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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 
their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if this

working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part.
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Examples: 

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 
1. 

8 2
5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35
72

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should 
be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when
candidates fail to complete a “show that” question correctly, and then in subsequent parts use
their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate 
that this has been a misread and do not award the first mark, even if this is an M mark, but award 
all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy
than given in the question, this is NOT a misread and full marks may be scored in the subsequent
part.

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

7 Alternative forms 
Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example, 25
4

 should be written as 5
2

.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 10
4

may be left in this form or 

written as 5
2

. However, 10
5

 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 
simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 
do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

9 Calculators 

A GDC is required for this paper, but if you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit
note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply
appropriate discretion to judge which is “first”.
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1. (a) varies the value of b  with 3=a (M1) 

Note:  The (M1) in part (a) can also be awarded for a correct answer to either part (b)(i) 
or (b)(ii). 
Award (M1) for evidence that 0b =  case is considered/determined. 

4, 0b = −  A1 

[2 marks] 

(b) (i) 4b < −  or 0b > A1 

[1 mark] 

(ii) 4 0b− < < A1 

[1 mark] 

continued… 
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Question 1 continued 

(c) (i) 0,4b = A1 

[1 mark] 

(ii) 0<b  or 4>b A1 

[1 mark] 

(iii) 0 4< <b A1 

[1 mark] 

continued… 
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Question 1 continued 

(d) one point of zero gradient is located on either side (of the -x axis) (or equivalent) A1 

[1 mark] 

(e) METHOD 1

2d 3 2
d

= +
y x ax
x

(A1) 

attempts to solve their d 0
d

=
y
x

 for x M1 

( )( )3 2 0x x a+ =  OR
22 4

6
− ±

=
a ax  OR 

3 3
+ = ±

a ax

2 , 0
3

x a= − A1 

when 0,x y b= =  and so P (0, )b  is a point of zero gradient AG 

Note:  The following two marks are independent of the first three marks. 

substitutes their expression for x  in terms of a  into 3 2= + +y x ax b (M1) 

3 22 2
3 3

   = − + − +   
   

y a a a b

3 3 3 38 4 8 12 
27 9 27 27

y a a b y a a b = − + + = − + + 
 

A1 

so 32 4Q ,
3 27

a a b − + 
 

 is a point of zero gradient AG 

[5 marks] 

continued… 
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Question 1 continued 

METHOD 2 

2d 3 2
d

= +
y x ax
x

(A1) 

substitutes either 0x =  or 2
3

x a= −  into their d
d
y
x

M1 

when d0, 0
d
yx
x

= =  and y b=  so P (0, )b  is a point of zero gradient AG 

2d 2 23 2
d 3 3
y a a a
x

   = − + −   
   

 

2 2 )4 4 (
3 3

  0a a− ==  ( ) ( )2 2 2 24 4 12 43 0 , 0
9 3 9 3

a a a a  = − = = − =    
A1 

and so d 0
d
y
x
=  when 2

3
x a= − AG 

Note:  The following two marks are independent of the first three marks. 

substitutes 2
3

x a= −  into 3 2= + +y x ax b (M1) 

3 22 2
3 3

   = − + − +   
   

y a a a b

3 3 3 38 4 8 12 
27 9 27 27

y a a b y a a b = − + + = − + + 
 

A1 

so 32 4Q ,
3 27

a a b − + 
 

 is a point of zero gradient AG 

[5 marks] 

continued… 
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Question 1 continued 

(f) (i)
2

2

d 6 2
d

y x a
x

= + A1 

when 0x = , 
2

2

d 2
d

y a
x

=  ( 0a > ) and so ( P ) is a (local) minimum (point) R1 

when 2
3

x a= − ,
2

2

d 2
d

y a
x

= −  ( 0a > ) and so (Q ) is a (local) maximum 

(point) R1 

[3 marks] 

(ii) ( P and Q  are) both above (the -x axis) A1 

Note: Award A1 if it is made clear that both points are above (the -x axis). 
Accept a labelled sketch that clearly shows this information. 

[1 mark] 

continued… 
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Question 1 continued 

(g) (i) ( P ) is a (local) maximum (point) and is above (the -x axis) A1 

[1 mark] 

(ii) ( Q  is below the -x axis when) 34 0
27

+ <a b  A1 

Note: Award A1 for an equivalent correct inequality, eg. 34
27

a b< − . 

Accept a labelled sketch that clearly shows this information. 

[1 mark] 

continued… 
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Question 1 continued 

(h) METHOD 1

attempts to factorize ( )3 24 27 0a b b+ < (M1) 

( )3427 0
27

 + < 
 

b a b OR ( )( )34 27 0b a b+ < A1 

0>b  and 34 0
27

+ <a b  or 0<b  and 34 0
27

+ >a b  A1 

Note:  Only award this A1 if both cases are stated. 

Award A1 for stating that exactly one of b  and 34
27

+a b  is less than zero (or 

equivalent). 

when b  and 34
27

+a b  have opposite sign, P  and Q  are located on either side 

(of the -x axis) (or equivalent) R1 

Note:  Accept labelled sketches that clearly show this information. 

P  and Q  are located on either side (of the -x axis) if (and only if) the curve has 
exactly three -x axis intercepts R1 

if 3 24 27 0a b b+ < , then the graph of 3 2= + +y x ax b  has exactly three -x axis 
intercepts AG 

Note:  For proving the converse, award a maximum of 3 marks (likely to be similar 
steps but presented in reverse; 2nd A1 line not necessary in reverse method). 

continued… 
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Question 1 continued 

METHOD 2 

attempts to factorize ( )3 24 27 0a b b+ < (M1) 

( )3427 0
27

 + < 
 

b a b OR ( )( )34 27 0b a b+ < A1 

either 0>b  and 34 0
27

+ <a b  or 0<b  and 34 0
27

+ >a b  A1 

Note:  Only award this A1 if both cases are stated. 

Award A1 for stating that exactly one of b  and 34
27

+a b  is less than zero (or 

equivalent). 

0>b  and 34 0
27

a b+ < , 340 0
27

b a a ⇒ < < − ⇒ < 
 

 and hence three -x axis 

intercepts R1 

0b <  and 34 0
27

a b+ > , 34 0 0
27

a b a ⇒ − < < ⇒ > 
 

 and hence three -x axis 

intercepts R1 

Note:  Accept labelled sketches that clearly show this information. 

if 3 24 27 0+ <a b b , then the graph of 3 2= + +y x ax b  has exactly three -x axis 
intercepts  AG 

Note:  For proving the converse, award a maximum of 3 marks (likely to be similar 
steps but presented in reverse; 2nd A1 line not necessary in reverse method). 

[5 marks] 

Total [24 marks] 
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2. (a) (i) y
x

A1 

[1 mark] 

(ii) 
d 1 1 
d
y

yx m
x

 = − = −    
 
 

A1 

Note:  Award A1 for responses such as ‘the gradient is the negative (opposite) 

reciprocal of y
x

 or 1y m
x
× = −  (or equivalent).

Award A1 for 1y x
x y

 
× − = − 
 

.

Do not award FT from part (a) (i). 

so 
d
d

= −
y x
x y

AG 

[1 mark] 
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Question 2 continued 

(iii) attempts to separate variables x  and y (M1) 

 d  d= −∫ ∫y y x x

Note:  Award (M1) for  d   dy y x x= − . 

2 2

2 2
y x c= − +  A1 

Note:  Award A1 for 
2 2

1 22 2
y xc c+ = − + .

Award A0 for 
2 2

2 2
y x

= − .

2 2

2 2
x y c+ =

2 2x y k⇒ + =   (where 2k c= ) AG 

[2 marks] 

continued… 
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Question 2 continued 

(b) 

two parabolic shaped curves with approximately correct shape/position 
(e.g. two intersection points, in first and fourth quadrant) A1A1 

x-intercepts 1−  and 2 A1 

[3 marks] 

continued… 
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Question 2 continued 

(c) at intersection, 2 24 4 4 4a ax b bx− = +

2 24 4 4 4a b ax bx− = +  ( 2 2 2 2,  4 4 4 4 0a b ax bx a b ax bx− = + − − − = ) A1 

attempts to factorize either the LHS or the RHS of the first two equations above
(or equivalent) OR attempts to partially factorize the LHS side of

2 2 0a b ax bx− − − =  (or equivalent) (M1) 

( )( ) ( )a b a b a b x+ − = +

Note:  Accept alternative forms such as ( )( ) ( )4 4+ − = +a b a b a b x  or

( ) ( )( ) 0a b a b x+ − − = .

recognition that 0a b+ >  (or equivalent, eg. 0, 0a b> > ) (allows division by 

a b+ ) R1 

Note:  Subsequent marks are not dependent on this R1. 

= −x a b  A1 

Note:  As x a b= −  is an AG, only award the above A1 if ( )( )2 2a b a b a b− = + − has

been used. 

substitutes = −x a b  into either 2 24 4y a ax= −  or 2 24 4= +y b bx  and attempts to 
simplify (M1) 

( )2 24 4y a a a b= − −  OR ( )2 24 4y b b a b= + −

2 2 24 4 4 2y a a ab y ab= − + ⇒ = ±  A1 

so ( )M , 2a b ab−  and ( )N , 2a b ab− − AG 

[6 marks] 

continued… 



– 19 – 8823 – 7103M 

Question 2 continued 

(d) METHOD 1

attempts implicit differentiation on either curve (M1) 

d 4
d 2

= −
y a
x y

 (or equivalent) and
d 4
d 2

=
y b
x y

 (or equivalent) A1 

substitutes 2=y ab  into either 
d 4
d 2

= −
y a
x y

 or
d 4
d 2

=
y b
x y

(M1) 

d
d

= −
y a
x b

 (= −
a
ab

) and
d
d

=
y b
x a

(=
b
ab

) (or equivalent) A1 

EITHER 

1a b
b a

− × = −  OR 1a b
ab ab

− × = −  (or equivalent) A1 

OR 

eg. the negative (opposite) reciprocal of 
a
b

−  is 
b
a

 (or equivalent) A1 

OR 

the product of the two gradients is 1− A1 

THEN 

so at point M , the curves intersect at right angles AG 

continued… 
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Question 2 continued 

METHOD 2 

attempts chain rule differentiation on either 24 4= −y a ax  or 24 4= +y b bx (M1) 

2

d 2
d 4 4

= −
−

y a
x a ax

 (or equivalent) and
2

d 2
d 4 4

=
+

y b
x b bx

 (or equivalent) A1 

substitutes = −x a b  into either 
2

d 2
d 4 4

= −
−

y a
x a ax

 or
2

d 2
d 4 4

=
+

y b
x b bx

(M1) 

d
d

= −
y a
x b

 (= −
a
ab

) and
d
d

=
y b
x a

(=
b
ab

) (or equivalent) A1 

EITHER 

1a b
b a

− × = −  OR 1a b
ab ab

− × = −  (or equivalent) A1 

OR 

eg. the negative reciprocal of 
a
b

−  is 
b
a

 (or equivalent) A1 

OR 

the product of the two gradients is 1− A1 

THEN 

so at point M , the curves intersect at right angles AG 

[5 marks] 

continued… 
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Question 2 continued 

(e) (i)

πtan
4( , )
π1 tan
4

x
yg x y

x
y

− +
=

 
− − 
 

(A1) 

1
( , )  

1

x x y
y yg x y x y x

y y

− + − +  
 = =

+ +  
 

 A1 

so ( , ) y xg x y
y x
−

=
+

AG 

[2 marks] 

continued… 
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Question 2 continued 

(ii) let y vx= (M1) 

d d
d d

= +
y vv x
x x

(A1) 

d 1 
d 1
v vx x vv x
x vx x v

− −   + = =   + +   
(A1) 

attempts to express d
d
vx
x

 as a single fraction in v (M1) 

2d 1
d 1

+
= −

+
v vx
x v

 (or equivalent) (A1) 

attempts to separate variables x  and v (M1) 

2
1 1 d  d
1

+
= −

+∫ ∫
v v x
v x

 (or equivalent) 

( ) ( )21 ln 1 arctan ln
2

v v x d+ + = − +  (or equivalent) A1A1 

2

2

1 ln 1 arctan ln
2

y y x d
x x

 
+ + + = 

 
 (or equivalent) A1 

[9 marks] 

continued… 
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Question 2 continued 

(f) METHOD 1

( )

( )

1 , 1
tan( , ) 1 ,
tan

f x y
g x y

f x y
α

α

+
=

−
M1 

EITHER 

as π
2

α → , 1 0
tanα

→ , (hence 
1( , )

( , )
g x y

f x y
→− ) R1 

OR 

as π
2

α → , tanα →∞  and so ( )
( )

0 , 1
( , )

0 ,
f x y

g x y
f x y

× +
→

−
R1 

THEN 

π
2

1lim ( , )
( , )

g x y
f x yα→

= − AG 

Note: The R1 is dependent on the M1. 

METHOD 2 

uses either sintan
cos

αα
α

=  or 1 cos
tan sin

α
α α
=  to form ( )

( )
cos , sin

( , )
cos sin ,

f x y
g x y

f x y
α α
α α

+
=

−
M1 

as π
2

α → , cos 0α →  and sin 1α →  and so 
( )
( )

0 , 1
( , )

0 ,
f x y

g x y
f x y

× +
→

−
R1 

π
2

1lim ( , )
( , )

g x y
f x yα→

= − AG 

Note: The R1 is dependent on the M1. 

[2 marks] 

Total [31 marks] 
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 
their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if this

working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part.
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Examples: 

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 
1. 

8 2
5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35
72

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should 
be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when
candidates fail to complete a “show that” question correctly, and then in subsequent parts use
their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate 
that this has been a misread and do not award the first mark, even if this is an M mark, but award 
all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy
than given in the question, this is NOT a misread and full marks may be scored in the subsequent
part.

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

7 Alternative forms 
Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example, 25
4

 should be written as 5
2

.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 10
4

may be left in this form or 

written as 5
2

. However, 10
5

 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 
simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 
do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

9 Calculators 

A GDC is required for this paper, but if you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit
note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply
appropriate discretion to judge which is “first”.
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1. (a)

clearly labelled graphs of 2logy x=  and 10logy x=  with correct domain, 
asymptotic behaviour and concavity evident A1 
correct relative positions of the two log graphs both above and below the -x axis A1 

( )1,0  indicated (coordinates not required) A1 

correct graph of y x=  A1 

[4 marks] 
continued… 
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Question 1 continued 

(b) ( )d ln
d

x x
x

−

11
x

= − A1 

attempts to solve their d 0
d

=
y
x

 for x (M1) 

11 0 1− = ⇒ =x
x

(when 1x = ,) ln 1x x− =  A1 

EITHER 

d 11
dx x

 − 
 

2

1
x

=   A1 

2
1 0>
x

 (when 1x = ) R1 

hence ln−x x  has a minimum value of 1 

Note:  Award R1 for either ‘1 0> ’ or a graph of 2

1 0y
x

= >  or ‘the graph of lny x x= −  is 

concave-up’. Do not award R1 if the second derivative is incorrect. 

continued… 
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Question 1 continued 

OR 

for ( )0 1x< < , 11 0− <
x

R1 

for 1x > , 11 0− >
x

R1 

hence ln−x x  has a minimum value of 1 

Note:  Award R1R1 for either a clearly labelled sign diagram/table (accept correct 

numerical values) or the graph of 11y
x

= −  with sign change in gradient indicated. 

Note:  Award a maximum of A0(M1)A1A0R1 or A0(M1)A1R0R1 if no symbolic 
derivatives are seen. 

[5 marks] 
(c) 

EITHER 

ln 1x x− ≥  ( )+∈x  R1 

OR 

ln 0x x− >  ( )+∈x  R1 

THEN 
so ln>x x AG 

[1 mark] 

continued… 
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Question 1 continued 

(d) 

Interval Number of intersection points 

0 1< <a  1p =  

1 1.4< <a 2q =  

1.5 2< <a 0r =  

A1A2A1 

Note:  Award A1 for 1p = , A2 for 2q =  and A1 for 0r = . 

[4 marks] 

(e) METHOD 1
EITHER

logay x=

d 1
d ln
y
x x a
= (A1) 

attempts to solve 1 1
ln

=
x a

 for x (M1) 

OR 

logay x x= −

d 11
d ln

= −
y
x x a

(A1) 

attempts to solve 11 0
lnx a

− =  for x (M1) 

continued… 



– 11 – M23/5/MATHX/HP3/ENG/TZ2/XX/M 

Question 1 continued 

THEN 

1
ln

=x
a

OR ln 1x a =  OR 1ln a
x

=  OR ln 1xa =  OR 1 1
lnxa a

=  A1 

at 1
ln

=x
a

, log =a x x

attempts to solve ln 1
ln ln

x
a a
=  OR ln 1x =  OR 

1

e
x

x x
 

= 
 

 for x (M1) 

ex =  

coordinates of P  are ( )e,e  (accept e=x , e=y ) A1A1 

attempts to solve 1 e
ln

=
a

 OR log e ea =  for a  analytically (M1) 

1ln
e

=a  OR e ea =  

1
ee=a A1 

continued… 
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Question 1 continued 

METHOD 2 
EITHER 

logay x=

d 1
d ln
y
x x a
= (A1) 

attempts to solve 1 1
ln

=
x a

 for x (M1) 

OR 

logay x x= −

d 11
d ln

= −
y
x x a

(A1) 

attempts to solve 11 0
lnx a

− =  for x (M1) 

THEN 

1
ln

=x
a

OR ln 1x a =  OR 1ln a
x

=  OR ln 1xa =  OR 1 1
lnxa a

=  A1 

at 1
ln

=x
a

, log =a x x

attempts to solve 
1 1log

ln ln
  = 
 

a a a
 for a (M1) 

EITHER 

1ln
1 1ln ln 1

ln ln ln

 
     = ⇒ = 

 
a

a a a
 

OR 

for example, writes 
1 1log

ln ln
 
 
  =

a a aa a  and then attempts to apply appropriate 

index/log laws to both sides: 
logln
log e

= a

a

aa  and so 1 log e
ln

= aa
1

log eln e= =aaa a  

continued… 
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Question 1 continued 

THEN 

attempts to solve 1 e
ln

=
a

 OR log e ea =  for a  analytically (M1) 

1ln
e

=a  OR e ea =  

1
ee=a A1 

1
e

1 1
1

ln e e

= =x  

coordinates of P  are ( )e,e  (accept e=x , e=y ) A1A1 

continued… 
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Question 1 continued 

METHOD 3 

logay x=

d 1
d ln
y
x x a
= (A1) 

(equation of the tangent at ( )1 1,x y  is) ( ) 1
1

1

ln1
ln ln

xy x x
x a a

= − +  (or equivalent) A1 

compares this equation with y x=  and attempts to form at least one of the following M1 

1

1 1
lnx a

=  OR 1ln 1 0
ln
x

a
−

=  

attempts to solve 
1

1 1
lnx a

=  OR 1ln 1 0
ln
x

a
−

=  for 1x  (M1) 

1 ex =  

coordinates of P  are ( )e,e  (accept e=x , e=y ) A1A1 

attempts to solve 1 1
e ln a

=  (or equivalent) for a  analytically (M1) 

1ln
e

=a  OR e ea =  

1
ee=a A1 

[8 marks] 
continued… 
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Question 1 continued 

(f) (i)
1
e1 ea< < A1 

Note:  Award A0 for 
1
eea < . 

