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Instructions to Examiners

Abbreviations

M  Marks awarded for attempting to use a correct Method.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

R Marks awarded for clear Reasoning.

AG Answer given in the question and so no marks are awarded.

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for
their correct methods/answers using incorrect results.

Using the markscheme

1 General

Award marks using the annotations as noted in the markscheme eg M1, A2.

2 Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

It is generally not possible to award MO0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A7 for using the
correct values.

Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award AOA1A1.

Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question. This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part. For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A7 in the first part.
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Examples:
Correct Further Any FT issues? Acti
i ction
answer seen | working seen
1. 5.65685... No. Award A1 for the final mark
82 (incorrect Last part in question. |  (condone the incorrect further
decimal value) working)
2, 35 0.468111... Yes. Award A0 for the final mark
— (incorrect Value is used in (and full FT is available in
72 decimal value) subsequent parts. subsequent parts)
3 Implied marks

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or
implied by subsequent working/answer.

4 Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect
value from part (c)(i) used in part (c)(ii)). Usually, to award FT marks, there must be working
present and not just a final answer based on an incorrect answer to a previous part. However, if all
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should
be awarded for their correct answer, even when working is not present.

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct
answer, without working being seen. For longer questions where all but the answer marks are
implied this rule applies but may be overwritten by a Note in the Markscheme.

¢ Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

e If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

¢ Ifthe error leads to an inappropriate value (e.g. probability greater than 1, sin@ =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

¢ The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

e If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts. This includes when
candidates fail to complete a “show that” question correctly, and then in subsequent parts use
their incorrect answer rather than the given value.

e Exceptions to these FT rules will be explicitly noted on the markscheme.

¢ If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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Mis-read

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR). A
candidate should be penalized only once for a particular misread. Use the MR stamp to indicate
that this has been a misread and do not award the first mark, even if this is an M mark, but award
all others as appropriate.

o If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

e Ifthe MR leads to an inappropriate value (e.g. probability greater than 1, sind =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

e Miscopying of candidates’ own work does not constitute a misread, it is an error.

¢ If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy
than given in the question, this is NOT a misread and full marks may be scored in the subsequent
part.

¢ MR can only be applied when work is seen. For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question
specifies a method, other correct methods should be marked in line with the markscheme. If the
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted
unless covered by a note in the mark scheme.

o Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, efc.
¢ Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000.

¢ Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

e In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, some equivalent answers will generally appear in brackets. Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.
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Format and accuracy of answers

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to
final answers: unless otherwise stated in the question all numerical answers must be given exactly
or correct to three significant figures.

Where values are used in subsequent parts, the markscheme will generally use the exact value,
however candidates may also use the correct answer to 3 sf in subsequent parts. The
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf
values”.

Simplification of final answers: Candidates are advised to give final answers using good
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and

any values that lead to integers should be simplified; for example, , /2745 should be written as %

An exception to this is simplifying fractions, where lowest form is not required (although the

10
numerator and the denominator must be integers); for example, Tmay be left in this form or

written as % However, ? should be written as 2, as it simplifies to an integer.

Algebraic expressions should be simplified by completing any operations such as addition and
multiplication, e.g. 4¢** xe** should be simplified to 4e™, and 4e** xe** —e** xe* should be
simplified to 3e™. Unless specified in the question, expressions do not need to be factorized, nor
do factorized expressions need to be expanded, so x(x+1) and x* + x are both acceptable.

Please note: intermediate A marks do NOT need to be simplified.
Calculators

A GDC is required for this paper, but if you see work that suggests a candidate has used any
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the
procedures for malpractice.

Presentation of candidate work

Crossed out work: If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit
note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates
otherwise. If the layout of the responses makes it difficult to judge, examiners should apply
appropriate discretion to judge which is “first”.
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(@) varies the value of b with a=3 (M1)

Note: The (M1) in part (a) can also be awarded for a correct answer to either part (b)(i)
or (b)(ii).

Award (M1) for evidence that b =0 case is considered/determined.

b=-4,0 A1

[2 marks]

(b) () b<—-4orb>0 A1
[1 mark]

(i) —-4<b<0 A1

[1 mark]

continued. ..



-8- 8823 -7103M

Question 1 continued

(c) () b=0,4 A1
[1 mark]

(i) b<0orb>4 A1

[1 mark]

(i) 0O0<b<4 A1

[1 mark]

continued...
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Question 1 continued

(d) one point of zero gradient is located on either side (of the x- axis) (or equivalent) A1

[1 mark]

() METHOD 1

Y_ 3x* +2ax (A1)
dx
. dy
attempts to solve their a: 0 for x M1
—2a+4d’

x(3x+2a)(: 0) OR =42 OR x+2=12

6 3 3
x= —ga, 0 A1

3

when x=0, y=b and so P(0, b) is a point of zero gradient AG

Note: The following two marks are independent of the first three marks. ‘

substitutes their expression for x in terms of a into y = X +ax’+b (M1)
2 Y 2 Y
=|-—a| +al-——a| +b
g ( 3 j ( 3 j
8 4 8 12
y=——a' +—a’ +b | y=——a' +—a’ +b A1
27 9 27 27
2 4 , . : .
so Q —ga, 2—7a +b | is a point of zero gradient AG
[5 marks]

continued...
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Question 1 continued

