: Special Cases:

Award a maximum of (M1)(A1FT)AOFT if the candidate obtains q =1.62320... in part (a), and
uses that value to find the total distance to be 3.38302... (3.37644... from 3sf).

5.73...
Award (M1)(A0)A1 if the candidate writes J'O v(t)dt followed by the correct answer.

METHOD 2

recognition that total distance travelled is the difference between the initial

displacement and the displacement at minimum (M1)
initial displacement is 3.38302... AND at minimum is —4.3 (Al)
total distance travelled = 3.38302...—(—4.3)

=7.68302...

=7.68 (M) Al

Note: If no working shown, award (M1)(A0)AO for 7.7 (2sf).

[3 marks]

Total [5 marks]
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5. E(X)=k+2k’+3a+4k*=23 (A1)

k+k?*+a+k’®=1 (A1)

Note: The first two A marks are independent of each other.

EITHER (finding intersections of functions)

attempt to make a the subject in both of their equations (M1)
a=1-k-k*-k*and a:%(2.3—k — 2k - 4k®)

use of graph or table to attempt to find intersection (M1)
OR (solving algebraically)

attempt to solve their equations algebraically to find a cubic in k (M1)
k®-k?-2k+0.7=0 OR 3(1— k—k*— k3) =2.3-k—2k?*-4k> (or equivalent)

attempt to solve their cubic in k (M1)
THEN

a=0.552839... OR k =0.315870... (other solutions to cubic are k =—1.18538...,1.86951... )
a=0.553 Al

Note: If no working shown, award (A1)(A1)(M1)(M1)AO for a=2.44587... OR a=-10.8987... and
award (A0)(A0)(M1)(M1)AO0 for a=0.55 (2sf).

Total [5 marks]
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(b)

— 14—

5.75=25p(1-p)

p =0.641421...,0.358578...

5++/2
10

p =0.641,0.359 [:

Var(Y)=(-2)" Var(X)(=4Var(X))

=23

8823 -7107M

(A1)

AlAl

[3 marks]
(Al)
Al

[2 marks]

Total [5 marks]
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@ () (9! =) 362880 Al
‘ Note: Accept 9! or 363000. ‘
(i)  attempt to consider girls as a single object (M1)
(3! x 7! :) 30240 Al
[ Note: Accept 30200, |
[3 marks]
(b) METHOD 1
recognition of the two different cases for 2 girls and 3 girls (M1)
exactly 2 girls is °C, x °C, =60 and exactly 3 girls (°C,x)°C, =15 (A1)
total (=60+15)=75 Al
METHOD 2
recognition of the three different cases: total choices, 1 girl and no girls (M1)
total choices °C, =126 , one girl case °C, x °C, =45 , no girl case °C, =6 (A1)
total (=126—-45-6)=75 Al
[3 marks]

Total [6 marks]
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(b)
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1
AB=[1-p Al
-1
o p
AC=|-p Al
2
attempt to evaluate their ABxAC by use of formula or determinant M1
[ 2-p)-p
ABxAC=| —(2+p) |OR (2(1-p)-p)i—-(2+p)j+(-p-p(1-p))k Al
-p-p(1-p)
2-3p
ABxAC=| —2-p AG
p*-2p
[4 marks]
_ —2
[ABxAC]
=(2-3p)° +(-2-p) +(p” —2p)2 (= p*-4p°+14p*-8p+8) (A1)
mmmpnoﬁmhmmmumoﬂhdﬂﬂﬁxﬂér (M1)
6.75257... OR p=0.3264...
min value is 6.75 Al
[3 marks]

continued...
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Question 8 continued
(c) METHOD 1

1— ——
valid attempt to find area = E‘ABXAC‘ using their answer to part b) (M1)

area = %\/6.75257...

=1.299285...

=1.30 (units?) Al

[2 marks]

Total [9 marks]
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9. (a) attemptto use recursive formula y = yn_l+0.1£4_1—g"‘1j (M1)
n X Yn
0 0 2
1 0.1 2.02
2 0.2 2.0398
3 0.3 2.05940...
4 04 2.07880...
5 0.5 2.09801...
y, =2.02 (A1)
y, =2.098 Al

Note: Accept any answer which rounds to the correct 4sf value.

Award no marks for a final answer of 2.1 or 2.10 with no working.

[3 marks]

continued...
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Question 9 continued

(b) METHOD 1

8823 -7107M

Note: Condone absence of absolute value signs throughout

dy dx
Jazy=T5

X
—Inj4—-y|=—(+c
[4=y|=15(+¢)
EITHER
substituting initial conditions X =0, y = 2to find the value of ¢

(-In2=0+c=)c=-In2

—In|4—y|:%—ln2:>ln|4;y| :—%

X

[4—y|=2e

OR

X

[4—y|=e ™ (so 4-y=+e’e ™)

4-y=Ae ™
substituting initial conditions x=0 ,y =2 to find the value of A
2=Ae" = A=2

THEN

y=4-2e 1

M1

Al

M1

Al

Al

Al

M1

Al

AG

Note: Candidates may use —Id—y4 = Jf_())( and correctly obtain |y —4| =2 10 leading to 4—y =2e ©
y_

X

after consideration of the boundary conditions. In this case, the absence of absolute value signs

should not be condoned until the sign has been resolved.

continued...
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Question 9 continued
METHOD 2
attempt to rearrange and find an integrating factor M1
idx i><
d—y+iy:i so IF eIlo =gl
dx 10 10
e%X d—y+ie%Xy :ie%X
dx 10 10
1 1,
el"y=4e (+c) A1A1
Note: Award Al for LHS and Al for RHS.
substituting initial conditions x =0, y = 2to find the value of ¢ M1
(2e°:4e°+c:>)c:—2 Al
1, 1,
et y=4e -2
y=4-2¢e 1 AG
[5 marks]
(c)  absolute error =2.0980199...— (4—2e°%)=0.000478749...
=0.000479(=4.79x10™) Al
Note: Accept 0.000459(: 4.59><10‘4) from use of 4sf value.
[1 mark]

Total [9 marks]
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Section B

(@) recognizing probabilities sum to 1 (M1)

0.288+P(94.6 < X <98.1)+0.434 =1

P(94.6 < X <98.1) =0.278 Al

Note: If no working shown, award (M1)AO0 for P(94.6 < X <98.1) =0.28 (2sf).

[2 marks]
(b) METHOD 1
recognizing the need to use inverse normal with 0.288, (1-0.434) or 0.434 (M1)
Note: Accept use of calculator notation eg invNorm (0.288) (: —0.559236...).
4 +invNorm(0.288)c = 94.6, 1 +invNorm(1—0.434)c = 98.1 (or equivalent) (A1)(AL)

attempt to solve their equations in two variables using the GDC (that involve
either z-values or ‘invNorm’ rather than probabilities) (M1)

1 =97.2981..., o =4.82468...

#=97.3 0 =482 Al

Note: Condone use of different variables throughout, but do not award the final Al if they do
not clearly identify which variable is their mean and standard deviation.

METHOD 2

use of inverse normal to find at least one z-score for P(Z < z) =0.288 or

P(Z <z)=1-0.434 (M1)

7, =-0.559236... or z,=0.166199...

24074 _ _0559236..., 22174 _0.166199... (or equivalent) (A1)(AL)
(o2 o

attempt to solve their equations (that involve z-values rather than probabilities) (M1)

H=97.2981..., o =4.82468...

1=97.3 o=482 Al

Note: Award marks as appropriate for work seen in part (a).

Note: If no working shown, award (M1)(A0)(A0)(M1)AO for x =97, o = 4.8 (2sf).

[5 marks]
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Question 10 continued

(c) () recognition of Binomial distribution (M1)
X ~ B(100,0.434)
P(X =34) =0.0133198...
=0.0133 Al

Note: If no working shown, award (M1)AO0 for P(X =34) =0.013 (2sf).

(i)  P(X <49)=0.848218...(seen anywhere) (A1)

recognition of conditional probability (M1)

Note: recognition must be shown in context, either in symbols eg P(X =34|X < 49), orin

words eg P(34 plants|less than 49 plants), not only as P(A| B).

(P(X =34] X <49)-) P(X =34) OR P(X =34) [: 0.0133198...) (A1)
P(X <49) P(X <48) | 0.848218...
=0.0157033...
P(X:34|X <49):0.0157 Al
Note: Exception to FT: If the candidate finds P(X <49) (: 0.890474...) and uses that to
calculate P(X =34| X <49)=0.0149581... award (AO)(M1)(A1)AO.
Note: If no working shown, award (A0)(M1)(A0)AO for P(X =34| X < 49) =0.016 (2sf).
[6 marks]

continued...
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Question 10 continued

(d) Ql =96.19 or Q3 =101.01 (may be seen on a labelled diagram with areas
indicated) (A1)

P(96.19 < F <101.01) =0.5 OR P(F <96.19) =0.25 OR P(F <101.01) =0.75
(or equivalent)

EITHER
attempt to find d using graph or table (M1)

OR
2.41
1—2P(Z <_Tj:0'5 OR P(Z <_2'T41)=o.25 OR P(Z <2'T41)=o.75

2.41 2.41

OR p(_T <Z< T) — 0.5 (or equivalent) (M1)
_24_ 674489, OR Z'T‘” — 0.674489...

THEN

3.57307...

d =3.57 Al

Note: Accept 3.56 using 96.2 or 101.

Note: If no working shown, award (A0)(M1)AO for d =3.6 (2sf).

[3 marks]

Total [16 marks]
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11. (a) (vertical asymptote equation) X =—3 Al
Note: Accept 2x+6=0 or equivalent.
[1 mark]
(b) (2,0) and (12,0) AlAl
Note: Award A1 for (2,0) and A1 for (12,0).
Award A1AQ if only X values are given.
[2 marks]
(c) METHOD 1
a== Al
2
N | X* —14x+ 24
attempt at ‘long division’ on —— (M1)
2X+6
x? —14x+ 24
2X+6
=1x—lzfr ' } (A1)
2 2\ 2x+6
b—_1/ Al
2
Note: Accept VY —lx—E
: p > >

continued...
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Question 11 continued
METHOD 2
a=1t Al
2
X’ -14x+24 1 c
————=—X+b+ (A1)
2X+6 2 2X+6
xz—14x+24za%x(2x+6)+b(2x+6)+c
attempt to equate coefficients of x: (M1)
-14=3+2b
A Al
2
1 17
Note: Accept y=—X——.
pty > >
METHOD 3
a1 Al
2
x> -14x+24 1 _-17x+24 (A1)
2x+6 2 2x+6
attempt to find the limit of f (x) —ax as X —> oo (M1)
b = lim —L/X+24
o 2X+6
= —E Al
2
Note: Accept y—ix—E
; p > >
[4 marks]

continued...
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Question 11 continued

(d)

50

two branches with approximately correct shape (for -50< x <50) Al

Note: For this Al the graph must be a function.

their vertical and oblique asymptotes in approximately correct positions with both
branches showing correct asymptotic behaviour to these asymptotes Al1Al

Note: Award Al for vertical asymptote and behaviour and A1l for obliqgue asymptote and

behaviour.

If only top half of the graph seen only award A1AO0 if both asymptotes and behaviour are
seen.

their axes intercepts in approximately the correct positions Al

Note: Points of intersection with the axes and the equations of asymptotes do not need to be
labelled. Ignore incorrect labels.

[4 marks]
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(e) (—10—5\6 =)—18.6602.... OR (—10+5J§ =)—1.33974.... seen anywhere (A1)

attempt to write the range using at least one value in an interval or an inequality in y or f (x)

(M1)
y<-18.7, y>-1.34 A1A1
Note: Award A1l for each inequality. Award A1AO for strict inequalities in both.
Do not award FT from (d).
Accept equivalent set notation.
[4 marks]
(f) (—10 — 231 =) ~21.1355.... OR (—10 +24/31 =)1.13552.... seen anywhere (A1)
x<-211 -3<x<1.14 AlA1A1

Note: Award A1l for x<—-21.1, Al for correct endpoints of a single interval -3 and 1.14 and A1 for
-3<x<1.14.
Do not award FT from (d).
Accept equivalent set notation.

[4 marks]

Total [19 marks]
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12. (a) attempt to set at least two components of Land M equal M1
1+2s=9+4t
2+3s=9+t
—-3+6s=11+2t
attempt to solve two of their equations simultaneously (M1)
s=20Rt=-1 Al
EITHER
substitute s =2 and t =-1linto remaining component e.g.—3+6(2)=11+2(-1) R1
OR
recognition that 2"¢ and 3™ equations are equivalent R1
THEN
5
position vector of Ais | 8 Al
9

Note: Accept a row vector and/or coordinates.
The final Al is independent of R1.

[5 marks]
(b) METHOD 1
attempt to substitute at least one line into the equation of the plane (M1)
1+2s 0
2+3s o 2 :2(2+35)—1(—3+68)=7 Al
-3+6s )| -1
9+4t \( O
9+t |of 2 :2(9+t)—1(11+2t):7 Al
11+2t) (-1

continued...
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Question 12 continued

METHOD 2

consideration the direction of one line and a point on that line

0 1)\(0 5\ (0

direction | 3|.| 2 |=0 ANDpoint | 2 [.| 2 [=7 |or |8 || 2
-1 -3)\-1 9)-1

4\(0 9 0 5Y(0

direction | 1|.| 2 |=0 ANDpoint | 9 |.| 2 [=7 |or |8 || 2
-1 11){-1 9)1-1

METHOD 3

consideration of direction of both lines

EITHER
2\( 0 4\(0
3|1 2|=0and|1|| 2 |=0 (hence Land M are parallel to the plane)
6)\-1 2)\-1
OR
2) (4 0 0
3|x|1|=| 20 |=k| 2 | (hence Land M are parallel to the plane)
6) |2 -10 -1
THEN
5\(0 1)\(0 9)(0
8l 2|=7TOR| 2 || 2|=7TOR|9]|| 2 |=7
9/1-1 -3/\-1 11) (-1

8823 -7107M

(M1)

Al

Al

(M1)

Al

Al

Al

[3 marks]

continued...
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Question 12 continued

-3 0 -3
(c) () position vector of point on the lineis (r=)[ 12 [+4| 2 | | =|12+24 (A1)
2 -1 2—-1
attempt to substitute position vector into equation of plane 1/ (M1)
-3
meets [I when |12+24 || 2 |=7
2—-1 -1
2(12-|—2/1)—(2—/1) =7
22+54=7
1=-3 (A1)
-3 0 -3) (-3
position vectorof | r=[12 |-3| 2 |=]|| 6 |=| 6 Al
2 -1 5
Note: Accept a row vector and/or coordinates.
(i) METHOD 1
attempt to find BC using OC—OB (M1)
-3 -3 0
BC=0C-OB=| 6 |-|12 |=| -6
5 2 3
attempt to use distance formula to find ‘ﬁ:‘ (M1)

\ﬁ\ = J(-6)*+3

=6.71(:\/E:3\/§) Al
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METHOD 2
0
recognition that ‘B—C‘ =3x| 2
-1

attempt to use distance formula to find || 2
-1

BC|= 32 +(-1)

- 6.71(: J45 = 3J§)

8823 -7107M

(M1)

(M1)

Al

[7 marks]

continued...
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Question 12 continued

(d) let B’ be the image of B

METHOD 1

-3 0
OB = |12 |+u| 2 (A1)
2 -1

recognition that x =24(=—6) OR |BC| =|CB'| ( may be seen in a diagram) (M1)

so coordinates are B'(—3,0,8) Al

METHOD 2

0
BC=CB =| -6 (A1)
3

0
. v _ _ 1
Note: This may come from BC = ~3\5n using the unit normal vector N = N 2

OB'=0C+CB’ OR OB’ =0OB+2BC OR OB =20C-OB (M1)

-3 0 -3 0 —6 -3
=6 |[+|6|0OR|12 |+2|-6|0OR |12 |-|12
S 3 2 3 10 2

-3
0B'=| 0 | (so coordinates are B'(-3,0,8)) Al
8

[3 marks]

Total [18 marks]
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Instructions to Examiners

Abbreviations

M  Marks awarded for attempting to use a correct Method.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

R Marks awarded for clear Reasoning.

AG Answer given in the question and so no marks are awarded.

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for
their correct methods/answers using incorrect results.

Using the markscheme

1 General

Award marks using the annotations as noted in the markscheme eg M1, A2.

2 Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

It is generally not possible to award MO0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A7 for using the
correct values.

Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award AOA1A1.

Where the markscheme specifies A3, M2 etfc., do not split the marks, unless there is a note.
The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question. This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part. For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A7 in the first part.
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Examples:
Correct Further Any FT issues? Acti
i ction
answer seen | working seen
1. 5.65685... No. Award A1 for the final mark
82 (incorrect Last part in question. |  (condone the incorrect further
decimal value) working)
2, 35 0.468111... Yes. Award A0 for the final mark
— (incorrect Value is used in (and full FT is available in
72 decimal value) subsequent parts. subsequent parts)
3 Implied marks

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or
implied by subsequent working/answer.

4 Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect
value from part (c)(i) used in part (c)(ii)). Usually, to award FT marks, there must be working
present and not just a final answer based on an incorrect answer to a previous part. However, if all
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should
be awarded for their correct answer, even when working is not present.

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct
answer, without working being seen. For longer questions where all but the answer marks are
implied this rule applies but may be overwritten by a Note in the Markscheme.

¢ Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

¢ If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

¢ Ifthe error leads to an inappropriate value (e.g. probability greater than 1, sin@ =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

¢ The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

e If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts. This includes when
candidates fail to complete a “show that” question correctly, and then in subsequent parts use
their incorrect answer rather than the given value.

e Exceptions to these FT rules will be explicitly noted on the markscheme.

¢ If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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Mis-read

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR). A
candidate should be penalized only once for a particular misread. Use the MR stamp to indicate
that this has been a misread and do not award the first mark, even if this is an M mark, but award
all others as appropriate.

o If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

o Ifthe MR leads to an inappropriate value (e.g. probability greater than 1, sind =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

¢ Miscopying of candidates’ own work does not constitute a misread, it is an error.

¢ If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy
than given in the question, this is NOT a misread and full marks may be scored in the subsequent
part.

e MR can only be applied when work is seen. For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question
specifies a method, other correct methods should be marked in line with the markscheme. If the
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted
unless covered by a note in the mark scheme.

e Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, efc.
¢ Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000.

¢ Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

e In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

e In the markscheme, some equivalent answers will generally appear in brackets. Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.
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Format and accuracy of answers

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to
final answers: unless otherwise stated in the question all numerical answers must be given exactly
or correct to three significant figures.

Where values are used in subsequent parts, the markscheme will generally use the exact value,
however candidates may also use the correct answer to 3 sf in subsequent parts. The
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf
values”.

Simplification of final answers: Candidates are advised to give final answers using good
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and

any values that lead to integers should be simplified; for example, ,/2745 should be written as %

An exception to this is simplifying fractions, where lowest form is not required (although the

10
numerator and the denominator must be integers); for example, % may be left in this form or

written as % However, ? should be written as 2, as it simplifies to an integer.

Algebraic expressions should be simplified by completing any operations such as addition and
multiplication, e.g. 4¢** xe** should be simplified to 4e™, and 4e** xe** —e** xe* should be
simplified to 3e™. Unless specified in the question, expressions do not need to be factorized, nor
do factorized expressions need to be expanded, so x(x+1) and x”* + x are both acceptable.

Please note: intermediate A marks do NOT need to be simplified.
Calculators

A GDC is required for this paper, but if you see work that suggests a candidate has used any
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the
procedures for malpractice.

Presentation of candidate work

Crossed out work: If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit
note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates
otherwise. If the layout of the responses makes it difficult to judge, examiners should apply
appropriate discretion to judge which is “first”.
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Section A

(@) a=1.93258..., b=7.21662...
a=193, b=7.22

(b) attempt to substitute d =20 into their equation
height =45.8683...

height =45.9 (cm)

M23/5/MATHX/HP2/ENG/TZ2/XX/M

A1A1

[2 marks]

(m1)

A1

[2 marks]
Total [4 marks]
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METHOD 1
attempt to substitute into cosine rule (M1)
2 2 2
154> =150” +90” - 2(150)(90)cos APB OR cos APB = 150"+ 90" 154 (A1)
2(150)(90)

APB=75.2286..° OR 1.31298... radians

APB=75.2° OR 1.31radians (A1)

valid approach to find 6 (M1)

0 180°— APB OR 60— 180 —752.2286... (: 52.3856...) OR

g=""131298 4 914302..)

valid approach to express / in terms of 0 (M1)

sinf = N OR h=150sin52.3856...°

150

h=118.820...

h=119 (m) A1
[6 marks]

METHOD 2

attempts to find either the distance between the buildings or the difference in height

between the buildings in terms of 4 (M1)

distance between the buildings is (150+90)cos49 and the difference in height between

the buildings is (150—90)sin9 (A1)

uses Pythagoras and attempts to solve for & (M1)

(60sin @)’ +(240cos6) =154

60 =0.914302... (: 52.3856...") (A1)

N = sin(0.914302...) (M1)

150

h=118.820...

h=119 (m) A1

[6 marks]



(a)

(b)

(c)

(d)
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evidence of attempting to find correct area under normal curve

P(W >210) OR sketch
P(W >210)=0.115069...

P(W >210)=0.115

recognizing P(W <w)=1-P(w<W <210)-P(W >210)
P(W < W) =1-0.8-0.115069...
P(W < w)=0.084930...

P(W <w)=0.0849

evidence of attempting to use inverse normal function
w=197.136...

w=197 (grams)

recognition of binomial distribution
X ~ B(10,0.0849302...)

P(X =1)=0.382076...

P(X =1)=0.382

(mM1)

A1
[2 marks]

(M1)

A1

[2 marks]

(M1)

A1
[2 marks]

(m1)

A1

[2 marks]
Total [8 marks]
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attempt to use the binomial expansion of (x+h)8 (M1)

SCSh +5Cxh + SO + ..

a=8h (accept °C, h) A1
b=28h" (accept °C, h*) A1
d =70h" (accept °C, h*) A1
recognition that there is a common ratio between their terms (M1)
8hxr=28h" OR 28h° xr=70h* OR 8hxr*=70h"

correct equation in terms of 4 (A1)
28h" = T0h" (or equivalent)

8h 28k’
h=1.4 A1

[7 marks]
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(@) recognize that acceleration is zero when v’(t) =0 OR at a local maximum on the

graph of v (M1)
t,=0.394791...
5
= 0.395(= arctan (ED (seconds) A1
[2 marks]
(b) recognition that v=0 (M1)

sketch OR #=4.71238... OR ¢=10.9955...

t, =10.9955...
z2=11‘0(=7—“) A1
2
[2 marks]
t 10.9955... 4.71238... 10.9955...
(© [pdrOR [ plde OR [ wde+ [ [v]de(=6.53806..+129313..)
4 0.394791... 0.394791... 4.71238...
4.71238... 10.9955...
OR j v df— j v d(=6.53806...— (~1.29313...)) (A1)
0.394791... 4.71238...
distance = 7.83118...
=7.83 (m) A1
[2 marks]

Total [6 marks]
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(a) METHOD 1
the general point on L has coordinates (4,2—24,4-24)

substitutes this general point into both /7, and /7, (M1)

21—(2—2/1)+2(4—2/1)(=21—2+2/1+8—4/1) A1

=6 AG

4/1+3(2—2/1)—(4—2/1)(=4/1+6—6/1—4+2/1) A1

=2 AG
0 1

so the vector equation of L can be writtenas r=| 2 |+ A| -2 AG
4 -2

Note: Award (M1)A0AO for correct verification using a specific value of 1.

continued...
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Question 6 continued

METHOD 2
substitutes (0,2,4) into both 77, and 77, and shows that

0-2+8=6 and 0+6—-4=2 A1
hence (0,2,4) lies in both 77, and 77, AG
EITHER
2 4
attempts to find | -1 x| 3 m1
2 -1
-5
=| 10 A1
10
OR
1 2 1 4
attemptstofind | -2 ol =1 | and | -2 |s| 3 M1
-2\ 2 -2 )\ -1
(2+2—4)=0 and (4—6+2)=0 A1
THEN

1
(so | —2 | is perpendicular to both normal vectors)

-2
0 1
so the vector equation of L can be writtenas r=| 2 |+ A| -2 AG
4 -2

Note: Award M1 for substituting x=0 (or y=2 or z=4) into // and /7, and
solving simultaneously, for example, solving —y+2z=6 and 3y—z=2.
Award A1 for y=2 and z =4, for example.

continued...
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Question 6 continued

METHOD 3

attempts row reduction to obtain eg,

x+§=2 and y—z=-2 (M1)

substitutes x=A4 into x +§ =2, solves for z and obtains z=4-241 A1

substitutes z=4-241 into y—z=-2, solves for y and obtains y=2-24 A1
0 1

so the vector equation of L can be writtenas r=| 2 |+ A| -2 AG
4 -2

METHOD 4

attempts to solve 2x—y+2z=6 and 4x+3y—z=2 (M1)

for example, x=A4,y=2-24,z=4-21 A2
0 1

so the vector equation of L can be writtenas r=| 2 |+ 4| -2 AG
4 -2

| Note: Only award marks for convincing use of a GDC. |

[3 marks]

continued...
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Question 6 continued

(b) EITHER

the position vector for point P nearest to the origin is perpendicular to the
direction of L

A 1
2-241|-2|=0 (M1)
4-22) (-2
/1—2(2—2/1)—2(4—2/1)=0 (A1)
94-12=0 (A1)
OR
let s be the distance from the origin to a point P on L, then
P = A1 +(2-24) +(4-24) (A1)
d(sz)
attempts to find A such that 7:0 (M1)
d(sz) |
either 7:18/1—24(: 0) or a graph of s* versus 1 (A1)

Note: Award as above for use of s = \/}tz +(2 —2/1)2 +(4—2/1)2 .