[1 mark] 

(ii) 
1
eea > A1 

Note:  Only award FT for 1.4 1.5a< < .  If the value of a  is not exact, e.g. 1.44, award at 
most A0A1 in part (f) for a consistent approximate endpoint value. 
If a value of a  is not found in part (e), award at most A0A1 in part (f) for a 
consistent approximate endpoint value provided that 1.4 1.5a< < . 

[1 mark] 
Total [24 marks] 
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2. (a) 2m = , 1c = −
1
2

r = (A1) 

12, , 1
2

−

EITHER 

1 1 32 1
2 2 2

 = − = − − = − 
 

d A1 

OR 

this sequence has a common difference of 3
2

− A1 

OR 

the (arithmetic) mean of 2 and 1−  is 1
2

A1 

THEN 

hence ( ) 2 1= −L x x  is an AS-linear function AG 

[2 marks] 

(b) (i) ( )( )0 0L r mr c= ⇒ + = A1 

= −
cr
m

AG 

Note:  Award A0 for numerical verification from ( ) 2 1L x x= −  in part (a).

[1 mark] 
continued… 
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Question 2 continued 

(ii) METHOD 1
EITHER

attempts to use ( )d r m c r= − = − (M1) 

Note:  Award (M1) for attempting to use ( )d m r r c= − = − .

( )  = − − = − − 
 

c cd m c
m m

 A1 

Note:  Award A1 for ( )
2

c c md m
m

−
= − − = . 

removes the denominator m  from their expression involving m  and c (M1) 
2 2 0m cm c+ + =  (or equivalent) 

OR 

attempts to use 
2

m c r+
= (M1) 

2
+ = −

cm c
m

A1 

removes the denominator m  from their expression involving m  and c (M1) 
2 2 0m cm c+ + =  (or equivalent) 

OR 
attempts to use 2c m d= + (M1) 

2 cc m m
m

 = + − − 
 

 A1 

Note:  Award A1 for 2 cc m c
m

  = + − −    
. 

removes the denominator m  from their expression involving m  and c (M1) 
2 2 0m cm c+ + =  (or equivalent) 

continued… 
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Question 2 continued 

OR 

attempts to use r m d= +  and ( )( )2 2c m d c m r m= + = + − (M1) 

2 2 0m dm m d+ + + =  (or equivalent) A1 

substitutes 
2

c md −
=  into their expression involving m  and d (M1) 

2 2 0m cm c+ + =  (or equivalent) 

THEN 

( )
2

22
2

mc m m c
m

+ = − ⇒ = −
+

A1 

Note:  Award A1 for a convincing demonstration that 
2

2
= −

+
mc

m
. 

so ( )
2

2
= −

+
mL x mx

m
AG 

Note:  Do not accept working backwards from the AG. 

METHOD 2 

considers ( )L x mx mr= −

attempts to use ( )d r m c r= − = − (M1) 

Note:  Award (M1) for attempting to use ( )d m r r c= − = − .

( )d r m mr r= − = − − A1 

attempts to express r  in terms of m (M1) 

2
2

mr mr m r
m

+ = ⇒ =
+

A1 

so ( )
2

2
= −

+
mL x mx

m
AG 

Note:  Do not accept working backwards from the AG. 

[4 marks] 
continued… 
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Question 2 continued 

(iii) ( )2 0≠ − ≠m m A1 

[1 mark] 

(c) 
attempts to find an integer value of m (M1) 

e.g. uses the result that 2m +  exactly divides 2  OR uses a table OR uses a graph
and slider OR uses systematic trial and error

Note:  Award (M1) for solving ( )2 2m k m= +  for m  or solving
2

0
2

mmr
m

− =
+

 for m  or 

solving 2 2 0m cm c+ + =  for m . 

4m = −  OR 3m = −  (A1) 

4, 2, 8−  OR 3, 3, 9−

( ) 4 8= − +L x x , ( ) 3 9= − +L x x A1 

Note:  Award (M1)(A1)A0 for 4 8x− +  and 3 9x− + . 

[3 marks] 

(d) (i) b
a

− A1 

[1 mark] 

(ii) c
a

A1 

[1 mark] 
continued… 
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Question 2 continued 

(e) (i) b a− A1 

Note:   Award marks as appropriate in parts (e) (ii) and (iii) for use of 1 2r r a b− = − . 

[1 mark] 

(ii) attempts to eliminate 2r M1 

( )
2

1 12 2 − −
= − − − ⇒ =

b a ab br b a r
a a

 (or equivalent) A1 

Note:  Award A1 for a correct alternative form of 1r±  or 12r± . 

so 
2

1 2
− −

=
a ab br

a
AG 

Note:  Do not accept working backwards from the AG. 

[2 marks] 
continued… 
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Question 2 continued 

(iii) METHOD 1
EITHER

( )1 2
+

=
a br (A1) 

attempts to equate two expressions for either 1r  or 12r  in terms of a  and b M1 

2

2 2
+ − −

=
a b a ab b

a
 OR 

2a ab ba b
a

− −
+ =

OR 

1 1b r r a− = − (A1) 

attempts to use 1 1b r r a− = −  with 
2

1 2
− −

=
a ab br

a
M1 

2 2

2 2
a ab b a ab bb a

a a
 − − − −

− = − 
 

OR 

( )1r a d= + (A1) 

attempts to use 1r a d= +  with 
2

1 2
a ab br

a
− −

=  and 
2

b ad −
= M1 

2

2 2
a ab b b aa

a
− − −

= +

THEN 
2 22 2 2 2 2a ab a ab b+ = − −  OR 2 2a ab a ab b+ = − −

4 2 0ab b+ =  OR 2 0ab b+ =  

( )2 2 1 0b a + =  OR ( )2 1 0b a + = A1 

Note:  Award (A1)M1 for any valid approach that correctly leads to 2 0ab b+ =  (or 
equivalent). 
Do not accept numerical verification from the AG. 

so 0b =  or 1
2

a = − AG 

continued… 
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Question 2 continued 

METHOD 2 

( ) 2b a d= +  OR ( )1r a d= + (A1) 

attempts to equate two expressions for either 1r  or 12r  in terms of a  and d M1 

( ) ( )2 2 2
2

a a a d a d
a d

a
− + − +

+ = OR ( ) ( ) ( )2 2 2
2

a a a d a d
a d

a
− + − +

+ =

22 4 2 0a ad a d+ + + =

( )( )2 1 2 0a a d+ + = A1 

Note:   Do not accept numerical verification from the AG. 

so 0b =  or 1
2

a = − AG 

[3 marks] 
continued… 
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Question 2 continued 

(f) METHOD 1

1 2
ar =  OR 2 2

ar = −  OR 
2
ad = − (A1) 

= −c a  (A1) 

attempts to find the values of a (M1) 

EITHER 

the roots of 2 0ax a− =  are 1±  and 1
2
a
= ±  

OR 

substitutes 
2

= ±
ax  into 2 0ax a− =  giving 

3

0
4
a a− =  

OR 

( )
2 3

1 2 4 4
c a ar r c
a

= = − ⇒ = −  and so 
3 3

0
4 4
a aa a− = − ⇒ − =

Note:  Award (M1) for attempting to find the values of a  from their arithmetic sequence 
expressed in terms of a . 

OR 

3 3

2 2 0
4 2 2 4
a a a ac r r b a − = − ⇒ − − − = − ⇒ − = 

 
 

THEN 

2a = ±  (A1) 

( )1 21,  0,  1,  2r b r c= ± = = = 

so ( ) 22 2Q x x= − , ( ) 22 2Q x x= − + A1 

Note:  Award A0 for 22 2x −  and 22 2x− + . 
Award (A1)(A1)(M1)(A0)A0 for obtaining either 2a =  or 2a = − . 

continued… 
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Question 2 continued 

METHOD 2 

1r d= −  OR 2r d=  OR 2a d= − (A1) 

2c d=  (A1) 

attempts to find the values of d  (M1) 

EITHER 

the roots of 22 2 0dx d− + =  are 1±  

OR 

substitutes x d= ±  into 22 2 0dx d− + =  giving 32 2 0d d− + =  

OR 

attempts to use 1 2
cr r
a

=  to form 2 2
2
dd
d

− =
−

Note:  Award (M1) for attempting to find the values of d  from their arithmetic sequence 
expressed in terms of d . 

THEN 

1d = ±  (A1) 

( )1 22, 1,  0,  1,  2a r b r c= ± = ± = = = 

so ( ) 22 2Q x x= − , ( ) 22 2Q x x= − + A1 

Note:  Award A0 for 22 2x −  and 22 2x− + . 
Award (A1)(A1)(M1)(A0)A0 for obtaining either 1d =  or 1d = − . 

continued… 
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Question 2 continued 

METHOD 3 

12a r=  OR 2 1r r= −  OR 1d r= − (A1) 

12c r= − (A1) 

attempts to find the values of 1r  (M1) 

EITHER 

the roots of 2
1 12 2 0r x r− =  are 1±  

OR 

substitutes 1x r= ±  into 2
1 12 2 0r x r− =  giving 3

1 12 2 0r r− =  

OR 

attempts to use 1 2
cr r
a

=  to form 2 1
1

1

2
2

rr
r

−
− =

Note:  Award (M1) for attempting to find the values of 1r  from their arithmetic sequence 
expressed in terms of 1r . 

THEN 

1 1r = ±  (A1) 

( )1 22, 1,  0,  1,  2a r b r c= ± = ± = = = 

so ( ) 22 2Q x x= − , ( ) 22 2Q x x= − + A1 

Note:  Award A0 for 22 2x −  and 22 2x− + . 
Award (A1)(A1)(M1)(A0)A0 for obtaining either 1 1r =  or 1 1r = − . 

[5 marks] 
continued… 
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Question 2 continued 

(g) (i) attempts to express 1r  in terms of b  with 1
2

= −a (M1) 

Note:  Do not award (M1) if 1
2

a =  is used. 

EITHER 

uses 1 2
+

=
a br

OR 

uses 
2

1 2
− −

=
a ab br

a

OR 

uses 1 1r a b r− = −

THEN 

1

1
2 1 1 2,

4 2 4 2

 − −
= − = 
 
 

=
bb br A1 

[2 marks] 
continued… 
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Question 2 continued 

(ii) METHOD 1
EITHER

substitutes their expression for 1r  with 1
2

a = −  into ( )( )0Q x = (M1) 

( ) ( )
22 1 1 2 1 2 10 0

4 2 4 4
b b bQ b c− − −     = ⇒ − + + =     

     

OR 

2
6 1 3 1

4 2 4
+  = + 

 
=

b br

substitutes their expression for 2r  with 1
2

a = −  into ( )( )0Q x = (M1) 

( ) ( )
26 1 1 6 1 6 10 0

4 2 4 4
b b bQ b c+ + +     = ⇒ − + + =     

     
 

THEN 

4 1 12
2 2
+  = = + 

 
bc b  (seen anywhere) A1 

24 20 5 0b b+ + =  

attempts to solve their quadratic in b (M1) 

5 2 5
2

− ±
=b A1 

substitutes into 4 1
2
+

=
bc  

9 4 5
2

− ±
=c A1 

Note:  Award A0A0 for b  and c  expressed as decimal values. 

Note:  Award a maximum of (M1)A1(M1)A0A0FT for FT from part (g) (i). 

continued… 
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Question 2 continued 

METHOD 2 

substitutes their expressions for 1r  and 2r  with 1
2

a = −  into ( )Q x (M1) 

1 2 1 6 1
2 4 4

b bx x −  +    − − −          
 

2 21 3 1 1
2 8 8 32

x bx b b− + − + +

4 1 12
2 2

bc b+  = = + 
 

 (seen anywhere) A1 

21 3 1 12
2 8 8 32

b b b+ = − + +

24 20 5 0b b+ + =  

attempts to solve their quadratic in b (M1) 

5 2 5
2

b − ±
= A1 

substitutes into 4 1
2

bc +
=  

9 4 5
2

c − ±
= A1 

Note:  Award A0A0 for b  and c  expressed as decimal values. 

Note:  Award a maximum of (M1)A1(M1)A0A0FT for FT from part (g) (i). 

continued… 
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Question 2 continued 

METHOD 3 

2
6 1 3 1

4 2 4
+  = + 

 
=

b br

substitutes their expressions for 1r  and 2r  with 1
2

a = −  into 1 2
cr r
a

= (M1) 

2 1 6 1
14 4
2

b b c− +   =  
   −

 (or equivalent) 

EITHER 

4 1 12
2 2
+  = = + 

 
bc b  (seen anywhere) A1 

OR 
1 2 1 6 1 6 1 2 1 1
2 4 4 4 4 2

b b b b− + + −      − − = − −      
      

 A1

THEN 
24 20 5 0b b+ + =  

attempts to solve their quadratic in b (M1) 

5 2 5
2

− ±
=b A1 

substitutes into 4 1
2
+

=
bc  

9 4 5
2

− ±
=c A1 

Note:  Award A0A0 for b  and c  expressed as decimal values. 

Note:  Award a maximum of (M1)A1(M1)A0A0FT for FT from part (g) (i). 

continued… 
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Question 2 continued 

METHOD 4 

attempts to equate two expressions for 1r  with 1
2

a = − (M1) 

2
22 2 1 2 12

1 4 4
b b c b bb c− ± + − + = ± + = −  

4 1 12
2 2
+  = = + 

 
bc b  (seen anywhere) A1 

( )2 2112 4 1 32 2 0 4 20 5 0
2

b b b b b − − + + = + + = 
 

attempts to solve their quadratic in b (M1) 

5 2 5
2

− ±
=b A1 

substitutes into 4 1
2
+

=
bc  

9 4 5
2

− ±
=c A1 

Note:  Award A0A0 for b  and c  expressed as decimal values. 

Note:  Award a maximum of (M1)A1(M1)A0A0FT for FT from part (g) (i). 

continued… 
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Question 2 continued 

METHOD 5 

EITHER 

1
1
2

r d= −

substitutes their expression for 1r  in terms of d  with 1
2

a = −  into ( )( )0Q x =  (M1)

( ) ( )
21 1 1 10 0

2 2 2 2
Q d d b d c     − = ⇒ − − + − + =     
     

OR 

2
13
2

r d= −

substitutes their expression for 2r  in terms of d  with 1
2

a = −  into ( )( )0Q x =  (M1)

( ) ( )
21 1 1 13 0 3 3 0

2 2 2 2
Q d d b d c     − = ⇒ − − + − + =     
     

THEN 
12
2

b d= −  and 14
2

c d= −  (seen anywhere) A1 

24 8 1 0d d+ − =  
attempts to solve their quadratic in d (M1) 

2 5
2

d − ±
=

5 2 5
2

b − ±
= A1 

substitutes into 4 1
2

bc +
=  

9 4 5
2

c − ±
= A1 

Note:  Award A0A0 for b  and c  expressed as decimal values. 

Note:  Award a maximum of (M1)A1(M1)A0A0FT for FT from part (g) (i). 

continued… 
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Question 2 continued 

METHOD 6 

1
1
2

r d= −  and 2
13
2

r d= −

substitutes their expressions for 1r  and 2r  in terms of d  with 1
2

a = −  into 1 2
cr r
a

= (M1) 

1 13 12 2
2

cd d  − − =  
   −

 (or equivalent) 

14
2

c d= −  (seen anywhere) A1 

24 8 1 0d d+ − =  

attempts to solve their quadratic in d (M1) 

2 5
2

d − ±
=

5 2 5
2

b − ±
= A1 

substitutes into 4 1
2

bc +
=  

9 4 5
2

c − ±
= A1 

Note:  Award A0A0 for b  and c  expressed as decimal values. 

Note:  Award a maximum of (M1)A1(M1)A0A0FT for FT from part (g) (i). 

[5 marks] 
Total [31 marks] 
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 
their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if this

working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part.
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Examples: 

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 
1. 

8 2
5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35
72

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should 
be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when
candidates fail to complete a “show that” question correctly, and then in subsequent parts use
their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate 
that this has been a misread and do not award the first mark, even if this is an M mark, but award 
all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy
than given in the question, this is NOT a misread and full marks may be scored in the subsequent
part.

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

7 Alternative forms 
Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example, 25
4

 should be written as 5
2

.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 10
4

may be left in this form or 

written as 5
2

. However, 10
5

 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 
simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 
do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

9 Calculators 

A GDC is required for this paper, but if you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit
note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply
appropriate discretion to judge which is “first”.
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1. (a)

A1 for ( )1, 0.368  or 
11,
e

 
 
 

 labelled at local maximum (accept correct coordinates 

written away from the graph) 
A1 for graph clearly starting at, or passing through,the origin 
A1 for correct domain  
A1 for correct shape i.e.: single maximum, and asymptotic behaviour (equation not 
required) (or point of inflexion) 

[4 marks] 

continued… 
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Question 1 continued 

(b) 
0

e d−∫
b xx x (A1) 

Note:  Award (A1) for correct integrand and limits (which can be seen later in the 
question) 

Use of integration by parts 

0 0
e e d− − = − +  ∫

bbx xx x A1A1 

Note: Award A1 for each part (including the correct sign with each) 

0 0
e e− −   = − −   

b bx xx A1 

Note:  Award A1 for correct second term. 
Condone absence of limits to this point 

attempt to substitute limits M1 

e e 1− −= − − +b bb  A1 

e 1
e
− −

=
b

b
b

AG 

[6 marks] 

(c) (i) 
e 1 e 1lim lim

e e→∞ →∞

− − −
=

b b

b bb b

b
A1 

Note: Award A1 for correct quotient. Condone absence of limit. 

elim 1
e→∞

 
= = 
 

b

bb
A1 

[2 marks] 

(ii) ( )0
e d 1

∞ − =∫ xx x  A1 

[1 mark] 

continued… 
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Question 1 continued 

(d) (i) correct integral (M1) 

Note: Award M1 for correct integrand with limits from 0 to a larger number. 

24 A1 
[2 marks] 

(ii) 120 A1 

Note:  The M1 can be awarded if either part (d)(i) or part (d)(ii) is correct. 

[1 mark] 

(e) !=nA n A1 

[1 mark] 
continued… 
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Question 1 continued 

(f) 

Note:  Accept starting at 0n = , throughout this proof. 

1=n  

1 1=A  and 1! 1=  M1A1 

Note:  Award M1 for considering the case where 1n = , and A1 if it is clear that 
both 1 1=A  and 1! 1=  have been considered. 

so true for 1=n  

assume true for =n k , (
0

e d !
∞ −= =∫ k x

kA x x k ) M1 

Note:  Award M0 for statements such as “let =n k ”. 

Note:  Subsequent marks after this M1 are independent of this mark and can be 
awarded. 

when 1= +n k  

attempt to integrate by parts M1 

Note:  To obtain the M1, a minimum of an expression +/- an integral must be 
seen. 

1 1

00 0
e d e ( 1) e d

∞ ∞∞+ − + − − = − + + ∫ ∫k x k x k xx x x k x x A1 

0
( 1) e dk xk x x

∞ −+ ∫ simplified to ( 1) !k k+  seen A1 

0 ( 1) != + +k k  

Note:  Condone omission of the zero. 

( 1)!= +k  A1 

Hence if true for =n k  then also true for 1= +n k . As true for 1=n  so true for 
+∈n  . R1 

Note:  Award the final R1 mark provided at least four of the previous marks are 
gained. 

[8 marks] 
Total [25 marks] 
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2. (a) 2 112= −x x (M1) 

1 1( ) (12 )= −f x x x A1 

[2 marks] 

(b) (i) 1( ) 6=x  A1 

Note:  Award the A1 if 6 seen in part (ii). 

[1 mark] 

(ii) (6)f    OR  26   OR  graph with maximum at (6, 36) M1 

36= AG 

[1 mark] 

(c) 
2

2
12(12) 36
2

 = = 
 

M  which is the maximum product (from (b)(ii)) A1 

Note:  Both the 36 AND a link to part (b), which may be simply seeing the word 
“maximum” must be seen to award the A1. 

[1 mark] 
continued… 
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Question 2 continued 

(d) (i) let all ix be labelled as x (or x1 or xn etc.) (M1) 

Note:  Do not accept use of a specific number for x or n . 

1

( ) =n nx x  and =
nx x
n

A1 

[2 marks] 

(ii) 1 2 ...+ + + =nx x x S (A1) 

1

1 2( ... )× × × ≤n
n

Sx x x
n

M1 

Note:  Award M1 for use of the inequality, which may be seen as an equality. 

1 2 ...  × × × ≤  
 

n

n
Sx x x
n

  (as both sides are positive) M1 

LHS and RHS are equal when all values of ix  are equal (to 
S
n

) R1 

( )  =  
 

n

n
SM S
n

AG 

[4 marks] 

(e) (i) 3
3(12) 4 64= =M  A1 

[1 mark] 

(ii) 4
4 (12) 3 81= =M  A1 

[1 mark] 

(iii) 5
5(12) 2.4 79.6= =M  ( )79.6262... A1 

[1 mark] 
continued… 
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Question 2 continued 

(f) considering (12)nM  for higher values of n 

(12) 81=P A1 

4=n
A1

Note:  Award A0A0 for (12) 82.6=P  and 4.41=n . 

[2 marks] 

(g) Consideration of graph or table of 
20 

 
 

n

n
 including values either side of 7 (M1) 

Maximum occurs when 7=n A1 

(20) =P  
720 1550 (1554.260...)

7
  = 
 

A1 

Note:  Award (M1)A0A1 for 7.36=n  and (20) 1570=P . 

[3 marks] 
continued… 
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Question 2 continued 

(h) EITHER

( )ln( ( )) ln( ) ln= −g x x S x M1 

attempt to use implicit differentiation and product rule M1M1 

( ) 1ln ln
( )
′

= − −
g x S x x
g x x

A1 

OR 
attempt to use implicit differentiation, product rule and chain rule M1M1M1 

2
( ) ln
( )
′ − = + × 

 
g x S x Sx
g x x S x

A1 

OR 

attempt to make equation explicit to ( )
ln

e
Sx
xg x

 
 
 = M1 

attempt to use product rule and chain rule M1M1 

( ) ( )
ln

2e ln
Sx
x x Sg x x Sx

S x

 
  −    ′ = × × − +     

ln
e ln 1

Sx
x S

x

 
 
    = −    

A1 

THEN 

( ) ln 1 ( ) ′ = − 
 

Sg x g x
x

 

( ) 0≠g x

( ) 0 ln 1 0′ = ⇒ − =
Sg x
x

 M1 

(0.368 , 0.36789... )
e

=
Sx S S  A1 

[6 marks] 
continued… 
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Question 2 continued 

(i) ( )ln ( ) ln  =  
 

Sg x x
x

( )ln ( ) ln  ⇒ =  
 

xSg x
x

M1 

( )
xSg x

x
 =  
 

A1 

( )xM S=  for x +∈ AG 

[2 marks] 

(j) 
100 36.8

e
= M1 

36
15100 9.3996... 10

36
  = × 
 

  AND  
37

15100 9.47406... 10
37

  = × 
 

R1 

largest possible product is 15 159.47 10 (9.47406... 10 )× ×  A1 

Note:  Award A1 independently of the R1 (but not independently of the M1). 

[3 marks] 
Total [30 marks] 
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 
their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if this

working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part.

Examples: 

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 
1. 

8 2
5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 
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2. 35
72

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should 
be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when
candidates fail to complete a “show that” question correctly, and then in subsequent parts use
their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate 
that this has been a misread and do not award the first mark, even if this is an M mark, but award 
all others as appropriate. 
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• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy
than given in the question, this is NOT a misread and full marks may be scored in the subsequent
part.

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

7 Alternative forms 
Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

8 Format and accuracy of answers 

Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25
4

 should be written as 5
2

.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 10
4

may be left in this form or 

written as 5
2

. However, 10
5

 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 
simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 
do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

9 Calculators 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit
note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply
appropriate discretion to judge which is “first”.
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1. (a) EITHER

( )( )2 1 1 1
2n
nS n= × + − × A1 

OR 

1 1u =  and either nu n=  or 1d =  stated explicitly A1 

OR 
1 2 ... n+ + +  (or equivalent) stated explicitly A1 

THEN 

( )1
2n
nS n= + AG 

Note:  Award A0 for a numerical verification. 

[1 mark] 

(b) (i) 14 A1 
[1 mark] 

(ii) 1 2 3    1a a a+ + =  A1 

1 2 32  4  8 5a a a+ + = A1 

1 2 33  9  27 14a a a+ + = A1 

Note:  For the third A mark, award A1FT for 1 2 33  9  27a a a p+ + =  where p  is 
their answer to part (b) (i). 

[3 marks] 
continued... 
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Question 1 continued 

(iii) 1
1   ( 0.166666... 0.167)
6

a = = ≈ , 2
1  ( 0.5)
2

a = = , 

3
1 ( 0.333333... 0.333)
3

a = = ≈ A2 

Note:  Award A1 if only two of 1 2 3, ,a a a  are correct. 

Only award FT if three linear equations, each in 1 2,a a  and 3a  are stated 
in part (b) (ii) or (iii). 
Award A2FT for their 1 2,a a  and 3a . 

Award A1FT for their 1 2,a a  and 3 0a = . 

[2 marks] 

(c) ( ) 2 11  2  3 ...  nf x x x nx −′ = + + + + A1 

Note:  Award A1 for ( ) 1

1

n
i

i
f x ix −

=

′ = ∑ .

( ) 2 3     2 3 ... nx f x x x x nx⇒ = + +′ + + AG 

[1 mark] 
continued... 
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Question 1 continued 

(d) (i) METHOD 1

( ) ( )2 1f x xf x′=

( ) ( )( )12 2 2 2 2
1

2 21  1 4 9 .( ) 1 2   3 .. ... n nxf x x x n x n xx − −′ = + + + + = + + + + A1 

Note:  Award A1 for 

( )( ) ( )( )( )12 2 2 2 2 21 2
1( ) 1 2   3 .  1 4 9 . ... . nnx xf x x x x n x x x n x− −′ = + + = + ++ + + +

. 

( ) ( ) ( )( )2 2 2 2 3 2 2 3 2
1' 1  2 3 ...  4 9 ... n nxf x x x x n x x x x n x= + + + + = + + + + A1 

Note:  Award A1 for 2 1
1

1
( )

n
i

i
f x i x −

=

′ =∑  and A1 for 2 1
1

1
( )

n
i

i
xf x x i x −

=

′ = ∑ . 

The second A1 is dependent on the first A1. 
Award a maximum of A0A1 if a general term is not considered. 

2

1

n
i

i
i x

=

=∑ AG 

METHOD 2 

( ) ( )( )2
d
d

f x x xf x
x

′=

( ) ( )( ) ( ) ( )( )2 x f x xf x xf x x f x′ ′′ ′ ′′= + = + A1 

( )1 2 2

1 1
1

n n
i i

i i
x ix x i i x− −

= =

= + −∑ ∑

( ) ( )2

1 1 1
1  

n n n
i i i

i i i
ix i i x i i i x

= = =

 
= + − = + − 

 
∑ ∑ ∑  A1 

2

1

n
i

i
i x

=

=∑ AG 

[2 marks] 
continued... 
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Question 1 continued 

(ii) consider 1q =

( ) 2
1 2 ... nf x x x nx= + + +  (reference to part (c)) and ( )1

1

n
i

i
f x ix

=

=∑ R1 

assume true for q k= , ( ( )
1

n
k i

k
i

f x i x
=

=∑ ) M1 

Note:  Do not award M1 for statements such as “let q k= ” or “ q k=  is true”. 
Subsequent marks after this M1 are independent of this mark and can be 
awarded. 

consider 1q k= +  

( )1 ( )k kf x xf x+ ′= M1 

1 1

1

n
k i

i
x i x+ −

=

= ∑   OR  1 1 2 1 1(1 2 3 ... )k k k nx x x n x+ + + −+ + + +  A1 

Note:  Award the above M1 if ( ) 1 1

1
1

n

i
k

k if x i xx+
+ −

=

= ∑  or 1 1

1
( )

n
k

k
i

i
xx i xf x + −

=

′ = ∑  (or 

equivalent) is stated. 

1

1

n
k i

i
i x+

=

=∑  OR  1 2 1 3 12 3 ...k k k nx x x n x+ + ++ + + + A1 

since true for 1q =  and true for 1q k= +  if true for q k= , hence true for all 
( )q +∈  R1 

Note:  To obtain the final R1, three of the previous five marks must have been 
awarded. 

[6 marks] 

(iii) ( )1 1  2 3 ...  q q q q
qf n= + + + +

1 1

  1 
n n

i q

i

q

i

i i
= =

 
= 


=


∑ ∑ A1 

[1 mark] 
continued... 
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Question 1 continued 

(e) uses 
( )1 1

1

n

n

u r
S

r
−

=
−

 with r x=  and 1 1u =  M1 

clear indication there are ( )1n +  terms R1 

1 1( )
1

nxf x
x

+ −
=

−
AG 

[2 marks] 

(f) METHOD 1

1( ) ( )f x xf x′=

( )( ) ( )
( )

1  

2

1 1 1 1
 

1

n nx n x x
x

x

+− + − × −
=

−
M1A1 

Note:  Award M1 for attempting to use the quotient or the product rule to find 
( )f x′ . 

( ) ( )
( ) ( )

1   1

2 2

1 1 1  
1 1

n n n n nnx x n x x nx nx xx x
x x

+ + + − − − − − − +
 = =
 − − 

A1 

Note:  Award A1 for any correct manipulation of the derivative that leads to the 
AG. 

( )
( )

2 1

2

1   
1

n nnx n x x
x

+ +− + +
=

−
AG 

METHOD 2 

attempts to form ( ) ( )11x f x−
M1 

( ) ( ) ( )1 2 3
11 ...n nx f x nx x x x x+− = − + + + +

( )
1

1
1

1 1 1
1 1

n
n xf x nx

x x

+
+  −

= − −  − −  
A1 

( ) ( )1 1 2 1 1

1

11 1
1 1 1 1

n n n n nnx x x x nx nx x xf x
x x x x

+ + + + +   − − +  − − +
= =    − − − −   

 A1 

Note:  Award A1 for any correct manipulation of the derivative that leads to the 
AG. 
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( ) ( )
( )

2 1

1 2

1
1

n nnx n x x
f x

x

+ +− + +
=

−
AG 

[3 marks] 

(g) (i)
( )

11

1 1
lim ( 0)

0 0x

n n
f x

→

 
 = =


− +



+
R1 

Note:  Only award R1 for sufficient simplification of the numerator, for example, 
as shown above. 
Do not award R1 if 

1
lim
x→

 is not referred to or stated. 

[1 mark] 
continued... 
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Question 1 continued 

(ii) attempts to differentiate both the numerator and the denominator M1 

( ) ( )
( )

21

1

2   1   1
lim

2 1

n n

x

n n x n x
x

+

→

+ − + +
−

A1 

Note:  Award A1 for ( ) ( ) ( ) ( )
( )

1

1

2 1   1 1 
lim

2 1

n n n

x

n n x n n x n x
x

+

→

 + + − + +
 −

−



. This form 

can be used in subsequent work. 

(l’Hôpital’s rule applies again since) 
( ) ( )

( )

21

1

2   1   1 
l

0
m 0i

2 1

n n

x

n n x n x
x

+

→

+ − + +
=

−
R1 

Note:  Do not award R1 if 
1

lim
x→

 is not referred to or stated. 

Subsequent marks are independent of this R mark. 

attempts to differentiate both the numerator and the denominator M1 

( )( ) ( )2 1

1

2 1   1  
lim

2

n n

x

n n n x n n x −

→

+ + − +

( )( ) ( ) ( )2 3 2 3 23 2 22 1   1  
 

2 2
n n n n n nn n n n n  + + − + ++ + − +

 = =
 
 

( ) ( ) ( )( ) 21 2 1
 

2 2
n n n n n n+ + − +  +

= = 
 

A1 

( )1 1
2

n n= + AG 

[5 marks] 
Total [28 marks] 
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2. (a) EITHER
3 3

2

0 0

2 2 1 2 d  4 5 dA x x x x
 

= π + = π 
 

∫ ∫ (A1) 

( )( )232

0

2 2 5  2π 5  3 0x = =π −  A1 

OR 
2

2

0

2
22 1   2 

2
π 1

2

h
xA mm hmm

 
= 

  
+ = +    

π 





 (A1) 

( ) ( )
22

0

3
3 22 π 22 5  

2 2
5 x   

=   
 

= π 
  




 A1 

THEN 

18 5= π  AG 

[2 marks] 

(b) (i) r mh= A1 

[1 mark] 

(ii) 2 2l h r= + (M1) 

2 2 2 2  ( 1 )l h h m h m= + = +  A1 

[2 marks] 
continued... 
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Question 2 continued 

(iii) 2

0

2 1  d
h

A mx m x= π +∫ (A1) 

= 2 2

0

12 1
2

h

m m x π +   
(M1) 

Note:  Award (M1) for ( ) 2 2

0

11
2

h

c m m x π +   
. 

At least one of the above two lines needs to be seen. 

( )( )2 2 2 2 21h m m hm h h m= π + = π × + A1 

rl= π AG 

Note:  Award as above if 21l m
h
= + is used, for example.

[3 marks] 

(c) METHOD 1
attempts to use the chain rule (M1) 

Note:  Award (M1) for ( ) ( )
1

2 2 2d
d
y c x r x
x

−
= − .

( ) ( ) ( )
1 1

2 2 2 22 2d 1    2
d 2
y r x x x r x
x

− − 
 = = −


− −


− A1 

METHOD 2 

attempts implicit differentiation on 2 2 2y r x= −  (or equivalent) (M1) 

d
d
y x
x y
= − A1 

[2 marks] 
continued... 
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Question 2 continued 

(d) EITHER

attempts to substitute 2 2y r x= −  and their d
d
y
x

 into A  (M1) 

( )
21

2 2 2 2 22π 1 d
r

r

A r x x r x x
−

−

 
= − + − − 

 
∫

2
2 2

2 22π 1 d
r

r

xr x x
r x−

= − +
−∫ A1 

OR 

attempts to substitute y  and their d
d
y
x

 in terms of x  and y  into A  (M1) 

2

2π 1 d
r

r

xA y x
y−

 
= + − 

 
∫

2
2 2

22π 1 d  2π d
r r

r r

xy x x y x
y− −

 
= + = + 

 
∫ ∫ A1 

THEN 
attempts to perform valid algebraic simplification to form a definite integral in 
terms of r  only M1 

2π d
r

r

r x
−

= ∫

[ ] ( )( )( ) 2 2πr

r
r r rr x

−
=π − −= A1 

24 rπ= AG 

Note:  Award marks as above for ( )
21

2 2 2 2 2

0

4π 1 d
r

A r x x r x x
− 

= − + − − 
 

∫ . 

[4 marks] 
continued... 



– 17 – N22/5/MATHX/HP3/ENG/TZ0/XX/M 

Question 2 continued 

(e) (i) EITHER
horizontal stretch A1 

factor 
1
k

A1 

OR 
horizontal compression  A1 

factor k  (invariant line -y axis) A1 

Note: Award A1A1 as above for correct alternative descriptions. 

For example, dilation by a factor of 1
k

 from the -y axis.

[2 marks] 

(ii)
r
k

± A1 

Note:  Award A0 for 
r
k

 only and A0 for 
r
k

− only.

[1 mark] 
continued... 
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Question 2 continued 

(iii) METHOD 1
attempts to use the chain rule (M1) 

( )( ) ( ) ( )( )
1 1

2 22 2 22 2

2 2 2

2
2d 1

d 2
2  y r kx k x r kx k xk x

x r k x

− −

= −
  −

× − =   − 
−


= −  A1 

METHOD 2 

attempts implicit differentiation on 2 2 2 2y r k x= −  (or equivalent) (M1) 
2d

d
y k x
x y
= −

2

2 2 2

d
d
y k x
x r k x

−
=

−
A1 

[2 marks] 
continued... 
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Question 2 continued 

(iv) EITHER

4 2
2 2 2

2 2 22π 1  d

r
k

r
k

k xA r k x x
r k x

−

= − +
−∫ (A1) 

Note:  Award (A1) for the correct substitution of y  and 
d
d
y
x

. 

attempts to simplify to find ( )p x , eg. forming a common denominator of 
2 2 2r k x−  and then cancelling 2 2 2r k x− (M1) 

OR 

22 4 2

22π 1  d  2π 1  d

r r
k k

r r
k k

k x k xA y x y x
y y

− −

 
   = + − = +   
   

 
∫ ∫ (A1) 

Note:  Award (A1) for the correct substitution of 
d
d
y
x

. 

attempts to simplify to find ( )p x , eg. forming a common denominator of 2y
and cancelling 2y  (M1) 

THEN 

( )42 2 2 4 2 2 222π d  2π d

r r
k k

r r
k k

r k kr k x k x x x x
− −

 
 = − + = 
 

+

 

−∫ ∫ A1A1 

Note: Award A1 for correct limits (seen anywhere) and A1 for ( )p x  correct.

The above A1 for correct limits is independent of the (M1). 