THEN

2=2 A1
3

P[ﬂy—zyi)(P(L33;4l66%133) A1
3733

[5 marks]
Total [8 marks]
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attempts to express x in terms of tan y (M1)

x=tany+2 (A1)

let ' be the volume of the solid

b
correctly uses V = nI x’dy (M1)

a

b
Note: Award MO for V = j (arctan(x—2))’ dy

a

§ 1.0472...

V:nj(tany+2)2dy[=n I (tany+2)2dy] (A1)
0 0

=24.0213...

—24.0 (:n(4ln2+n+\/§)) A1

\ Note: GDC in degrees gives13.3 \

[5 marks]
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(a) EITHER
attempts to find the y- coordinate of either the local minimum point or the local
maximum point (M1)
OR
attempts to find the discriminant of 2x—5 = y()c2 —3) (yx2 -2x+(5-3y)= 0) (M1)

A=4-4y(5-3y)(=4-20y+12)*)

THEN
y=1.43425... (local min.) and y =0.232408... (local max.) (A1)(A1)
g(x)<0.232 OR g(x)>143 (g(x)S@ OR g(x)z\/1_36+5) A1
Note: Accept other valid notations such as interval notation. \
[4 marks]
2|x|-5
(b) LLZO (since cost <0 for E<t£n) (R1)
x" =3 2
attempts to solve graphically or algebraically (M1)
xS—% OR 3 <x<+3 (-1.73<x<1.73) Osz% A1
[3 marks]

Total [7 marks]
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METHOD 1

10 numbers of the form 3n, 10 numbers of the form (3n—1) and 10 numbers of the

form (3n—2)( may be seen anywhere) (M1)
considers one of the following two cases of forming a sum divisible by 3 (M1)
case 1:

chooses 3 numbers of the form 3n or chooses 3 numbers of the form (3n—1) or

chooses 3 numbers of the form (3n-2)
C,+1C+1C, (=3x"°C, =3x120=360) ways A1
case 2:

chooses 1 number of the form 37 and chooses 1 number of the form (3n—1) and

chooses 1 number of the form (3n-2)

30 20 10
C x"C x"C, (:(“>c1 )3 =10’ = 1000) ways OR C 3?1 x G (=1000) ways A1
total number of ways is 3x °C, + '°C, x ’C, x "°C, (=360+1000)
=1360 A1
METHOD 2
total number of ways of choosing 3 numbers (without restriction) is 3°C3 =4060 A1

attempts to find the total number of ways of choosing 3 numbers whose sum is not
divisible by 3 (M1)

chooses 2 numbers from one group and chooses 1 number from another group

eg chooses 2 numbers of the form 3xn and chooses 1 number of the form 3n —1

31x °C, x °C, = 2700 (M1)A1

Note: Award (M1) for any integer multiple of '°C, x '°C, .

total number of ways is 4060 —2700
=1360 A1
[5 marks]
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Section B
10. () 7.8=—" (M1)
period
2T _ ).805536...
7.8
period = 0.806[: &j A1
78
[2 marks]
(b) METHOD 1
(i)  amplitude = @ (M1)
1.8-1
2
a=-04 A1
(i) b=14 A1
METHOD 2
attempt to form two simultaneous equations in ¢ and b (M1)
HO)=1=a+b=1, H(%)=1.8:>—a+b=1.8
a=-04,b=14 A1A1
[3 marks]

continued...
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Question 10 continued

(c)

(d)

EITHER

5
period

=6.207...< 6%

OR

consideration of number of maximums on graph in first 5 seconds

OR
maximums when ¢ =0.403,1.21, 2.01, 2.82, 3.62, 4.43

THEN

6 times

recognizing that H (¢)=1.5
—0.4cos(7.81)+1.4=1.5

0.233779...
t =0.234 (seconds)

(A1)

(A1)

(A1)

A1
[2 marks]

(mM1)

A1
[2 marks]

continued...
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Question 10 continued

(e) finding second time height is 1.5 metres (M1)
t=0.571757...
in each period, height is greater than 1.5 metres for 0.337978... seconds (A1)

‘ Note: Award (M1)(A1) for total time 2.02787...seen. ‘
multiplying their value by 6 and divide by 5 (M1)
0.3379578...><6 OR 2.02287...
=0.405574...
P(heightis greater than 1.5 m) =0.406 A1
[4 marks]

Total [13 marks]
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11. (a) attempts to form a numerator involving a product of two terms involving y

and a denominator involving a product of two terms involving r+ y (M1)
-1
yiy-1) 1 A1
(r+y)(r+y—1) 3
attempts to remove the fractions and expand the brackets (M1)
392 =3y =y*+2ry—y+r’—r A1

2y* =2ry=2y+r—r’=0

2y2—2(r+1)y+r—r2:0 AG
[4 marks]
(b) attempts to solve for y (M1)
2(r+1 i\/4 1) —8(r =12
[ 21y () .
4
y:2(r+1)i\/12r2+4 A1
4
(r+1)£3r7 +1
y:
2

(since r,yeZ")and <0 for r>1 R1

(r+1)-v3r’ +1
2

Note: Award the R1 for stating that number of balls cannot be negative, or
similar.

Note: Accept y>0

(r+1)+~3r* +1

SO y= AG
7 2

[4 marks]

continued...
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Question 11 continued

(c) attempts to find a pair of positive integer values eg by using a table (M1)

\ Note: Award MO if numbers are not positive integers. \

1 red ball and 2 yellow balls (¥ =1 and y=2) A1

4 red balls and 6 yellow balls (=4 and y=6) A2

Note: Award A1 for one solution and A2 for another.
15 red balls and 21 yellow balls (» =15 and y =21) is the next solution.

[4 marks]
(d) attempts to form a numerator involving a product of three terms involving y
and a denominator involving a product of three terms that includes a (y+10)
term (M1)
(y+10)(y—1+10)(y—2+10) (y+10)(y+9)(y+8)
‘ Note: Award A1 for a correct numerator and A1 for a correct denominator. ‘
[3 marks]
© P(newryy)—— =1 __ (+)()r-1) (A1)
(y+1410)(y+10)(y=1+10){ (y+11)(y+10)(»y+9)
equates their answer for P(new YYY)to 2 x their answer for part (d) M1
2y(y-D(¥-2) _ +)(»)-1)
(y+10)(y+9)(y+8) (y+11)(y+10)(y+9)
attempts to solve for y (M1)
Note: Award (M1) for attempting to write the above expression as
2(y—2) _ yv+1
y+8  y+11°
[5 marks]

Total [20 marks]
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12. (a) attemptstouse y, =y, +hx f(x,,¥,) (M1)
12+3(2)
V= 2+O.1x#
=2.65 A1
Note: Award (M1)AO0 for 2.35. |
[2 marks]
(b) let y=wx M1
ly dv
—_— = +x_ A1
© (A1)
2 2.2
pax QX HIVH (M1)
VX
Q _ 1+2v A1
dx v
attempt to separate variables xand v M1
v 1
dv=|—dx
J‘2\12 +1 J-x
l1n(2v2+1)=1nx+c A1
4

Note: Condone the absence of C to this stage.

continued...
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Question 12 continued

EITHER

2
lln(ziz—i-ljzlnx+C
4 X

when le,y:2:>C:%ln9 M1

Note: Award M1 for attempting to find their value of C.

2
lln 2y +1 =lnx+lln9
4 4

2
X

1
2 \a
{232 +1] —3x

X

OR
2 2
ln{ Zy 1]=ln(x4)+lnC
X+
2
2L2+1:Cx4
X
when x=1, y=2=C=9 M1
THEN
2
2 =0y A1
X
9x* -1
4 2
[8 marks]

continued...
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Question 12 continued

c) y=271422...

y=2.71 A1
[1 mark]
(d) EITHER
Ox* -1 |

the graph of y=x is concave up (for 1<x<1.1) A1

OR

2
jx—J;>0(for1£x£1.1) A1

\ Note: Allow positive curvature, opening upwards, increasing first derivative.

THEN

hence the tangent drawn using Euler’s method gives an underestimate of the true
value, so the value of y when x=1.1 is greater than the approximate value

found in part (a) R1

Note: Only award R1 if there is reference to tangent (in words or in a diagram). \

[2 marks]

continued...
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Question 12 continued

(e) EITHER
‘ Note: Award the first A mark for a correct graph seen in part (d).
correct graph of d—y A1
dx
y
x=0.656
X
OR
2
correct graph of jx—); A1
¥
x=0.656
X
THEN
x =0.655996...
x=0.656 A1
[2 marks]

continued...
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Question 12 continued

(f)

2
ic—); =0 (seen anywhere)

Note:

Award (A1) for equivalent answers (seen anywhere) such as

4 2.2 4
X Xy +6y =0 or —x*+x*y*+6y"=0.

2.3
Xy

EITHER
divides —x*+x’y” +6y*(=0) through by »*

x4 X2
—7+ = +6(=0)
mz%:—ﬁ+7+6(— 0)

2

divides —x* +x”y”* +6y*(=0) through by x’y

2
X

2
y
—7+1+67(:0)
m=2=-L 111 6m(=0)
X m

6m* +m* —1(= 0)

(A1)

(m1)

(m1)

A1

(M1)

(M1)

A1

continued...
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Question 12 continued

OR
attempts to factorize —x* +x?y* +6y"*(=0) (M1)
—(x2—3y2)(x2+2y2)(=0) A1
attempts to solve their factorized equation (M1)
:yzi%x (yz =—%x2j
THEN

1 1
yzﬁx (and so m:ﬁ) A1
as x>0, y>0 (or equivalent reasoning/justification) R1

1 1 1
Note: Award RT for y=—=x (andso m=—=)as y#——=x and x* +2y° =0
3 V3

NG

for x=0 and y=0 only.

[6 marks]
Total [21 marks]
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Instructions to Examiners

Abbreviations

M

A

R

AG

FT

Marks awarded for attempting to use a correct Method.

Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.
Marks awarded for clear Reasoning.

Answer given in the question and so no marks are awarded.

Follow through. The practice of awarding marks, despite candidate errors in previous parts, for
their correct methods/answers using incorrect results.

Using the markscheme

1

General

Award marks using the annotations as noted in the markscheme eg M1, A2.

Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

It is generally not possible to award MO followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1l for using the
correct values.

Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award AOA1AL.

Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question. This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part. For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part.
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Examples:
Correct Furth_er Any FT issues? Action
answer seen | working seen
1 5.65685... No. Award A1 for the final mark
82 (incorrect Last part in question. |  (condone the incorrect further
decimal value) working)
2. 35 0.468111... Yes. Award AO for the final mark
— (incorrect Value is used in (and full FT is available in
72 decimal value) subsequent parts. subsequent parts)
3 Implied marks

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or
implied by subsequent working/answer.

4 Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect
value from part (c)(i) used in part (c)(ii)). Usually, to award FT marks, there must be working
present and not just a final answer based on an incorrect answer to a previous part. However, if all
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should
be awarded for their correct answer, even when working is not present.

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the
markscheme for the subsequent part is (M1)AL, it is possible to award full marks for their correct
answer, without working being seen. For longer questions where all but the answer marks are
implied this rule applies but may be overwritten by a Note in the Markscheme.

¢ Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

e If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

¢ |Ifthe error leads to an inappropriate value (e.g. probability greater than 1, sin@ =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

e The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

o If the candidate’s answer to the initial question clearly contradicts information given in the
guestion, it is not appropriate to award any FT marks in the subsequent parts. This includes when
candidates fail to complete a “show that” question correctly, and then in subsequent parts use
their incorrect answer rather than the given value.

e Exceptions to these FT rules will be explicitly noted on the markscheme.

o If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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Mis-read

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR). A
candidate should be penalized only once for a particular misread. Use the MR stamp to indicate
that this has been a misread and do not award the first mark, even if this is an M mark, but award
all others as appropriate.

o If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

¢ If the MR leads to an inappropriate value (e.g. probability greater than 1, sin#=1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

e Miscopying of candidates’ own work does not constitute a misread, it is an error.

¢ If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy
than given in the question, this is NOT a misread and full marks may be scored in the subsequent
part.

¢ MR canonly be applied when work is seen. For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question
specifies a method, other correct methods should be marked in line with the markscheme. If the
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted
unless covered by a note in the mark scheme.

e Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.
e Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000.

¢ Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

e In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

e In the markscheme, some equivalent answers will generally appear in brackets. Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.
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Format and accuracy of answers

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to
final answers: unless otherwise stated in the question all numerical answers must be given exactly
or correct to three significant figures.

Where values are used in subsequent parts, the markscheme will generally use the exact value,
however candidates may also use the correct answer to 3 sf in subsequent parts. The
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf
values”.

Simplification of final answers: Candidates are advised to give final answers using good
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and

. o f25 . 5
any values that lead to integers should be simplified; for example, 7 should be written as >

An exception to this is simplifying fractions, where lowest form is not required (although the

, , 10 o
numerator and the denominator must be integers); for example, ) may be left in this form or

. 5 10 . ., - .
written as ' However, ] should be written as 2, as it simplifies to an integer.

Algebraic expressions should be simplified by completing any operations such as addition and
multiplication, e.g. 4e”* xe* should be simplified to 4™, and 4e” xe* —e** xe* should be
simplified to 3. Unless specified in the question, expressions do not need to be factorized, nor
do factorized expressions need to be expanded, so x(x+1) and x*+ X are both acceptable.

Please note: intermediate A marks do NOT need to be simplified.
Calculators

A GDC is required for this paper, but if you see work that suggests a candidate has used any
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the
procedures for malpractice.

Presentation of candidate work

Crossed out work: If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit
note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates
otherwise. If the layout of the responses makes it difficult to judge, examiners should apply
appropriate discretion to judge which is “first”.
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Section A
(@ Let N be North
NJD =34° OR DJL =56° (must be labelled or indicated in diagram): (AL)
IDL=99(°) Al
Note: Accept %,1.73 (radians).
[2 marks]
(b) attempt to apply the sine rule (M1)
.DL _ .500 OR — DL _ 500 (A1)
sin56°  sin99° sin0.977384... sinl.72787...
419.685...
DL =420 (km) Al
Note: Award M1A1AO for 261 (km) from use of degrees with GDC set in radians
(with or without working).
[3 marks]

Total [5 marks]



(a) attempt to substitute g into f

M23/5/MATHX/HP2/ENG/TZ1/XXIM

(M1)
(f 0 g)(x) =2tan x—tan® x Al
[2 marks]
(b)
2
(0.685, 1.09)
1
\ X
-1 ~0.5 0.5 \1
=1
(+0.685,-1.09)
=2 A1A1A1
Note: Al for approximately correct odd function passing through the origin with a
maximum above y =1 and a minimum below y =-1.
A1 for endpoints at X =+1and y in the intervals [0.6,0.8]and [-0.8,—0.6]
A1l for maximum in approximately correct position and labelled
(0.685,1.09) AND minimum in approximately correct position and labelled
(—0.685,—1.09). For approximate position, allow —0.8<x<-0.6,
-1.2 <y <-1 for minimum and 0.6<x<0.8, 1<y<1.2 for maximum. If
the candidate gives the coordinates of extrema below their sketch, only
award this mark if extrema are marked in the correct interval (eg by a dot).
[3 marks]

Total [5 marks]
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(a) recognising to find y(25) (M1)
y(25) = 0.6 x25° +23x25+110
=310 (children) Al
[2 marks]
(b) recognizing X on Y is required (M1)
0.0935114... and 7.43053... (A1)
x=0.0935y +7.43 Al
[3 marks]
(c) attempt to substitute their answer to part (a) into their regression equation for either
xory (M1)
x=0.0935114...x310 + 7.43053...(= 36.4190...)
36 (accept 37 or 36.4) Al
Note: Award (M1)A1FT for x=37 found from using y =9.39x—-41.5.
Award (M1)AOFT for a correct FT answer that lies outside [15,46].
[2 marks]

Total [7 marks]
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METHOD 1

Q,=31.86 ORQ, =32.14 (A1)
recognition that the area under the normal curve below Q, or above Q, is 0.25 OR the

area between Q, and Q, is 0.5 (seen anywhere including on a diagram) (M1)
EITHER

equating an appropriate correct normal CDF function to its correct probability (0.25 or 0.5
or 0.75) (A2)

OR

z=-0.674489... OR z=0.674489... (seen anywhere) (A1)

~0.674489... = 22732 op 0674489, = 3214732 (A1)
(o3 o)

THEN

0.207564...

0=0.208 (mm) Al

METHOD 2

recognition that the area under the normal curve below Q, or above Q, is 0.25 OR the

area between Q, and Q, is 0.5 (seen anywhere including on a diagram) (M1)

z=-0.674489... OR z=0.674489... (A1)

(Q,=)32-0.674489..c OR (Q, =)32+0.674489...c (A1)

(Q,—Q =)2x0.674489...c

2x0.674489...0 =0.28 (A1)
0.207564...
0=0.208 (mm) Al

Total [5 marks]
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product of a binomial coefficient, a power of ax® and a power of b seen (M1)

evidence of correct term chosen

for n=8: r=2(or r=6) OR for n=10: r=2 (or r =8) (A1)
correct equations (may include powers of X) Al1Al
°C,a’h® =448 (28a°h° =448 = a’h® =16), “C,a’h" = 2880 (45a’h" = 2880 = a’h’ = 64)

attempt to solve their system in a and b algebraically or graphically (M1)

b:2;a:% Al1Al

Note: Award a maximum of (M1)(A1)A1A1(M1)A1AOQ for b=+2 and/or a = i%.

[7 marks]
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(a) attempt to use De Moivre’s theorem (M1)

n 11an,
cos 2 isin 12 ) — cos 1M L jsin 1N _ o' | o cos(110°n)+isin(110°n)
18 18 18 18

EITHER
attempt to consider imaginary part (M1)
sin L1mn =-1 OR sin (110° n) =-1
18
OR

attempt to consider argument of —i (M1)

11zn i 3m.

el =g?
THEN

ll_nn:3_n’7_n ,ﬁ =3—n+2nk,keZ OR

18 2’2 2 2
110'n = 270°,630° (,990")...(= 270" +360°k, k € Z) (A1)
11n = 27,63,99, ...

n=9 Al
[4 marks]

continued...
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Question 6 continued

(b) EITHER

. 1o[ﬁij B T
7=e 1/ =e? = | OR arg(z") = OR arg(z) =20

Note: Accept equivalent arguments given in any interval, in degrees or radians.

recognising that the difference between arg(z'®) and arg(z) is needed

I1n s
arg(2) —arg(z) == —— = -
9(z7)-arg(z) =g =~ =7
OR

recognising that z° = z°x z

o_ AW)(_ oy_3m T 9 . .
Z=e =cff =0 OR arg(z):7or —3 OR arg(z”)=270"or —90

Note: Accept equivalent arguments given in any interval, in degrees or radians.

THEN

.3 . .
a rotation ?n OR —g OR equivalent angle about the origin.

Note: Accept correct answer given in degrees.

4k -1
Accept g clockwise or 1? or ( )n

forkeZ.

The centre must be stated to gain the final A1.

(A1)

(M1)

(M1)

(A1)

Al

[3 marks]

Total [7 marks]
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@)

positive

negative

positive

negative
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Al1Al

Note: award A1l for branch correctly labelled 1—-p

award A1l for branches correctly labelled 0.95 and 0.05
award A0 for G'branch labelled p’

award AO for G'branch labelled q unless explicitly defined as 1— p

[2 marks]

continued...
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Question 7 continued

(b) METHOD 1

recognizing conditional probability (M1)
P(G'|pos) OR P(G|pos)

0.02(1- p) (z 18 ) OR 0.95p (: 132j (A1)(AD)
O.95p+0.02(1— p) 150 0.95p+0.02(1— p) 150

Note: Award A1l for a correct numerator and Al for a correct denominator.

p=0.133738
p=0.134 Al

METHOD 2

attempt to set up a system of equations (S = sample size) (M1)

p(0.955)=132 and (1-p)(0.025)=18 (A1)

attempt to solve for p or S (M1)
0.95p 132

0.02(1-p) 18

OR S=pS +(1— p)S :E+£:138.947...+900 =1038.94...

0.95 0.02
p=0.133738...

p=0.134 Al



- 16 - M23/5/MATHX/HP2/ENG/TZ1/XXIM

METHOD 3
attempt to find the number of parrots with the gene and the number without (M1)

number of parrots with the gene = % =138.947... AND

number of parrots without the gene = % =900 (A1)
number of parrots in the sample ~138.947...+900=1038.94...
attempt to find proportion of sample with the gene (M1)
0~ 04T 433738
1038.94...
p=0.134 Al
[4 marks]

Total [6 marks]
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3
direction vector of the line is | 2 | (seen anywhere)
-1
4
normal vector of the plane is | COSa | (seen anywhere)
sina

EITHER
correct scalar product 12+2c0sa —Sina (seen anywhere)

one correct magnitude (seen anywhere)

V16+c0s? a +sin? & (= J1_7) \/9+4+1(:\/ﬂ)

- o . T
recognizing angle between normal and direction vector is E—a (seen anywhere)

pd

ote: angle g—a may be implied by use of sina on the RHS of the step below

attempt to substitute into the formula for the angle between two vectors to form an
equation in o

12 +2c0S o —sin a:\/1_7«/1_4005(g—aj OR 12+ 2cosa —sina=1714sina

(A1)

(A1)

(A1)
(A1)

(M1)

(M1)

continued...
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Question 8 continued

OR

correct expression for the magnitude of the vector product
2sina +Ccosa
—4-3sina (: \/(Zsin a+ cosw)2 +(—4—3sin o:)2 +(3cosa —8)2 ) (seen anywhere) (A1)
3cosa —8

one correct magnitude (seen anywhere) (A1)

J16+c0s? @ +sin & (= J1_7) \/9+4+1(:\/ﬁ)

. o . T
recognizing angle between normal and direction vector is E—a (seen anywhere) (M1)

Note: angle g—a may be implied by use of cos« on the RHS of the step below

attempt to substitute into the formula for the angle between two vectors to form an
equation in (M1)

J(2sina+cosa) +(~4—-3sina)’ +(3cosa—8)’ :\/1_7\/1_43in(g—aj OR

\/(25in a+cosa) +(-4-3sina)’ +(3cosa —8) =v/17/14 cos

THEN
a =0.932389...
a =0.932 Al

Note: Award maximum (A1)(A1)(A1)(A1)(M1)(M1)AO for a correct answer given
in degrees o =54.4219...".

[7 marks]
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Assume p’—8q-11=0, (p,qeZ) M1

Note: This M1 is dependent on the assumption of truth (implied by “assume” or
“suppose that ... is true”.)
Subsequent marks should be awarded independently.

EITHER

p’ =8q+11(=2(4q+5)+1)so p’odd = p odd R1
OR

p even = p>—8q =11 even which is a contradiction so p is odd R1

Note: This R1 should be awarded for any valid reason to conclude that p must be
odd.

THEN
p=2k+1(,keZ) M1

(2k +1)" =8q+11
4k* +4k +1=8q+11 (Al)
4k* +4k =8q+10
2k’ + 2k =4q+5 or equivalent with one side odd and one side even Al

a contradiction as LHS is even and RHS is odd R1

Note: This R1 is dependent on all previous marks.

Accept correct variations such as work based on p =2k —1.

therefore, if p,qeZ then p°—8q—11=0 AG
Total [6 marks]
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Section B

() recognition that 45=10+10+arc length (M1)
arc length =25 (cm) (A1)
25=1260 Al
0 =2.08 correct to 3 significant figures AG

[3 marks]
(b)
Note: There are many different ways to dissect the cross-section to determine its
area. In all approaches, candidates will need to find w or g Award the
first three marks for work seen anywhere.
EITHER
evidence of using the cosine rule OR sine rule (M1)
W =122 +12° ~2-12-12c05(2.08) OR — W - 12 (A1)
sin(2.08) sin(0.530796...)
w=20.6977... or % —~10.3488... (A1)
OR
. : . . . . . 2.08 . w
using trig ratios in a right triangle with angle — and side length > (M1)
w
sin (&j -2 (A1)
2 12
w

w=20.6977... or £y =10.3488... (Al)

Note: Accept W= 20.7179...from use of gz %

continued...
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Question 10 continued

THEN
Let the points A, B, C, D, E, F, G, H lie on the figure as follows:

EITHER

(segment AHB =) sector OAB — triangle OAB (M1)
= %lez X 2.08—%><122 xsin 2.08(= 149.76 —62.8655... = 86.8944...) (A1)
valid approach to find total cross-sectional area (seen anywhere) (M1)

sector OAB - triangle OAB + rectangle CDBA
= 86.8944...+10W(: 86.8944...+ 206.977...)