[4 marks] 
continued... 
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Question 2 continued 

(v) ( )6378 kmr = (A1) 

6378 21261.00330...
6357 2119

k  = = = 
 

(A1) 

attempts to form a definite integral for surface area (M1) 
2 46357

2 2 2

6357

6378 63782π 6378 d
6357 6357

x x x
−

   = − +   
   ∫  

510064226.3...=   

( )8 25.101 10 km= × A1 

Note:  Award A0A1FT(M1)A0 for using ( )6357 kmr =  and 0.996707...k =

leading to an answer of ( )8 25.089 10 km× .

[4 marks] 
Total [27 marks] 
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, 
for their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,

and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the

preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for

an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for

using the correct values.

• Where there are two or more A marks on the same line, they may be awarded

independently; so if the first value is incorrect, but the next two are correct, award

A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a

note.

• The response to a “show that” question does not need to restate the AG line, unless a

Note makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even
if this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used
in a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second
part. In this situation, award FT marks as appropriate but do not award the final A1 in the
first part.
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Examples: 

Correct 
answer 
seen 

Further 
working seen 

Any FT issues? Action 

1. 

8 2

5.65685...

(incorrect 
decimal value) 

No. 
Last part in 
question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 

(incorrect 
decimal value) 

Yes. 
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is 
seen or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a 
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in 
part (d) or incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, 
there must be working present and not just a final answer based on an incorrect answer 
to a previous part. However, if all the marks awarded in a subsequent part are for the answer 
or are implied, then FT marks should be awarded for their correct answer, even when 
working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, 
where the markscheme for the subsequent part is (M1)A1, it is possible to award full marks 
for their correct answer, without working being seen. For longer questions where all but 
the answer marks are implied this rule applies but may be overwritten by a Note in the 
Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for

work which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award

fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified

version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-

integer value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates

may be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the

question, it is not appropriate to award any FT marks in the subsequent parts.  This
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includes when candidates fail to complete a “show that” question correctly, and then in 

subsequent parts use their incorrect answer rather than the given value. 

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR 
stamp to indicate that this has been a misread and do not award the first mark, even if this 
is an M mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award

fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-

integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of

accuracy than given in the question, this is NOT a misread and full marks may be scored

in the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and

incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,

METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for

example 1.9 and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and

intermediate A marks can be scored, when presented using calculator notation, provided

the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written

in brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all

equivalent notations/answers/methods will be presented in the markscheme and

examiners are asked to apply appropriate discretion to judge if the candidate work is

equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general 
rule applies to final answers: unless otherwise stated in the question all numerical answers 
must be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts. 
The markscheme will often explicitly include the subsequent values that come “from the use 
of 3 sf values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 

multiplication, e.g. 
2 34e ex x should be simplified to 

54e x
, and 

2 3 44e e e ex x x x −  should be 

simplified to 
53e x

.  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x+  and 
2x x+ are both acceptable.

Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 

A GDC is required for this paper, but If you see work that suggests a candidate has used 
any calculator not approved for IB DP examinations (eg CAS enabled devices), please follow 
the procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution:  Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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1. (a) (i)

approximately symmetric about the x-axis graph of 
2 3y x= A1 

including cusp/sharp point at (0, 0) A1 

[2 marks] 

(ii) approximately symmetric about the x-axis graph of 
2 3 1y x= + with 

approximately correct gradient at axes intercepts A1 

some indication of position of intersections at 1, 1x y= − =   A1 

[2 marks] 

Note:  Final A1 can be awarded if intersections are in approximate correct place 
with respect to the axes shown. Award A1A1A1A0 if graphs ‘merge’ or 

‘cross’ or are discontinuous at x-axis but are otherwise correct. Award 

A1A0A0A0 if only one correct branch of both curves are seen. 

Note: If they sketch graphs on separate axes, award a maximum of 2 marks for 
the ‘best’ response seen. This is likely to be A1A1A0A0. 

continued… 
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Question 1 continued 

(b) (i) (0, 1) and (0, 1)− A1 

[1 mark] 

(ii) Any two from:

2 3y x=  has a cusp/sharp point, (the other does not)

graphs have different domains

2 3 1y x= + has points of inflexion, (the other does not) 

graphs have different x-axis intercepts (one goes through the origin, and the 

other does not) 

graphs have different y-axis intercepts A1 

Note:  Follow through from their sketch in part (a)(i). In accordance with marking 
rules, mark their first two responses and ignore any subsequent. 

[1 mark] 

continued… 



– 10 – M22/5/MATHX/HP3/ENG/TZ2/XX/M 

Question 1 continued 

(c) Any two from:

as ,  x y→ →  

as x → , 
2 3y x b= + is approximated by 

2 3y x=  (or similar) 

they have x  intercepts at 3x b= −

they have y  intercepts at ( )y b=    

they all have the same range 

0y = (or x -axis) is a line of symmetry 

they all have the same line of symmetry ( )0y =

they have one x -axis intercept

they have two y -axis intercepts 

they have two points of inflexion

at x -axis intercepts, curve is vertical/infinite gradient

there is no cusp/sharp point at x -axis intercepts A1A1 

Note:  The last example is the only valid answer for things “not” present. Do not 
credit an answer of “they are all symmetrical” without some reference to 
the line of symmetry. 

Note:  Do not allow same/ similar shape or equivalent. 

Note: In accordance with marking rules, mark their first two responses and ignore 
any subsequent. 

[2 marks] 

continued… 
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Question 1 continued 

(d) (i) METHOD 1 

attempt to differentiate implicitly M1 

2d
2 3 1

d

y
y x

x
= + A1 

2d 3 1

d 2

y x

x y

+
=   OR  

3 2d
( )2 3 1

d

y
x x x

x
 + = + A1 

2

3

d 3 1

d 2

y x

x x x

+
= 

+
AG 

METHOD 2 

attempt to use chain rule 
3( )y x x=  + M1 

1
3 22

d 1
( ) ( ) (3 1)

d 2

y
x x x

x

−

=  + + A1A1 

Note:  Award A1 for 

1
3 2

1
( ) ( )

2
x x

−

 + , A1 for 
2(3 1)x + . 

2

3

d 3 1

d 2

y x

x x x

+
= 

+
AG 

[3 marks] 

(ii) EITHER

local minima/maxima occur when 
d

0
d

y

x
=

21 3 0x+ = has no (real) solutions (or equivalent) R1 

OR 

( )2 0x    
23 1 0x +  , so 

d
0

d

y

x
 R1 

THEN 

so, no local minima/maxima exist AG 

[1 mark] 

continued… 
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Question 1 continued 

(e) EITHER

attempt to use quotient rule to find 
2

2

d

d

y

x
M1 

( )

1
2 3 2 3 22

2 3

d 12 (1 3 )( ) (1 3 )

d 4( )

y x x x x x x x

x x x

−

+ − + + +
= 

+
A1A1 

Note:  Award A1 for correct 
312x x x+ and correct denominator, A1 for correct

1
2 3 22(1 3 )( ) (1 3 )x x x x

−

− + + + . 

Note: Future A marks may be awarded if the denominator is missing or incorrect. 

stating or using 
2

2

d
0

d

y

x
= (may be seen anywhere) (M1) 

1
3 2 3 2212 (1 3 )( ) (1 3 )x x x x x x x

−

+ = + + +

OR 

attempt to use product rule to find 
2

2

d

d

y

x
M1 

( ) ( )( ) ( )
3 12

2 2 3 32 2
2

d 1 1
3 1 3 1 3

d 2 2

y
x x x x x x x

x

− − 
= + − + + + + 

 
A1A1 

Note:  Award A1 for correct first term, A1 for correct second term. 

setting 
2

2

d
0

d

y

x
= (M1) 

continued… 
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Question 1 continued 

OR 

attempts implicit differentiation on 
2d

2 3 1
d

y
y x

x
= + M1 

2 2

2

d d
2 2 6

d d

y y
y x

x x

 
+ = 

 
A1 

recognizes that 
2

2

d
0

d

y

x
= (M1) 

d
3

d

y
x

x
= 

( ) ( )
2

3

3 1
3

2

x
x

x x

+
 = 

+
(A1) 

THEN 

3 2 212 ( ) (1 3 )x x x x+ = +

2 4 4 212 12 9 6 1x x x x+ = + +

4 23 6 1 0x x+ − = A1 

attempt to use quadratic formula or equivalent (M1) 

2 6 48

6
x

− 
=

( )
2 3 3

0
3

x x
−

  = ( )2, 3, 3p q r= = − = A1 

Note:  Accept any integer multiple of p, q and r (e.g. 4, 6− and 6). 

[7 marks] 

continued… 
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Question 1 continued 

(f) (i) attempt to find tangent line through ( )1, 1− − (M1) 

3
1 ( 1)

2
y x+ = − + OR 1.5 2.5y x= − − A1 

[2 marks] 

(ii) attempt to solve simultaneously with
2 3 2y x= + (M1) 

Note:  The M1 mark can be awarded for an unsupported correct answer in an 

incorrect format (e.g. (4.25, -8.875)). 

obtain 
17 71

,
4 8

 
− 

 
A1 

[2 marks] 

continued… 
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Question 1 continued 

(g) attempt to find equation of  QS (M1) 

( )
1 79

1.88095
1 42

y

x

−
= − = −

+
(A1) 

solve simultaneously with 
2 3 2y x= + (M1) 

127
0.28798

441
x

 
= = 

 
A1 

13175
1.4226

9261
y

 
= − = 

 
A1 

( )0.288, 1.42−

OR 

attempt to find vector equation of  QS (M1) 

21
4

79
8

1

1

x

y


−     
= +     

−     
(A1) 

21
1

4
x = − +

79
1

8
y = −

attempt to solve 

2 3
79 21

1 1 2
8 4
 

   
− = − + +   

   
(M1) 

0.2453 =

127
0.28798

441
x

 
= = 

 
A1 

13175
1.4226

9261
y

 
= − = 

 
A1 

( )0.288, 1.42−

[5 marks] 

[Total 28 marks] 
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2. (a) attempt to expand ( )( )( )x x x  − − −  M1 

( )2 ( ) ( )x x x   = − + + − OR  ( )2( ) ( )x x x   = − − + + A1 

( )3 2 3 2( ) ( )x px qx r x x x      + + + = − + + + + + − A1 

comparing coefficients: 

( )p   = − + + AG 

( )q   = + + AG 

r = − AG 

Note: For candidates who do not include the AG lines award full marks. 

[3 marks] 

(b) (i)
2 22 ( ) 2( )p q      − = + + − + + (A1) 

attempt to expand 
2( )  + + (M1) 

2 2 2 2( ) 2( )        = + + + + + − + + or equivalent A1 

2 2 2  = + + AG 

Note:  Accept equivalent working from RHS to LHS. 

[3 marks] 

continued… 
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Question 2 continued 

(ii) EITHER

attempt to expand 
2 2 2( ) ( ) ( )     − + − + − (M1) 

( ) ( ) ( )2 2 2 2 2 22 2 2        = + − + + − + + − A1 

2 2 22( ) 2( )     = + + − + +

( )22 2 2p q q= − − or equivalent A1 

22 6p q= − AG 

OR  

attempt to write 
22 6p q− in terms of , ,   (M1) 

( )22 2 2p q q= − −  

2 2 22( ) 2( )     = + + − + + A1 

( ) ( ) ( )2 2 2 2 2 22 2 2        = + − + + − + + − A1 

2 2 2( ) ( ) ( )     = − + − + − AG 

Note:  Accept equivalent working where LHS and RHS are expanded to identical 
expressions. 

[3 marks] 

continued… 
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Question 2 continued 

(c)
2 23 2 6 0p q p q  − 

2 2 2( ) ( ) ( ) 0      − + − + −  A1 

if all roots were real 
2 2 2( ) ( ) ( ) 0     − + − + −  R1 

Note:  Condone strict inequality in the R1 line. 

Note:  Do not award A0R1. 

 roots cannot all be real AG 

[2 marks] 

(d) 
2 2( 7) 49p = − = and 3 51q = A1 

so 
2 3p q    the equation has at least one complex root R1 

Note: Allow equivalent comparisons; e.g. checking 
22 6p q

[2 marks] 

(e) (i) use of GDC (eg graphs or tables) (M1) 

12q =   A1 

[2 marks] 

(ii) complex roots appear in conjugate pairs (so if complex roots occur the
other root will be real OR all 3 roots will be real).
OR
a cubic curve always crosses the x -axis at at least one point. R1 

[1 mark] 

continued… 
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Question 2 continued 

(f) (i) attempt to expand 
2( )   + + +  (M1) 

2 2 2 2 2( ) 2( )             + + + = + + + + + + + + +  

(A1) 

2 2 2 2 2( ) 2( )              + + + = + + + − + + + + +

( )2 2 2 2 2 2p q    + + + = − A1 

[3 marks] 

(ii) 
2 2p q OR 

2 2 0p q−  A1 

Note: Allow FT on their result from part (f)(i). 

[1 mark] 

(g) 4 6 OR 
22 2 3 0−    R1 

hence there is at least one complex root. AG 

Note: Allow FT from part (f)(ii) for the R mark provided numerical reasoning 
is seen. 

[1 mark] 

continued… 
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Question 2 continued 

(h) (i) ( )2 2p q ( )81 2 24  (so) nothing can be deduced R1 

Note: Do not allow FT for the R mark. 

[1 mark] 

(ii) 1− A1 

[1 mark] 

(iii) attempt to express as a product of a linear and cubic factor M1 

3 2( 1)( 10 34 12)x x x x+ − + −  A1A1 

Note:  Award A1 for each factor. Award at most A1A0 if not written as a product. 

since for the cubic, 
2 3 (100 102)p q   R1 

there is at least one complex root AG 

[4 marks] 

[Total: 27 marks] 
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, 
for their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,

and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the

preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for

an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for

using the correct values.

• Where there are two or more A marks on the same line, they may be awarded

independently; so if the first value is incorrect, but the next two are correct, award

A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a

note.

• The response to a “show that” question does not need to restate the AG line, unless a

Note makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even
if this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used
in a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second
part. In this situation, award FT marks as appropriate but do not award the final A1 in the
first part.
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Examples: 

Correct 
answer 
seen 

Further 
working seen 

Any FT issues? Action 

1. 

8 2

5.65685...

(incorrect 
decimal value) 

No. 
Last part in 
question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 

(incorrect 
decimal value) 

Yes. 
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is 
seen or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a 
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in 
part (d) or incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, 
there must be working present and not just a final answer based on an incorrect answer 
to a previous part. However, if all the marks awarded in a subsequent part are for the answer 
or are implied, then FT marks should be awarded for their correct answer, even when 
working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, 
where the markscheme for the subsequent part is (M1)A1, it is possible to award full marks 
for their correct answer, without working being seen. For longer questions where all but 
the answer marks are implied this rule applies but may be overwritten by a Note in the 
Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for

work which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award

fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified

version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-

integer value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates

may be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the

question, it is not appropriate to award any FT marks in the subsequent parts.  This
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includes when candidates fail to complete a “show that” question correctly, and then in 

subsequent parts use their incorrect answer rather than the given value. 

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR 
stamp to indicate that this has been a misread and do not award the first mark, even if this 
is an M mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award

fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-

integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of

accuracy than given in the question, this is NOT a misread and full marks may be scored

in the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and

incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,

METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for

example 1.9 and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and

intermediate A marks can be scored, when presented using calculator notation, provided

the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written

in brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all

equivalent notations/answers/methods will be presented in the markscheme and

examiners are asked to apply appropriate discretion to judge if the candidate work is

equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general 
rule applies to final answers: unless otherwise stated in the question all numerical answers 
must be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts. 
The markscheme will often explicitly include the subsequent values that come “from the use 
of 3 sf values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 

multiplication, e.g. 
2 34e ex x should be simplified to 

54e x
, and 

2 3 44e e e ex x x x −  should be 

simplified to 
53e x

.  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x+  and 
2x x+ are both acceptable.

Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 

A GDC is required for this paper, but If you see work that suggests a candidate has used 
any calculator not approved for IB DP examinations (eg CAS enabled devices), please follow 
the procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution:  Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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1. (a) (i) 

2

3

(3 2) (3 4)
( )

2

n n
P n

− − −
= OR ( )

( )2

3
2

n n
P n

− −
= A1 

2

3 ( )
2

n n
P n

+
= A1 

Note: Award A0A1 if ( )
2

3
2

n n
P n

+
=  only is seen. 

Do not award any marks for numerical verification. 

so for triangular numbers, 3

( 1)
( )

2

n n
P n

+
= AG 

[2 marks] 

(ii) METHOD 1

uses a table of values to find a positive integer that satisfies 3( ) 351P n =  (M1) 

for example, a list showing at least 3 consecutive terms ( )325, 351, 378 
 

Note: Award (M1) for use of a GDC’s numerical solve or graph feature. 

26n =  (  triangular number) A1 

Note: Award A0 for 27,26n = − . Award A0 if additional solutions besides 

26n = are given. 

METHOD 2 

attempts to solve ( )2( 1)
351 702 0

2

n n
n n

+
= + − =  for n (M1) 

( )( )21 1 4 1 702

2
n

−  − −
= OR ( )( )26 27 0n n− + =

26n = (  triangular number) A1 

Note: Award A0 for 27,26n = − . Award A0 if additional solutions besides 26n =

are given. 

[2 marks] 

continued… 

26th

26th
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Question 1 continued 

(b) (i) attempts to form an expression for 3 3( ) ( 1)P n P n+ + in terms of n M1 

EITHER 

3 3

( 1) ( 1) ( 2)
( ) ( 1)

2 2

n n n n
P n P n

+ + +
+ +  +

( 1)(2 2) 2( 1)( 1)
 

2 2

n n n n+ + + + 
  

 
A1 

OR 

( )
22

3 3

1 1
( ) ( 1)

2 2 2 2

nn n n
P n P n

 +  +
+ +  + + +       

( )
2 2

22 1 1
 2 1

2 2

n n n n n
n n

   + + + + +
 +  + +   
   

A1 

THEN 

2( 1)n + AG 

[2 marks] 

(ii) the sum of the thn  and ( 1) thn+  triangular numbers 

is the ( 1) thn+  square number A1 

[1 mark] 

continued… 
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Question 1 continued 

(iii) 

X X X X X

O X X X X

O O X X X

O O O X X

O O O O X

A1 

Note:  Accept equivalent single diagrams, such as the one above, where the 4th 

and 5th triangular numbers and the 5th square number are clearly shown. 

Award A1 for a diagram that show ( )3 4P  (a triangle with 10  dots) and 

( )3 5P (a triangle with 15  dots) and ( )4 5P  ( a square with 25  dots).