Note: Use of 0 = f—g throughout leads to segment OAB =87.2517... and cross-sectional

area =87.2517...+207.179....

continued...
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Question 10 continued

OR

trapezium CGOA (= rectangle CGOE + triangle EOA) (M1)
= %x(10+(10—12 cos(l.04)))x% (=72.0557) (A1)
valid approach to find total cross-sectional area (seen anywhere) (M1)

2 x trapezium CGOA + sector OAB

= 2(72.0557...)+%><122 x 2.08(=144.111...4+ 149.76)

Note: Use of 0 = g leads to area of trapezium CGOA =72.2154... and cross-sectional

area =144.430...+150.

OR
2 x area of trapezium CGOA (= area of rectangle CDFE + 2 x triangle EOA) (M1)
20.6977...x (10~12c0s(L.04)) + 2x%leCOS(1.04)><123in(1.04) (A1)

(: 81.2458...+ 62.8655...)

valid approach to find total cross-sectional area (seen anywhere) (M1)
2 x trapezium CGOA + sector OAB

=144.111...+ % x12%x2.08 (: 144.111... +149.76)

Note: Use of 0 = % leads to 2 x area of trapezium CGOA =144.430... and cross-sectional

area =144.430...+150.

THEN
area of cross-section =293.871...(294.430... from exact answer)
=294 (cm?) Al

[7 marks]

continued...
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Question 10 continued

(c) METHOD 1
—4.71976... volume of gutter =176323 OR 176658 (OR 600x their area) (seen

anywhere) Al

recognising rainfall can be represented by an integral (M1)
)

j R'(t)dt k (Zp 60} +3000x60 (A1)

Note: Accept any 60 second interval or any interval which is a multiple of 5

seconds (one period) scaled up to 60 seconds e.g. 12.[05 R'(t)dt.

rainfall over 60 seconds =180000 (cm?3) Al
the gutter will overflow because the rainfall > gutter volume Al
METHOD 2
volume of gutter =176323 OR 176658 (OR 600x their area) (seen anywhere) Al
recognition that cosine has a minimum value of -1 (M1)
R'(t)>-1x50+3000(cm’s *) (A1)
rainfall over 60 seconds >177000 (A1)
the gutter will overflow because the rainfall > gutter volume Al
METHOD 3
volume of gutter =176323 OR 176658 (OR 600x their area) (seen anywhere) Al
recognising rainfall can be represented by an integral (M1)
T
attempt to solve 60>58.8 OR | R'(t)dt =176658 (M1)
time to reach overflow point = 58.7875... OR 58.8990... Al
the gutter will overflow because 60 >58.8 OR 60 >58.9 Al
[5 marks]

Total [15 marks]
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1. (a) E(x):szdx (A1)

O 16— X2

Note: Condone the absence of dx.

2
Accept jo xf (x) dx

. X . . I
attempt to integrate 6— using inspection/substitution (M1)
16— x°

—%I—Zx(lG—xz);— dx orlet u=16— x>

6 1 2 6 1 12
——[2(16—x2)2} OR —{—uﬂ Al
21

0 n 16

Note: For this A1 condone absent or incorrect limits. |

attempt to substitute their limits and evaluate (M1)
ﬁj@(:g(z—ﬁ)j Al
T T T

. B . X _
Note: The substitution sin@ = 1 may also be used, leading to

ﬁj‘ﬁsingdgzﬁ[_cose]gzﬁ 1-cosZ | . Award marks as
T 70 T o 6

appropriate and accept %(1—0052] for the final Al.

T
[5 marks]
o) [ reoax =" —2—d M1
(b) jo (X)X—me (M1)
P(X <0.5)=0.239358...
=0.239 Al
[2 marks]

continued...
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Question 11 continued

(c) EITHER
recognition P(at least one success after n trials) = 1 — P(no successes after n trials) (M1)
1-(1-0.239...)" 20.99 (A1)
n=16.8321...

Note: Use of 0.239results in n=16.8612...

OR
recognition that Y ~ B(n,0.239...) (M1)

If n=16 P(at least one success after n trials) =0.987443...

and if n=17 P(at least one success after n trials) =0.990448... (A1)

Note: Use of 0.239results in the values 0.987348...and 0.990371...

THEN

17 trials Al
[3 marks]

(d) recognition that Y ~ B(10, their part b)) (M1)

B(10,0.239...)

P(X = 3) =0.242430...

=0.242 Al
[2 marks]

continued...
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Question 11 continued

(e) 38 Al
[1 mark]
® @O n-2 Al
(i) "C, (ways of 3 successes in n trials) (A1)
nn— 2 (A1)
C3
Attempt to solve their ~—<>0.05 OR =) >0.05 (or equivalent) (M1)
3 n(n-—
Note: Accept an equation.
n=11.4658... OR

n-2 n-2
table values n=11, C T 0.0545454...and n=12, T 0.0454545... (AL)

3 3
n=11 Al
[6 marks]

Total [19 marks]
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12.

Note: Penalise only once for an answer not given to six significant figures in parts
(@), c(ii) and (d)(ii).

(a) attempt to use Euler’'s method (M1)

X%y —y 0-3
yn+1 yn ( an +1 } yl (0+1j

y, =2.91 (A1)

at least one correct further intermediate value given to at least 3 significant figures (A1)

Yo 3

A 291

Y, 2.82285...
Ys 2.738717...
Y, 2.65793...
Vs 2.58046...

y(0.15) ~ y, = 2.58046160...
= 2.58046 Al

Note: Award final Al for the correct answer seen as the last line in a table.
If the table goes beyond this value and the correct answer is not explicitly
identified award maximum (M1)(A1)(A1)A0

[4 marks]

continued...
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Question 12 continued

®) () b_ 5 Al
dx

(i) METHOD 1

attempt to use quotient (or product) rule on

dy _x° Y- y( 2 )
— X“+1) (Xy-— M1
dx  x*+1 ( ) ( y y) (M1)
attempt to use product rule and implicit differentiation on xzy (M1)
dx(x y— y) 23i+(2x)y—j—i (seen anywhere) Al
=3 (when x:O,y:3,d—y:—3)
dx
(x2+l)(x d—y+(2x)y dyj (xzy—y)(Zx)
d°y _ dx d
dx’ (x +l)
d*y (.2 2dy dy 2 V(2
ORd?=(x +1) (x - +(2x)y - = —2x(x*+1) " (x*y-y) Al
2
:32’ 3 (when x=0,y = 33 _3) AG
METHOD 2
dy -
X +1 =Xy- Al
(1) =xy=y
attempt to use product rule and implicit differentiation (M1)
Y +(x? +1)d Y _ e W +(2x)y - &y A1A1
dx dx? dx dx
Note: Award Al for LHS and Al for RHS
d’y dy
o =3 (when x=0,y= 3dx -3) AG

[5 marks]

continued...
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Question 12 continued

x? x3

. 3 3
) () 3—3x+z(3)+§(9)+...(:3—3x+5x2 +§X3 +j Al1A1

Note: Award A1l for first three terms, A1l for fourth term

(i)  y(0.15)=2.58881125...
=2.58881 Al

[3 marks]

continued...
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Question 12 continued

(d) () EITHER

attempt to separate variables

j dy _j dx ORj dy = I(l— iljdx

In y=X-— 2arctan X+C

M23/5/MATHX/HP2/ENG/TZ1/XXIM

M1

Al1Al

Note: Award Al for Iny or In|y|, Al for x—2arctanx.
Condone missing +C at this stage.

OR

attempt to use integrating factor
dy 2

——y|1- =0

dx y( X2 +1)

I—(l—ijdx
IF =e x241) g X+2arctanx

e—x+2arctan>< d_y i ye—x+2arctanx (1_ 22 j _ O
dx X +1

—X-+2arctan x
e A

y:

THEN
In y=X-— 2arctan x+c¢ OR y= AeX—Zarctanx
attempt to find ¢ or A using x=0,y=3

INn3=0-2arctan0+c OR 3= Ag?2"°
=In3 OR A=3

M1

Al

Al

(M1)

(A1)

incorrect working.

Note: This Al should not be awarded if a correct value of C or A is preceded by

x—2arctanx+In3 [ — Xx—2arctan x
y=¢ (=3e )

Al

continued...
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Question 12 continued

(i)  y(0.15)=2.58786288...

=2.58786 Al
[7 marks]
d’y
(e) the graph of y= f(x) is concave up OR o >0 (for 0<x<1) Al
X

Note: Allow positive curvature, opening upwards, increasing first derivative.

hence tangents used (in Euler's method) give an underestimate,
so the approximate value for y when x =1.5 is less than the actual value. R1
[2 marks]

Note: R1 is dependent on Al, as well as reference to tangents, in words or on a
diagram.

Total [21 marks]
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Instructions to Examiners

Abbreviations

M  Marks awarded for attempting to use a correct Method.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

R Marks awarded for clear Reasoning.

AG Answer given in the question and so no marks are awarded.

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts,
for their correct methods/answers using incorrect results.

Using the markscheme

1 General

Award marks using the annotations as noted in the markscheme eg M1, A2.

2 Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked, and marks
awarded according to the markscheme.

It is generally not possible to award MO followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an attempt
to use an appropriate method (e.g. substitution into a formula) and A1 for using the correct values.
Where there are two or more A marks on the same line, they may be awarded independently; so if
the first value is incorrect, but the next two are correct, award AOA1A1T.

Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.

The response to a “show that” question does not need to restate the AG line, unless a Note makes
this explicit in the markscheme.

Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question. This will encourage a uniform
approach to marking, with less examiner discretion. Although some candidates may be advantaged
for that specific question item, it is likely that these candidates will lose marks elsewhere too.

An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part. For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this situation,
award FT marks as appropriate but do not award the final A7 in the first part.
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Exampiles:
Correct Further Any FT
answer working issues? Action
seen seen
1. No. Award A1 for
5.'65685"' Last part in the final mark
82 (incorrect question. (condone the
decimal incorrect further
value) working)
2, Yes. Award A0 for
0.468111... Value is the final mark
35 (incorrect used in (and full FT is
72 decimal subsequent available in
value) parts. subsequent
parts)
3 Implied marks

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen

or implied by subsequent working/answer.

Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in
part (d) or incorrect value from part (c)(i) used in part (c)(ii)). Usually, to award FT marks,
there must be working present and not just a final answer based on an incorrect answer to
a previous part. However, if all the marks awarded in a subsequent part are for the answer or
are implied, then FT marks should be awarded for their correct answer, even when working

is not present.

For example: following an incorrect answer to part (a) that is used in subsequent parts,
where the markscheme for the subsequent part is (M1)A1, it is possible to award full marks
for their correct answer, without working being seen. For longer questions where all but
the answer marks are implied this rule applies but may be overwritten by a Note in the

Markscheme.

Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

If the error leads to an inappropriate value (e.g. probability greater than 1, sin@ =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

The markscheme may use the word “their” in a description, to indicate that candidates may be using
an incorrect value.

If the candidate’s answer to the initial question clearly contradicts information given in the question,
it is not appropriate to award any FT marks in the subsequent parts. This includes when candidates



-5- N22/5/MATHX/HP2/ENG/TZ0/XXIM

fail to complete a “show that” question correctly, and then in subsequent parts use their incorrect
answer rather than the given value.

e Exceptions to these FT rules will be explicitly noted on the markscheme.

¢ If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), award
marks as appropriate, unless the command term was “Hence”.

Mis-read

If a candidate incorrectly copies values or information from the question, this is a mis-read
(MR). A candidate should be penalized only once for a particular misread. Use the MR
stamp to indicate that this has been a misread and do not award the first mark, even if this is
an M mark, but award all others as appropriate.

¢ Ifthe question becomes much simpler because of the MR, then use discretion to award fewer marks.

e If the MR leads to an inappropriate value (e.g. probability greater than 1, sind=1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

e Miscopying of candidates’ own work does not constitute a misread, it is an error.

¢ If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy than
given in the question, this is NOT a misread and full marks may be scored in the subsequent part.

e MR can only be applied when work is seen. For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
question specifies a method, other correct methods should be marked in line with the
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative
methods are not permitted unless covered by a note in the mark scheme.

e Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, efc.
¢ Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Alternative forms
Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation for example 1.9 and
1,9 or 1000 and 1,000 and 1.000.

¢ Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.
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¢ In the markscheme, equivalent numerical and algebraic forms will generally be written in brackets
immediately following the answer.

¢ In the markscheme, some equivalent answers will generally appear in brackets. Not all equivalent
notations/answers/methods will be presented in the markscheme and examiners are asked to apply
appropriate discretion to judge if the candidate work is equivalent.

Format and accuracy of answers

If the level of accuracy is specified in the question, a mark will be linked to giving the answer
to the required accuracy. If the level of accuracy is not stated in the question, the general rule
applies to final answers: unless otherwise stated in the question all numerical answers must
be given exactly or correct to three significant figures.

Where values are used in subsequent parts, the markscheme will generally use the exact
value, however candidates may also use the correct answer to 3 sf in subsequent parts. The
markscheme will often explicitly include the subsequent values that come “from the use of 3
sf values”.

Simplification of final answers: Candidates are advised to give final answers using good
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and any

f2
values that lead to integers should be simplified; for example, 75 should be written as % An

exception to this is simplifying fractions, where lowest form is not required (although the numerator

1
and the denominator must be integers); for example, Tomay be left in this form or written as %

However, ? should be written as 2, as it simplifies to an integer.

Algebraic expressions should be simplified by completing any operations such as addition and
multiplication, e.g. 4e** xe’* should be simplified to 4¢™*, and 4e** xe’* —e* xe* should be simplified
to 3¢™*. Unless specified in the question, expressions do not need to be factorized, nor do factorized
expressions need to be expanded, so x(x+1) and x” +x are both acceptable.

Please note: intermediate A marks do NOT need to be simplified.
Calculators

A GDC is required for this paper, but If you see work that suggests a candidate has used any
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the
procedures for malpractice.

Presentation of candidate work

Crossed out work: If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless an
explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise. If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”
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Section A
(@) 1.01206...,2.45230...

a=1.01,b=2.45(1.01x +2.45)

A1A1
[2 marks]
(b) 0.981464...
r=0.981 A1
Note: A common error is to enter the data incorrectly into the GDC, and obtain the
answers g =1.01700..., 5=2.09814... and » = 0.980888... Some candidates
may write the 3 sf answers, ie. a =1.02, 5 =2.10 and » =0.981 or 2 sf
answers, ie. a=1.0, 5=2.1 and » =0.98. In these cases award AOAO for
part (a) and A0 for part (b). Even though some values round to an accepted
answer, they come from incorrect working.
[1 mark]
(c) correct substitution of 78 into their regression equation (M1)
81.3930..., 81.23 from 3 sf answer
81 A1
[2 marks]

Total [5 marks]
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(b)

(c)
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(0.7085 19...,0.639580...)

(0.709,0.640) (x=0.709, y = 0.640)

1.09885...

x=1.10 (accept (1.10,0))

METHOD 1

'[02|f(x)|dx
4.61117...

area = 4.61

METHOD 2

2

-[*  f(x)dx OR [

1.09885...

| (x)|dx OR 4.17527...

1.09885...

1.09885... 2
[ f(x)ax=[ " f(x)dr OR0.435901... +4.17527...

0 1.09885...

4.61117...

area = 4.61

A1A1

[2 marks]

A1

[1 mark]

(A1)

A2

(A1)

(A1)

A1

[3 marks]

Total [6 marks]
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86.4 = 507" (A1)

r= 1.2{: §/856?J seen anywhere (A1)
M>33500 OR 250(1.2"~1)=33500 (A1)
attempt to solve their geometric S, inequality or equation (M1)

sketch OR n>26.9045, n=26.9 OR §,, =28368.8 OR §,, =34092.6 OR algebraic

manipulation involving logarithms
n=27 (accept n>27) A1

Total [5 marks]
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recognition that initial population is 15000 (seen anywhere)

P(0)=15000 OR 0.11x15000 OR 0.89x15000

population after 11% decrease is 15000x 0.89(=13350)

recognizing that ¢ =8 on 1 January 2022 (seen anywhere)

substitution of their value of ¢ for 1 January 2022 and their value of P(8) into the

model
15000 x 0.89 =15000¢** OR 13350 =15000¢e™

i =ln0.89

(~0.014566)

substitution of =2041-2014(=27) and their value for k into the model

P(27) — 15000 6—0.0145...><27
10122.3...

P(27)=10100 (10122)

(A1)

(A1)

(A1)

(m1)

(A1)

(m1)

A1

Total [7 marks]
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Note: Do not award any marks if there is clear evidence of adding instead of
multiplying, for example °C. +(ax)”" +(1)" .

valid approach for expansion (must be the product of a binomial coefficient with n =9

and a power of ax) (M1)

°C (ax)’"(1)" OR °C,_ (ax)" (1)’ OR °C,(ax)’(1)’ +°C,(ax)'(1)" +...

recognizing that the term in x° is needed (M1)
Term in x° 4
—————=k" ORr=6 ORr=30R9-r=6
21x
correct term or coefficient in binomial expansion (seen anywhere) (A1)

’C,(ax)°(1)’ OR °C,a’x® OR 84(a6x6)(1) OR 84a°

EITHER

correct term in x” or coefficient (may be seen in equation) (A1)

9

%aéx4 OR 4a°x* OR 44°

. . —. 8 8
Set their term in x* or coefficient of x*equal to —a’x*or —a’ (do not accept other

powers of x) (M1)
9
%a%“ :§asx4 OR 44°= §a5

continued...
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Question 5 continued

OR
correct term in x° or coefficient of x° (may be seen in equation) (A1)

84a°x® OR 84a°

Set their term in x° or coefficient of x°equal to 24a’°x°or 244’

(do not accept other powers of x) (M1)

84a°x® =24a°x® OR 84a =24

THEN
2
a:7z0.286(0.285714...) A1

Note: Award AO for the final mark for a :% and a=0.

Total [6 marks]
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b
(a) J.axe"dx =1 (seen anywhere) M1
0
attempt to use integration by parts (either way around) (M1)
b b
[axe)‘]0 —Iaexdx(: 1) (A1)
0
b b
[axex]o —[aex]()(: 1) A1

\ Note: Condone incorrect or absent limits up to this point.

abe’ —ae’ +a=1

1

e = 41 Al
[5 marks]
m . 1
(b) jxe dx=— (M1)
0 2
el » _ 1
[ ] -] =5
m m 1
me" —e" +1=— (A1)
2
m=0.768039...
m=0.768 A1
[3 marks]

Total [8 marks]
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METHOD 1

attempt to use scalar product or formula for angle between two vectors

I .1
u.v =cos—+sin— (seen anywhere)

n n
1 .1 1 .1
CcOS— +sin — CcOS— +sin —
cosf) = 1 1 =1 n
2
\/5\/(00521+sin21J \/7
n n
METHOD 2

attempt to use an Argand diagram showing two complex numbers in the first

quadrant with the angle between them marked as 4
arg(u)zg (accept 45° or arctan(l) ) and arg(v):l
n

n 1
cosf@ =cos|———

n

(mM1)

(A1)

A1

(M1)

(A1)

A1

continued...
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15—
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(b) use ofl—>0 as n—w (M1)
n
EITHER
(cos&’ —))L (A1)
V2
OR
(v —>)i (A1)
THEN
the limit is — A1
4
Note: Accept 45°. Do not accept rounded values such as 0.785. \
[3 marks]

Total [6 marks]
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EITHER

[d—V :jIOnh —th? (A1)
dh

Note: This A1 may be implied by the value c:l—:: 76.5616... .

attempt to use chain rule to find a relationship between % d—Vand a (M1)
dr  dt dh
dh_dh dv| 1 ar
de dV dr v dr
dh
OR
attempt to differentiate ’ = 5th’ —%nif throughout with respect to ¢ (M1)
Y omn Y 9 (A1)
dt dt dt

continued. ..
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Question 8 continued

THEN

(10nh—nh2)%=2 OR %=%
dr dt  10mh—mh

Note: Award this A1 if the correct expression is seen with their / already
substituted.

attempt to solve 200 = 5nth’ —%nlf

h=4.20648...

Note: This (M1)(A1) can be awarded independently of all previous marks, and may

be implied by the value ((11—: =76.5616...

Ignore extra values of & -3.24 and 14.0.

%:0.0261227...
dr

%: 0.0261(cms’1)

(A1)

(M1)

(A1)

A1

[6 marks]
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(@) (i) attemptto use the cosine rule (M1)
AC =12’ +4*=2(2)(4)cosa (=+20-16cos @ = 2/5-4cosar ) A1
(i) AC=.6+8’ —2(6)(8)cosﬁ(:«/100—96cosﬁ =2 25—24cosﬁ) A1

(i) S5—4cosa=25-24cosp

a =arccos(6cos f—5) A1
[4 marks]
(b) attempt to find the sum of two triangle areas using 4 :%absinC (M1)

\ Note: Do not award this M1 if the triangle is assumed to be right angled. \

Area:%(S)sina +%(48)sinﬁ (A1)

attempt to express the area in terms of one variable only (M1)

=4\/1—(6cosﬁ—5)2 +24sin f or 4sin(arccos(6cos,8—5))+24sinﬂ OR

2
4sina + 24\/1 — (SJFC%] or 4sina + 24sin(arccos(5+c%jj

Max area = 19.5959...
=19.6 A1
[4 marks]

Total [8 marks]
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Section B

10.

Note: Do not penalize for inclusion or non-inclusion of endpoints for probabilities
using a normal distribution. For example, for P(T <55|T > 40)accept

P(T <55|T>40), P(T <55|T >40), etc.

(a) recognising to find P (7T > 40) (M1)
P(T >40)=0.574136...

P(T > 40) = 0.574 A1

[2 marks]

(b) attempt to multiply four independent probabilities using their P (7" > 40) and

P(T < 40) (M1)

(1-p)’-p OR (1-0.574136..)-0.574136... OR (0.425863...)"-0.574136... (A1)

0.0443430...

0.0443 , 0.0444 from 3 sf values A1
[3 marks]

continued...
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Question 10 continued

(c) (i) recognizing conditional probability

P(T <55|T > 40)

Note: Award (M1) for an expression or description in context. Accept
P(T >40|T <55)but do not accept just P(4|B).

P(40<T <55)
P(T > 40)

0.461944...
0.574136...

P(T <55|T> 40) =0.804590...

=0.805

(i)  recognizing binomial probability
X ~B(n, p)
n=10 and p=0.804589...
0.0242111...,0.0240188...using p = 0.805

P(X =5)=0.0242

(M1)

(A1)

(A1)

A1

(M1)

(A1)

A1

[7 marks]

continued...
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Question 10 continued

(d)

Let P(T<a)=x

recognition that probabilities sum to 1 (seen anywhere)

EITHER

expressing the three regions in one variable

N22/5/MATHX/HP2/ENG/TZ0/XX/M

(M1)

(M1)

x+0.904+2x OR P(T <a)+0.904+2P(T <a) OR %P(T >b)+0.904+P(T >b)

OR x and 2x correctly indicated on labelled bell diagram

1

P(T'<a)+0.904+2P(T <a)=10R _P(T >b)+0.904+P(T > b) =1 (or

equivalent)

OR

expressing either P(7 <a) or P(7T >b) only in terms of P(a <T <b)

UKT<ayﬂ%UfIKaSTSbD(M(ﬁ%T>bﬁﬂ§(L4%aSTSb»

x=1(1-0.904)(=0.032) OR P(T > )=

THEN
P(T <a)=0.032
a=22.18167..

a=22.2 (accept 22.1)

%(1—0.904)(: 0.064)

(A1)

(M1)

(A1)

A1
[4 marks]

Total [16 marks]
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(a) attempt to use product rule (M1)

f1(x) =3¢ +2¢™ (3x—4)(= ™" (6x-5)) A2

Note: Award A1 for 2 out of 3 of 3¢*, 6xe** and —8¢** seen or implied.