[1 mark] 

continued… 
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Question 1 continued 

(c) METHOD 1

( )
( )

( )( )3

1
8 1 8 1 4 1 1

2

n n
P n n n

+ 
+ = + = + + 

 
A1 

attempts to expand their expression for ( )38 1P n +  (M1) 

24 4 1n n= + +

2(2 1)n= + A1 

and 2 1n+ is odd AG 

METHOD 2 

( ) ( ) ( )( ) ( )
( )( )2 2

3 3

1 2
8 1 8 1 1 1 8 1 1

2

n n
P n n P n n

 + + 
+ = + − + + = + − +   

  
A1 

attempts to expand their expression for ( )38 1P n + (M1) 

( ) ( ) ( )2 2 28 2 1 4 3 2 1 4 4 1n n n n n n+ + − + + + = + +

 A1 

and 2 1n+  is odd AG 

continued… 

2(2 1)n= +
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Question 1 continued 

METHOD 3 

( )
( )

( )( )2

3

1
8 1 8 1 

2

n n
P n An B

+ 
+ = + = + 

 
 (where ,A B + ) A1 

attempts to expand their expression for ( )38 1P n +  (M1) 

( )2 2 2 24 4 1 2n n A n ABn B+ + = + +

now equates coefficients and obtains 1B =  and 2A =

2(2 1)n= + A1 

and 2 1n+ is odd AG 

[3 marks] 

continued… 
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Question 1 continued 

(d) EITHER

1 1u =  and 3d =  (A1) 

substitutes their 1u and their d  into ( )5 1( ) 2 ( 1)
2

n
P n u n d= + − M1 

( )5( ) 2 3( 1) (2 3 3)
2 2

n n
P n n n

 
= + − = + − 

 
A1 

OR 

1 1u = and 3 2nu n= − (A1) 

substitutes their 1u and their nu into 5 1( ) ( )
2

n

n
P n u u= + M1 

5 ( ) (1 3 2)
2

n
P n n= + − A1 

OR 

( ) ( )( ) ( )( ) ( )( )5 3 1 2 3 2 2 3 3 2 ... 3 2P n n= − + − + − + + −

( ) ( ) ( ) ( )( ) ( )( )5 3 1 3 2 3 3 ... 3 2  3 1 2 3 ... 2P n n n n n= + + + + − = + + + + − (A1) 

substitutes 
( )1

2

n n+
into their expression for ( )5P n M1 

( )
( )

5

1
3 2

2

n n
P n n

+ 
= − 

 
 

( ) ( )( )5 3 1 4
2

n
P n n= + − A1 

OR 

attempts to find the arithmetic mean of n  terms (M1) 

( )1 3 2

2

n+ −
= A1 

multiplies the above expression by the number of terms n

( ) ( )5 1 3 2
2

n
P n n= + − A1 

THEN 

so 5

(3 1)
( )

2

n n
P n

−
= AG 

[3 marks] 

continued… 
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Question 1 continued 

(e) METHOD 1

forms a table of ( )3P n values that includes some values for 5n   (M1) 

forms a table of ( )5P m values that includes some values for 5m   (M1) 

Note:  Award (M1) if at least one value is correct. Award (M1) if at least 

one value is correct. Accept as above for ( )2n n+  values and 

( )23m m− values. 

20n =  for triangular numbers (A1) 

12m =  for pentagonal numbers (A1) 

Note:  Award (A1) if 20n =  is seen in or out of a table. Award (A1) if 12m =  is 

seen in or out of a table. Condone the use of the same parameter for 

  triangular numbers and pentagonal numbers, for example, 20n =  for 

  triangular numbers and 12n =  for pentagonal numbers. 

210 (is a triangular number and a pentagonal number) A1 

Note:  Award all five marks for 210  seen anywhere with or without working 

shown. 

continued… 

( )3P n

( )5P m
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Question 1 continued 

METHOD 2 

EITHER 

attempts to express 3 5( ) ( )P n P m=  as a quadratic in n (M1) 

( )( )2 23 0n n m m+ + − = (or equivalent)

attempts to solve their quadratic in n (M1) 

( )2 2
2 1 1 4 31 12 4 1

 
2 2

m mm m
n

 −  − −−  − +  = =
  
 

OR 

attempts to express 3 5( ) ( )P n P m=  as a quadratic in m (M1) 

( )( )2 23 0m m n n− − + = (or equivalent)

attempts to solve their quadratic in m  (M1) 

( ) ( )
2 2

2 1 1 121 12 12 1
 

6 6

n nn n
m

  − + + + +  = =
 
 
 

THEN 

20n = for triangular numbers (A1) 

12m = for pentagonal numbers (A1) 

210 (is a triangular number and a pentagonal number) A1 

continued… 
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Question 1 continued 

METHOD 3 

( 1) (3 1)

2 2

n n m m+ −
=

let n m k= +  ( n m ) and so 
23 ( )( 1)m m m k m k− = + + + M1 

( )2 22 2( 1) 0m k m k k− + − + = A1 

attempts to find the discriminant of their quadratic 

and recognises that this must be a perfect square M1 

2 24( 1) 8( )k k k = + + +

( )2 2 24( 1) 8( ) 4( 1)(3 1)N k k k k k= + + + = + +

determines that 8k =  leading to 
22 18 72 0 3,12m m m− − =  = −  and so 12m = A1 

210 (is a triangular number and a pentagonal number) A1 

METHOD 4 

( 1) (3 1)

2 2

n n m m+ −
=

let m n k= −  ( m n ) and so ( )( )2 ( ) 3 1n n n k n k+ = − − − M1 

( )2 22 2(3 1) 3 0n k n k k− + + + = A1 

attempts to find the discriminant of their quadratic 

and recognises that this must be a perfect square M1 

2 24(3 1) 8(3 )k k k = + − +

( )2 2 24(3 1) 8(3 ) 4( 1)(3 1)N k k k k k= + − + = + +

determines that 8k =  leading to 
22 50 200 0 5,20n n n− + =  =  and so 20n = A1 

210 (is a triangular number and a pentagonal number) A1 

[5 marks] 

continued… 
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Question 1 continued 

(f) 

Note:  Award a maximum of R1M0M0A1M1A1A1R0 for a ‘correct’ proof using n

and 1n+ . 

consider 1n = : ( ) ( )( )1 1 1 1 2 1rP r= + − − = and ( )
2( 2) (1 ) ( 4) (1)

1 1
2

r

r r
P

− − −
= =  

so true for 1n = R1 

Note:  Accept ( )1 1rP =  and . 

Do not accept one-sided considerations such as ‘ ( )1 1rP =  and so true for

1n = ’.

Subsequent marks after this R1 are independent of this mark can be 
awarded.

Assume true for n k= , ie. 
2( 2) ( 4)

( )
2

r

r k r k
P k

− − −
= M1 

Note:  Award M0 for statements such as “let n k= ”. The assumption of truth 

must be clear. 
Subsequent marks after this M1 are independent of this mark and can be 
awarded. 

( )
2( 2) (1 ) ( 4) (1)

1 1
2

r

r r
P

− − −
= =
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Consider 1n k= + : 

( ( 1)rP k + can be represented by the sum 

( )( )( ) ( )( )( ) ( )( )
1

1 1

1 1 2 1 1 2 1 2
k k

m m

m r m r k r
+

= =

+ − − = + − − + + −  and so

( )
2( 2) ( 4)

( 1) 1 ( 2)
2

r

r k r k
P k k r

− − −
+ = + + − ( )( )( 1) ( ) 1 ( 2)r rP k P k k r+ = + + − M1 

2( 2) ( 4) 2 2 ( 2)

2

r k r k k r− − − + + −
= A1 

2( 2) ( 2 ) ( 4) 2

2

r k k r k− + − − +
=

2( 2) ( 2 1) ( 2) ( 4) 2

2

r k k r r k− + + − − − − +
= M1 

2( 2) ( 1) ( 4) ( 4)

2

r k r k r− + − − − −
= (A1) 

2( 2) ( 1) ( 4) ( 1)

2

r k r k− + − − +
= A1 

hence true for 1n =  and n k=  true 1n k = +  true R1 

therefore true for all n +

Note:  Only award the final R1 if the first five marks have been awarded.  Award 
marks as appropriate for solutions that expand both the LHS and (given) 
RHS of the equation. 

[8 marks] 

Total [27 marks] 
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2. (a) (i) 4 i− A1 

[1 mark] 

(ii) mean ( )
1

4 i 4 i
2

= + + − A1 

4= AG 

[1 mark] 

(b) METHOD 1

attempts product rule differentiation (M1) 

Note:  Award (M1) for attempting to express ( )f x  as 
3 2( ) 9 25 17f x x x x= − + −

. 

( )2 2( ) ( 1)(2 8) 8 17 ( ) 3 18 25f x x x x x f x x x = − − + − + = − + A1 

(4) 1f  = A1 

Note:  Where ( )f x  is correct, award A1 for solving ( ) 1f x = and obtaining 

4x = . 

EITHER 

( )3 1 4y x− = − A1 

OR 

y x c= +

3 4 1c c= +  = −  A1 

OR 

states the gradient of 1y x= −  is also 1 and verifies that (4, 3)  lies on the

line 1y x= −  A1 

THEN 

so 1y x= −  is the tangent to the curve at A (4, 3) AG 

Note:  Award a maximum of (M0)A0A1A1 to a candidate who does not attempt 

to find ( )f x .

continued… 
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Question 2 continued 

METHOD 2 

sets ( ) 1f x x= − to form ( )( )21 1 8 17x x x x− = − − + (M1) 

EITHER 

( )( ) ( )2 3 21 8 16 0 9 24 16 0x x x x x x− − + = − + − = A1 

attempts to solve a correct cubic equation (M1) 

( )( )
2

1 4 0 1,4x x x− − =  =

OR 

recognises that 1x   and forms ( )2 28 17 1 8 16 0x x x x− + = − + = A1 

attempts to solve a correct quadratic equation (M1) 

( )
2

4 0 4x x− =  =

THEN 

4x = is a double root R1 

so 1y x= − is the tangent to the curve at A (4, 3) AG 

Note:  Candidates using this method are not required to verify that 3y = . 

[4 marks] 

continued… 
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Question 2 continued 

(c) 

a positive cubic with an -x intercept ( )1x = , and a local maximum and local 

minimum in the first quadrant both positioned to the left of A A1 

Note:  As the local minimum and point A  are very close to each other, condone 
graphs that seem to show these points coinciding. 

For the point of tangency, accept labels such as A , ( )4,3  or the point

labelled from both axes. Coordinates are not required. 

a correct sketch of the tangent passing through A  and crossing the x-axis at the 

same point ( 1x = ) as the curve  A1 

Note:  Award A1A0 if both graphs cross the -x axis at distinctly different points. 

[2 marks] 

continued… 
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Question 2 continued 

(d) (i) EITHER 

( ) ( )( ) 2 2 22 2 2g x x r x a x ax a b = − − + − + + (M1)A1 

OR 

( ) ( ) ( ) ( )3 2 2 2 2 22 2g x x a r x a b ar x a b r= − + + + + − +

attempts to find ( )g x M1 

( ) ( )2 2 23 2 2 2g x x a r x a b ar = − + + + +

( )2 2 2 22 2 2 2x a r x ar x ax a b= − + + + − + + A1 

( )( )2 2 2 22 2x ax rx ar x ax a b= − − + + − + +

THEN 

( ) ( )( ) 2 2 22 2g x x r x a x ax a b = − − + − + + AG 

[2 marks] 

continued… 
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Question 2 continued 

(ii) METHOD 1

( ) ( )2g a b a r= − (A1) 

( ) 2g a b = (A1) 

attempts to substitute their ( )g a  and ( )g a  into ( ) ( )( )y g a g a x a− = − M1 

( ) ( )2 2y b a r b x a− − = −

EITHER 

( ) ( )2 2 2 y b x r y b x b r= − = − A1 

sets 0y =  so ( )2 0b x r− = M1 

0b x r  = OR 0b x r  = R1 

OR 

sets 0y = so ( ) ( )2 2b a r b x a− − = − M1 

0b  OR 0b   ( )a r x a− − = − R1 

x r= A1 

THEN 

so the tangent intersects the -x axis at the point R ( , 0)r  AG 

continued… 
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Question 2 continued 

METHOD 2 

( ) 2g a b = (A1) 

( ) ( )2g a b a r= − (A1) 

attempts to substitute their ( )g a and ( )g a  into ( )y g a x c= + and attempts to find c

M1 

2c b r= −

EITHER 

( ) ( )2 2 2 y b x r y b x b r= − = − A1 

sets 0y = so ( )2 0b x r− =  M1 

0b x r  = OR 0b x r  = R1 

OR 

sets 0y = so ( )2 0b x r− =  M1 

0b  OR 0b   0x r − =  R1 

x r= A1 

METHOD 3 

( ) 2g a b = (A1) 

the line through R ( , 0)r  parallel to the tangent at A  has equation 

( )2y b x r= − A1 

sets ( ) ( )2g x b x r= − to form ( ) ( )( )2 2 2 22b x r x r x ax a b− = − − + + M1 

2 2 2 22b x ax a b= − + + , ( )x r  A1 

( )
2

0x a− = A1 

since there is a double root ( x a= ), this parallel line through 

R ( , 0)r  is the required tangent at A  R1 

[6 marks] 

continued… 
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Question 2 continued 

(e) EITHER

2( ) ( )g a b b g a =  = (since 0b  ) R1 

Note:  Accept ( )b g a=  . 

OR 

( ) 2i ia b a b =  and ( ) 2g a b = R1 

THEN 

hence the complex roots can be expressed as i ( )a g a AG 

[1 mark] 

(f) (i) 4b = (seen anywhere) A1 

EITHER 

attempts to find the gradient of the tangent in terms of a and equates to 16  (M1) 

OR 

substitutes 2,r x a= − =  and 80y =  to form ( ) 2 2 280 ( 2) ( 2 16)a a a a= − − − + + (M1) 

OR 

substitutes 2,r x a= − =  and 80y =  into ( )16y x r= − (M1) 

THEN 

80
16 3

2
a

a
=  =

+

roots are 2−  (seen anywhere) and 3 4i A1A1 

Note: Award A1 for 2−  and A1 for 3 4i . Do not accept coordinates. 

[4 marks] 

(ii) ( )3, 4− A1 

Note: Accept “ 3x =  and 4y = − ”. 

Do not award A1FT for ( ), 4a − .

[1 mark] 

continued… 
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Question 2 continued 

(g) (i) ( ) ( )( ) 2 2 22 2g x x r x a x ax a b = − − + − + +

attempts to find M1 

( ) ( ) ( )( ) 2 2 2 2  6 2 4g x x a x r x a x r a = − + − + − = − −

sets ( ) 0g x = and correctly solves for x A1 

for example, obtaining ( )2 0x r x a− + − = leading to 3 2x a r= +

so 
1

(2 )
3

x a r= + AG 

Note:  Do not award A1 if the answer does not lead to the AG. 

[2 marks] 

(ii) point P  is 
2

3
of the horizontal distance (way) from point R  to point A A1 

Note:  Accept equivalent numerical statements or a clearly labelled diagram 
displaying the numerical relationship.  
Award A0 for non-numerical statements such as “ P  is between R  and A

, closer to A ”. 

[1 mark] 

continued… 

( )g x
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Question 2 continued 

(h) (i)
2( 1)( 2 5)y x x x= − − + (A1) 

a positive cubic with no stationary points and a non-stationary point of 

inflexion at 1x =  A1 

Note:  Graphs may appear approximately linear. Award this A1 if a change of 

concavity either side of 1x =  is apparent. 

Coordinates are not required and the -y intercept need not be indicated. 

[2 marks] 

(ii) ( , 0)r A1 

[1 mark] 

Total [28 marks] 
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��,QWHUQDWLRQDO�%DFFDODXUHDWH�2UJDQL]DWLRQ�����

$OO� ULJKWV� UHVHUYHG�� 1R� SDUW� RI� WKLV� SURGXFW� PD\� EH� UHSURGXFHG� LQ� DQ\� IRUP� RU� E\� DQ\�
HOHFWURQLF� RU� PHFKDQLFDO� PHDQV�� LQFOXGLQJ� LQIRUPDWLRQ� VWRUDJH� DQG� UHWULHYDO� V\VWHPV��
ZLWKRXW� WKH� SULRU� ZULWWHQ� SHUPLVVLRQ� IURP� WKH� ,%�� $GGLWLRQDOO\�� WKH� OLFHQVH� WLHG� ZLWK� WKLV�
SURGXFW� SURKLELWV� XVH� RI� DQ\� VHOHFWHG� ILOHV� RU� H[WUDFWV� IURP� WKLV� SURGXFW�� 8VH� E\� WKLUG�
SDUWLHV��LQFOXGLQJ�EXW�QRW�OLPLWHG�WR�SXEOLVKHUV��SULYDWH�WHDFKHUV��WXWRULQJ�RU�VWXG\�VHUYLFHV��
SUHSDUDWRU\�VFKRROV��YHQGRUV�RSHUDWLQJ�FXUULFXOXP�PDSSLQJ�VHUYLFHV�RU�WHDFKHU�UHVRXUFH�
GLJLWDO�SODWIRUPV�DQG�DSS�GHYHORSHUV��ZKHWKHU� IHH�FRYHUHG�RU�QRW�� LV�SURKLELWHG�DQG� LV�D�
FULPLQDO�RIIHQVH�

0RUH� LQIRUPDWLRQ�RQ�KRZ� WR� UHTXHVW�ZULWWHQ�SHUPLVVLRQ� LQ� WKH� IRUP�RI� D� OLFHQVH�FDQ�EH�
REWDLQHG� IURP� KWWSV���LER�RUJ�EHFRPH�DQ�LE�VFKRRO�LE�SXEOLVKLQJ�OLFHQVLQJ�DSSO\LQJ�IRU�D�
OLFHQVH��

��2UJDQLVDWLRQ�GX�%DFFDODXUpDW�,QWHUQDWLRQDO�����

7RXV�GURLWV�UpVHUYpV��$XFXQH�SDUWLH�GH�FH�SURGXLW�QH�SHXW�rWUH�UHSURGXLWH�VRXV�TXHOTXH�
IRUPH� QL� SDU� TXHOTXH� PR\HQ� TXH� FH� VRLW�� pOHFWURQLTXH� RX� PpFDQLTXH�� \� FRPSULV� GHV�
V\VWqPHV� GH� VWRFNDJH� HW� GH� UpFXSpUDWLRQ� G¶LQIRUPDWLRQV�� VDQV� O¶DXWRULVDWLRQ� pFULWH�
SUpDODEOH�GH�O¶,%��'H�SOXV��OD�OLFHQFH�DVVRFLpH�j�FH�SURGXLW�LQWHUGLW�WRXWH�XWLOLVDWLRQ�GH�WRXW�
ILFKLHU�RX�H[WUDLW�VpOHFWLRQQp�GDQV�FH�SURGXLW��/¶XWLOLVDWLRQ�SDU�GHV� WLHUV��\�FRPSULV��VDQV�
WRXWHIRLV�V¶\�OLPLWHU��GHV�pGLWHXUV��GHV�SURIHVVHXUV�SDUWLFXOLHUV��GHV�VHUYLFHV�GH�WXWRUDW�RX�
G¶DLGH� DX[� pWXGHV�� GHV� pWDEOLVVHPHQWV� GH� SUpSDUDWLRQ� j� O¶HQVHLJQHPHQW� VXSpULHXU�� GHV�
IRXUQLVVHXUV�GH�VHUYLFHV�GH�SODQLILFDWLRQ�GHV�SURJUDPPHV�G¶pWXGHV��GHV�JHVWLRQQDLUHV�GH�
SODWHIRUPHV� SpGDJRJLTXHV� HQ� OLJQH�� HW� GHV� GpYHORSSHXUV� G¶DSSOLFDWLRQV�� PR\HQQDQW�
SDLHPHQW�RX�QRQ��HVW�LQWHUGLWH�HW�FRQVWLWXH�XQH�LQIUDFWLRQ�SpQDOH�

3RXU� SOXV� G¶LQIRUPDWLRQV� VXU� OD� SURFpGXUH� j� VXLYUH� SRXU� REWHQLU� XQH� DXWRULVDWLRQ� pFULWH�
VRXV�OD�IRUPH�G¶XQH�OLFHQFH��UHQGH]�YRXV�j�O¶DGUHVVH�KWWSV���LER�RUJ�EHFRPH�DQ�LE�VFKRRO�
LE�SXEOLVKLQJ�OLFHQVLQJ�DSSO\LQJ�IRU�D�OLFHQVH��

��2UJDQL]DFLyQ�GHO�%DFKLOOHUDWR�,QWHUQDFLRQDO������

7RGRV�ORV�GHUHFKRV�UHVHUYDGRV��1R�VH�SRGUi�UHSURGXFLU�QLQJXQD�SDUWH�GH�HVWH�SURGXFWR�
GH�QLQJXQD�IRUPD�QL�SRU�QLQJ~Q�PHGLR�HOHFWUyQLFR�R�PHFiQLFR��LQFOXLGRV�ORV�VLVWHPDV�GH�
DOPDFHQDPLHQWR�\�UHFXSHUDFLyQ�GH�LQIRUPDFLyQ��VLQ�OD�SUHYLD�DXWRUL]DFLyQ�SRU�HVFULWR�GHO�
,%�� $GHPiV�� OD� OLFHQFLD� YLQFXODGD� D� HVWH� SURGXFWR� SURKtEH� HO� XVR� GH� WRGR� DUFKLYR� R�
IUDJPHQWR�VHOHFFLRQDGR�GH�HVWH�SURGXFWR��(O�XVR�SRU�SDUWH�GH�WHUFHURV�²OR�TXH�LQFOX\H��
D�WtWXOR�HQXQFLDWLYR��HGLWRULDOHV��SURIHVRUHV�SDUWLFXODUHV��VHUYLFLRV�GH�DSR\R�DFDGpPLFR�R�
D\XGD� SDUD� HO� HVWXGLR�� FROHJLRV� SUHSDUDWRULRV�� GHVDUUROODGRUHV� GH� DSOLFDFLRQHV� \�
HQWLGDGHV� TXH� SUHVWHQ� VHUYLFLRV� GH� SODQLILFDFLyQ� FXUULFXODU� X� RIUH]FDQ� UHFXUVRV� SDUD�
GRFHQWHV�PHGLDQWH�SODWDIRUPDV�GLJLWDOHV²��\D�VHD�LQFOXLGR�HQ�WDVDV�R�QR��HVWi�SURKLELGR�
\�FRQVWLWX\H�XQ�GHOLWR�

(Q� HVWH� HQODFH� HQFRQWUDUi� PiV� LQIRUPDFLyQ� VREUH� FyPR� VROLFLWDU� XQD� DXWRUL]DFLyQ� SRU�
HVFULWR� HQ� IRUPD� GH� OLFHQFLD�� KWWSV���LER�RUJ�EHFRPH�DQ�LE�VFKRRO�LE�SXEOLVKLQJ�OLFHQVLQJ�
DSSO\LQJ�IRU�D�OLFHQVH��
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, 
for their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

x Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

x It is generally not possible to award M0 followed by A1, as A mark(s) depend on the
preceding M mark(s), if any.

x Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for
using the correct values.

x Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
A0A1A1.

x Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a
note.

x The response WR�D�³VKRZ�WKDW´�TXHVWLRQ�does not need to restate the AG line, unless a
Note makes this explicit in the markscheme.

x Once a correct answer to a question or part question is seen, ignore further working even
if this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

x An exception to the previous rule is when an incorrect answer from further working is used
in a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second
part. In this situation, award FT marks as appropriate but do not award the final A1 in the
first part.
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Examples: 

Correct 
answer 
seen 

Further 
working seen 

Any FT issues? 
Action 

1. 
8 2

5.65685...
(incorrect 

decimal value) 

No. 
Last part in 
question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35
72

��������« 
(incorrect 

decimal value) 

Yes. 
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is 
seen or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a 
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in 
part (d) or incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, 
there must be working present and not just a final answer based on an incorrect answer 
to a previous part. However, if all the marks awarded in a subsequent part are for the answer 
or are implied, then FT marks should be awarded for their correct answer, even when 
working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, 
where the markscheme for the subsequent part is (M1)A1, it is possible to award full marks 
for their correct answer, without working being seen. For longer questions where all but 
the answer marks are implied this rule applies but may be overwritten by a Note in the 
Markscheme. 

x Within a question part, once an error is made, no further A marks can be awarded for
work which uses the error, but M marks may be awarded if appropriate.

x If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

x If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5T  , non-
integer value where integer required), do not award the mark(s) for the final answer(s).

x 7KH�PDUNVFKHPH�PD\�XVH�WKH�ZRUG�³WKHLU´�LQ�D�GHVFULSWLRQ��WR�LQGLFDWH�WKDW�FDQGLGDWHV
may be using an incorrect value.

x ,I�WKH�FDQGLGDWH¶V�DQVZHU�WR�WKH�LQLWLDO�TXHVWLRQ�FOHDUO\�FRQWUDGLFWV�LQIRUPDWLRQ�JLYHQ�LQ�WKH
question, it is not appropriate to award any FT marks in the subsequent parts.  This
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LQFOXGHV�ZKHQ�FDQGLGDWHV�IDLO�WR�FRPSOHWH�D�³VKRZ�WKDW´�TXHVWLRQ�FRUUHFWO\��DQG�WKHQ�LQ�
subsequent parts use their incorrect answer rather than the given value. 

x Exceptions to these FT rules will be explicitly noted on the markscheme.

x If a candidate makes an error in one part but gets the correct answer(s) to subsequent
SDUW�V���DZDUG�PDUNV�DV�DSSURSULDWH��XQOHVV�WKH�FRPPDQG�WHUP�ZDV�³+HQFH´�

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR 
stamp to indicate that this has been a misread and do not award the first mark, even if this 
is an M mark, but award all others as appropriate. 

x If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

x If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5T  , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 

x 0LVFRS\LQJ�RI�FDQGLGDWHV¶�RZQ�ZRUN�GRHV�not constitute a misread, it is an error.

x If a candidate XVHV�D�FRUUHFW�DQVZHU�� WR�D�³VKRZ�WKDW´�TXHVWLRQ�� WR�D�KLJKHU�GHJUHH�RI
accuracy than given in the question, this is NOT a misread and full marks may be scored
in the subsequent part.

x MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

x Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

x Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
PDUNVFKHPH��,I�WKH�FRPPDQG�WHUP�LV�µ+HQFH¶�DQG�QRW�µ+HQFH�RU�RWKHUZLVH¶�WKHQ�DOWHUQDWLYH�
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

x As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000 .

x Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

x In the markscheme, equivalent numerical and algebraic forms will generally be written
in brackets immediately following the answer.

x In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general 
rule applies to final answers: unless otherwise stated in the question all numerical answers 
must be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts.  
7KH�PDUNVFKHPH�ZLOO�RIWHQ�H[SOLFLWO\�LQFOXGH�WKH�VXEVHTXHQW�YDOXHV�WKDW�FRPH�³from the use 
of 3 sf values´� 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25
4

 should be written as 
5
2

.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10
4

may be left in this form or 

written as 
5
2

. However, 
10
5

 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex xu should be simplified to 54e x , and 2 3 4  4e e e ex x x xu � u should be 
simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 
do factorized expressions need to be expanded, so ( 1)x x �  and 2x x� are both acceptable.

Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 

A GDC is required for this paper, but If you see work that suggests a candidate has used 
any calculator not approved for IB DP examinations (eg CAS enabled devices), please follow 
the procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination
script, or in some other way crossed out their work, do not award any marks for that work
unless an explicit note from the candidate indicates that they would like the work to be
marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
VKRXOG�DSSO\�DSSURSULDWH�GLVFUHWLRQ�WR�MXGJH�ZKLFK�LV�³ILUVW´�
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1. (a) e e( )
2

t t

f t
��c  A1 

e e( )
2

t t

f t
��cc  A1 

( )f t AG 
[2 marks] 

(b) METHOD 1
� � � �2 2( ) ( )f t g t�

substituting f and g M1 

2 2(e e ) (e e )
4

t t t t� �� � �
 

2 2 2 2(e ) 2 (e ) (e ) 2 (e )
4

t t t t� �� � � � �
 (M1) 

2 2 2 2(e ) (e ) e e
2 2

t t t t� �§ ·� �
  ¨ ¸

© ¹
A1 

(2 )f t AG 

METHOD 2 

2 2e e(2 )
2

t t

f t
��

 

2 2(e ) (e )
2

t t��
 M1 

2 2(e e ) (e e )
4

t t t t� �� � �
 M1A1 

� � � �2 2( ) ( )f t g t � AG 
[3 marks] 

Note: Accept combinations of METHODS 1 & 2 that meet at equivalent expressions. 
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(c) (i) substituting ie u cos isinu u � into the expression for f (M1) 
obtaining ie u� cos isinu u � (A1) 

cos isin cos isin(i )
2

u u u uf u � � �
 

Note: The M1 can be awarded for the use of sine and cosine being odd and even 
respectively. 

2cos
2

u
 

cosu A1 
[3 marks] 

(ii) cos isin cos isin(i )
2

u u u ug u � � �
 

substituting and attempt to simplify (M1) 

2isin
2

u
 

isinu A1 
[2 marks] 

(d) METHOD 1
� � � �2 2(i ) (i )f u g u�

substituting expressions found in part (c) (M1) 
2 2cos sin ( cos2 )u u u �  A1 

METHOD 2 
2i 2ie e(2i )

2

u u

f u
��

 

cos2 isin 2 cos2 isin 2
2

u u u u� � �
 M1 

cos2u A1 

Note: Accept equivalent final answers that have been simplified removing all 
imaginary parts eg 22cos 1u � etc 

[2 marks] 
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(e) � � � �
2 2

2 2 (e e ) (e e )( ) ( )
4

t t t t

f t g t
� �� � �

�  M1 

2 2 2 2(e e 2) (e e 2)
4

t t t t� �� � � � �
 A1 

4 1
4

  A1 

Note:  Award A1 for a value of 1 obtained from either LHS or RHS of given 
expression. 

� � � �2 2 2 2(i ) (i ) cos sinf u g u u u�  � M1 

1 � � � � � � � �� �2 2 2 2( ) ( ) (i ) (i )f t g t f u g u�  �hence AG 

Note:  Award full marks for showing that � � � �2 2( ) ( ) 1,f z g z z�  � � . 

[4 marks] 

(f) 

A1A1A1A1 

Note:  Award A1 for correct curves in the upper quadrants, A1 for correct curves in 
the lower quadrants , A1 for correct x-intercepts of ( 1, 0)�  and (1, 0)  (condone 

1x  � and 1), A1 for y x and y x � . 

[4 marks] 
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(g) attempt to rotate by 45  in either direction (M1) 

Note:  Evidence of an attempt to relate to a sketch of xy k would be sufficient for 
this (M1). 

attempting to rotate a particular point, eg (1, 0) (M1) 

(1, 0) rotates to 1 1,
2 2

§ ·r¨ ¸
© ¹

  (or similar) (A1) 

hence 1
2

k  r A1A1 

[5 marks] 
Total [25 marks] 
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2. (a) (i) METHOD 1 
d
dt
y y 

d dty
y
 ³ ³ (M1) 

ln y t c � OR   ln y t c � A1A1 

Note:  Award A1 for ln y  and A1 for t and c. 

ety A AG 

METHOD 2 

rearranging to d
0

dt
y

y�  AND multiplying by integrating factor e t� M1 

e ty A�  A1A1 
ety A AG 

[3 marks] 

(ii) substituting ety A  into differential equation in x M1

d e
dt

tx x A �

d e
dt

tx x A�  � AG 

[1 mark] 

(iii) integrating factor (IF) is
1d

e
t�³ (M1) 

e t� (A1) 
de e
dt

t tx x A� ��  �

e tx At D�  � � (A1) 
� �etx At D � � A1 

Note:  The first constant must be A, and the second can be any constant for the final 
A1 to be awarded. Accept a change of constant applied at the end. 

[4 marks] 
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(b) (i)
2

2

d d d
d d d

y x y
t t t

 � � A1 

EITHER 
d
d
yx y
t

 � � � (M1) 

d d
d d
y y
t t

 � A1 

OR 
� �x y x y � � � � � (M1) 

� �2 x y � � A1 

THEN 
d2
d
y
t

 AG 

[3 marks] 

(ii) d 2
d
Y Y
t
 A1 

d 2dY t
Y

 ³ ³ M1 

ln 2Y t c � OR  ln 2Y t c � A1 
2e tY B AG 

[3 marks] 

(iii) 2d e
d

ty B
t
 

2e dty B t ³ M1 

2e
2

tBy C � A1 

Note:  The first constant must be B, and the second can be any constant for the final 
A1 to be awarded. Accept a change of constant applied at the end. 

[2 marks] 
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(iv) METHOD 1

substituting 2d e
d

ty B
t
  and their (iii) into 

d
d

y
x y

t
 � � M1(M1) 

2 2e e
2

t tBB x C � � � A1 

2e
2

tBx C � � AG 

Note:  Follow through from incorrect part (iii) cannot be awarded if it does not lead to 
the AG. 

METHOD 2 
2d e

d 2
tx Bx C

t
 � �

2d e
d 2

tx Bx C
t
�  � �

d( e ) e e
d 2

t
t tx B C

t

�
� � � M1 

e e e d
2

t t tBx C t� � � �³
e e e

2
t t tBx C D� � � � � A1 

2e e
2

t tBx C D � � �

2 2 2d e e e e 0
d 2 2

t t t ty B Bx y B C D C D
t
 � � �  � � � � �  M1 

2e
2

tBx C � � AG 

[3 marks] 
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(c) (i) d 4
d
y x y
t
 � �

2

2

d d d4
d d d

y x y
t t t

 � � seen anywhere M1 

METHOD 1 
2

2

d
d

y
t

d4( )
d
yx y
t

 � � �

attempt to eliminate x M1 
1 d d4
4 d d

y yy y
t t

§ ·§ · � � � �¨ ¸¨ ¸© ¹© ¹
 

d2 3
d
y y
t

 � A1 

2

2

d d2 3 0
d d

y y y
t t
� �  AG 

METHOD 2 

rewriting LHS in terms of x and y M1 

� � � �
2

2

d d
2 3 8 5 2 4 3

d d
y y

y x y x y y
t t
� �  � � � � � � A1 

0 AG 
[3 marks] 

(ii) d e
d

ty F
t

OO , 
2

2
2

d e
d

ty F
t

OO (A1) 

2e 2 e 3 e 0t t tF F FO O OO O� �  (M1) 
2 2 3 0O O� �  (since e 0tO z ) A1 

1O  and 2O are 3 and -1 (either order) A1 
[4 marks] 
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(iii) METHOD 1
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0 AG 

METHOD 2 
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2
2 2
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2
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t t t t t ty y y F G F G F G
t t
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� � � �1 22 2e 2 3 e 2 3t tF GO OO O O O � � � � � A1 

0 AG 
[4 marks] 

Total [30 marks] 



M21/5/MATHX/HP3/ENG/TZ2/XX/M 

23 pages

Markscheme 

May 2021 

Mathematics:  
analysis and approaches 

Higher level 

Paper 3 



– 2 – M21/5/MATHX/HP3/ENG/TZ2/XX/M 

© International Baccalaureate Organization 2021

All rights reserved. No part of this product may be reproduced in any form or by any 
electronic or mechanical means, including information storage and retrieval systems, 
without the prior written permission from the IB. Additionally, the license tied with this 
product prohibits use of any selected files or extracts from this product. Use by third 
parties, including but not limited to publishers, private teachers, tutoring or study services, 
preparatory schools, vendors operating curriculum mapping services or teacher resource 
digital platforms and app developers, whether fee-covered or not, is prohibited and is a 
criminal offense.

More information on how to request written permission in the form of a license can be 
obtained from https://ibo.org/become-an-ib-school/ib-publishing/licensing/applying-for-a-
license/.

© Organisation du Baccalauréat International 2021

Tous droits réservés. Aucune partie de ce produit ne peut être reproduite sous quelque 
forme ni par quelque moyen que ce soit, électronique ou mécanique, y compris des 
systèmes de stockage et de récupération d’informations, sans l’autorisation écrite 
préalable de l’IB. De plus, la licence associée à ce produit interdit toute utilisation de tout 
fichier ou extrait sélectionné dans ce produit. L’utilisation par des tiers, y compris, sans 
toutefois s’y limiter, des éditeurs, des professeurs particuliers, des services de tutorat ou 
d’aide aux études, des établissements de préparation à l’enseignement supérieur, des 
fournisseurs de services de planification des programmes d’études, des gestionnaires de 
plateformes pédagogiques en ligne, et des développeurs d’applications, moyennant 
paiement ou non, est interdite et constitue une infraction pénale.

Pour plus d’informations sur la procédure à suivre pour obtenir une autorisation écrite 
sous la forme d’une licence, rendez-vous à l’adresse https://ibo.org/become-an-ib-school/
ib-publishing/licensing/applying-for-a-license/.

© Organización del Bachillerato Internacional, 2021

Todos los derechos reservados. No se podrá reproducir ninguna parte de este producto 
de ninguna forma ni por ningún medio electrónico o mecánico, incluidos los sistemas de 
almacenamiento y recuperación de información, sin la previa autorización por escrito del 
IB. Además, la licencia vinculada a este producto prohíbe el uso de todo archivo o 
fragmento seleccionado de este producto. El uso por parte de terceros —lo que incluye, 
a título enunciativo, editoriales, profesores particulares, servicios de apoyo académico o 
ayuda para el estudio, colegios preparatorios, desarrolladores de aplicaciones y 
entidades que presten servicios de planificación curricular u ofrezcan recursos para 
docentes mediante plataformas digitales—, ya sea incluido en tasas o no, está prohibido 
y constituye un delito.

En este enlace encontrará más información sobre cómo solicitar una autorización por 
escrito en forma de licencia: https://ibo.org/become-an-ib-school/ib-publishing/licensing/
applying-for-a-license/.