[3 marks]
(b) f'(x)=1 (M1)
x=0.86299...
x=0.863 A1
y=-7.92719...
y=-7.93 A1
(0.863,-7.93)
[3 marks]
, . 4
(c) x-intercept is at 5(1.33) (A1)
attempt to use formula for volume of revolution (M1)
Note: Award (M1) for an integral involving mwand (f(x))z. Condone use of 2n and
incorrect or absent limits.
4
3 2
nj(e“ (3x—4)) dx (A1)
0
‘ Note: This (A1) can be awarded if the dx is omitted. ‘
=164.849...
=165 A1
[4 marks]

continued...
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Question 11 continued
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(d) (i) attemptto compose functions in the correct order (M1)
(£o2)(0)=1(g(0)= 1)
=-7.38905...
=-739(=-¢) A1
(i) attempt to use the chain rule (M1)
(fo8)(0)=1"(g(0))g'(0)
Note: For this (M1) to be awarded, multiplication of two derivatives should be seen
or implied.
=2/"(1)(=2%7.38905...) (A1)
=14.7781...
=14.8(=2¢7) A1
[5 marks]

Total [15 marks]
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(a)

(b)
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k-1 4
AB=| —4 |,AC=| 2 A1A1
-2 -1
[2 marks]
METHOD 1
k—-1=2x4 m1
k=9 AG
METHOD 2
in order by y or z-ordinate, the points are (k, -2, 1), (5,0, 2) (1, 2, 3)
k-5=5-1 m1
k=9 AG
[1 mark]

continued...
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Question 12 continued

(c) (i) attemptto set up a vector equation using a point, a parameter and a

direction vector (M1)
1 4

r=|2|+A| -2 | (or equivalent) A1
3 -1

Note: “r =" or equivalent must be seen for A7.

continued...
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Question 12 continued

(i) METHOD 1

point on line L, has coordinates (1+44,2-24,3- 1)

attempt to use a different parameter for L, (M1)
1 2
XT_1=%=1—Z=,U orr=|0|+ul 3
1 -1
point on line L, has coordinates (1+2,3p,1— 1) (A1)
1 2
Note: This A1 may be implied by r=| 0 [+ x| 3
1 -1
1+44=14+2u
2-2A=3u
3-A=1-u
any two of the above equations A1
attempt to solve two simultaneous equations with two parameters (M1)
egA=0.25, u=05o0r A=1.6, u=—04o0r A=-2, u=—4 A1

substitute into third equation or solve a different pair of simultaneous

equations M1
obtain contradiction eg 3—-0.25#1-0.5 or 1+4(1.6) #1+2(-0.4) or

2—-2(-2)#3(—4) (so the lines do not intersect) R1

Note: Do not award this R17 if it is based on incorrect values. \

lines are not parallel R1
so lines are skew AG

continued...
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Question 12 continued

METHOD 2

point on line L, has coordinates (1+441,2-24,3- 1)

attempt to use the equation of L, to generate at least two equations in 4 (M1)

if the two lines intersect,

(1+4/1)—1:2—2,1(:>M: 2—21}
2 3 3
%:1—(3—1)(:21:1—2)
2-24

T:l-(3-z):(%:z-zj

any two of the above equations A1A1

attempt to solve at least one equation in 4 (M1)
1 8

oneof A=—, A=-2, A=— seen A1
4 5

substitute into second equation or solve second equation M1

1 1
obtain contradiction eg 4 = % #-2 or Z(Zj #* 1—2 (so the lines do not

intersect) R1

Note: Do not award this R1 if it is based on incorrect values.

lines are not parallel R1
so lines are skew AG

continued...
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Question 12 continued

METHOD 3

attempt to use a find Cartesian equation for L,

x-1_ y-2 z-3
4 -2 -1

attempt to isolate one variable in both equations

l:z:l_x+3=y_
4

L

203 2= -2V oRr
2 3

I-x =3(x2—1)=3(1_z) OR

Ll:y=T+2=2(z—3)+2 L,:y

L:x=1-2(y-2)=1-4(z-3) L, :x=2?y+l=1—2(z—1)

attempt to solve for each of the other two variables

e.g. 1_—X+1:1_TX+3 and —?y+1:y_—2+3

2

x=-7,y=-120R x=2,z=140R y=15, z=5

(m1)

A1

(m1)

A1

(m1)

A1

obtain contradictioneg z=5#14 OR y=15#-120R x=2#-7

(so the lines do not intersect)

R1

Note: Do not award this R1 if it is based on incorrect values.

lines are not parallel

so lines are skew

R1
AG
[10 marks]

continued...
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Question 12 continued

(d)

(i)

METHOD 1
attempt to find cross product of two of AB, AC and BC or their opposites M1
0 0
egABx AC=| k-9 :(k—9) 1 A1
182k -2

attempt to substitute their cross product and a point into the equation of a
plane (M1)

(k=9)y+2(9—k)z=2(k-9)+6(9—k)

(k—9)y+2(9—k)2:36—4k (:y—2z=—4 sincek¢9) A1

METHOD 2

attempt to find vector equation of IT and write x,y and z in parametric

form m1
1 k-1 4
r=|2|+A 4 |+ul 2= |x=1+Ak-1)+4u, y=2-41-2u,
3 -2 -1
z=3-2A—u orequivalent A1
attempt to eliminate both parameters to work towards Cartesian form M1
(k—9)y+2(9—k)Z:36—4k (:>y—2z=—4 sincek¢9) A1

continued...
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Question 12 continued

(i) METHOD 1

attempt to find the equation of the line through (0, 0, Q) perpendicular

to the plane (M1)
EITHER
0
(r=)| 1 (A1)
-2
attempt to find the point where the line and plane intersect (M1)
t+4t+4=0
4
t=—— A1
s (A1)
OR
0
(r :)t(k—9) 1 (A1)
-2
attempt to find the point where the line and plane intersect (M1)

t(k—9Y +4t(k —9)° +4(k—9) =0

5(k-9) (A1
THEN
so the point on the plane closest to the origin is (0, —0.8, 1.6) A1

continued...
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Question 12 continued

METHOD 2

choose a point on the plane (p, g, r)

g—2r+4=00R q(k—9)—2r(k-9)+4(k-9)=0=> g =2r—4

distance to the origin is \/pz +(2r —4)2 +7? (A1)
since p is independent of r, distance is minimised when p =0 (R1)
attempt to find the value of r for which their/(2r —4)2 +77 is minimised (M1)
r=1.6 (A1)
so the point on the plane closest to the originis (0,-0.8, 1.6) A1

continued...
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Question 12 continued

METHOD 3
attempt to find a vector from the origin to the closest point on the plane (M1)
EITHER

0
(r :)t 1 (A1)

-2
distance to the origin = % = B = M (A1)

1> +(-2) V5| s
st
5
J , 4
check in equation of plane y—-2z=—4 toget ¢t = s (R1)
OR
0
(r=)t(k=-9)| 1 (A1)
-2
distance to the origin = ; = i = ﬂ (A1)
1?+(-2) 505
t== 4
5(k-9)
. , 4
check in equation of plane y—-2z=-4 toget t =— (R1)
5(k-9)
THEN
so the point on the plane closest to the origin is (0,—0.8, 1.6) A1
[9 marks]

Total [22 marks]
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Instructions to Examiners

Abbreviations

AG

FT

Marks awarded for attempting to use a correct Method.

Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.
Marks awarded for clear Reasoning.

Answer given in the question and so no marks are awarded.

Follow through. The practice of awarding marks, despite candidate errors in previous parts,
for their correct methods/answers using incorrect results.

Using the markscheme

1

General

Award marks using the annotations as noted in the markscheme eg M1, A2.

Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

It is generally not possible to award MO followed by Al, as A mark(s) depend on the
preceding M mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and Al for
using the correct values.

Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
AOA1AL.

Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a
note.

The response to a “show that” question does not need to restate the AG line, unless a
Note makes this explicit in the markscheme.

Once a correct answer to a question or part question is seen, ignore further working even
if this working is incorrect and/or suggests a misunderstanding of the question. This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

An exception to the previous rule is when an incorrect answer from further working is used
in a subsequent part. For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second
part. In this situation, award FT marks as appropriate but do not award the final A1 in the
first part.
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Examples:
Correct Further Any FT issues? Action
answer working seen
seen
1. 5.65685... No. Award A1 for the final mark
8J2 (incorrect Last part inl  (condone the incorrect further
decimal value) | question. working)
2. 35 0.468111... Yes. Award AO for the final mark
- (incorrect Value is used in| (and full FT is available in
72 decimal value) | subsequent parts. subsequent parts)

3 Implied marks

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is
seen or implied by subsequent working/answer.

4 Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a
guestion is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in
part (d) or incorrect value from part (c)(i) used in part (c)(ii))). Usually, to award FT marks,
there must be working present and not just a final answer based on an incorrect answer
to a previous part. However, if all the marks awarded in a subsequent part are for the answer
or are implied, then FT marks should be awarded for their correct answer, even when
working is not present.

For example: following an incorrect answer to part (a) that is used in subsequent parts,
where the markscheme for the subsequent part is (M1)A1, it is possible to award full marks
for their correct answer, without working being seen. For longer questions where all but
the answer marks are implied this rule applies but may be overwritten by a Note in the
Markscheme.

e Within a question part, once an error is made, no further A marks can be awarded for
work which uses the error, but M marks may be awarded if appropriate.

¢ If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

¢ If the error leads to an inappropriate value (e.g. probability greater than 1, sin& =1.5, non-
integer value where integer required), do not award the mark(s) for the final answer(s).

e The markscheme may use the word “their” in a description, to indicate that candidates
may be using an incorrect value.

¢ If the candidate’s answer to the initial question clearly contradicts information given in the
qguestion, it is not appropriate to award any FT marks in the subsequent parts. This
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includes when candidates fail to complete a “show that” question correctly, and then in
subsequent parts use their incorrect answer rather than the given value.

o Exceptions to these FT rules will be explicitly noted on the markscheme.

¢ If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

Mis-read

If a candidate incorrectly copies values or information from the question, this is a mis-read
(MR). A candidate should be penalized only once for a particular misread. Use the MR
stamp to indicate that this has been a misread and do not award the first mark, even if this
is an M mark, but award all others as appropriate.

¢ If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

¢ If the MR leads to an inappropriate value (e.g. probability greater than 1, sind=1.5, non-
integer value where integer required), do not award the mark(s) for the final answer(s).

e Miscopying of candidates’ own work does not constitute a misread, it is an error.

e If a candidate uses a correct answer, to a “show that” question, to a higher degree of
accuracy than given in the question, this is NOT a misread and full marks may be scored
in the subsequent part.

¢ MR can only be applied when work is seen. For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
guestion specifies a method, other correct methods should be marked in line with the
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative
methods are not permitted unless covered by a note in the mark scheme.

e Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.
¢ Alternative solutions for parts of questions are indicated by EITHER . . . OR.
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Alternative forms
Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000.

e Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written
in brackets immediately following the answer.

¢ In the markscheme, some equivalent answers will generally appear in brackets. Not all
equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

Format and accuracy of answers

If the level of accuracy is specified in the question, a mark will be linked to giving the answer
to the required accuracy. If the level of accuracy is not stated in the question, the general
rule applies to final answers: unless otherwise stated in the question all numerical answers
must be given exactly or correct to three significant figures.

Where values are used in subsequent parts, the markscheme will generally use the exact
value, however candidates may also use the correct answer to 3 sf in subsequent parts.
The markscheme will often explicitly include the subsequent values that come “from the use
of 3 sf values”.

Simplification of final answers: Candidates are advised to give final answers using good
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and

f25
any values that lead to integers should be simplified; for example, 7 should be written as g

An exception to this is simplifying fractions, where lowest form is not required (although the

. . 10 o
numerator and the denominator must be integers); for example, 7 may be left in this form or

. 5 10 . o .
written as E However, E should be written as 2, as it simplifies to an integer.

Algebraic expressions should be simplified by completing any operations such as addition and
multiplication, e.g. 4e** xe* should be simplified to 4e°*, and 4e** xe* —e™* xe* should be
simplified to 3e>*. Unless specified in the question, expressions do not need to be factorized, nor
do factorized expressions need to be expanded, so x(x+1) and x* + x are both acceptable.

Please note: intermediate A marks do NOT need to be simplified.
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Calculators

A GDC is required for this paper, but If you see work that suggests a candidate has used
any calculator not approved for IB DP examinations (eg CAS enabled devices), please follow
the procedures for malpractice.

Presentation of candidate work

Crossed out work: If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise. If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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EITHER

uses the cosine rule

AB? =5% +52 —2x5x5xc0s1.9

OR
uses right-angled trigonometry
AB

-2 _sin0.95
5
OR
uses the sine rule

az%(n—l.9)(=0.6207...)

AB 5
sinl.9 sin0.6207...

THEN
AB=8.1341...
AB =8.13 (m)

-8-—

Section A
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(M1)
(A1)

(M1)

(Al)

(M1)

(Al)

Al
[3 marks]

continued...
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Question 1 continued

(b)

let the shaded area be A
METHOD 1
Attempt at finding reflex angle (M1)

AOB=2r-19 (=4.3831...)

substitution into area formula (A1)
A=Lx5?x43831... OR (2"_1'9an(52)

2 21
=54.7898...
=54.8 (m?) Al
METHOD 2

let the area of the circle be A. and the area of the unshaded sector be A,

A=A —A, (M1)

A=nx52—%x52x1.9 (= 78.5398...—23.75) (A1)

=54.7898...

=54.8 (m?) Al
[3 marks]

Total [6 marks]
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METHOD 1
recognises that g(x)= I(BXZ +5ex) dx

g(x)=x’+5e*(+C)

\ Note: Award A1l for each integrated term.

substitutes Xx=0 and y =4 into their integrated function (must involve +C))
4=0+5+C=C=-1
g(x)=x>+5e* -1

METHOD 2

attempts to write both sides in the form of a definite integral
j g'(t) dt = j(3t2 +5¢') dt
0 0

g(x)—4=x®+5e* —5e°

Note: Award A1 for g(x)—4 and A1 for x*+5e* —5e°.

g(x)=x’+5e* -1

(M1)

(AL)(A1)

(M1)

Al

(M1)

(Al)

(A1)(AL1)

Al

[5 marks]
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P(AUB)=P(A)+P(B)-P(AnB)=0.68
substitution of P(A)-P(B) for P(AnB)in P(AUB)
P(A)+P(B)-P(A)P(B) (=0.68)

substitution of 3P(B) for P(A)

3P(B)+P(B)—3P(B)P(B)=0.68 (or equivalent)

\ Note: The first two marks are independent of each other.

attempts to solve their quadratic equation

P(B)=0.2,1.133... (1, Qj
5’15

p(B):o.z(:ij

5

Note: Award Al if both answers are given as final answers for P(B).

(M1)

(M1)

(A1)

(M1)

A2

[6 marks]
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(@ 0.28 (s) Al
[1 mark]

(b) IQR=0.35-0.27 (: 0.08) (s) (A1)
substituting their IQR into correct expression for upper fence (A1)

0.35+1.5x0.08 (=0.47) (s)

0.46 <0.47 R1

so 0.46 (s)is not an outlier AG
[3 marks]

(c) EITHER

the median is closer to the lower quartile (positively skewed) R1

OR

the distribution is positively skewed R1

OR

the range of reaction times below the median is smaller than the range of reaction

times above the median R1

Note: These are sample answers from a range of acceptable correct answers.
Award R1 for any correct statement that explains this.

Do not award R1 if there is also an incorrect statement, even if another
statement in the answer is correct. Accept a correctly and clearly labelled
diagram.

[1 mark]

continued...
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Question 4 continued

(d) EITHER

the distribution for ‘not sleeping well’ is centred at a higher reaction time R1

OR

the median reaction time after not sleeping well is equal to the upper quartile
reaction time after sleeping well R1

OR
75% of reaction times are <0.35 seconds after sleeping well, compared with
50% after not sleeping well R1

OR
the sample size of 9 is too small to draw any conclusions R1

Note: These are sample answers from a range of acceptable correct answers.
Accept any relevant correct statement that relates to the median and/or
quartiles shown in the box plots. Do not accept a comparison of
means.

Do not award R1 if there is also an incorrect statement, even if another
statement in the answer is correct

Award RO to “correlation does not imply causation”.

[1 mark]
Total [6 marks]
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(a) recognises the need to find the value of t when v=0 (M1)
t=15707... (: E]
2
t=157 (: Ej (s) Al
2
[2 marks]
(b)  recognises that a(t) =v'(t) (M1)

t, =2.2627..., t, =2.9573...
t, =226, t,=2.96 (s) AlAl

Note: Award M1A1AO if the two correct answers are given with additional values
outside 0<t<3.

[3 marks]

(c) speedisgreatestat t=3 (A1)
a=-1.8377...

a=-1.84 (ms?) Al

[2 marks]

Total [7 marks]
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6.  attempts to express x° in terms of y (M1)
4 4 2
V=n[36 ) Py Al
! 16

\ Note: Correct limits are required.

4 _ 4\

Attempts to solve nI36[1—%J dy =285 for h (M1)
h

. . h® h® 8 .
Note: Award M1 for attempting to solve 36mn 4—8—7+§ =285 or equivalent
for h.
h=0.7926...
h=0.793 (cm) A2

[5 marks]
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@ (as Iing x*> =0, the indeterminate form % is required for the limit to exist)

= Ixiir()\(arctan(cos X)— k) =0
arctanl—k =0 (k =arctanl)

o) k:E
4

Note: Award M1AO for using k :% to show the limit is g

M1

Al

AG

[2 marks]

continued...
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Question 7 continued

T
arctan(cosx) — 2 0
o
—sin X
_ [im1+cos’
x—0 2X

AlAl

Note: Award A1l for a correct numerator and Al for a correct denominator.

recognises to apply 'H6pital’s rule again

—sinx
_ jimLcos®x (: 9)
x—0 2X 0

(M1)

Note: Award MO if their limit is not the indeterminate form %

EITHER
—Cos x(1+ cos? x)— 2sin® X Cos X

2
i (1+cos2 x)

x—0 2

AlAl

Note: Award A1l for a correct first term in the numerator and A1 for a correct
second term in the numerator.

OR

. —COS X
lim > -
x>0 2(1+ CoS x)—4xsm X COS X

AlAl

\ Note: Award A1l for a correct numerator and A1l for a correct denominator.

THEN

substitutes X =0 into the correct expression to evaluate the limit

Note: The final Al is dependent on all previous marks.

Al

AG

[6 marks]
Total [8 marks]
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Rachel: R~ N(56.5,3°)
P(R>60)=0.1216...
Sophia: S ~N(57.5,1.8°)
P(S >60)=0.0824...

recognises binomial distribution with n=5

let N represent the number of Rachel’s throws that are longer than 60 metres
N, ~B(5,0.1216...)

either P(N; >1)=0.4772... or P(N, =0)=0.5227...

let Ny represent the number of Sophia’s throws that are longer than 60 metres
N, ~B(5,0.0824...)

either P(Ng >1)=0.3495... or P(Ng =0)=0.6504...

EITHER

uses P(N; >1)P(Ng =0)+P(Ng =1)P(N, =0)

P(one of Rachel or Sophia qualify) =(0.4772...x0.6504...) +(0.3495...x0.5227...)

OR
uses P(Ng >1)+P(Ng >1)-2xP(N; >1)xP(Ng >1)

P(one of Rachel or Sophia qualify) = 0.4772...+0.3495... - 2x 0.4772...x 0.3495...

THEN
=0.4931...
=0.493

\ Note: M marks are not dependent on the previous A marks.

(A1)

(A1)

(M1)

(A1)

(Al)

(M1)

(M1)

Al

[7 marks]
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(@) 9x9x8x7x6x5 (=9x°R) (M1)
9!
=136080 =9xm Al
10 10!
Note: Award M1AO for 10x9x8x7x6x5 | =R, =151200 :I :
Note: Award M1AO0 for °P, = 60480
[2 marks]
(b) METHOD 1
EITHER
every unordered subset of 6 digits from the set of 9 non-zero digits can be
arranged in exactly one way into a 6-digit number with the digits in increasing order. Al
OR
°C,(x1) Al
THEN
=84 Al
METHOD 2
EITHER
removes 3 digits from the set of 9 non-zero digits and these 6 remaining digits can
be arranged in exactly one way into a 6-digit number with the digits in increasing
order. Al
OR
°C,(x1) Al
THEN
=84 Al

[2 marks]
Total [4 marks]



Section B
10. (a)
(b)

(©)
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() 32 (cm) Al
(i)  h,(0)=sin(6)+27 (M1)
=26.7205...
=26.7 (cm) Al
[3 marks]
attempts to solve h, (t)=hg(t) for t (M1)
t=4.0074...,4.7034...,5.88332...
t=4.01,4.70,5.88 (weeks) A2
[3 marks]
ha(t)—hg(t)=sin(2t+6)+t-5 Al
EITHER
fort>6,t-5>1 Al
and as sin(2t+6)>-1=h,(t)-hy(t)>0 R1
OR
the minimum value of sin(2t+6)=-1 R1
so for t>6, h,(t)—hy(t)=t-6>0 Al
THEN
hence for t > 6, Plant A was always taller than Plant B AG
[3 marks]

continued...
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Question 10 continued

(d) recognises that h,’(t)and h,'(t) are required

attempts to solve h,’(t)=h,’(t) for t

t=1.18879... and 2.23598... OR 4.33038... and 5.37758... OR 7.47197... and 8.51917...

Note: Award full marksfort:ﬂ—&s—n_3 In 3’8_n_3’10_n_3’&_3 .
3 3 3 3 3 3

Award subsequent marks for correct use of these exact values.

1.18879... <t <2.23598... OR 4.33038... <t <5.37758...0R
1.47197...<t<8.51917...

attempts to calculate the total amount of time

3(2.2359...~1.1887...) L=3[(5§—3J-(4—;—3DJ

=3.14 (=) (weeks)

(M1)

(M1)

(A1)

(Al)
(M1)

Al

[6 marks]

Total [15 marks]
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11. (a) let ¢ be the required angle (bearing)
EITHER

¢ =90°— arctan% (=arctan2)

\ Note: Award M1 for a labelled sketch.

OR

Vix~20 "5

¢ =arccos(0.4472...)

cos¢:w 0wz~

THEN
063°

Note: Do not accept 063.4° or 63.4° or 1.10°.

(b) Method 1
let |b,| be the speed of A and let |bg| be the speed of B

attempts to find the speed of one of A or B

|b,|= «/(—6)2 +22+4% or |by|=/4*+2 +(—2)2

Note: Award MO for |b,|= \/192 +(~1)"+12 and |oy|=+1° +0% +12° .

|bA|:7.48... (: \/%) (km min*) and |bB|:4.89... (: \/ﬂ) (km mint)

b, >|bs| so A travels at a greater speed than B

(M1)

(M1)

Al

[2 marks]

(M1)

Al

AG

[2 marks]

continued...
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Question 11 continued

Method 2
distance
attempts to use speed = —
time
r,(t)—r,(t r.(t.)—r, (t
speed, = AC AL and speed, = [ra (t;) —ra (1)
274 ,— L
for example:
1) — 1) —
speed,, = 2D RO L peeg, - 2@ -RO)
1 1
Joo 2+ 4 T
speed,, = 6) 12 4 and speed, :@

speed, = 7.48...(2\/1_4) and speed; = 4.89...(@)

speed, > speed, so A travels at a greater speed than B

M22/5/MATHX/HP2/ENG/TZ2/XXIM

(M1)

Al

AG

[2 marks]

continued...
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Question 11 continued

(©)

attempts to use the angle between two direction vectors formula

cosf = (-6)(4)+(2)(2)+(4)(-2)

J(-6) +22 44247 42 4 (<2)

5
cos@=-0.7637... | =—— @ =arccos(—0.7637...) (=2.4399...
(=g | or 0 =arcos(-0.7637..) (~24399..

attempts to find the acute angle 180° -6 using their value of €
=40.2°

(M1)

(A1)

(M1)
Al
[4 marks]

continued...
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Question 11 continued

(d)

(i)

for example, sets r,(t,)=rg(t,) and forms at least two equations
19-6t, =1+4t,

~142t =2t

1+4t =122t

Note: Award MO for equations involving t only.

EITHER
attempts to solve the system of equations for one of t; or t,

3
:2 t:_
h=2ort,=3

OR
attempts to solve the system of equations for t, and t,
t=2andt, =g

THEN

substitutes their t; or t, value into the corresponding I, or I'y

P(7,3,9)

7

Note: Accept OP =| 3 |. Accept 7 km east of O, 3 km north of O and 9 km

9

above sea level.

(M1)

(M1)

Al

(M1)

Al

(M1)

Al

continued...
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Question 11 continued

(ii)

attempts to find the value of t, —t,

3
—t=2-2
bt =2

0.5 minutes (30 seconds)

M22/5/MATHX/HP2/ENG/TZ2/XXIM

(M1)

Al
[7 marks]
continued...
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Question 11 continued

(€)

EITHER
attempts to find Iz =TI, (M1)
-18 10
,—ry= 1 |+t O
11 —6
attempts to find their D(t) (M2)
D(t) = (10t -18)’ +1+(11-6t)’ Al
OR
attempts to find I, = I} (M1)
18 -10
r—rg=| -1+t O
-11 6
attempts to find their D(t) (M1)
D(t) = (18-10t)" +(~1)° +(~11+6t) Al

Note: Award MOMOADO for expressions using two different time parameters.

THEN

either attempts to find the local minimum point of D(t) or attempts to find the value
of t such that D'(t)=0 (or equivalent) (M1)

t=1.8088... [: gj
68

D(t) =1.01459...

minimum value of D(t) is 1.01 [: 13%90] (km) Al
[5 marks]

Note: Award MO for attempts at the shortest distance between two lines. ]

Total [20 marks]
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@)

(b)
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rate of growth (change) of the (marsupial) population (with respect to time)

\ Note: Do not accept growth (change) in the (marsupials) population per year. \

METHOD 1

dt?