– 3 –

Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on
the preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using
the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if

this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these candidates
will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used in
a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second part.
In this situation, award FT marks as appropriate but do not award the final A1 in the first part.
Examples:

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
 

 
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 
 

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

8 2
5.65685...

35
72

M21/5/MATHX/HP3/ENG/TZ2/XX/M 
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3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question 
is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or 
incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be 
working present and not just a final answer based on an incorrect answer to a previous part. 
However, if all the marks awarded in a subsequent part are for the answer or are implied, then 
FT marks should be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where 
the markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their 
correct answer, without working being seen. For longer questions where all but the answer 
marks are implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work
which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• The markscheme may use the word “their” in a description, to indicate that candidates may
be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes
when candidates fail to complete a “show that” question correctly, and then in subsequent parts
use their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

sin 1.5q =

M21/5/MATHX/HP3/ENG/TZ2/XX/M 
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR stamp 
to indicate that this has been a misread and do not award the first mark, even if this is an M 
mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of
accuracy than given in the question, this is NOT a misread and full marks may be scored in
the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

sin 1.5q =

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   

M21/5/MATHX/HP3/ENG/TZ2/XX/M 
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example
1.9 and 1,9 or 1000 and 1,000 and .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general rule 
applies to final answers: unless otherwise stated in the question all numerical answers must 
be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, 

and any values that lead to integers should be simplified; for example,  should be written 

as .  An exception to this is simplifying fractions, where lowest form is not required 

(although the numerator and the denominator must be integers); for example, may be left

in this form or written as . However,  should be written as 2, as it simplifies to an 

integer. 

Algebraic expressions should be simplified by completing any operations such as addition 
and multiplication, e.g.  should be simplified to , and  should 
be simplified to .  Unless specified in the question, expressions do not need to be 
factorized, nor do factorized expressions need to be expanded, so  and  are 
both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

1.000

25
4

5
2

10
4

5
2

10
5

2 34e ex x´ 54e x 2 3 44e e e ex x x x´ - ´
53e x

( 1)x x + 2x x+
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9 Calculators 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.

M21/5/MATHX/HP3/ENG/TZ2/XX/M 
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1. (a)

inverted parabola extended below the axis A1 

axis intercept values  A1 

Note:  Accept a graph passing through the origin as an indication of . 

local maximum at A1 

Note:  Coordinates must be stated to gain the final A1.

Do not accept decimal approximations. 

[3 marks] 

-x

-x 0,2x =

0x =

( )1,1



– 9 – M21/5/MATHX/HP3/ENG/TZ2/XX/M 

(b) 

Number of 
local 
maximum 
points 

Number of 
local 
minimum 
points 

Number of 
points of 
inflexion 
with zero 
gradient 

 

and 

 
1 0 2 

 

and 

 
1 2 0 

A1A1A1A1A1A1 

Note:  Award A1 for each correct value. 

For a table not sufficiently or clearly labelled, assume that their values are 
in the same order as the table in the question paper and award marks 
accordingly. 

[6 marks] 

3n =

5n =

2n =

4n =
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(c) METHOD 1
attempts to use the product rule (M1) 

( ) ( ) ( )
1 1n nn n

nf x nx a x nx a x
− − = − − + − A1A1 

Note:  Award A1 for a correct  and A1 for a correct . 

EITHER 

attempts to factorise ( )nf x (involving at least one of 
1nnx −

or ( )
1n

a x
−

− ) (M1) 

A1 

OR 

attempts to express ( )nf x as the difference of two products with each product

containing at least one of 
1nnx −

or ( )
1n

a x
−

− (M1) 

( )( )( ) ( )( )( )
1 11 1n nn nx nx a x a x nx a x
− −− −= − − + − − A1 

THEN 

AG 

Note:  Award the final (M1)A1 for obtaining any of the following forms: 

( ) ( )
( )

;
nn

n

a x x
f x nx a x

x a x

 − − = −   − 
( )

( )

( )
( );

nn

n

nx a x
f x a x x

x a x

−
 = − −

−

( ) ( ) ( )( )11 ;
n nn

nf x nx a x x a x
−− = − − −

( ) ( ) ( )( )1 1n nn n

nf x a x nx a x nx
− − = − − −

METHOD 2 

( ) ( )( )
n

nf x x a x= − (M1) 

( )2
n

ax x= − A1 

attempts to use the chain rule (M1) 

( ) ( )( )
1

22
n

nf x n a x ax x
−

 = − − A1A1 

d

d

v
u

x

d

d

u
v

x

( ) ( )( )
11 nnnx a x a x x
−−= − − −

( ) ( )( )
11 2

nn

nf x nx a x a x
−− = − −
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Note:  Award A1 for ( )2n a x− and A1 for ( )
1

2
n

ax x
−

− . 

AG 

[5 marks] 

(d) A2 

Note:  Award A1 for either two correct solutions or for obtaining 

. 

Award A0 otherwise. 

[2 marks] 

(e) attempts to find an expression for
2

n

a
f
 
 
 

(M1)

2 2 2

n n

n

a a a
f a
     

= −     
     

 

2
2

 ,
2 2 2 2

n n n n
a a a a

            = = =                         

A1 

EITHER 

since a + , 

2

0
2

n
a 

 
 

 (for , 1n n+   and so 0
2

n

a
f
 

 
 

) R1 

Note:   Accept any logically equivalent conditions/statements on a  and n . 

Award R0 if any conditions/statements specified involving a , n  or both 

are incorrect. 

OR 

(since a + ), 
2

a
 raised to an even power ( 2n ) (or equivalent reasoning) is always 

positive (and so 0
2

n

a
f
 

 
 

) R1 

Note:   The condition a +  is given in the question. Hence some candidates 

will assume a +  and not state it. In these instances, award R1 for a 

convincing argument. 

Accept any logically equivalent conditions/statements on a  and n . 

Award R0 if any conditions/statements specified involving a , n  or both 

are incorrect. 

( ) ( )( )
11 2

nn

nf x nx a x a x
−− = − −

0, ,  
2

a
x x x a= = =

0, ,
2

a
x x a x= = − = −
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THEN 

so ,
2 2

n

a a
f

  
  
  

 is always above the horizontal axis AG 

Note:  Do not award (M1)A0R1. 

[3 marks] 

(f) METHOD 1
1 1 1 1

3
 

4 4 2 4 4 2 4

n n n n

n

a a a a a a a
f n a a n

− − − −             = − − =                         

A1 

EITHER 
1 1

3
0

4 2 4

n n
a a a

n

− −

    
    

    
 as a +  and n + R1 

OR 
1

,
4 2

n
a a

n a

−

   
−   

   
 and

1

4

n
a

a

−

 
− 

 
 are all 0  R1 

Note:  Do not award A0R1. 

Accept equivalent reasoning on correct alternative expressions for 

4
n

a
f
 
 
 

 and accept any logically equivalent conditions/statements on a

and n . 

Exceptions to the above are condone  1n   and condone 0.n   

An alternative form for 
4

n

a
f
 
 
 

is ( )( )
2 1

1
2 3

4

n
n a

n

−
−  
 
 

. 

THEN 

hence AG 

[2 marks] 

METHOD 2 

 and A1 

0
4

n

a
f
   
 

(0) 0nf = 0
2

n

a
f
 

 
 
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(since  is continuous and there are no stationary points between  and 

) 

the gradient (of the curve) must be positive between  and R1 

Note:  Do not award A0R1. 

hence AG 

[2 marks] 

(g) (i)

for n  even: 

( ) ( )
1

1 0
n

n n
−

− = −   (and ( ) ( )
1

2 , 1
n

a a
−

+ + are both 0 ) R1 

( )1 0nf  −  A1 

( )0 0nf  = and 0
4

n

a
f
   
 

 (seen anywhere) A1 

Note:  Candidates can give arguments based on the sign of ( )
1

1
n−

−  to obtain the 

R mark. 

For example, award R1 for the following: 

If n   is even, then 1n− is odd and hence ( ) ( )
1

1 0 1
n−

−  = − . 

Do not award R0A1. 

The second A1 is independent of the other two marks. 

The A marks can be awarded for correct descriptions expressed in words. 

Candidates can state ( )0,0  as a point of zero gradient from part (d) or

show, state or explain (words or diagram) that ( )0 0nf  = . The last A 

mark can be awarded for a clearly labelled diagram showing changes in 
the sign of the gradient. 

The last A1 can be awarded for use of a specific case (e.g. 2n = ). 

hence  is a local minimum point AG 

[3 marks] 

nf 0x =

2

a
x =

0x =
2

a
x =

0
4

n

a
f
   
 

1 1( 1) ( 1) ( 2)( 1)n n

nf n a a− − − = − + +

( )0,0
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(ii) for n  odd:

( ) ( )
1

1 0
n

n n
−

− =  , (and ( )2 ,a + ( )
1

1
n

a
−

+ are both 0  ) so ( )1 0nf  −   R1 

Note:  Candidates can give arguments based on the sign of ( )
1

1
n−

−  to obtain the 

R mark. 

For example, award R1 for the following: 

If n  is odd, then 1n− is even and hence ( ) ( )
1

1 0 1
n−

−  = . 

( )0 0nf  = and 0
4

n

a
f
   
 

 (seen anywhere) A1 

Note:  The A1 is independent of the R1. 

Candidates can state ( )0,0 as a point of zero gradient from part (d) or

show, state or explain (words or diagram) that ( )0 0nf  = . The last A mark 

can be awarded for a clearly labelled diagram showing changes in the 
sign of the gradient. 

The last A1 can be awarded for use of a specific case (e.g. 3n = ). 

hence  is a point of inflexion with zero gradient AG 

[2 marks] 

( )0,0
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(h) considers the parity of n (M1) 

Note:  Award M1 for stating at least one specific even value of n . 

n must be even (for four solutions) A1 

Note:  The above 2 marks are independent of the 3 marks below. 

A1A1A1 

Note:  Award A1 for the correct lower endpoint, A1 for the correct upper endpoint 
and A1 for strict inequality signs. 

The third A1 (strict inequality signs) can only be awarded if A1A1 has 
been awarded. 

For example, award A1A1A0 for 

2

0
2

n
a

k
 

   
 

. Award A1A0A0 for 0k  . 

Award A1A0A0 for  0
2

n

a
k f

 
   

 
. 

[5 marks] 

Total [31 marks] 

2

0
2

n
a

k
 

   
 
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2. (a) (i) METHOD 1

attempts to expand ( )( )21 1  − + + (M1) 

3 2 2 1    = + + − − −  A1 

 AG 

[2 marks] 

METHOD 2 

attempts polynomial division on 
3 1

1





−

−
M1 

2 1 = + +  A1 

so ( )( )2 31 1 1   − + + = − AG 

[2 marks] 

(ii) (since  is a root of  R1 

and 1   R1 

 AG 

Note:  In part (a), award marks as appropriate where  has been converted into 

Cartesian, modulus-argument (polar) or Euler form. 

[2 marks] 

3 1= −

 3 31) 1 0z =  − =

2 1 0  + + =


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(b) METHOD 1

attempts to find either  or  (M1) 

accept any valid method 

e.g. 
π

2sin
3

, 
2 2 2π

1 1 2cos
3

+ − , 0 11 P P

π 2π
sin sin

6 3

=  from either 
0 1OP P  or 

0 2OP P

e.g. use of Pythagoras’ theorem

e.g.

2π
i

31 e− , 
1 3

1 i
2 2

 
− − + 
 

 by calculating the distance between 2 points 

A1 

A1 

Note:  Award a maximum of M1A1A0 for any decimal approximation seen in the 

calculation of either 
0 1P P  or 

0 2P P or both. 

so  AG 

METHOD 2 

attempts to find  (M1) 

A1 

 and since  R1 

so  AG 

[3 marks] 

0 1P P 0 2P P

0 1P P 3 =

0 2P P 3=

0 1 0 2P P P P 3 =

2

0 1 0 2P P P P 1 1  = − −

3 2

0 1 0 2P P P P 1   = − − +

( )21 1 2 = − + + +
2 1 0 + + =

0 1 0 2P P P P 3 =
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(c) METHOD 1

A1 

(  is a root hence)  and  R1 

 AG 

Note:  Condone the use of   throughout. 

[2 marks] 

METHOD 2 

considers the sum of roots of 
4 1 0z − =  (M1) 

the sum of roots is zero (there is no  term) A1 

 AG 

[2 marks] 

METHOD 3 
substitutes for   (M1) 

e.g. LHS 

3π π
i i

πi2 2e e e 1= + + +  

i 1 i 1= − − + +  A1 

Note:  This can be demonstrated geometrically or by using vectors. 

Accept Cartesian or modulus-argument (polar) form. 

 AG 

[2 marks] 

METHOD 4 
4

3 2 1
1

1


  



−
+ + + =

−
A1 

0
0

1
= =

−
 as 1   R1 

 AG 

[2 marks] 

( )( )4 3 21 1 1z z z z z− = − + + +

 4 1 0 − = 1 

3 2 1 0   + + + =

3z

3 2 1 0   + + + =

3 2 1 0   + + + =

3 2 1 0   + + + =
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(d) METHOD 1

A1 

attempts to find either  or  (M1) 

Note:  For example,  and . 

Various geometric and trigonometric approaches can be used by 
candidates. 

, A1A1 

Note:  Award a maximum of A1M1A1A0 if labels such as 
0 1P P  are not clearly 

shown. 
Award full marks if the lengths are shown on a clearly labelled diagram. 
Award a maximum of A1M1A1A0 for any decimal approximation seen in 

the calculation of either 
0 1P P  or 

0 3P P or both.

AG 

[4 marks] 

METHOD 2 

attempts to find M1 

A1 

 since  and  A1 

 and since  R1 

so  AG 

[4 marks] 

0 2P P 2=

0 1P P 0 3P P

0 1P P 1 i= − 0 3P P 1 i= +

0 1P P 2= 0 3P P 2 =

0 1 0 2 0 3P P P P P P 4  =

2 3

0 1 0 2 0 3P P P P P P 1 1 1    = − − −

6 5 4 2

0 1 0 2 0 3P P P P P P 1      = − + + − − +

( ) ( )51 1 1 1 = − − + + − − − + 6 2 1 = = − 4 1 =

5 4 = − + 5 =

0 1 0 2 0 3P P P P P P 4  =
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METHOD 3 

 A1 

attempts to find  M1 

A1 

 since  and  R1 

so  AG 

[4 marks] 

0 2P P 2=

3

0 1 0 3P P P P 1 1  = − −

4 3

0 1 0 3P P P P 1   = − − +

( )2  = − − − 4 1 = 3 = −

0 1 0 2 0 3P P P P P P 4  =
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(e) ( )0 1 0 2 0 n-1P P P P ... P P n   = A1 

[1 mark] 

(f) (i) , A1A1 

[2 marks] 

(ii) A1 

Note:  Accept  from symmetry. 

[1 mark] 

2

0 2P P 1 = − 3

0 3P P 1 = −

1

0 1P P 1 n

n  −

− = −

1 −
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(g) (i)

considers the equation  (M1) 

the roots are (A1) 

so  A1 

[3 marks] 

(ii) METHOD 1

substitutes  into  

M1 

(A1) 

takes modulus of both sides M1 

 A1 

so  AG 

Note:  Award a maximum of M1A1FTM1A0 from part (e). 

[4 marks] 

( )( )1 21 1 ... 1n n nz z z z z− −− = − + + + +

1 2 ... 1 0n nz z z− −+ + + + =

2 1, ,..., n   −

( )( ) ( )2 1... nz z z   −− − −

1z = ( )( ) ( )2 1 1 2... ... 1n n nz z z z z z   − − −− − −  + + + +

( )( ) ( )2 11 1 ... 1 n n   −− − − =

( )( ) ( )2 11 1 ... 1 n n   −− − − =

2 11 1 ... 1 n n   −− − − =

0 1 0 2 0 1P P P P ... P Pn n−   =
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METHOD 2 

( ) ( ) ( )2 11 , 1 ,..., 1 n   −− − −  are the roots of 

M1 

coefficient of  is  and the coefficient of  is A1 

product of the roots is A1 

 A1 

so  AG 

[4 marks] 

Total[24 marks] 

( ) ( ) ( )
1 2

1 1 ... 1 1 0
− −

− + − + + − + =
n n

v v v

1−nv ( )
1

1
−

−
n

1 n

( )

( )

1

1

1

1

−

−

−
=

−

n

n

n
n

2 11 1 ... 1   −− − − =n n

0 1 0 2 0 1P P P P ... P P −   =n n
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on
the preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using
the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if

this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these candidates
will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used in
a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second part.
In this situation, award FT marks as appropriate but do not award the final A1 in the first part.
Examples:

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 
1. 

 
 

(incorrect 
decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 
 

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

8 2
5.65685...

35
72

M21/5/MATHX/HP3/ENG/TZ1/XX/M 
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3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question 
is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or 
incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be 
working present and not just a final answer based on an incorrect answer to a previous part. 
However, if all the marks awarded in a subsequent part are for the answer or are implied, then 
FT marks should be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where 
the markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their 
correct answer, without working being seen. For longer questions where all but the answer 
marks are implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work
which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• The markscheme may use the word “their” in a description, to indicate that candidates may
be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes
when candidates fail to complete a “show that” question correctly, and then in subsequent parts
use their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

sin 1.5q =

M21/5/MATHX/HP3/ENG/TZ1/XX/M 
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR stamp 
to indicate that this has been a misread and do not award the first mark, even if this is an M 
mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of
accuracy than given in the question, this is NOT a misread and full marks may be scored in
the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

sin 1.5q =

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   

M21/5/MATHX/HP3/ENG/TZ1/XX/M 
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example
1.9 and 1,9 or 1000 and 1,000 and .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general rule 
applies to final answers: unless otherwise stated in the question all numerical answers must 
be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, 

and any values that lead to integers should be simplified; for example,  should be written 

as .  An exception to this is simplifying fractions, where lowest form is not required 

(although the numerator and the denominator must be integers); for example, may be left

in this form or written as . However,  should be written as 2, as it simplifies to an 

integer. 

Algebraic expressions should be simplified by completing any operations such as addition 
and multiplication, e.g.  should be simplified to , and  should 
be simplified to .  Unless specified in the question, expressions do not need to be 
factorized, nor do factorized expressions need to be expanded, so  and  are 
both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

1.000

25
4

5
2

10
4

5
2

10
5

2 34e ex x´ 54e x 2 3 44e e e ex x x x´ - ´
53e x

( 1)x x + 2x x+

M21/5/MATHX/HP3/ENG/TZ1/XX/M 
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9 Calculators 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.

M21/5/MATHX/HP3/ENG/TZ1/XX/M 
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1. (a) (i)

: positive cubic with correct y-intercept labelled A1 
local maximum point correctly labelled A1 
local minimum point correctly labelled A1 

[3 marks] 

continued… 

1c =
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Question 1 continued 

(ii) 

: positive cubic with correct y-intercept labelled A1 

local maximum point correctly labelled A1 
local minimum point correctly labelled A1 

Note:  Accept the following exact answers: 

Local maximum point coordinates . 