METHOD 2

e - dP
attempts implicit differentiation (product rule) on ot =kP|1-—

d’P

2 k=

dt>

dP

=gl (5
dt N N ) dt
dP P
substitutes — = kP 1——) into their
dt N dt?

o E)Eel £

1_E_Bj
N N
P

d2

1

2
attempts implicit differentiation on o =kP _k%

P

Jel

-
N

)

P
N

by expanding kP(

J

1- P

0

Al
[1 mark]

(M1)

AlAl

Al

AG

M1

Al

M1

Al

AG

[4 marks]

continued...
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Question 12 continued
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2
P P 2P
(c) d—2=0:>k2P 1-— || 1-=— =0 (M1)
dt N N
P=0N N A2
2
N
Note: Award Al for P = > only.
uses the second derivative to show that concavity changes at P = %or the first derivative
: N
to show a local maximum at P = P M1
EITHER
d?P \ N .
a clearly labelled correct sketch of T3 versus P showing P :E corresponding to
. ) dP
a local maximum point for ’ra R1
d’P
dr’
dZ
d1‘2 +ve
P=10
OR
. . : N .
a correct and clearly labelled sign diagram (table) showing P = P corresponding to
. : dP
a local maximum point for Y R1

continued...
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Question 12 continued

(d)

OR

d’P  3k°N : N
for example, — =—"—_(>0) with P=— and
P dt? 32 (>0) 4

d’P _ 3k®N
dt? 32

: N : . dP
showing P = 5 corresponds to a local maximum point for rm

S . : : N
so the population is increasing at its maximum rate when P = P

P _ k(ﬁ) 1
it (2)7 N
KN

) dP .
the maximum value of — is —
dt 4

3N
ith P=—
(< 0) Wi 2

R1

AG

[5 marks]

(M1)

Al

[2 marks]

continued...
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Question 12 continued

() METHOD 1

M22/5/MATHX/HP2/ENG/TZ2/XXIM

attempts to separate variables M1
[ —dP= [kt
P(N —P)
attempts to write —————— in partial fractions form M1
P(N —P)
N _A, B N=A(N-P)+BP
P(N—P) P (N—P)
A=1, B=1 Al
N =£+ 1
P(N-P) P (N-P)
| 1,1 - [l dt
P (N - P)
=INP—-In(N-P)=kt(+C) A1A1
Note: Award A1 for —In(N —P) and Al for InP and kt(+C). Absolute value
signs are not required.
attempts to find C interms of N and P, M1
when t=0, P=F andso C=InP,—In(N-PR,))
dala
M=h{: P )—m R ]| NP Al
N-P N-P, R
N —P,
s0 ktzlni(N_Poj AG
PAUN-P

[7 marks]

continued...



—32-

Question 12 continued

METHOD 2
attempts to separate variables

[———<dp =kt
P
p(l_j
N
. 1 . .
attempts to write ———=~ in partial fractions form
P
p(l_j
N
;Eé+i:>ls A(l—Ej-i- BP
P) P P N
P(l—j 1-—
N N
A=1 B-L
N
1 =£+ 1
e
N N
j1+ L dP = [k dt

= 1n P—In(l—%jz kt(+C)

M22/5/MATHX/HP2/ENG/TZ2/XXIM

M1

M1

Al

AlAl

signs are not required.

P
Note: Award A1 for —In(l—ﬁj and A1 for InP and kt(+C). Absolute value

continued...
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Question 12 continued
In :kt+C:>In( NP ):kt+c
1-P N-
N

attempts to find C interms of N and P,

when t=0, P=P, andso C=1In NF,
N-P,

kt=m( NP j—m NB ) _jp| NP
N-P N-P, R

msz{N‘%j
PLN_P

M22/5/MATHX/HP2/ENG/TZ2/XXIM

M1

Al

AG

[7 marks]
continued...
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Question 12 continued

METHOD 3

lets u =% and forms d_u:_id_P M1

dt P? dt

multiplies both sides of the differential equation by —é and makes the above

substitutions M1
1dP 1 1 du 1

-———=kl === |=>—=k| —-u
P< dt N P dt N

((jj_l:+ ku :% (linear first-order DE) Al

IF=el“ gl :>ek‘d—u+kek‘u :kekt (M1)

dt

d/ ay_ K _«

—(ue“)=—e

ai )=y

uekt:le“(+c) iek‘:lek‘(+C) Al

N P N
attempts to find C interms of N and P, M1

1 _
when t=0, P:Po,u=— and so C:i—i :N R
Po P, N NP,
ok N-P =N—P0
NP NP,
ekt:( P jN—Po Al
N-P)l P

kt=InE(N_R}) AG
 (N-P

[7 marks]

continued...
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Question 12 continued

(f)  substitutes t =10, P=3F, and N =4P, into kt:lni[:_ﬁj M1
) —
10k =In3| oo (=In9)
4P, -3F,
k =0.220 (ziln9,=lln3] Al
10 5
[2 marks]

Total [21 marks]
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Instructions to Examiners

Abbreviations

AG

FT

Marks awarded for attempting to use a correct Method.

Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.
Marks awarded for clear Reasoning.

Answer given in the question and so no marks are awarded.

Follow through. The practice of awarding marks, despite candidate errors in previous parts,
for their correct methods/answers using incorrect results.

Using the markscheme

1

General

Award marks using the annotations as noted in the markscheme eg M1, A2.

Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

It is generally not possible to award MO followed by Al, as A mark(s) depend on the
preceding M mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and Al for
using the correct values.

Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
AOA1AL.

Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a
note.

The response to a “show that” question does not need to restate the AG line, unless a
Note makes this explicit in the markscheme.

Once a correct answer to a question or part question is seen, ignore further working even
if this working is incorrect and/or suggests a misunderstanding of the question. This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

An exception to the previous rule is when an incorrect answer from further working is used
in a subsequent part. For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second
part. In this situation, award FT marks as appropriate but do not award the final A1 in the
first part.
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Examples:
Correct Further Any FT issues? Action
answer working seen
seen
1. 5.65685... No. Award A1 for the final mark
8J2 (incorrect Last part inl  (condone the incorrect further
decimal value) | question. working)
2. 35 0.468111... Yes. Award AO for the final mark
- (incorrect Value is used in| (and full FT is available in
72 decimal value) | subsequent parts. subsequent parts)

3 Implied marks

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is
seen or implied by subsequent working/answer.

4 Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a
guestion is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in
part (d) or incorrect value from part (c)(i) used in part (c)(ii))). Usually, to award FT marks,
there must be working present and not just a final answer based on an incorrect answer
to a previous part. However, if all the marks awarded in a subsequent part are for the answer
or are implied, then FT marks should be awarded for their correct answer, even when
working is not present.

For example: following an incorrect answer to part (a) that is used in subsequent parts,
where the markscheme for the subsequent part is (M1)A1, it is possible to award full marks
for their correct answer, without working being seen. For longer questions where all but
the answer marks are implied this rule applies but may be overwritten by a Note in the
Markscheme.

e Within a question part, once an error is made, no further A marks can be awarded for
work which uses the error, but M marks may be awarded if appropriate.

¢ If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

¢ If the error leads to an inappropriate value (e.g. probability greater than 1, sin& =1.5, non-
integer value where integer required), do not award the mark(s) for the final answer(s).

e The markscheme may use the word “their” in a description, to indicate that candidates
may be using an incorrect value.

¢ If the candidate’s answer to the initial question clearly contradicts information given in the
qguestion, it is not appropriate to award any FT marks in the subsequent parts. This
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includes when candidates fail to complete a “show that” question correctly, and then in
subsequent parts use their incorrect answer rather than the given value.

o Exceptions to these FT rules will be explicitly noted on the markscheme.

¢ If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

Mis-read

If a candidate incorrectly copies values or information from the question, this is a mis-read
(MR). A candidate should be penalized only once for a particular misread. Use the MR
stamp to indicate that this has been a misread and do not award the first mark, even if this
is an M mark, but award all others as appropriate.

¢ If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

¢ If the MR leads to an inappropriate value (e.g. probability greater than 1, sind=1.5, non-
integer value where integer required), do not award the mark(s) for the final answer(s).

e Miscopying of candidates’ own work does not constitute a misread, it is an error.

e If a candidate uses a correct answer, to a “show that” question, to a higher degree of
accuracy than given in the question, this is NOT a misread and full marks may be scored
in the subsequent part.

¢ MR can only be applied when work is seen. For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
guestion specifies a method, other correct methods should be marked in line with the
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative
methods are not permitted unless covered by a note in the mark scheme.

e Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.
¢ Alternative solutions for parts of questions are indicated by EITHER . . . OR.
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Alternative forms
Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000.

e Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written
in brackets immediately following the answer.

¢ In the markscheme, some equivalent answers will generally appear in brackets. Not all
equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

Format and accuracy of answers

If the level of accuracy is specified in the question, a mark will be linked to giving the answer
to the required accuracy. If the level of accuracy is not stated in the question, the general
rule applies to final answers: unless otherwise stated in the question all numerical answers
must be given exactly or correct to three significant figures.

Where values are used in subsequent parts, the markscheme will generally use the exact
value, however candidates may also use the correct answer to 3 sf in subsequent parts.
The markscheme will often explicitly include the subsequent values that come “from the use
of 3 sf values”.

Simplification of final answers: Candidates are advised to give final answers using good
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and

f25
any values that lead to integers should be simplified; for example, 7 should be written as g

An exception to this is simplifying fractions, where lowest form is not required (although the

. . 10 o
numerator and the denominator must be integers); for example, 7 may be left in this form or

. 5 10 . o .
written as E However, E should be written as 2, as it simplifies to an integer.

Algebraic expressions should be simplified by completing any operations such as addition and
multiplication, e.g. 4e** xe* should be simplified to 4e°*, and 4e** xe* —e™* xe* should be
simplified to 3e>*. Unless specified in the question, expressions do not need to be factorized, nor
do factorized expressions need to be expanded, so x(x+1) and x* + x are both acceptable.

Please note: intermediate A marks do NOT need to be simplified.
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Calculators

A GDC is required for this paper, but If you see work that suggests a candidate has used
any calculator not approved for IB DP examinations (eg CAS enabled devices), please follow
the procedures for malpractice.

Presentation of candidate work

Crossed out work: If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise. If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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Section A
(@) EITHER

recognising that half the total frequency is 10 (may be seen in an ordered list or

indicated on the frequency table) (A1)

OR

5+1+4=3+X (AL)

OR

> f=20 (A1)

THEN

X=7 Al
[2 marks]

continued...
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Question 1 continued

(b) METHOD 1
1.58429. ..
1.58 A2
METHOD 2
EITHER

2 _5x(2-43)° +1x(3-43) +4x(4-43)" +3x(5-4.3 + 7x(6 4.3 (=251) (AL)

20
OR
2 2 2 2 2
0_2:5><2 +1x3°+4x4° +3x5°+7x6 _4.3 (=251) (A1)
20
THEN
0 =+/2.51=1.58429...
=1.58 Al
[2 marks]

Total [4 marks]
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(a) valid approach to find area of segment by finding area of sector — area of triangle (M1)

lr2¢9—lrzsin6?
2 2

Loro-L@ysing (A1)

2 2

area = 260-2sin@ Al
[3 marks]

(b) EITHER

area of logo = area of rectangle — area of segments (M1)

5x4—2x(20—-2sin) =13.4 (A1)

OR

area of one segment = 20y14 (=33) (M1)

20—-2sin0=3.3 (A1)

THEN

6 =2.35672...

60 =2.36 (do not accept an answer in degrees) Al

Note: Award (M1)(A1)AO if there is more than one solution.
Award (M1)(A1FT)AO if the candidate works in degrees and obtains a
final answer of 135.030...

[3 marks]

Total [6 marks]
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(@) 0.41+k-0.28+0.46+0.29—-2k” =1 OR k —2k*+0.01=0.13 (or equivalent) Al
2k*—k+0.12=0 AG

[1 mark]

(b) one of 0.20R 0.3 (M1)
k=0.3 Al
reasoning to reject k =0.2 eg P(1) =k —-0.28>0 therefore k 0.2 R1

[3 marks]

(c) attempting to use the expected value formula (M1)

E(X) =0x0.41+1x(0.3—0.28) + 2x 0.46 +3x (0.29 —2x0.3?)
=1.27 Al

Note: Award M1AO if additional values are given.

[2 marks]

Total [6 marks]
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(&) recognizing at rest v=0
t =3.34692...
t =3.35 (seconds)

Note: Award (M1)AO for any other solutionto v=0 eg t =-0.205 or t =6.08.

(b) recognizing particle changes direction when v=0 OR when t =3.34692...
a=-4.71439...

a=-4.71(ms?)

6
(c) distance travelled = _[0 v|dt OR

334, . 6 sin .

jo (€% + 4sin(t) )dt - L%(e ©+4sin(t) )dt (=14.3104...+6.44300...)
=20.7534...
= 20.8 (metres)

Total

(M1)

Al

[2 marks]

(M1)

A2

[3 marks]

(A1)

Al
[2 marks]

[7 marks]
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(@) METHOD 1

EITHER
one of P(A)=x+0.16 OR P(B)=x+0.36 Al
OR
U
A B
Al
THEN
attempt to equate their P(Am B) with their expression for P(A)xP(B) M1
P(ANB)=P(A)xP(B) = x=(x+0.16) x (x+0.36) Al
x=0.24 Al
METHOD 2
attempt to form at least one equation in P(A) and P(B) using independence M1
(P(ANB')=P(A)xP(B) =) P(A)x(1-P(B))=0.16 OR
(P(A'nB)=P(A)xP(B)=) (1-P(A))xP(B)=0.36
P(A)=0.4 AND P(B)=0.6 Al
P(ANB)=P(A)xP(B)=0.4x0.6 (A1)
x=0.24 Al
[4 marks]

continued...



Question 5 continued

(b)

METHOD 1

recognising P(A'| B") =P(A")
=1-0.16-0.24

=0.6

METHOD 2
P(B)=0.36+0.24(=0.6)

P(A'|B') = P(Q;;)B') (= Oo'_zf)

=0.6

—14 -
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(M1)

Al

(A1)

Al
[2 marks]

Total [6 marks]
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(a) attemptto replace X with —X M1
1
f(-x)=2"-
(-)=2"-—
EITHER
1
=—-2"=—f(x Al
> ()
OR
« 1
:_(2 —5)(:—f(x)) Al

Note: Award M1AO for a graphical approach including evidence that either the
graph is invariant after rotation by 180°about the origin or the graph is
invariant after a reflection in the y -axis and then in the X -axis (or vice

versa).
so f is an odd function AG
[2 marks]
(b) attempt to find at least one intersection point (M1)
X =-1.26686...,x=0.177935...,x = 3.06167...
x=-1.27,x=0.178,x=3.06
-1.27<x<-1, Al
0.178<x<3, Al
X >3.06 Al
[4 marks]

Total [6 marks]
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(@ |a= 122 + (-5)? (=13) (A1)

2 <|a+b| <28 (accept min 2 and max 28) Al

Note: Award (A1)AO0 for 2 and 28 seen with no indication that they are the
endpoints of an interval.

[2 marks]

(b) recognition that p or bis a negative multiple of a (M1)

12
p=-24 OR b:—Ea :—E
13 13\ -5

o= -(ores) A

[2 marks]
(c) METHOD 1
. . 12
g is perpendicular to ( 5)
. (5
= q is in the direction (ﬂj (M1)
5
e
(al :),/(5k)2 +(12k)? =15 (M1)
15
(=2 (A1)
75
5 13 5.77
q=22( 2 ) 2] B |2 Al
1312 180 13.8
13
[5 marks]

continued...
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Question 7 continued

METHOD 2

_ _ 12
g is perpendicular to 5

attempt to set scalar product g.a =0 OR product of gradients =-1 (M1)
12x-5y =0 (AL)
(Ja|=)yx*+y? =15
attempt to solve simultaneously to find a quadratic in X orin y (M1)
2 2
[ 12X Z15? or [ +y? =15
5} 12

75

13 5.77
q= 13 | _ A1A1

180 13.8

13

! . 75
Note: Award Al independently for each value. Accept values given as X = 3

and y= @ or equivalent
13 '

[5 marks]
Total [9 marks]
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(a) product of roots = 2k+9 Al
[1 mark]
(b) recognition that the product of the roots will be negative (M1)
2k +9 <0
k
" 9
critical valuesk =0, ~3 seen (A1)
29 k< 0 Al
2
[3 marks]

Total [4 marks]
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(@) 6x5! (A1)(AL)
=720 (accept 6!) Al
[3 marks]

(b) METHOD 1
(Peter apart from girls, in an end seat) °P,(=1680)OR
(Peter apart from girls, not in end seat) P, (=840) (A1)
case 1: Peter at either end
2 °P,(=3360) OR 2x °C, x 41(=3360) (A1)
case 2: Peter not at the end
8x 'P, (=6720) OR 8x 'C, x 41(=6720) (A1)

Total number of ways = 3360+ 6720
=10080 Al

METHOD 2

(Peter next to girl, in an end seat) 4x °P,(=1344) OR
(Peter next to one girl, not in end seat) 2x4x 'P,(=1680) OR

(Peter next to two girls, not in end seat) 4x3x 'P,(=504) (A1)
case 1: Peter at either end

2x4x 8F’a(: 2688) (A1)
case 2: Peter not at the end

8(2x4x "R, +4x3x 'R, )(=17472) (A1)
Total number of ways = ""P, —(2688+17472)

=10080 Al
[4 marks]
Total [7 marks]
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Section B
10. (a)

y=fx)

f , 5 X
0 1 2

correct shape (concave down) within the given domain 1<x<2

(10) and (2,¥3)(=(21.73))

Al

Al

Note: The coordinates of endpoints may be seen on the graph or marked on the
axes.

continued...
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Question 10 continued

(b) (i) interchanging X and y (seen anywhere) M1
X=4y" -1

X =y*-1 Al

y =% +1 Al

fH(x)=vx*+1 AG

(i) 0<x<+/30R domain [o,@](=[0,1.73]) Al

1<y<2 OR 1< f7(x)<2 ORrange [1,2] Al

[5 marks]

continued...
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Question 10 continued

(c) (i) attempt to substitute X =/ y® +1 into the correct volume formula (M1)
h h
=j( y+)dy(=nj'y+1 dyj Al
0 0
h
= 71;|:l y®+ y:| Al
3 0
= n(} h® + hj AG
3
Note: Award marks as appropriate for correct work using a different variable e.g.
h 2
n_f(\/xz +1) dx
0
(i)  attempt to substitute h=+/3 (=1.732...) into V (M1)
V =10.8828...
V =10.9 (m?) (= 2J§n) (m?3) Al
[5 marks]

continued...



Question 10 continued

(d METHOD 1

i _ 108828...( 231
0.4 0.4
—27.207...

= 27.2(=5{3x)(s)

23—
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(M1)

Al

[2 marks]

continued...
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Question 10 continued

(e) attempt to find the height of the tank when V =5.4414... (: \/§n) (M1)

n(% h®+ hj =5.4414... (=37)

h=1.1818... (A1)

attempt to use the chain rule or differentiate V = n(% h® + hj with respect to t (M1)

dh_dh ov_ 1 WV oq &V eI (A1)

dt dv dt mwh"+1) dt dt dt

. . dv

attempt to substitute their h and ’ry =04 (M1)

dh = 04 =0.053124...

dt  m(1.1818..%+1)

=0.0531 (ms?) Al
[6 marks]

Total [20 marks]



11.

@)

(b)

— 25—

P(C <6l
=0.365112...
=0.365

recognition of binomial eg X ~ B(12,0.365...)
P(X =5)=0.213666...
=0.214

M22/5/MATHX/HP2/ENG/TZ1/XXIM

(M1)

Al

[2 marks]

(M1)

Al

[2 marks]

continued...
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Question 11 continued

(c) (i) Let CM represent ‘chocolate muffin’ and BM represent ‘banana muffin’
P(B <61) =0.0197555... (A1)

EITHER
P(CM)xP(C <61|CM)+P(BM)xP(B <61| BM) (or equivalent in words) (M1)

OR
tree diagram showing two ways to have a muffin weigh < 61 (M1)
THEN
(0.6x0.365...) +(0.4x0.0197...) (A1)
=0.2269609...
= 0.227 Al
(i)  recognizing conditional probability (M1)
Note: Recognition must be shown in context either in words or symbols, not just
P(A|B).
S
=0.965183...
=0.965 Al
[7 marks]

continued...
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Question 11 continued

(d) METHOD 1
P(CM)xP(C <61|CM)+P(BM)xP(B < 61| BM) = 0.157 (M1)
(0.6xP(C <61))+(0.4x0.0197555...) = 0.157
P(C < 61) = 0.248496... (A1)

attempt to solve for o using GDC (M1)

Note: Award (M1) for a graph or table of values to show their P(C < 61) with a

variable standard deviation.
o=1.47225...
o=1.47 (g)

A2

continued...
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Question 11 continued

METHOD 2
P(CM)xP(C <61|CM)+P(BM)xP(B < 61| BM) = 0.157 (M1)

(0.6x P(C <61))+(0.4x0.0197555...) = 0.157

P(C <61)=0.248496... (A1)

use of inverse normal to find z score of their P(C < 61) (M1)

z=-0.679229...

correct substitution (A1)

01762 _ 0679229...

o

o =1.47225...

o=1.47 (g) Al
[5 marks]

Total [16 marks]
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12. (a) attemptto use Euler's method (M1)
dy dy y*—2x°
Xon =%, +01 y, =y, +0.1x—=, where —=—-—
n+1 n y 1 y dX dX X2
correct intermediate y -values (A1)(AL)
3.7,4.63140...,5.92098...,7.79542...
Note: Al for any two correct y -values seen
y =10.6958...
y=10.7 Al
Note: For the final Al, the value 10.7 must be the last value in a table or a list, or
be given as a final answer, not just embedded in a table which has further
lines.
[4 marks]
(b) y:wcng=v+xgx (A1)
dx dx
replacing y with vX and d_y with v+ x@ M1
dx dx
ﬁgx:y2—2><2::>x2v+xgz =Vv°x* - 2x° Al
dx dx
v+x9x:v?—2(wmex>0)
dx
xgx:vz—v—Z AG
dx
[3 marks]

continued...
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(c) () attemptto separate variables v and X (M1)
J' v %
vVi-v—-2 9 x
[ S (A1)
(v=2)(v+]) X
attempt to express in partial fraction form M1
1 __A N B
(v-2)(v+1l) v-2 v+l
1 1( 1 _ij Al
(v-2)(v+1) 3\v-2 v+1
1 f(—‘—j v [&
v—-2 v+l X
L I I I
§( njv—2/—Injv+1]) = In|x|(+c) Al
Note: Condone absence of modulus signs throughout.
EITHER
attempt to find € using x=1,y=3,v=3 M1
1.1
c==In=
3 4
1 1.1
=(Injv=2|—Injv+1)=In|x{+=In=
S (Injv=21~Infy-+1) = In}f+ ZIn 7
expressing both sides as a single logarithm (M1)

In

v+1

el

continued...
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Question 12 continued

OR
expressing both sides as a single logarithm (M1)
In v=2_ In(A|x|3)
v+1
attempt to find A using x=1,y=3,v=3 M1
A=l
4
THEN
v-2 :1x3(since x>0)
v+l 4
substitute v = y (seen anywhere) M1
X
Yoo
X == (since y>2x)
Yo 4
X
Y- L.
y+x 4
attempt to make y the subject M1
3 4
y— XY _ox X Al
4 4
4
_ 8x+)2 AG
4—X

continued...
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Question 12 continued

(i) actual value at y(1.5)=27.3 Al

(i)  gradient changes rapidly (during the interval considered) OR
the curve has a vertical asymptote at X = 3/2(:1.5874...) R1

[12 marks]
Total [19 marks]
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Instructions to Examiners

Abbreviations

M  Marks awarded for attempting to use a correct Method.

A  Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

R  Marks awarded for clear Reasoning.

AG Answer given in the question and so no marks are awarded.

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts,
for their correct methods/answers using incorrect results.

Using the markscheme

1 General

Award marks using the annotations as noted in the markscheme eg M1, A2.

2 Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

It is generally not possible to award MO followed by A7, as A mark(s) depend on the
preceding M mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A7 for
using the correct values.

Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
AOA1A1.

Where the markscheme specifies A3, M2 efc., do not split the marks, unless there is a
note.

The response to a “show that” question does not need to restate the AG line, unless a
Note makes this explicit in the markscheme.

Once a correct answer to a question or part question is seen, ignore further working even
if this working is incorrect and/or suggests a misunderstanding of the question. This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

An exception to the previous rule is when an incorrect answer from further working is used
in a subsequent part. For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second
part. In this situation, award FT marks as appropriate but do not award the final A1 in the
first part.
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Examples:
i ?
Correct Further Any FT issues? .
answer - Action
working seen
seen
1. 5.65685... No. Award A1 for the final mark
82 (incorrect Last part inl  (condone the incorrect further
decimal value) | question. working)
2. 35 0.468111... Yes. Award A0 for the final mark
— (incorrect Value is used in| (and full FT is available in
72 decimal value) | subsequent parts. subsequent parts)

3 Implied marks

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is
seen or implied by subsequent working/answer.

4 Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in
part (d) or incorrect value from part (c)(i) used in part (c)(ii)). Usually, to award FT marks,
there must be working present and not just a final answer based on an incorrect answer
to a previous part. However, if all the marks awarded in a subsequent part are for the answer
or are implied, then FT marks should be awarded for their correct answer, even when
working is not present.

For example: following an incorrect answer to part (a) that is used in subsequent parts,
where the markscheme for the subsequent part is (M1)A1, it is possible to award full marks
for their correct answer, without working being seen. For longer questions where all but
the answer marks are implied this rule applies but may be overwritten by a Note in the
Markscheme.

¢ Within a question part, once an error is made, no further A marks can be awarded for
work which uses the error, but M marks may be awarded if appropriate.

¢ If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

¢ If the error leads to an inappropriate value (e.g. probability greater than 1, sin@=1.5, non-
integer value where integer required), do not award the mark(s) for the final answer(s).

e The markscheme may use the word “their” in a description, to indicate that candidates
may be using an incorrect value.

¢ If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts. This
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includes when candidates fail to complete a “show that” question correctly, and then in
subsequent parts use their incorrect answer rather than the given value.

Exceptions to these FT rules will be explicitly noted on the markscheme.

If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

Mis-read

If a candidate incorrectly copies values or information from the question, this is a mis-read
(MR). A candidate should be penalized only once for a particular misread. Use the MR
stamp to indicate that this has been a misread and do not award the first mark, even if this
is an M mark, but award all others as appropriate.

If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

If the MR leads to an inappropriate value (e.g. probability greater than 1, siné=1.5, non-
integer value where integer required), do not award the mark(s) for the final answer(s).

Miscopying of candidates’ own work does not constitute a misread, it is an error.
If a candidate uses a correct answer, to a “show that” question, to a higher degree of
accuracy than given in the question, this is NOT a misread and full marks may be scored

in the subsequent part.

MR can only be applied when work is seen. For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
question specifies a method, other correct methods should be marked in line with the
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative
methods are not permitted unless covered by a note in the mark scheme.

Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, efc.
Alternative solutions for parts of questions are indicated by EITHER . . . OR.
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Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000.

e Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written
in brackets immediately following the answer.

¢ In the markscheme, some equivalent answers will generally appear in brackets. Not all
equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

Format and accuracy of answers

If the level of accuracy is specified in the question, a mark will be linked to giving the answer
to the required accuracy. If the level of accuracy is not stated in the question, the general
rule applies to final answers: unless otherwise stated in the question all numerical answers
must be given exactly or correct to three significant figures.

Where values are used in subsequent parts, the markscheme will generally use the exact
value, however candidates may also use the correct answer to 3 sf in subsequent parts.
The markscheme will often explicitly include the subsequent values that come “from the use
of 3 sf values”.

Simplification of final answers: Candidates are advised to give final answers using good
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and

/2
any values that lead to integers should be simplified; for example, TS should be written as % .

An exception to this is simplifying fractions, where lowest form is not required (although the

10
numerator and the denominator must be integers); for example, " may be left in this form or

, 5 10 . e ,
written as 5 However, ? should be written as 2, as it simplifies to an integer.

Algebraic expressions should be simplified by completing any operations such as addition and
multiplication, e.g. 4e>* xe™* should be simplified to 4e’*, and 4e™ xe&’* —e* xe* should be
simplified to 3e’*. Unless specified in the question, expressions do not need to be factorized, nor
do factorized expressions need to be expanded, so x(x+1) and x>+ x are both acceptable.

Please note: intermediate A marks do NOT need to be simplified.
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Calculators

A GDC is required for this paper, but If you see work that suggests a candidate has used
any calculator not approved for IB DP examinations (eg CAS enabled devices), please follow
the procedures for malpractice.

Presentation of candidate work

Crossed out work: If a candidate has drawn a line through work on their examination
script, or in some other way crossed out their work, do not award any marks for that work
unless an explicit note from the candidate indicates that they would like the work to be
marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise. If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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(c)

(d)
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Section A
use of GDC to give (M1)
r=0.883529...
r=0.884 A1

Note: Award the (M1) for any correct value of r, a, b or r* =0.780624...
seen in part (a) or part (b).

[2 marks]
a=1.36609... , b=64.5171...
a=1.37, b=64.5 At

[1 mark]

attempt to find their difference (M1)
5x1.36609... OR 1.36609...(h +5)+64.5171...—(1.36609...h+64.5171...)
6.83045...
=6.83(6.85 from 1.37)
the student could have expected her score to increase by 7 marks. A1
Note: Accept an increase of 6, 6.83 or 6.85.

[2 marks]
Lucy is incorrect in suggesting there is a causal relationship.
This might be true, but the data can only indicate a correlation. R1

Note: Accept ‘Lucy is incorrect as correlation does not imply causation’ or equivalent. ‘

[1 mark]

no effect A1
[1 mark]
Total [7 marks]
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EITHER

attempt to use cosine rule (M1)
122 + AB? —2x12x¢c0s25°xAB = 7> OR AB*>—-21.7513...AB+95=0 (A1)
at least one correct value for AB (A1)

AB=6.05068... OR AB=15.7007...

using their smaller value for AB to find minimum perimeter (M1)
12+7+6.05068...

OR

attempt to use sine rule (M1)
SllnzB _SIN25" R GinB=0.724488... OR B=133.573..° OR B=46.4263..° (A1)

at least one correct value for C

C=21.4263..° OR C =108.573..° (A1)
using their acute value for C to find minimum perimeter (M1)
12474122+ 72— 2x12x7c0s21.4263... OR 1247+ 5021:4263..7

sin 25°
THEN
25.0506...
minimum perimeter =25.1. A1

Total [5 marks]



(a)

(b)
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recognize that the variable has a Binomial distribution

X ~B(30,0.05)
attempt to find P(X >1)

1-P(X =0) OR 1-0.95° OR 1-0.214638... OR 0.785361...

Note: The two M marks are independent of each other.

P(X 21)=0.785

recognition of conditional probability

P(X <2| X >1) OR P(at most 2 defective | at least 1 defective)

Note: Recognition must be shown in context either in words or symbols but

not just P(4]|B).

2)  P(X=1)+P(x=2)
R T ey

0.597540... OR 0.812178...—0.214638... OR 0.338903...+0.258636...
0.785361... 0.785361... 0.785361...

=0.760847...

P(X <2[X>1)=0.761

(M1)

(M1)

A1

[3 marks]

(M1)

(A1)

(A1)

A1

[4 marks]
Total [7 marks]
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4. (a) attemptto find the area of either shaded region in terms of »and (M1)

Note: Do not award M1 if they have only copied from the booklet and not

applied to the shaded area.

Area of segment=%r26?—%r2 sin A1
Area of triangle =%r2 sin(n—0) A1
correct equation in terms of @ only (A1)

0 —sin@ =sin(n—0)
0 —sin@ =sin@ A1
0 =2sin@ AG

Note: Award a maximum of M1A71A0A0AQ if a candidate uses degrees

1 . . .
(i.e., Erz sin(180°—@)), even if later work is correct.

Note: If a candidate directly states that the area of the triangle is

%r2 sin@ , award a maximum of M1TA1A0A1A1.

[5 marks]
(b) 6=1.89549...
=190 A1
Note: Award AQ if there is more than one solution. Award A0 for an answer
in degrees.
[1 mark]

Total [6 marks]



(a)

(b)

(c)
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X

0|

2
3
= _(: T _0.583333.. j
12

7
=—(=0.875
r=L(=0875)

U,

substituting their values for u, and r into S =1,
-r

:%(: 4.66666...)

attempt to substitute their values into the inequality or formula for S,

—->= —j <0.001 OR §, =
3 318 (1_7)
8

r=1
attempt to solve their inequality using a table, graph or logarithms

(must be exponential)

Note: Award (MO0) if the candidate attempts to solve S —u, <0.001.

correct critical value or at least one correct crossover value

63.2675...0R S-S, =0.001036... OR S, —S§,, =0.000906...

OR §,—S8;—0.001=0.0000363683... OR S —S,, —0.001=-0.0000931777...

least value is n =64

(mM1)

A1

[2 marks]

(A1)

(M1)

A1

[3 marks]

(M1)

(m1)

(A1)

A1
[4 marks]

Total [9 marks]
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METHOD 1
(p+q) -3pa(p+q)=p’+¢’
attempts to expand (p+¢)’

P +3p’q+3pq’ +q°

(p+q) =3pqg(p+q)=p* +3p*q+3pg* +4* ~3pq(p+q)

=p’ +3p°q+3pq’ +4’ -3p’q-3pq’
=prg

Note: Condone the use of equals signs throughout.

METHOD 2

(p+aq) -3pa(p+q)=p’ +¢’

attempts to factorise (p+ q)3 -3pq(p+q)
=(p+a)((p+a) ~3pa) (=(p+a)(p’ - pa+a’))
=p' -p'q+pq’ +p'q-pq’ +q

Ep3+q3

Note: Condone the use of equals signs throughout.

METHOD 3

P +a’ =(p+q) -3pq(p+q)
attempts to factorise p’ + ¢’
=(p+q)(P’-pa+q’)
=(p+4)((p+a)' -3pa)

=(p+q) -3pq(p+q)

‘ Note: Condone the use of the equals sign throughout.
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M1

A1
AG

m1

A1
AG

m1

A1

AG

[2 marks]
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Note: Award a maximum of ATMOAOA1MOAO for m =-95 and n =8 found

5417
4
Condone, as appropriate, solutions that state but clearly do not use the
values of & and .
Special case: Award a maximum of ATM1A0ATMOAOQ for m =-95 and
n =38 obtained by solving simultaneously for & and g from product of

by using a, f = (a,=0.219..,2.28...).

roots and sum of roots equations.

product of roots of x’ —§x+l =0
2 2
af = % (seen anywhere) A1
, 1 1 . 1

considers (—J(—}j by stating —3(: n) M1

a \B (f)
Note: Award M1 for attempting to substitute their value of af into W

aff
11

(aB) (1]

2
n=4y A1

b & 1
sum of roots of x" ——x+—=0
2 2
5
a+pf= 5 (seen anywhere) A1
3 3

1 1 a+ —3af(a+ 3(a+
considers — +— by stating (@+5) 3ﬂ( p) [OHﬁ] - ( zﬂ) (=-m) M1

o B (ap) af ) (ap)

Note: Award M1 for attempting to substitute their values of & + f# and af into their

expression. Award MO for use of (a + ,B)3 —3aff(a+ ) only.

- @T @@ (=125-30=95)
m=-95 8 A1

(x2—95x+8=0)

[6 marks]
Total [8 marks]
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(b)
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recognises that _[arccos xdx=0.5 (M1)
0
marccos m —~/1—m’ —(O—xﬁ):O.S
m=0.360034...
m =0.360 A1
[2 marks]

METHOD 1
attempts to find at least one endpoint (limit) both in terms of m (or their m ) and a (M1)
P(m—aSXSm+a):O.3
0.360034...+a

arccosx dx=0.3 (A1)
0.360034...—a
Note: Award (A1) for j arccos x dx=0.3.

0.360034...+a
[x arccos x — /1 —x’ J
0.360034...—a
attempts to solve their equation for a (M1)
‘ Note: The above (M1) is dependent on the first (M1).
a=0.124861...
a=0.125 A1
METHOD 2
[ arccos|x~0.360034..] dx (=0.3) (M1)(A1)
Note: Only award (M1) if at least one limit has been translated
correctly.

Note: Award (M1)(A1) for jarccos|x—m| dx (=0.3).
attempts to solve their equation for a (M1)

a=0.124861...
a=0.125

A1
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METHOD 3

EITHER
[ arccos (x+0.360034...) dx (=0.3)

—da

Note: Only award (M1) if at least one limit has been translated
correctly.

Note: Award (M1)(A1) for j arccos (x+m) dx (=0.3).

OR

2(0.360034...)+a

arccos (x—0.360034...) dx (=0.3)

2(0360034“j—a

Note: Only award (M1) if at least one limit has been translated
correctly.

2m+a
Note: Award (M1)(A1) for I arccos(x—m) dx (=0.3).

2m—a

THEN

attempts to solve their equation for a

Note: The above (M1) is dependent on the first (M1).

a=0.124861...
a=0.125

(M1)(A1)

(M1)(A1)

(M1)

A1

[4 marks]
Total [6 marks]
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METHOD 1
attempts to differentiate implicitly including at least one application of the product rule

du d dv d 1
u=xy, v=ln(xy), a:xay+y, az(xay+yj5

d_y:1—[ﬂ[x%+yj+(xg+yjm(xy)}

dx xy

Note: Award (M1)A1 for implicitly differentiating y = x(l—yln(xy)) and obtaining

%:1—{%(x%+yj+x%ln(xy)+yln(xy):|.

dy =1—Kx%+yj+(x%+yjln(xy)}

=1- x%+yj(1+ln(xy))
+[x%+y](l+ln(xy))=l

METHOD 2
y=x—xylnx—xylny
attempts to differentiate implicitly including at least one application of the product rule

d_y: - ﬂ+(xd—y+yjlnx - ﬂd—y+(xd—y+yjlny
dx X dx y dx dx

or equivalent to the above, for example

dy dy dy dy]
— =1- 1 — +(1+1 g 1 + 1 —_{_Z
(X nx ( nx)y] (y ny X(l’ly

b _
dx
or equivalent to the above, for example

T

%+[x%+yj(l+ln(xy)):l

1—x%(lnx+1ny+1)—y(1nx+lny+1)

(M1)

A1

A1

AG

(M1)

A1

A1

AG
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METHOD 3
attempt to differentiate implicitly including at least one application of the product rule M1
du dy x dv dy

u=xIn(xy), v=y, — =In x|, =22

(o) v=y. o (xy)(dxijydx dr
dy dy xy( dy J
—=1-| x—In(xy)+yln +—| x—+ A1
. (dx(y)y(xy)xyxdxy
d—y:l—xd—y(ln(xy)+1)—y(ln(xy)+1) A1
dx dx
dy (dy ]
—+| x—+y |(1+In(xy))=1 AG
o[y mo)
METHOD 4
lets w=xy and attempts to find L where y=x—-wlnw M1
d—yzl—(d—w+d—wlnwj (:l—d—w(l+lnw) A1
dx dx dx dx
w_ Y., A1
dx dx
£ {ieroeger ) o o)
dy ( dy
—+| x—+ I+In(xy))=1 AG
p» ( i yj( ())

[3 marks]
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METHOD 1
substitutes x =1 into y =x—xyIn(xy) (M1)
y=l-ylhy=y=1 A1

substitutes x =1 and their non-zero value of y into % +(x%+yj(l+ ln(xy)) =1 (M1)

2d—y:0 (d—y:()j A1
dx dx
equation of the tangentis y =1 A1
METHOD 2
: T % dy
substitutes x =1 into —+| x—+y |(1+In(xy))=1 m1
o ey (U ED) Z

%+(%+y](l+ln(y)):l

EITHER
: -y . dy [dy j
correctly substitutes In y=—= into =—+| —+ 1+1In =1 A1
y y== gt 1+ ()
1 BIPLI  E A1
dx y dx
OR
: : dy (dy
correctly substitutes y+ylny=1 into —+| —+ 1+In =1 A1
y yrymy dx (dx yj( (y))
dy dy
——(2+Iny)=0=>—==0 =1 A1
S (2+Iny)=0=--=0(y=1)
THEN
substitutes x =1 into y=x—xyln(xy) (M1)
y=l-ylhy=y=1
equation of the tangentis y =1 A1

[5 marks]
Total [8 marks]



(a)

(b)

(c)

6.8-2.2 OR a:max—mm

d OR d=

=4.5 (m)

Section B

_6.8+2.2 max+min
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A1

AG

[1 mark]

(M1)

A1
[2 marks]

(mM1)

A1

[2 marks]

continued...
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Question 9 continued.

(d)

(e)

METHOD 1

substituting r =4.5 and H =6.8 for example into their equation for H
(T
6.8= 2.3sm(g(4.5 —c)j +4.5

attempt to solve their equation
c=1.5

METHOD 2

using horizontal translation of %

45—c=3
c=1.5

METHOD 3

H(1)= (2.3)(gjcos(g(r-c)j

attempts to solve their H'(4.5)=0 for ¢

(2.3)(gjcos(%(4.5—c)j -0

c=1.5

attempt to find H when =12 or ¢ =0, graphically or algebraically
H =2.87365...

H =2.87(m)

(A1)

(mM1)
A1

(mM1)

(A1)
A1

(A1)

(mM1)

A1
[3 marks]

(M1)

A1

[2 marks]

continue. ..
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Question 9 continued.

(f)

(9

attempt to solve 5= 2.3sin(g(t —1.5))+4.5 (M1)

times are £=1.91852... and ¢ =7.08147..., (1=13.9185...,r =19.0814...) (A1)

total time is 2><(7.081...—1.919...)

10.3258...
=10.3 (hours) A1
Note: Accept 10.
[3 marks]
METHOD 1
substitutes t—13—1 and H = 6.8 into their equation for /' and attempts to solve for ¢ (M1)
6.8=23sin| & L ¢ ||+a52c=2
6\ 3 3
T
H =2.3sin [g(t D+45 A1
METHOD 2
uses their horizontal translation [% = 3) (M1)
L c=3=>c= L
3 3
L 2
H (t)=2.3sin —(t——j +4.5 A1
6 3
[2 marks]

Total [15 marks]
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(a)

(b)

(c)
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(i)

Note: In part (a), penalise once only, if correct values are given instead of

correct coordinates.

attempts to solve x* —x—12=0
(-3,0) and (4,0)

, 4
(i) (OGJ

Note: Award AO for x # %

1
Award A1 in part (b), if x :?5 is seen on their graph in part (d).

METHOD 1
(ax+b)(2x—15)zx2 -x-12

attempts to expand (ax+b)(2x—15)

2ax* —15ax +2bx—15b=x> —x—12
a=—

2
equates coefficients of x

—1:—E+2b
2

(M1)
A1

A1

[3 marks]

A1

[1 mark]

(m1)

A1
(mM1)

A1
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METHOD 2
2 J— J—
attempts division on x—x12
2x—15

x 13
R
2 4

a=

b=

)
YTy

METHOD 3

1
2

13
4

equates coefficients of x :

—1=—1—5+2b
2

N21/5/MATHX/HP2/ENG/TZ0/XXIM

m1

M1

A1

A1

A1

M1

(M1)

A1
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METHOD 4
x> —x-12

attempts division on
2x-15

X —x-12_x o
2x-15 2 2x-15

1
a=—
2
13x
7—12 _E
2x—-15 4
13
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m1

A1

m1

A1

[4 marks]



(d)
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two branches with approximately correct shape ( for —30 <x<30) A1
their vertical and oblique asymptotes in approximately correct positions with both branches

showing correct asymptotic behaviour to these asymptotes A1
their axes intercepts in approximately the correct positions A1

Note: Points of intersection with the axes and the equations of asymptotes
are not required to be labelled.

[3 marks]



(e)
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(i)  attempts to split into partial fractions: (M1)
2x—-15 A B
= +
(x+3)(x—4) x+3 x—-4
2x—155A(x—4)+B(x+3)
A=3 A1
B=-1 A1
5
x+3 x—-4
3
3 1
(ii) j( - J dx
o\x+3 x—4
attempts to integrate and obtains two terms involving ‘In’ (M1)
=[3In|x+3|-In[x-4[], A1
=3In6—-In1-3In3+1In4 A1
=3In2+In4 (=In8+In4)
=In32 (=5mn2) A1
Note: The final A1 is dependent on the previous two A marks. ‘
[7 marks]

Total [18 marks]



1.

(a)

(i)

(ii)

—28—

attempts to find either AB or AC

-3 -2
AB=|-2|and AC=| 1
0 =7
METHOD 1
attempts to find ATB xKC
14
ABxAC=| -21
=7

EITHER
equation of plane is of the form 14x—21y—7z=d (2x-3y-z=d)
substitutes a valid point e.g (3,0,0) to obtain a value of d

d=42 (d=06)

OR

attemptstouse r-n=a-n

14
r-|-21|=
7

14 14
21| | r|-21|=42
- -7 7
2 2 2
3| | r|-3]=6

3
0l
0
3
0l
0)({-1 -1

-1
THEN
14x-21y—-7z=42 (2x—3y—z=6)

METHOD 2
X 3 -3 -2
equation of plane is of the form | y |=| 0 |[+5| =2 [+¢] 1
z 0 0 -7

attempts to form equations for x, y,z in terms of their parameters
x=3-3s-2t, y=-2s+t, z=—Tt

eliminates at least one of their parameters
for example, 2x—3y=6-7t(=2x-3y=6+z)
2x-3y—z=6
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(M1)

A1

(M1)

A1

(A1)
M1

(M1)

A1

A1

A1

(M1)

A1

(M1)

A1

[7 marks]
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METHOD 1
0 1

substitutes r=| =2 [+ 4| 1 | into their /7 and 77, (given)
0 -1

I1: 22-3(2+4)—(-4)=6 and IL: 3A—(-2+A)+2(-4)=2

Note: Award (M1)AO0 for correct verification using a specific value of 4.

0 1
so the vector equation of L can be writtenas r=| -2 [+ 4| 1
0 -1
METHOD 2
EITHER
2 3
attempts to find | =3 |x| —1
-1 2
=7
=| -7
7
OR
2 1 3 1
=3 || 1 [=(2-3+1)=0and |-1|| 1 |=(3-1-2)=0
-1) (-1 2 )(-1
THEN

substitutes (0,-2,0) into /7 and 77,
17 2(0)-3(-2)-(0)=6 and /7,: 3(0)—(-2)+2(0)=2

0 1
so the vector equation of L can be writtenas r=| -2 [+ 4| 1
0 -1

METHOD 3
attempts to solve 2x—-3y—z=6 and 3x—y+2z=2

forexample, x=-A,y=-2-1,z=41

(M1)

A1

AG

M1

m1

A1

AG

(M1)
A1



(c)

(d)
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Note: Award A7 for substituting x=0(or y =-2 or z=0)into /7 and /7,
and solving simultaneously. For example, solving -3y —z =6 and

—y+2z=2 toobtain y=-2 and z=0.

0 1
so the vector equation of L can be writtenas r=| -2 [+ 1| 1
0 -1

(i)  substitutes the equation of L into the equation of /7,

2A4+24=3=441=3
423
4

(i) P has coordinates (3,_5,_§J
4" 4 4

2
(i) normalto /L is n=| 0
-2

AG

[2 marks]
(M1)

A1
AG

A1

[3 marks]

(A1)

‘ Note: May be seen or used anywhere.

considers the line normal to /7, passing through B(0,-2,0)

0 2
r=|-2+u| 0

0 -2
EITHER

finding the point on the normal line that intersects /7,

attempts to solve simultaneously with plane 2x—2z =3
dpu+4u=3

(M1)

A1

(M1)

A1



(ii)
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2 |-[-2]|] 0 |=0 (M1)
2u) (-3)) 2
4u 3 +4u 23 =0
2
3
== A1
# 8
OR
attempts to find the equation of the plane parallel to /Z, containing B’ (x—z :3) and
solve simultaneously with L (M1)
2u'+24 =3
3
== A1
!
THEN

so, another point on the reflected line is given by

0 2

r=|-2 +% 0 (A1)
0 -2

zB’[E,—z,—EJ A1
2 2

EITHER

attempts to find the direction vector of the reflected line using their P and B’ (M1)
3

4

PB =| -2
_3
4
OR
attempts to find their direction vector of the reflected line using a vector approach (M1)
1 1
PB’:PB+BB':—E 1 +é 0
4 2
-1 -1
THEN
3 3
2 4
r=|-2 |+ A| —2 | (or equivalent) A1
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X
Note: Award A0 for either ‘r =" or ‘| y | =" not stated. Award A0 for ‘L' =".

z

[9 marks]
Total [21 marks]
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Instructions to Examiners

Abbreviations

M
A
R
AG
FT

Marks awarded for attempting to use a correct Method.

Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

Marks awarded for clear Reasoning.

Answer given in the question and so no marks are awarded.

Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their
correct methods/answers using incorrect results.

Using the markscheme

1

General

Award marks using the annotations as noted in the markscheme eg M1, A2.

Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

It is generally not possible to award MO followed by A1, as A mark(s) depend on
the preceding M mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using
the correct values.

Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award AOA71A1.
Where the markscheme specifies A3, M2 efc., do not split the marks, unless there is a note.
The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

Once a correct answer to a question or part question is seen, ignore further working even if
this working is incorrect and/or suggests a misunderstanding of the question. This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these candidates
will lose marks elsewhere too.

An exception to the previous rule is when an incorrect answer from further working is used in
a subsequent part. For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second part.
In this situation, award FT marks as appropriate but do not award the final A7 in the first part.
Examples:

Correct Further Any FT issues?
answer seen | working seen

Action

5.65685... No. Award A1 for the final mark
82 (incorrect Last part in question. |  (condone the incorrect further
decimal value) working)

35 0.468111... Yes. Award A0 for the final mark
. (incorrect Value is wused in (and full FT is available in
72 decimal value) subsequent parts. subsequent parts)
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Implied marks

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or
implied by subsequent working/answer.

Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a question
is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or
incorrect value from part (c)(i) used in part (c)(ii)). Usually, to award FT marks, there must be
working present and not just a final answer based on an incorrect answer to a previous part.
However, if all the marks awarded in a subsequent part are for the answer or are implied, then
FT marks should be awarded for their correct answer, even when working is not present.