Local minimum point coordinates . 

[3 marks] 
continued… 

2c =

( )2,2 4 2- +

( )2,2 4 2-
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Question 1 continued 

(b) A1 

Note: Accept  (an expression). 

[1 mark] 

(c) (i)  A1 
[1 mark] 

(ii) considers the number of solutions to their (M1) 

A1 
[2 marks] 

(iii) A1 

Note: The (M1) in part (c)(ii) can be awarded for work shown in either (ii) or (iii). 

[1 mark] 

( ) 23 3f x x c¢ = -

23 3x c-

0c =

( ) 0f x¢ =

23 3 0x c- =

0c >

0c <
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(d) attempts to solve their  for (M1) 

(A1) 

Note:  Award (A1) if either  or  is subsequently considered. 

Award the above (M1)(A1) if this work is seen in part (c). 

(i) correctly evaluates A1 

the coordinate of the local maximum point is  AG 

[3 marks] 

(ii) correctly evaluates A1 

the coordinate of the local minimum point is AG 

[1 mark] 
continued… 

( ) 0f x¢ = x

x c= ±

x c= - x c=

( )f c-

( ) ( )
3 3
2 23 2 3 2f c c c c c c c- = - + + = - + +

-y
3
22 2c +

( )f c

( ) ( )
3 3
2 23 2 3 2f c c c c c c c= - + = - +

-y
3
22 2c- +
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Question 1 continued 

(e) (i) the graph of  will have one axis intercept if 

EITHER 

 (or equivalent reasoning) R1 

OR 
the minimum point is above the axis R1 

Note:  Award R1 for a rigorous approach that does not (only) refer to sketched graphs. 

THEN 
 A1 

Note:  Condone . The A1 is independent of the R1. 

[2 marks] 

(ii) the graph of  will have two axis intercepts if 

EITHER

 (or equivalent reasoning) (M1) 
OR 
evidence from the graph in part(a)(i) (M1) 
THEN 

 A1 

[2 marks] 
continued… 

( )y f x= x -

3
22 2 0c- + >

x -

0 1c< <

1c <

( )y f x= x -

3
22 2 0c- + =

1c =
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Question 1 continued 

(iii) the graph of  will have three axis intercepts if 

EITHER

 (or equivalent reasoning) (M1) 

OR
reasoning from the results in both parts (e)(i) and (e)(ii) (M1) 
THEN

A1 

[2 marks] 

continued… 

( )y f x= x -

3
22 2 0c- + <

1c >
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Question 1 continued 

(f) case 1:

 (independent of the value of ) A1 

EITHER 

 does not have two solutions (has no solutions or 1 solution) R1 

OR 

 for R1 

OR 

the graph of  has no local maximum or local minimum points, 

hence any vertical translation of this graph ( ) will also have
no local maximum or local minimum points R1 
THEN 

therefore there is only one axis intercept AG 

Note:  Award at most A0R1 if only  is considered. 

continued… 

0c £ d

( ) 0g x¢ =

( ) 0g x¢Þ ³ xÎ!

( )y f x=

( )y g x=

-x

0c <
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Question 1 continued 

case 2 

 

 is a local maximum point and  is a 

local minimum point (A1) 

Note: Award (A1) for a correct coordinate seen for either the maximum or the 
minimum. 

considers the positions of the local maximum point and/or the local minimum point (M1) 

EITHER 
considers both points above the axis or both points below the axis 

OR 
considers either the local minimum point only above the axis OR 
the local maximum point only below the axis 

THEN 

 (both points above the axis) A1 

 (both points below the axis) A1 

Note: Award at most (A1)(M1)A0A0 for case 2 if  is not clearly stated. 

[6 marks] 
Total [27 marks] 

0c >
3
2, 2c c d

æ ö
- +ç ÷
è ø

3
2, 2c c d

æ ö
- +ç ÷

è ø

-y

-x -x

-x
-x

3
22d c> -x
3
22d c< - -x

0c >
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2. (a)  and (A1) 

(M1) 

A1 

Note:  Award A1M1A0 if both  and  are stated as final answers. 

[3 marks] 

(b) A1 

Note:  Award A1 for a correct alternative form expressed in terms of  and  only. 

For example, using Pythagoras’ theorem, or 

 or . 

[1 mark] 
continued… 

2A s= 4P s=
2 4A P s s= Þ =

( )4 0s s - =

( )4 0s sÞ = >

4s = 0s =

21 2πsin
2TA x

n
=

x n

2 2 2π πsin sinTA x x x
n n

= -

1 π π2 sin cos
2TA x x

n n
æ öæ öæ ö= ç ÷ç ÷ç ÷è øè øè ø

2 π πsin cosTA x
n n

=
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Question 2 continued 

(c) METHOD 1

uses (M1) 

A1 

AG 

[2 marks] 

METHOD 2 

uses Pythagoras’ theorem and (M1) 

 

A1 

AG 

[2 marks] 
continued… 

oppsin
hyp

q =

π2 sin

y

x n
=

π2 siny x
n

=

2
2 2

2
y h xæ ö + =ç ÷

è ø
πcosh x
n

=

2 2
2 2 2 2π πcos  4 1 cos

2
y x x y x

n n
æ öæ ö æ ö æ ö+ = = -ç ÷ ç ÷ ç ÷ç ÷è ø è ø è øè ø

2 2 π4 sinx
n

=

π2 siny x
n

=
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Question 2 continued 

METHOD 3 
uses the cosine rule (M1) 

 

A1 

AG 

[2 marks] 

METHOD 4 
uses the sine rule (M1) 

A1 

AG 

[2 marks] 

continued… 

2 2 2 22π 2π2 2 cos  2 1 cosy x x x
n n

æ öæ ö= - = -ç ÷ç ÷è øè ø

2 2 π4 sinx
n

=

π2 siny x
n

=

2π π πsin sin
2

y x

n n

=
æ ö-ç ÷
è ø

π π πcos 2 sin cosy x
n n n
=

π2 siny x
n

=
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Question 2 continued 

(d) (M1) 

Note:  Award M1 for equating correct expressions for  and . 

 

 A1 

uses  (seen anywhere in part (d) or in part (b)) (M1) 

attempts to either factorise or divide their expression (M1) 

 

(or equivalent) A1 

continued… 

TA P nA ny= Þ =

A P

2 21 2π π π π πsin 2 sin  sin cos 2 sin
2
nx nx nx nx

n n n n n
æ ö= =ç ÷
è ø

2 21 2π π π π πsin 2 sin  sin cos 2 sin
2
x x x x

n n n n n
æ ö= =ç ÷
è ø

2π π πsin 2sin cos
n n n
=

2 π π πsin cos 2 sinx x
n n n

=

π πsin cos 2 0x x
n n
æ ö- =ç ÷
è ø

2 π, sin 0πcos
x x

n
n

æ ö= ¹ç ÷
è ø
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Question 2 continued 

EITHER 

substitutes  (or equivalent) into  (M1) 

 A1 

Note:  Other approaches are possible. For example, award A1 for 

and M1 for substituting  into .

OR 

substitutes  (or equivalent) into (M1) 

 

 A1 

THEN 

AG 

[7 marks] 

continued… 

2
πcos

x

n

= P ny=

2 π2 sinπcos
P n

n
n

æ ö
ç ÷æ ö= ç ÷ç ÷

è øç ÷
è ø

π π2 cos tanP nx
n n

=

2
πcos

x

n

= P

2
πcos

x

n

= TA nA=

2

1 2 2πsinπ2 cos
A n

n
n

æ ö
ç ÷ æ ö= ç ÷ ç ÷

è øç ÷
è ø

2

1 2 π π2sin cosπ2 cos
A n

n n
n

æ ö
ç ÷ æ ö= ç ÷ ç ÷

è øç ÷
è ø

π4 tanA P n
n

= =
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Question 2 continued 

(e) (i) attempts to use the Maclaurin series for  with (M1) 

 (or equivalent) A1 

A1 

Note:  Award a maximum of M1A1A0 if  is not stated anywhere. 

[3 marks] 

(ii) (as ,  and )

the polygon becomes a circle of radius  R1 

Note:  Award R1 for alternative responses such as: 

the polygon becomes a circle of area  OR 

the polygon becomes a circle of perimeter  OR 

the polygon becomes a circle with . 

Award R0 for polygon becomes a circle. 

[1 mark] 

tan x πx
n

=

( )

3 5π π2
π πtan ...

3 15
n n

n n

æ ö æ ö
ç ÷ ç ÷
è ø è ø= + + +

( )
3 5

3 5

π π π 2π4 tan 4 ...
3 15

n n
n n n n

æ ö
= + + +ç ÷

è ø
3 5

2 4

π 2π4 π ...
3 15n n

æ ö
= + + +ç ÷

è ø

πlim 4 tan 4π
n

n
n®¥

æ öÞ =ç ÷
è ø

lim
n®¥

n®¥ 4πP® 4πA®

2

4π

4π

4πA P= =
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(f)  and (A1)(A1) 

equates their expressions for  and M1 

M1 

Note:  Award M1 for isolating  or . This step may be seen later. 

M1 

Note:  Award M1 for attempting to expand their RHS of either  

or . 

EITHER 

A1 

 

 

OR 

 

A1 

continued… 

1
2

A ab= 2 2P a b a b= + + +

A P

2 2 1
2

A P a b a b ab= Þ + + + =

( )2 2 1
2

a b ab a b+ = - +

2 2a b+ 2 22 a b± +

( )
2

2 2 1
2

a b ab a bæ ö+ = - +ç ÷
è ø

( ) ( )22 2 2 21 12
4 2

a b a b ab a b a bæ ö+ = - + + +ç ÷
è ø

2 2 2 2 2 21 2
4
a b a b ab a ab bæ ö= - - + + +ç ÷

è ø

2 2 ...a b+ =

( )2 24 ...a b+ =

( )1 2 0 0
4

ab ab a b abæ ö- - + = ¹ç ÷
è ø

1 2 0
4
ab a b- - + =

4 4 8ab a b- = -

2 2 2 21 2 0
4
a b a b ab ab- - + =

( ) ( ) ( )( )2 2 2 21 2 0 4 8 4 0
4

a b b b b a b b b bæ ö- + - = - + - =ç ÷
è ø

2

2
4 8

4
b ba
b b

-
=

-
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Question 2 continued 

THEN 

 A1 

 

 AG 

Note:  Award a maximum of A1A1M1M1M0A0A0 for attempting to verify. 

For example, verifying that  gains 4 of the 7 marks. 

[7 marks] 
continued… 

4 8
4

ba
b
-

Þ =
-

4 16 8
4

ba
b
- +

=
-

8 4
4

a
b

= +
-

16 2 4
4

A P b
b

= = + +
-
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Question 2 continued 

(g) (i) using an appropriate method (M1) 
eg substituting values for  or using divisibility properties 

 and A1A1 

Note:  Award A1A0 for either one set of three correct side lengths or two sets of two 
correct side lengths. 

[3 marks] 
(ii)  and  A1 

Note:  Do not award A1FT. 

[1 mark] 
Total [28 marks] 

b

( )5,12,13 ( )6,8,10

30A P= = 24A P= =
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3 Implied marks 
 

 Implied marks appear in brackets e.g. (M1), and can only be awarded if correct work is seen or if 
implied in subsequent working. 
 
 Normally the correct work is seen or implied in the next line. 

 Marks without brackets can only be awarded for work that is seen. 

 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) or subpart(s). Usually, to award FT marks, there must be 
working present and not just a final answer based on an incorrect answer to a previous part. 
However, if the only marks awarded in a subpart are for the answer (i.e. there is no working 
expected), then FT marks should be awarded if appropriate. 

 
 Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.  

 If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks. 

 If the error leads to an inappropriate value (e.g. probability greater than 1, use of 1r  for the 
sum of an infinite GP, sin 1.5  , non integer value where integer required), do not award the 
mark(s) for the final answer(s). 

 The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.  

 Exceptions to this rule will be explicitly noted on the markscheme. 

 If a candidate makes an error in one part, but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the question says hence. It is often possible to use a 
different approach in subsequent parts that does not depend on the answer to previous parts.  

 
 
5 Mis-read 
 

If a candidate incorrectly copies information from the question, this is a mis-read (MR). Apply a MR 
penalty of 1 mark to that question  

 
 If the question becomes much simpler because of the MR, then use discretion to award 

fewer marks. 

 If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5  , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 

 Miscopying of candidates’ own work does not constitute a misread, it is an error. 

 The MR penalty can only be applied when work is seen. For calculator questions with no 
working and incorrect answers, examiners should not infer that values were read incorrectly. 
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6 Alternative methods 
 

 
 Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 

 Alternative solutions for part-questions are indicated by EITHER . . . OR. 

 
 
7 Alternative forms 
 
 Unless the question specifies otherwise, accept equivalent forms. 
 

 As this is an international examination, accept all alternative forms of notation. 

 In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 

 In the markscheme, simplified answers, (which candidates often do not write in examinations),  
will generally appear in brackets. Marks should be awarded for either the form preceding the 
bracket or the form in brackets (if it is seen).  

 
 
8 Accuracy of Answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. There are two types of accuracy errors, and the final answer mark should not be 
awarded if these errors occur. 

 
 Rounding errors: only applies to final answers not to intermediate steps. 

 Level of accuracy: when this is not specified in the question the general rule applies to final 
answers: unless otherwise stated in the question all numerical answers must be given exactly or 
correct to three significant figures. 

 
 
9 Calculators 
 

A GDC is required for paper 3, but calculators with symbolic manipulation features/ CAS functionality 
are not allowed. 

 
Calculator notation 
The subject guide says: 
 Students must always use correct mathematical notation, not calculator notation. 
 
Do not accept final answers written using calculator notation. However, do not penalize the use of 
calculator notation in the working. 

 
  

 Candidates will sometimes use methods other than those in the markscheme. Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme 
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1. (a) METHOD 1 

  consider right-angled triangle OCX where CX
2
x

  

  π 2sin
3 1

x

  M1A1 

  
3 3

2 2
x x     A1 

  3 3 3iP x    AG 
 
  METHOD 2 

  eg use of the cosine rule   2 2 2 2π1 1 2 1 1 cos
3

x     M1A1 

  3x   A1 

  3 3 3iP x    AG 
 

Note: Accept use of sine rule. 
[3 marks] 

 

 (b) π 1sin
4 x
  where x  side of square M1 

  2x    A1 

  4 2iP    A1 
[3 marks] 

 
 (c) 6 equilateral triangles 1x   A1 
  6iP   A1 

[2 marks] 
 

 (d) in right-angled triangle 
π 2sin

1

x

n
   
 

 M1 

  
π2sinx
n

    
 

 A1 

  iP n x   

  
π2siniP n
n

    
 

 M1 

  
π2 siniP n
n

   
 

 AG 

[3 marks] 
 
 

continued… 
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Question 1 continued 
 

 (e) consider 
πlim 2 sin

n
n

n

 
 
 

 

  use of 
3 5

sin
3! 5!
x xx x    M1 

  
3 5

3 5
π π π π2 sin 2

6 120
n n

n n n n
        

   
 (A1) 

  
3 5

2 4
π π2 π

6 120n n
 

    
 

 A1 

  
πlim 2 sin 2π

n
n

n

   
 

 A1 

  as n   polygon becomes a circle of radius 1 and 2πiP   R1 
[5 marks] 

 
 (f) consider an n-sided polygon of side length x  

  2n right-angled triangles with angle 2π π
2n n

  at centre M1A1 

  opposite side 
π πtan 2tan

2
x x

n n
        
   

 M1A1 

  Perimeter 
π2 tancP n
n

   
 

 AG 

[4 marks] 
 

 (g) (i)  

π2 tan
0lim lim 1 0x x

xP x

x
 

 
 
    R1 

   attempt to use L’Hôpital’s rule M1 

    
2

2

2

2π πsec
lim lim 1x x

x xP x

x
 

   
 


 A1 

    lim 2π
x

P x


  A1 

 
  (ii)  lim 2πcn

P n


  A1 

[5 marks] 
 
 

continued… 
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Question 1 continued 
 
 (h) 2πi cP P   

  
π π2 sin 2π 2 tann n
n n

       
   

 M1 

  
π πsin π tann n
n n

       
   

 A1 

[2 marks] 
 
 (i) attempt to find the lower bound and upper bound approximations within  

0.005 of π  (M1) 
  46n   A2 

[3 marks] 
 

Total [30 marks] 
 
 

2. (a) correct graph of 1( )y f x  A1 

  correct graph of 3( )y f x  A1 

   
[2 marks] 

 
 (b) (i) graphical or tabular evidence that n has been systematically varied M1 
   eg 3n  , 1 local maximum point and 1 local minimum point 
   5n  , 2 local maximum points and 2 local minimum points 
   7n  , 3 local maximum points and 3 local minimum points (A1) 

   1
2

n   local maximum points A1 

 

 (ii) 1
2

n   local minimum points A1 
 

Note: Allow follow through from an incorrect local maximum formula expression. 
[4 marks] 

 
 

continued… 
  



 – 8 – SPEC/5/MATAA/HP3/ENG/TZ0/XX/M 

 

Question 2 continued 
 
 (c) correct graph of 2( )y f x  A1 

  correct graph of 4( )y f x  A1 

   
[2 marks] 

 
 (d) (i) graphical or tabular evidence that n has been systematically varied M1 
    
   eg 2n  , 0 local maximum point and 1 local minimum point 
   4n  , 1 local maximum points and 2 local minimum points 
   6n  , 2 local maximum points and 3 local minimum points (A1) 

   2
2

n   local maximum points A1 

 

  (ii) 
2
n  local minimum points A1 

[4 marks] 
 
 (e)     cos arccosnf x n x  

      
2

sin arccos

1
n

n n x
f x

x
 


 M1A1 

 
Note: Award M1 for attempting to use the chain rule. 

      0 sin arccos 0nf x n n x     M1 

   arccos πn x k  ( k   ) A1 
  leading to 

  πcos kx
n

  ( k    and 0 k n  ) AG 

[4 marks] 
 
 

continued… 
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Question 2 continued 
 
 (f)    2 cos 2arccosf x x  

    2
2 cos arccos 1x   M1 

  stating that   cos arccos x x  A1 

  so   2
2 2 1f x x   AG 

[2 marks] 
 
 (g)     1 cos 1 arccosnf x n x    

   cos arccos arccosn x x   A1 

  use of  cos cos cos sin sinA B A B A B    leading to M1 

         cos arccos cos arccos sin arccos sin arccosn x x n x x   AG 
[2 marks] 

 
 (h) (i)     1 cos 1 arccosnf x n x    A1 

          cos arccos cos arccos sin arccos sin arccosn x x n x x   M1 

          1 1 2cos arccos cos arccosn nf x f x n x x    A1 

    2 nxf x  AG 
 
  (ii)      3 2 12f x xf x f x   (M1) 

    22 2 1x x x    

   34 3x x   A1 
[5 marks] 

 
Total [25 marks] 
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