For example: following an incorrect answer to part (a) that is used in subsequent parts, where
the markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their
correct answer, without working being seen. For longer questions where all but the answer
marks are implied this rule applies but may be overwritten by a Note in the Markscheme.

e Within a question part, once an error is made, no further A marks can be awarded for work
which uses the error, but M marks may be awarded if appropriate.

e If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

e If the error leads to an inappropriate value (e.g. probability greater than 1, sin@=1.5, non-
integer value where integer required), do not award the mark(s) for the final answer(s).

e The markscheme may use the word “their” in a description, to indicate that candidates may
be using an incorrect value.

e If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts. This includes
when candidates fail to complete a “show that” question correctly, and then in subsequent parts
use their incorrect answer rather than the given value.

e Exceptions to these FT rules will be explicitly noted on the markscheme.

e If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.
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Mis-read

If a candidate incorrectly copies values or information from the question, this is a mis-read
(MR). A candidate should be penalized only once for a particular misread. Use the MR stamp
to indicate that this has been a misread and do not award the first mark, even if this is an M
mark, but award all others as appropriate.

e If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

e If the MR leads to an inappropriate value (e.g. probability greater than 1, sin@=1.5, non-
integer value where integer required), do not award the mark(s) for the final answer(s).

e Miscopying of candidates’ own work does not constitute a misread, it is an error.

e If a candidate uses a correct answer, to a “show that” question, to a higher degree of
accuracy than given in the question, this is NOT a misread and full marks may be scored in
the subsequent part.

e MR can only be applied when work is seen. For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
question specifies a method, other correct methods should be marked in line with the
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative
methods are not permitted unless covered by a note in the mark scheme.

e Alternative methods for complete questions are indicated by METHOD A1,
METHOD 2, efc.
¢ Alternative solutions for parts of questions are indicated by EITHER . . . OR.
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Alternative forms
Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation for example
1.9 and 1,9 or 1000 and 1,000 and 1.000.

e Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

e In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, some equivalent answers will generally appear in brackets. Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

Format and accuracy of answers

If the level of accuracy is specified in the question, a mark will be linked to giving the answer
to the required accuracy. If the level of accuracy is not stated in the question, the general rule
applies to final answers: unless otherwise stated in the question all humerical answers must
be given exactly or correct to three significant figures.

Where values are used in subsequent parts, the markscheme will generally use the exact
value, however candidates may also use the correct answer to 3 sf in subsequent parts. The
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf
values’.

Simplification of final answers: Candidates are advised to give final answers using good
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed,

and any values that lead to integers should be simplified; for example, /2745 should be written
as % An exception to this is simplifying fractions, where lowest form is not required
(although the numerator and the denominator must be integers); for example, %may be left

in this form or written as é However, E should be written as 2, as it simplifies to an
5
integer.

Algebraic expressions should be simplified by completing any operations such as addition
and multiplication, e.g. 4e** x ¢** should be simplified to 4¢°*, and 4e** x¢** —e** x e should
be simplified to 3¢**. Unless specified in the question, expressions do not need to be
factorized, nor do factorized expressions need to be expanded, so x(x+1) and x>+ x are
both acceptable.

Please note: intermediate A marks do NOT need to be simplified.



10.
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Calculators

A GDC is required for this paper, but If you see work that suggests a candidate has used any
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the
procedures for malpractice.

Presentation of candidate work

Crossed out work: If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise. If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.



@)

(b)

(©)
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Section A

() a=0.805084... and b =2.88135..
a=0.805 and b=2.88

() r=097777..
r=0.978

a represents the (average) increase in waiting time (0.805 mins) per
additional customer (waiting to receive their coffee)

attempt to substitute X =7 into their equation

8.51693...
8.52 (mins)

AlAl
Al

[3 marks]
R1

[1 mark]

(M1)
Al

[2 marks]

Total [6 marks]
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(@ attemptto use U +(n—1)d =0 (M1)
60—2.5(k—1) =0
k=25 Al
[2 marks]

(b) METHOD 1

attempting to express Sn in terms of n (M1)

use of a graph or a table to attempt to find the maximum sum (M1)

=750 Al

METHOD 2

EITHER

recognizing maximum occurs at n=25 (M1)

Sy = %(eow), -y %(2x60+24x—2.5) (A1)

OR

attempting to calculate S,, (M1)
24

S, =7(2><60+23><—2.5) (A1)

THEN

=750 Al

[3 marks]
Total [5 marks]
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(@) EITHER
P(S)+P(T)+P(S'nT')-P(SNT)=1 OR P(S uT):P((S'mT')') (M1)
0.7+0.2+0.18-P(SNT)=1 0rR P(SUT)=1-0.18

OR

a clearly labelled Venn diagram (M1)
THEN

P(SNT)=0.08 (accept 8%) Al

Note: To obtain the M1 for the Venn diagram all labels must be correct and in the correct sections.
For example, do not accept 0.7 in the area correspondingto ST,

[2 marks]
(b) EITHER
P(T mS') = P(T)—P(T mS)(: 0.2—0.08) OR
P(T AS")=P(T US)-P(S)(=0.82-0.7) (M1)
OR
a clearly labelled Venn diagram including P(S), P(T) and P(S mT) (M1)
THEN
=0.12 (accept 12%) Al
[2 marks]
(€©) P(GNT)=P(T|G)P(G) (0.25x0.48) (M1)
=0.12 Al
[2 marks]

continued...
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Question 3 continued

(d METHOD 1

P(G)xP(T)(=0.48x0.2)=0.096 Al
P(G)xP(T)#P(GNT)= G and T are not independent R1
METHOD 2

P(T|G)=0.25 Al
P(T |G)¢P(T):> G and T are not independent R1

| Note: Do not award AORL. |

[2 marks]
Total [8 marks]



@)

(b)

- 12 —

attempting to find the vertex
X=10R y=-5O0R f(x)= 6(x—1)2 -5

range is y > -5

METHOD 1
(g f)(x)=—(6x2—12x+1)+c (=—(6(X—1)2—5)+c)

EITHER
relating to the range of f OR attempting to find g (—5)

5+¢c<0

OR
attempting to find the discriminant of (g f )(x)

144+ 24(c~1)<0 (120 +24c <0)

THEN
c<-5

METHOD 2
vertical reflection followed by vertical shift

new vertex is (1, 5+ C)

5+¢c<0

c<-5

M21/5/MATHX/HP2/ENG/TZ2/XXIM

(M1)

Al

[2 marks]

(A1)

(M1)

(A1)

(M1)

(A1)

Al
[4 marks]

(M1)
(A1)
(A1)

Al

[4 marks]
Total [6 marks]
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(@ 100=Ag’ Al
A, =100 AG
[1 mark]
(b) correct substitution of values into exponential equation (M1)
50=100e 5% OR g0k _ 1
2
EITHER
—5730k = In% Al
Inlz—InZ OR —In1=In2 Al
2 2
OR
e5730k — 2 Al
5730k =In2 Al
THEN
K — In2 AG
5730
Note: There are many different ways of showing that k = n 2 which involve showing different
steps. Award full marks for at least two correct algebraic steps seen.
[3 marks]
(c) if 25% of the carbon-14 has decayed, 75% remains ie, 75 units remain
_In2.
75=100e 57 (A1)
EITHER
using an appropriate graph to attempt to solve for t (M1)
OR
manipulating logs to attempt to solve for t (M1)
IN0.75=—N2 ¢
5730
t=2378.164...
THEN
t =2380 (years) (correct to the nearest 10 years) Al
[3 marks]

Total [7 marks]




@)

(b)

—14 —

E(X)=(n +1)_1[ x"dx

Xn+2 1
:(n+1){ }
n+2 .

_n+1

leading to E(x)__2
n+

METHOD 1

use of Var(X)= E(XZ)—[E(X)]Z

1 2
Var(X)=(n+1) [ x"2dx— ”—”j
ar(X)=(n+ ).([x X (n+2

1 2
il {52
n+3 o \n+2

_n+1_(n+1f
n+3 (n+2

_ (n +1)(n+2)2 —(n +1)2(n+3)
(n+2)2(n+3)

EITHER

_ (n+1)(n2+4n+4—(n2+4n+3))
(n+2)2(n+3)

OR

B (n3+5n2+8n+4)—(n3+5n2+7n+3)

(n+ 2)2 (n+3)
THEN
n+1
o) Var(X):—(n+2)2(n+3)

M21/5/MATHX/HP2/ENG/TZ2/XXIM

M1

Al

AG

[2 marks]

M1

Al

M1

Al

Al

AG

continued...
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Question 6 continued

METHOD 2

use of Var(X)=E(X ~E(X)) M1

Var(X):(n+1)j(x—n—+lJ2 XX

0 n+2

1
=(n+1){ix”+3_2(n+1)xn+2+ n+1 Xnﬂ}
0

n+3 (n+2)2 (n+2)2
_n_+1_(n+lj2 Al
“n+3 (n+2
n+1)((n+2)Y =(n+1)(n+3
(02 (r+1)(n+9) .
(n+2)"(n+3)
EITHER
n+1)(n*+4n+4—(n*+4n+3
_(ep( sansa( ) a1
(n+2)"(n+3)
OR
(n3+5n2+8n+4)—(n3+5n2+7n+3)
= Al
(n+2)2(n+3)
THEN
o) Var(X):n++1 AG
(n+2)"(n+3)
[4 marks]

Total [6 marks]



@)

(b)
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Jack and Andrea finish in that order (as a unit) so we are considering the

arrangement of 7 objects (M1)
7! (=5040) ways Al
[2 marks]
METHOD 1
the number of ways that Andrea finishes in front of Jack is equal to the number of
ways that Jack finishes in front of Andrea (M1)
total number of ways is 8! (A1)
8!
> (=20160) ways Al
[3 marks]
METHOD 2
the other six runners can finish in 6! (: 720) ways (A1)

when Andrea finishes first, Jack can finish in 7 different positions

when Andrea finishes second, Jack can finish in 6 different positions etc

7+6+5+4+3+2+1 (=28) ways (A1)
hence there are (7+6+5+4+3+2+1)x6! ways

28x6! (=20160) ways Al

[3 marks]
Total [5 marks]
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8 1+z 1+cos@+isin®
1-z 1-cos@—ising

attempt to use the complex conjugate of their denominator M1

B (1+cos@+isin@)(1-cosf +isin9)

= — — Al
(1-cos@—isin)(1-cosf +isin &)

1+z) 1-cos’d-sin’d ([ 1-cos’@-sin*@

Re = | = M1A1
1-7) (1-cosf) +sin’4 2-2co0s0

Note: Award M1 for expanding the numerator and A1l for a correct numerator. Condone
either an incorrect denominator or the absence of a denominator.

using cos’ @ +sin’® @ =1 to simplify the numerator (M1)
1+z

Re| — |=0 AG
1-2

[5 marks]



- 18 —

M21/5/MATHX/HP2/ENG/TZ2/XXIM

9. (@ 1-t+t? Al
Note: Accept 1,—t and t’.
[1 mark]
-1
1 x> [ x*
(b) SeCX=——F— = 1-=+—(-.) (M1)
X“ X 21 | 41
1-T+5(-.)
21 41
t=cosx—1 or secx:l—(cosx—l)+(cosx—1)2 (M1)
x> X x> X i
AT MR TR &
1 X x“+x4 L
2 24 4
2 4
so the Maclaurin series for secx up to and including the term in x* is 1+?+§ AG
[4 marks]
INote: Condone the absence of ...]
2x)’
(c) arctan 2x:2x—%+...
2x)’
X 2x—( ) +...
. xarctan 2x . 3
lim| ——— [=Ilim M1
x>0\ secx-1 x>0 x> 5x*
1+ —+—|-1
2 24
4
2% —8;(+
ST s A
7+7
2 24
2
2x2[1-
=lim L 3)
B x—=0 2 2
2 12
=4 Al
Note: Condone missing ‘lim’ and errors in higher derivatives.
Do not award M1 unless X is replaced by 2X in arctan.
[3 marks]

Total [8 marks]
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Section B
10. (a) use of inverse normal to find z-score
z=2.0537...

2.0537...= 82-75

(o}

o =3.408401...

o=341

(b) evidence of identifying the correct area under the normal curve

P(T >80)=0.071193...

P(T > 80) =0.0712

(c) recognition that P(80 <T< 82) is required

P(T <82[T >80) = P(80<T <82) _(0.051193...j
~ P(T>80) \0.071193..

=0.719075...

=0.719

(M1)

(A1)

Al

[3 marks]

(M1)

Al
[2 marks]

(M1)

(MI)(A1)

Al

[4 marks]

continued...
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Question 10 continued

(d)

(e)

recognition of binomial probability

X ~ B(64,0.071193...) or E(X )=64x0.071193...

E(X)=4.556353..
E(X)=4.56 (fights)

P(X >6)=P(X >7)=1-P(X <6)
=1-0.83088...

=0.1691196...

=0.169

M21/5/MATHX/HP2/ENG/TZ2/XXIM

(M1)

(A1)

Al
[3 marks]
(M1)
(A1)

Al

[3 marks]
Total [15 marks]
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b

attempt to use V = n_[( f (x))2 dx (M1)
a
In16 > i In16
" ke? " X
V:nj — | dx V:kan > dx
o [ 1+e 0 (1+ e )
EITHER
applying integration by recognition (M1)
In16
_ k2n|:— 1 } A3
1+e” |,
OR
u=1+e* = du=e"dx (A1)
attempt to express the integral in terms of u (M1)

when X=0, u=2 and when x=1In16, u=17

17 1
Vv =k2nju—2du (A1)
2
17
_ kzn[_i} AL
u 2
OR
u=e* = du =e*dx (A1)
attempt to express the integral in terms of u (M1)

when X=0, u=1 and when Xx=1In16, u=16
16

V =Kz L (A1)
1 (1+u)
16
:kzn[_i} Al
1+uj;

INote: Accept equivalent working with indefinite integrals and original limits for x|

THEN

= k%(l—ij Al
2 17

2
so the volume of the solid formed is 15k”m

34
Note: Award (M1)(A0)(MO)(A0)(AO)(Al) when ;_iis obtained from GDC

cubic units AG

[6 marks]
continued...
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Question 11 continued

M21/5/MATHX/HP2/ENG/TZ2/XXIM

(b) avalid algebraic or graphical attempt to find k (M1)
K2 = 300x 34
15z
[170 /680
k=147 (22 — = —] (as k eR") Al
T T
\ Note: Candidates may use their GDC numerical solve feature. \
[2 marks]
() () attempting to find QA = f (O)=g
f170 f680
with k=14.712... (=2 — = —J (M1)
I T
OA=7.36 [: @J Al
T
N . , 4k
(i)  attempting to find BC = f (In16) = 7
with k =14.712... (:2 /@ = /@J (M1)
T T
BC =3.46 [:E @:@J Al
17 \/ T 17n
[4 marks]

continued...
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Question 11 continued

d) () EITHER

recognising to graph y = f'(x) (M1)

Note: Award M1 for attempting to use quotient rule or product rule differentiation.

oon keg(l—ex)
M= ey

BA

x=1.76

for x>0 graph decreasing to the local minimum Al
before increasing towards the x-axis Al

continued...
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Question 11 continued

OR

recognising to graph Y = f"(X) (M1)
Note: Award M1 for attempting to use quotient rule or product rule differentiation.
) ke? (e* - 6e* +1)
f(x)= 3
4(1+e")
A y
/\x
x=1.76 i
for x>0, graph increasing towards and beyond the x-intercept Al
recognising f"(x) =0 for maximum rate (A1)
THEN
x=176 (=In(2v2+3)) Al
INote: Only award A marks if either graph is seen.
(i) attempting to find f (1.76...) (M1)
85
the cross-sectional radius at this point is 5.20 | 4/— |(cm) Al
T
[6 marks]

Total [18 marks]
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@)

(b)
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EITHER

—x) =arcsin % = arcsin -1 X
0 s (20 i X210
OR

a sketch graph of y=f (X) with line symmetry in the y-axis indicated
THEN

so f (X) is an even function

as x =0, f(Xx)—>arcsinl (-%J

so the horizontal asymptote is y =g

R1

R1

AG

[1 mark]

Al

Al

[2 marks]

continued...
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Question 12 continued

2
(c) () attempting to use the quotient rule to find dfx-1 M1
dx | x*+1
d(x2-1) 2x(x*+1)-2x(x*-1 Ax
a 6] 200 )20 e a
dx{ x*+1 (x*+1) (x*+1)
i he chain rule to find | arcsin K- M1
attempting to use the chain rule to find —
PHng dx x> +1
d 1
let y — X =1 and so y =arcsinu and o
x?+1 du 1-y?
)=t X M1
X2 -1 2 (X2 +1)2
1- 2
X“+1
4x 1
- 2 2 % 2 1 Al
Joe1f —(e-1f (€]
__4x y 1 Al
NG (X2+1)
2X
== AG
\/XT(XZ-I-].)
2X
i f'(X)=——"——
) (x) |x|(x2+1)
EITHER
for x<0, [X|=—x (A1)
2
so f' =— Al
() x? +1
OR
|X|>0and x> +1>0 Al
2x<0, x<0 Al
THEN
f'(x)<0 R1
Note: Award R1 for stating that in f'(X), the numerator is negative, and the
denominator is positive.
so f is decreasing for Xx<0 AG

INote: Do not accept a graphical solution).

[9 marks]
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Question 12 continued

2_
(d) x=arcsin(y2 iJ M1
Yy +
y' -
sinx==—=> y’sinx+sinx=y*-1 Al
Y2+
» _1+sinx Al
1-sinx

domain of g is xeR,x>0 and so the range of g‘l mustbe yeR,y>0

hence the positive root is taken (or the negative root is rejected) R1

Note: The R1 is dependent on the above Al.

_ 1+sinx
> (g () :) 1-sinx Al

Note: The final Al is not dependent on R1 mark. \

[5 marks]
(e) domainis —F<x<X Al
2 2
: . T T T T
Note: Accept correct alternative notations, for example, L_EE{ or L—EEJ
Accept [—1.57,1.57[ if correct to 3 s.f.
[1 mark]

continued...
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Question 12 continued

(®

AlA1A1
Note: Al for correct domain and correct range and y-interceptat y =1

A1 for asymptotic behaviour x —» g
Alfor x=2

2
Coordinates are not required.
Do not accept x =1.57 or other inexact values.

[3 marks]

Total [21 marks]
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Instructions to Examiners

Abbreviations

M
A
R
AG
FT

Marks awarded for attempting to use a correct Method.

Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

Marks awarded for clear Reasoning.

Answer given in the question and so no marks are awarded.

Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their
correct methods/answers using incorrect results.

Using the markscheme

1

General

Award marks using the annotations as noted in the markscheme eg M1, A2.

Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

It is generally not possible to award MO followed by A1, as A mark(s) depend on
the preceding M mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using
the correct values.

Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award AOA71A1.
Where the markscheme specifies A3, M2 efc., do not split the marks, unless there is a note.
The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

Once a correct answer to a question or part question is seen, ignore further working even if
this working is incorrect and/or suggests a misunderstanding of the question. This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these candidates
will lose marks elsewhere too.

An exception to the previous rule is when an incorrect answer from further working is used in
a subsequent part. For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second part.
In this situation, award FT marks as appropriate but do not award the final A7 in the first part.
Examples:

Correct Further Any FT issues?
answer seen | working seen

Action

5.65685... No. Award A1 for the final mark
82 (incorrect Last part in question. |  (condone the incorrect further
decimal value) working)

35 0.468111... Yes. Award A0 for the final mark
. (incorrect Value is wused in (and full FT is available in
72 decimal value) subsequent parts. subsequent parts)
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Implied marks

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or
implied by subsequent working/answer.

Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a question
is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or
incorrect value from part (c)(i) used in part (c)(ii)). Usually, to award FT marks, there must be
working present and not just a final answer based on an incorrect answer to a previous part.
However, if all the marks awarded in a subsequent part are for the answer or are implied, then
FT marks should be awarded for their correct answer, even when working is not present.

For example: following an incorrect answer to part (a) that is used in subsequent parts, where
the markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their
correct answer, without working being seen. For longer questions where all but the answer
marks are implied this rule applies but may be overwritten by a Note in the Markscheme.

e Within a question part, once an error is made, no further A marks can be awarded for work
which uses the error, but M marks may be awarded if appropriate.

e If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

e If the error leads to an inappropriate value (e.g. probability greater than 1, sin@=1.5, non-
integer value where integer required), do not award the mark(s) for the final answer(s).

e The markscheme may use the word “their” in a description, to indicate that candidates may
be using an incorrect value.

o If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts. This includes
when candidates fail to complete a “show that” question correctly, and then in subsequent parts
use their incorrect answer rather than the given value.

e Exceptions to these FT rules will be explicitly noted on the markscheme.

e If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.
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Mis-read

If a candidate incorrectly copies values or information from the question, this is a mis-read
(MR). A candidate should be penalized only once for a particular misread. Use the MR stamp
to indicate that this has been a misread and do not award the first mark, even if this is an M
mark, but award all others as appropriate.

e If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

e If the MR leads to an inappropriate value (e.g. probability greater than 1, sin@=1.5, non-
integer value where integer required), do not award the mark(s) for the final answer(s).

e Miscopying of candidates’ own work does not constitute a misread, it is an error.

e If a candidate uses a correct answer, to a “show that” question, to a higher degree of
accuracy than given in the question, this is NOT a misread and full marks may be scored in
the subsequent part.

e MR can only be applied when work is seen. For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
question specifies a method, other correct methods should be marked in line with the
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative
methods are not permitted unless covered by a note in the mark scheme.

e Alternative methods for complete questions are indicated by METHOD A1,
METHOD 2, efc.
¢ Alternative solutions for parts of questions are indicated by EITHER . . . OR.
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Alternative forms
Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation for example
1.9 and 1,9 or 1000 and 1,000 and 1.000.

e Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

e In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, some equivalent answers will generally appear in brackets. Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

Format and accuracy of answers

If the level of accuracy is specified in the question, a mark will be linked to giving the answer
to the required accuracy. If the level of accuracy is not stated in the question, the general rule
applies to final answers: unless otherwise stated in the question all humerical answers must
be given exactly or correct to three significant figures.

Where values are used in subsequent parts, the markscheme will generally use the exact
value, however candidates may also use the correct answer to 3 sf in subsequent parts. The
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf
values’.

Simplification of final answers: Candidates are advised to give final answers using good
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed,

and any values that lead to integers should be simplified; for example, /2745 should be written
as % An exception to this is simplifying fractions, where lowest form is not required
(although the numerator and the denominator must be integers); for example, %may be left

in this form or written as é However, E should be written as 2, as it simplifies to an
5
integer.

Algebraic expressions should be simplified by completing any operations such as addition
and multiplication, e.g. 4e** x ¢** should be simplified to 4¢°*, and 4e** x¢** —e** x e should
be simplified to 3¢**. Unless specified in the question, expressions do not need to be
factorized, nor do factorized expressions need to be expanded, so x(x+1) and x>+ x are
both acceptable.

Please note: intermediate A marks do NOT need to be simplified.
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Calculators

A GDC is required for this paper, but If you see work that suggests a candidate has used any
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the
procedures for malpractice.

Presentation of candidate work

Crossed out work: If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise. If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.



Section A

(@ a=0.433156..., b=4.50265...
a=0433, b=4.50

(b) attempt to substitute x =18 into their equation

y=0.433x18+4.50
=12.2994...
=123

() x=15,y=11

(d)

25

M21/5/MATHX/HP2/ENG/TZ1/XX/IM

A1A1
[2 marks]

(m1)

A1
[2 marks]

A1
[1 mark]

0 5 10 15 20

25

30

v

A1A1

Note: Award marks as follows:
A1 for a straight line going through (15, 11)

A1 for intercepting the y-axis between their p+1.5 (when their line is
extended), which includes all the data for 3.3<x<25.3.

If the candidate does not use a ruler, award AOA7 where appropriate.

[2 marks]
Total [7 marks]
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Note: In this question, do not penalise incorrect use of strict inequality signs.

Let X = mass of a bag of sugar

(a) evidence of identifying the correct area
P(X <995)=0.0765637...
=0.0766

(b)  0.0766%x100
~ 8

(mM1)

A1
[2 marks]

A1
[1 mark]

‘ Note: Accept 7.66 .

(c) recognition that P(X >1005X > 995)is required

P(X 29951 X >1005)
P(X >995)

P(X >1005)
P(X >995)

0.07656... [ 0.07656...
1-0.07656...\  0.9234...

=0.0829

(mM1)

(A1)

A1

[3 marks]
Total [6 marks]
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Amplitude is % _55 (A1)
a=-55 A1
c=65 A1
277[ =20 OR —55¢0s(20b)+65=10 (M1)
b=%(= 0.314) A1
Total [56 marks]
(@) recognising v=0 (M1)
t=06.74416...
=6.74 (sec) A1
‘ Note: Do not award A1 if additional values are given. ‘
[2 marks]
10 6.74416... 9.08837... 10
®) [ |p(e)e OR <[ vy det [ vydi=| vy (A1)
=37.0968...
=37.1 (m) A1
[2 marks]
(c) recognising acceleration at ¢ =7 is given by v'(7) (M1)
acceleration =5.93430...
=5.93 (ms?) A1
[2 marks]

Total [6 marks]
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METHOD 1

product of a binomial coefficient, a power of 3 (and a power of x?) seen

evidence of correct term chosen

1
n+1C2 % 3n+l—2 % (x2)2 (: n(n2+ ) % 3n—l X x4} OR n—r= 1

equating their coefficient to 20412 or their term to 20412x*

EITHER

"C, x3"" =20412

OR

"0 x3 =20412=r=6
THEN

n="7

METHOD 2

2 n+l
3"”(1+x—]
3
1

2
product of a binomial coefficient and a power of *_ OR 3 seen
3
evidence of correct term chosen

) 2
3n+1 > n+1C2 > ‘x_ [: 3;1—1 n(l’l + 1) x4j
3 2

equating their coefficient to 20412 or their term to 20412x*

n(n+1)

3 =20412

n="7

(mM1)
(A1)

(m1)

(A1)

(A1)

A1

(m1)
(A1)

(mM1)

(A1)

A1

Total [5 marks]



(@)

(b)

(@)

—12—

attempt to find a vector perpendicular to Hl and H2
using a cross product

3 1

2 x| 2 |=(2-(-2))i+(1-3) j+(-6-2)k

1 1

4 2
=| 2| =2| -1
-8 —4

equation is 4x—-2y—8z = 0(:> 2x-y-4z :O)

attempt to solve 3 simultaneous equations in 3 variables

(ﬂ,_&ﬁj(:(1.95,—0.476,1.10))
202121

recognition of the need to integrate =
(x2 + k)
J =)
(x2 +k)
EITHER

u=x>+k= % =2x (or equivalent)

J-,[(x2 +k)3

L (+c)(: (k) ? (+c)j

1. -3
dxzzju 2du

M21/5/MATHX/HP2/ENG/TZ1/XX/IM

(M1)

(A1)

A1
[3 marks]

(m1)

A1

[2 marks]
Total [5 marks]

(M1)

(A1)

A1

continued...
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Question 7 continued

OR
X 1 2x
——dr=— | ———=dx
J‘«/(xz +k)3 21.’(}3 +k)3
= —(x2 + k)% (+c)
THEN

attempt to use correct limits for their integrand and set equal to 1

1 16+k 71 4
{—u‘z} =10OR {—(x2+k) 2} =1
k

L. 1 1
—(16+k) 24k 2=1| > ———— =]
(16+k) 2+ (:)\/% J16+k j
J16+k =k =Jk\16+k

(b)  attempt to solve \/16+k—«/%:\/%\/16+k

k =0.645038...
=0.645

@ (jwi=)to

(b) attempt to find arg(z)+arg(w)
arg(zw) =arg(z)+arg(w)

:E_2kn(: (1—2k)n]

5 5 5

M21/5/MATHX/HP2/ENG/TZ1/XX/IM

(A1)

A1

M1

A1

AG
[5 marks]
(mM1)
A1
[2 marks]

Total [7 marks]

A1
[1 mark]

(M1)

A1

[2 marks]

continued...
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Question 8 continued
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(€) () zweZ=>arg(zw)isamultiple of 7t (M1)
= 1-2k is a multiple of 5 (M1)
k=3 A1
(i) zw= 16(cos(—n)+isin(—n))
-16 A1
[4 marks]
Total [7 marks]
9. (@ tang=—" ORcotd=2" A1
y—x 50
y=x+50cotd AG
‘ Note: y — x may be identified as a length on a diagram, and not written explicitly. ‘
[1 mark]
(b) attempt to differentiate with respect to ¢ (M1)
d—y=%—50(cosece)2% A1
de dr dt
attempt to set speed of B equal to double the speed of A (M1)
2% _ & —50(00sect9)2 e
de dt dt
de_ —50(cosec 6’)2 % A1
dr dr
1" 26
6= arctan5(= 1.373...=78.69.. .°) OR cosec’d =1+cot’d =1+ (gj =55 (A1)
\ Note: This A1 can be awarded independently of previous marks. \
% = —50(§j x—0.1
dt 25
So the speed of boat A is 5.2 (ms™) A1
Note: Accept 5.20 from the use of inexact values. ‘
[6 marks]

Total [7 marks]



-15- M21/5/MATHX/HP2/ENG/TZ1/XX/IM

Section B.

10. (a) attempt to find the point of intersection of the graph of /" and the line y = x (M1)

x=35.56619...
=5.57 A1
[2 marks]
b)  f'(x)=—45¢"" A1
attempt to set the gradient of f equalto —1 (M1)
—45¢ =1
Q has coordinates (2ln45,2) (accept (—21n4L,2) A1A1
S
Note: Award A1 for each value, even if the answer is not given as a coordinate pair.
1
"% ma4s
Do not accept 04§ or 7 as a final value for x. Do not accept 2.0 or 2.00
as a final value for.y : .
[4 marks]
(c) attempt to substitute coordinates of Q ( in any order)
into an appropriate equation (M1)
y—2=—(x-2In45) OR 2=-2In45+c A1
equation of 7 is y=—x+2In45+2 AG
[2 marks]

continued...
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Question 10 continued
(d) () x=In45+1(=4.81) A1

(i) appropriate method to find the sum of two areas using integrals of the difference
of two functions (M1)

‘ Note: Allow absent or incorrect limits. ‘

[ (x= (- 2ma5+2))dv+ [ (906 ~(~x+21nd5+2))dx  (AT)(AT)

Note: Award A1 for one correct integral expression including correct limits
and integrand.

Award A1 for a second correct integral expression including correct limits and
integrand.

=1.51965...
=1.52 A1
[5 marks]
(e) by symmetry 2x1.52 (M1)
=3.03930...
=3.04 A1
‘ Note: Accept any answer that rounds to 3.0 (but do not accept 3). ‘
[2 marks]

Total [15 marks]
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11. (a) attemptto solve 4x> —1=0 e.g. by factorising 4x> —1 (M1)
1 1 .
=__g=——_ orvice versa A1
p > »q >
[2 marks]
(b) attempt to use quotient rule or product rule (M1)
EITHER

4x* —1)- N 19 16y
f'(x)=3( ) i G| I A1A1

2 2
(4x2 —1) (4x2 —1)
Note: Award A1 for each term in the numerator with correct signs, provided correct
denominator is seen.

OR

£(x)=-8x(3x+2)(4x* ~1) " +3(42* -1) A1A1

‘ Note: Award A1 for each term. ‘

[3 marks]

(c) attempt to find the local min pointon y :f'(x) OR solve f"(x) =0 (M1)

x=-1.60 A1
[2 marks]

continued...
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Question 11 continued

(d)

x =— 05 X = 05

| |

| I

| 4 |

| I

| I

I 31 :

] I

] I

I 2- I

I I

I I

I I

1 11 |

I I

y=0 - 0.667/ | |
3 25 ) s—e+— 04 0 0.3 1 1.5 2 25 3

(=1.11,-0.339) ! X !

(—0.226,71.66) :

| I

I I

1 I

1 ]

| |

| |

| |

I I

I I

I I

A1A1A1A1A1

Note: Award A1 for both vertical asymptotes with their equations, award A7 for
horizontal asymptote with equation, award A1 for each correct branch including
asymptotic behaviour, coordinates of minimum and maximum points (may be
seen next to the graph) and values of axes intercepts.

If vertical asymptotes are absent (or not vertical) and the branches overlap as a
consequence, award maximum AOATA0A1A1.

[5 marks]

continued...



-19 - M21/5/MATHX/HP2/ENG/TZ1/XX/IM

Question 11 continued

9 x=3(=-0.667) A1

(oblique asymptote has) gradient %(: 1,33) (A1)
appropriate method to find complete equation of oblique asymptote M1
4 8

—X——

3 9
3x+2]4x> +0x—1

4x2+§x
3

y=§x—§(=1.33x—0.889) A1

Note: Do not award the final A7 if the answer is not given as an equation.

[4 marks]

f)  attempting to find at least one critical value (x =-0.568729...,x=1.3 1872...) (M1)

—§<x<—0.569 OR -05<x<05 OR x>132 A1A1A1

Note: Only penalize once for use of < rather than <.

[4 marks]
Total [20 marks]



-20- M21/5/MATHX/HP2/ENG/TZ1/XX/IM

12. (a) 1 _a, b
x(k—x) x k—x
a(k—x)+bx:1 (A1)
attempt to compare coefficients OR substitute x =k and x =0 and solve (M1)
a=Lland p=t A1
k k
1 1
"(x)=—+—"—
S ey
[3 marks]
(b) attempt to integrate their ﬂ+ (M1)
x k—-x
l¢f1 1
x)=—{| =+ —|dx
f( ) kj[x k—xj
=l(ln|x|—ln|k—x|)(+c) :lln al (+c) A1A1
k k |k—x
[3 marks]
Note: Award A1 for each correct term. Award A1AO0 for a correct answer without modulus

signs. Condone the absence of +c.

continued...
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Question 12 continued

(c) attempt to separate variables and integrate both sides M1
1
Sk| ——=dP=|1d¢
j P(k—P) j
5(InP-In(k—P))=t+c A1

Note: There are variations on this which should be accepted, such as

1 1
E(lnP— ln(k - P)) = S_kt +c¢. Subsequent marks for these variations should be awarded as

appropriate.
EITHER
attempt to substitute 1 =0, P =1200 into an equation involving ¢ m1
¢=5(In1200-1In(k—1200))| =5In 1200 A1
k—1200
5(In P—In(k—P))=t+5(In1200—In(k —1200)) A1
[ P(k=1200)) ¢
nj|———=(=—
1200(k=P) ) 5
P(k-1200) !
e A1
1200(k—P)
OR
( P j t+c
In =—
k—P 5
P e A1
k—P
attempt to substitute 1 =0, P =1200 M1
1200 _ 4 A1
k—1200
t
P _ 1200¢3 A1
k—P k-1200

continued...
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Question 12 continued

THEN

attempt to rearrange and isolate P M1
t t

! L
Pk —1200P =1200ke> —1200Pe> OR Pke > —1200Pe ° =1200k —1200P

OR £—1=k_1200

P

12003

P(k —~1200+ 1200e5J —1200kes OR P[keS —1200e 5 + 1200] —1200k A1

P 1200/f AG
(k—1200)e 5 +1200
[8 marks]
(d) attempt to substitute 1 =10, P =2400 (M1)
2400= 1200k (A1)
(k—1200)e‘ +1200
k =2845.34...
k =2845 A1
Note: Award (M1)(A1)AO0 for any other value of & which rounds to 2850
[3 marks]
(e) attempt to find the maximum of the first derivative graph OR zero
of the second derivative graph OR that p — §(= 1422.67... (M1)
t=1.57814...
=1.58 (days) A2
‘ Note: Accept any value which rounds to 1.6. ‘
[3 marks]

Total [20 marks]
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Instructions to Examiners

Abbreviations

M  Marks awarded for attempting to use a correct Method.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

R Marks awarded for clear Reasoning.

AG Answer given in the question and so no marks are awarded.

Using the markscheme

1 General

Award marks using the annotations as noted in the markscheme eqg M1, A2.

2 Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

It is generally not possible to award MO0 followed by A1, as A mark(s) depend on the preceding
M mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A7 for using the
correct values.

Where there are two or more A marks on the same line, they may be awarded independently;
so if the first value is incorrect, but the next two are correct, award AOA1A1T.

Where the markscheme specifies M2, A2, etc., do not split the marks, unless there is a note.

Once a correct answer to a question or part-question is seen, ignore further correct working.
However, if further working indicates a lack of mathematical understanding do not award the final
A1. An exception to this may be in numerical answers, where a correct exact value is followed by
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part,
and correct working shown, award FT marks as appropriate but do not award the final A7 in that
part.

Examples
Correct answer seen | Further working seen Action
1. 83 5.65685... Award the final A1
(incorrect decimal value) (ignore the further working)
2, 1. .
7 sin 4x sin x Do not award the final A1
3. loga—logh log(a—b) Do not award the final A1
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Implied marks

Implied marks appear in brackets e.g. (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

o Normally the correct work is seen or implied in the next line.

e Marks without brackets can only be awarded for work that is seen.

Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s) or subpart(s). Usually, to award FT marks, there must be
working present and not just a final answer based on an incorrect answer to a previous part.
However, if the only marks awarded in a subpart are for the answer (i.e. there is no working
expected), then FT marks should be awarded if appropriate.

¢ Within a question part, once an error is made, no further A marks can be awarded for work
which uses the error, but M marks may be awarded if appropriate.

¢ If the question becomes much simpler because of an error then use discretion to award fewer
FT marks.

¢ If the error leads to an inappropriate value (e.g. probability greater than 1, use of r >1 for the
sum of an infinite GP, sin@d =1.5, non integer value where integer required), do not award the
mark(s) for the final answer(s).

e The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

o Exceptions to this rule will be explicitly noted on the markscheme.

¢ If a candidate makes an error in one part, but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the question says hence. It is often possible to use a
different approach in subsequent parts that does not depend on the answer to previous parts.

Mis-read

If a candidate incorrectly copies information from the question, this is a mis-read (MR). Apply a MR
penalty of 1 mark to that question

¢ If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

e If the MR leads to an inappropriate value (e.g. probability greater than 1, sind =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

e Miscopying of candidates’ own work does not constitute a misread, it is an error.

e The MR penalty can only be applied when work is seen. For calculator questions with no
working and incorrect answers, examiners should not infer that values were read incorrectly.
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Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question
specifies a method, other correct methods should be marked in line with the markscheme

¢ Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, efc.

¢ Alternative solutions for part-questions are indicated by EITHER . . . OR.

Alternative forms
Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, simplified answers, (which candidates often do not write in examinations),
will generally appear in brackets. Marks should be awarded for either the form preceding the
bracket or the form in brackets (if it is seen).

Accuracy of Answers

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the
required accuracy. There are two types of accuracy errors, and the final answer mark should not be
awarded if these errors occur.

¢ Rounding errors: only applies to final answers not to intermediate steps.

¢ Level of accuracy: when this is not specified in the question the general rule applies to final
answers: unless otherwise stated in the question all numerical answers must be given exactly or
correct to three significant figures.

Calculators

A GDC is required for paper 2, but calculators with symbolic manipulation features/ CAS functionality
are not allowed.

Calculator notation
The subject guide says:
Students must always use correct mathematical notation, not calculator notation.

Do not accept final answers written using calculator notation. However, do not penalize the use of
calculator notation in the working.
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(b)

(a)

-5- SPEC/5/MATAA/HP2/ENG/TZ0/XX/IM

Section A

METHOD 1

attempt to use the cosine rule
4°+4>-5° (
2x4x4

6=1.35

cosd = or equivalent)

METHOD 2

attempt to split triangle AOB into two congruent right triangles

. (9) 2.5
s — [=——
2) 4

0=1.35

attempt to find the area of the shaded region

%x4x4x(2n—1.35...)
=39.5 (cm?)

55 Y
1+
4%100

=1.056

(mM1)
A1

A1
[3 marks]

(M1)
A1

A1
[3 marks]

(mM1)
A1

A1
[3 marks]

Total [6 marks]

(M1)(A1)

A1
[3 marks]

continued...
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Question 2 continued

(b) EITHER

2P=Px[1+1 55 j OR 2P = Px(their ())" (M1)(A1)

0x4

| Note: Award (M1) for substitution into loan payment formula. Award (A1) for correct substitution. |

OR
PV =+1
FV=32
%=35.5
P'Y =4
ClY =4
n=>50.756... (M1)(A1)
OR
PV =41
FV=32
1% =100 (their (a)-1)
P/Y=1
C/Y =1 (M1)(A1)
THEN
= 12.7 years
Laurie will have double the amount she invested during 2032 A1
[3 marks]
Total [6 marks]
3. (a) recognition of binomial (M1)
X ~B(5, 0.7)
attempt to find P(X <3) M1
= 0.472(: 0.47178) A1
[3 marks]
(b) recognition of 2 sixes in 4 tosses (M1)
4
P (3rd six on the 5th toss) = sz x(0.7)" x(0.3)° } x0.7(= 0.2646x0.7) A1
=0.185(=0.18522) A1
[3 marks]

Total [6 marks]



(a)

(b)

(c)
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(a)

(b)

a=1.29 and h=-104 A1A1

[2 marks]
recognising both lines pass through the mean point (M1)
p=28.7,q=30.3 A2

[3 marks]
substitution into their x on y equation (M1)
x =1.29082(29)-10.3793
x=27.1 A1

| Note: Accept 27. |
[2 marks]
Total [7 marks]

use of a graph to find the coordinates of the local minimum (M1)
s=-16.513... (A1)
maximum distance is 16.5 cm (to the left of O) A1

[3 marks]
attempt to find time when particle changes direction eg  considering the
first maximum on the graph of  or the first ¢ — intercept on the graph of s'. (M1)
t=1.51986... (A1)
attempt to find the gradient of s’ for their value of t, S”(1.51986...) (M1)
=-8.92 (cm/s?) A1

[4 marks]

Total [7 marks]
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(a) METHOD 1

attempting to use the expected value formula
E(X)=(1x0.60)+(2x0.30)+(3%x0.03) +(4x0.05) +(5%0.02)

E(X)=1.59(8)

use of E(1.20X +2.40) =1.20E(X)+2.40
E(T)=1.20(1.59)+2.40

=431(3)

METHOD 2
attempting to find the probability distribution for T

4 3.60 4.80 6.00 7.20 8.40

P(th) 0.60 0.30 0.03 0.05 0.02

attempting to use the expected value formula

(mM1)

(A1)
(mM1)

A1

(mM1)

(A1)
(mM1)

E(T)=(3.60x0.60)+(4.80x0.30)+(6.00x0.03) +(7.20x0.05) +(8.40%0.02)

=431(3)

(b) METHOD 1

using Var(1.20 X +2.40) = (1.20) Var(X) with Var(X)=0.8419
Var(T)=1.21

METHOD 2

finding the standard deviation for their probability distribution found
in part (a)

Var(T)=(1.101...)°
=121

Note: Award M1A1 for Var(T)=(1.093...)" =1.20.

A1
[4 marks]

(mM1)
A1

(mM1)

A1

[2 marks]

Total [6 marks]
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attempting to find 13 —7, for example (M1)
3 » -5

r,—F, =

B A _6 4
attempting to find |rB —rA| M1
distance d(1) =(3-5¢)" +(4—6)’ (=41 781+ 45 ) A1
using a graph to find the d — coordinate of the local minimum M1

11Y/41
the minimum distance between the ships is 2.81 (km)[:T (km)] A1
Total [5 marks]

substituting w=2iz into z* -3w=5+5i M1
z"—6iz=5+5i A1
let z=x+ yi
comparing real and imaginary parts of (x—yi)—6i(x+yi) =5+5i1 m1
to obtain x+6y =5 and -6x—-y=35 A1
attempting to solve for X and y M1
x=-1and y =1 and so z=—1+1 A1

hence w=-2-2i A1
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METHOD 1

2

X
sketching the graph of y=—— (y=x+3 +L)
x=3 x-3

the (oblique) asymptote has a gradient equal to 1
and so the maximum value of M is 1

consideration of a straight line steeper than the horizontal line joining

(—3,0) and (0,0)
so m>0
hence 0<m<l1

METHOD 2

attempting to eliminate y to form a quadratic equation in X
X = m(x2 —9)

:>(m—l)x2 —-9m=0

EITHER

attempting to solve —4(m—1)(—9m) <0 for m

OR

attempting to solve x* <0 ie o

0 1) for
5 <0 (m=1) m

THEN

=0<m<l1
a valid reason to explain why m =1 gives no solutions eg if m =1,

(m—l)x2 -Im=0=>-9=0and so 0<m<1

M1

R1

M1

R1
A1

M1

A1

M1

M1

A1

R1

Total [6 marks]



10.

(a)

(c)

-1 -

Section B

attempt to use the symmetry of the normal curve

eg diagram, 0.5-0.1446
P(24.15< X <25)=0.3554

(i) use of inverse normal to find z score

z=-1.0598

comrect substitution 2+13=25 _ ~1.0598
O

o =0.802

(i) P(X>26)=0.106

recognizing binomial probability
E(Y)=10x0.10621
=1.06

P(Y=3)
=0.0655

recognizing conditional probability
correct substitution

0.3554

1-0.10621
=0.398

SPEC/5/MATAA/HP2/ENG/TZ0/XX/IM

(mM1)

A1
[2 marks]

(mM1)

(A1)
A1

(M1)A1
[5 marks]

(M1)

(A1)

A1
[3 marks]

(mM1)

A1
[2 marks]

(M1)
A1

A1
[3 marks]

Total [15 marks]



11.

(a)
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METHOD 1

using I(t):ejp(t)dt
e :11dr

_ e1n(t+1)

=t+1
METHOD 2

attempting product rule differentiation on di(x (t+ 1))
t

%(x(t+l))=%(t+l)+x

:(t+1)(%+ij

t+1
so t+1 is an integrating factor for this differential equation

m1

A1
AG

m1

A1

AG

[2 marks]

continued...
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Question 11 continued

(b) attempting to multiply through by (t+l) and rearrange to give (M1)
dx _t
(1+1)—+x=10(t+1)e * A1
dr
d L
5(x(z+1)):10(t+1)e :
t
x(t+1)=[10(t+1)e * dt A1
attempting to integrate the RHS by parts M1
t t
=—40(¢+1)e * +40[e * dr
t t
:—40(t+1)e 4—160e *+C A1
| Note: Condone the absence of C . \
EITHER
substituting 1 =0,x =0 = C =200 M1
t t
—40(z+1)e 4 —160e *+200
X = A1

t+1

t t t

using —40e * as the highest common factor of —40(¢+1)e * and —160e * M1

OR

_t _t _t
using —40¢ * as the highest common factor of —40(t+1)e 4 and —160e * giving

t

x(t + l) =—40¢ * (t + 5) + C (or equivalent) M1A1
substituting 1 =0, x=0 = C =200 M1
THEN
t
200-40e *(¢+5
x(t)= e *(t+3) AG
t+1
[8 marks]

continued...
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Question 11 continued

(c)

(e)

X

N
201

(6.60, 14.6)
—> [

0 60
graph starts at the origin and has a local maximum (coordinates not required) A1
sketched for 0 <7 <60 A1
correct concavity for 0 <¢ <60 A1
maximum amount of salt is 14.6 (grams) at ¢ = 6.60 (minutes) A1A1
using an appropriate graph or equation (first or second derivative) M1
amount of salt is decreasing most rapidly at #=12.9 (minutes) A1
EITHER
attempting to form an integral representing the amount of salt that left
the tank M1
60
J.it)dt
o t+1
60 -
I200—40e 42(”5)(1: A1
Y (t+1)
OR
attempting to form an integral representing the amount of salt that entered the
tank minus the amount of salt in the tank at ¢ =60 (minutes) M1

60 t
amount of salt that left the tank is IlOe 4 dr—x(60) A1
0

THEN
=36.7 (grams) A2

[5 marks]

[2 marks]

[4 marks]

Total [21 marks]



12.

(a)

(b)
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stating the relationship between cot and tan and stating the identity
for tan 26

cot26 = and tan20= 2210
tan 260 l1—tan” @
1—tan’ @
=coot20=——
2tan @
METHOD 1

attempting to substitute tan @ for x and using the result from (a)
1—tan’ @ .
2tan @
tan’ @+1—tan’ 6—1=0(=RHS)

so x=tan@ satisfies the equation
attempting to substitute —cot @ for x and using the result from (a)

2
1—tan 9]_1

LHS = tan® 9+2tan9(

LHS =cot*#—2cotd
2tan @

1 l—tan’ @
= 2 5 2 -1
tan” @ tan” @
1 1

tan’@ tan’ @
so x=—cotd satisfies the equation

+1-1=0(=RHS)

METHOD 2

let a=tand and B = —cot @
attempting to find the sum of roots

a+f=tanf—

tan @
B tan® 6—1
tan@

=—-2cot 26 (from part (a))
attempting to find the product of roots

a3 = tan Ox(—cot 6)
—_1

the coefficient of x and the constant term in the quadratic are 2 cot 26 and

—1 respectively
hence the two roots are a=tanf and B = —cot#é

M1

AG

m1

A1

A1

AG
M1

A1

A1

A1
AG

m1

A1

A1
m1

A1
A1

R1
AG

[1 mark]

[7 marks]

continued...
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Question 12 continued

(c) METHOD 1

T
X = tan— and x = —cot— are roots of x2+(2cot—jx—1:0 R1
12 12 6

. T 2 T _
Note: Award R1 if only x = tanE is stated as a root of x +(200tgjx—l =0,

X +233x-1=0 A1
attempting to solve their quadratic equation M1
x=—/3%2 A1
tan — > 0 (—c0t£<0) R1
12 12
SO tan - =2 — NEY AG
12
METHOD 2
attempting to substitute 9 = % into the identity for tan 26 M1
T
- 2tan—
tan—= 12n
1—tan® —
12
T T
tan’ —+2+/3tan——1=0 A1
12 3 12
attempting to solve their quadratic equation M1
tan = /342 A1
12
tan - > 0 R1
12
SO tan % =2-3 AG
[5 marks]
T T . 2 T
(d)  tan— —cot— is the sum of the roots of x +(200t—jx—1 =0 R1
24 24 12
tanl—cotlz—2cotl A1
24 24 12
i A1
2-\3
attempting to rationalise their denominator (M1)
= 4-23 A1A1
[6 marks]

Total [19 marks]
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