METHOD 2

d—y:3x2+2ax (A1)

dx

substitutes either x=0 or x = —%a into their % m1

when x =0, %:0 and y=b so P(0, b) is a point of zero gradient AG

2

d—y:?{—gaj +2a[——aj

dx 3

:iaz—ia2 (=0) | =3 ia2 —iaz(:O),ZEaz—iaz(zo) A1

3 3 9 3 9 3

and so d—y:0 when x:—za AG

dx 3

Note: The following two marks are independent of the first three marks. ‘

substitutes x=—%a into y:x3+ax2-|-b (M1)
2 Y 2°Y
=|——a| +a|-—a| +b
g ( 3aj “( 3‘1)
8 4 8 12
y=——a' +—a’ +b | y=——a' +—a’ +b A1
27 9 27 27
2 4 5 . . :
so Q —Ea,2—7a +b | is a point of zero gradient AG
[5 marks]

continued...
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Question 1 continued

® G ic—f = 6x+2a

2
when x =0, E); =2a (a>0)and so (P)is a (local) minimum (point)

2
when xz—%a, Ki;:—hl (a>0)and so (Q) is a (local) maximum

(point)

(i)  (Pand Q are) both above (the x- axis)

8823 -7103M

A1

R1

R1

[3 marks]

A1

Note: Award A1 if it is made clear that both points are above (the x- axis).
Accept a labelled sketch that clearly shows this information.

[1 mark]

continued...
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Question 1 continued

(@) () (P)isa (local) maximum (point) and is above (the x- axis) A1
[1 mark]

n , . 4
(i) (Q is below the x-axis when) Ea +b<0 A1

4
Note: Award A1 for an equivalent correct inequality, eg. 2—7a3 <-b.

Accept a labelled sketch that clearly shows this information.

[1 mark]

continued...



-13 - 8823 -7103M

Question 1 continued

(h) METHOD 1

attempts to factorize 4a’b+27b°(<0) (M1)
4
275 @’ +b (<0) OR b(4a* +27b)(<0) A1
4 5 4 5
b>0and —a’+b<0 or b<0 and —a’+b>0 A1
27 27

Note: Only award this A7 if both cases are stated.

Award A1 for stating that exactly one of b and 2i7a3 +b is less than zero (or

equivalent).

when b and 2;47a3 + b have opposite sign, P and Q are located on either side

(of the x-axis) (or equivalent) R1

‘ Note: Accept labelled sketches that clearly show this information.

P and Q are located on either side (of the x- axis) if (and only if) the curve has
exactly three x- axis intercepts R1

if 4a°b+27b% <0, then the graph of ¥ =x’+ax’ +b has exactly three x- axis
intercepts AG

Note: For proving the converse, award a maximum of 3 marks (likely to be similar
steps but presented in reverse; 2" A7 line not necessary in reverse method).

continued...
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Question 1 continued

METHOD 2
attempts to factorize 4a’b+27b°(<0) (M1)
4 5
275 @’ +b (<0) OR b(4a* +27b)(<0) A1
. 4 4
either b>0 and 574 +b<0 or b<0 and 574 +b>0 A1

Note: Only award this A7 if both cases are stated.

Award A1 for stating that exactly one of b and ia3 +b is less than zero (or

equivalent).

4
b>0 and 2;47a3+b<0, (:>0<b<—ﬁa3j:>a<0 and hence three x- axis

intercepts R1

4
b<0 and %a3+b>0, [:—ch <b<0j:>a>0 and hence three x- axis

intercepts R1

‘ Note: Accept labelled sketches that clearly show this information.

if 4a°b+27b> <0, then the graph of ¥ =x’+ax’ +b has exactly three x- axis
intercepts AG

Note: For proving the converse, award a maximum of 3 marks (likely to be similar
steps but presented in reverse; 2" A1 line not necessary in reverse method).

[5 marks]

Total [24 marks]
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(@ )

= |

A1

[1 mark]

X

(i) %——ﬁ (= —ﬂ A1

Note: Award A1 for responses such as ‘the gradient is the negative (opposite)

reciprocal of L oor Lsm=-1 (or equivalent).

X b
Award A1 for Zx[—£] =—1.
X y

Do not award FT from part (a) (i).

AG
de y

[1 mark]
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Question 2 continued

(iii) attempts to separate variables x and y

[y dy==[xdr

8823 -7103M

(m1)

Note: Award (M1) for y dy =—x dx.

A1

X
Note: Award A1 for y?+cl =—7+Cz.

y2 x2
Award A0 for 7 =——.

=x"+)y =k (where k=2c)

AG

[2 marks]

continued...
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Question 2 continued

(b)

two parabolic shaped curves with approximately correct shape/position

(e.g. two intersection points, in first and fourth quadrant) A1A1
x-intercepts —1 and 2 A1
[3 marks]

continued...
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Question 2 continued

(c) atintersection, 4a*> —4ax = 4b* + 4bx
4a® —4b* = dax+4bx (a° —b* =ax+bx, 4a” —4b° —4ax—4bx =0) A1
attempts to factorize either the LHS or the RHS of the first two equations above
(or equivalent) OR attempts to partially factorize the LHS side of

a’ —b* —ax—bx =0 (or equivalent) (M1)

(a+b)(a—b):(a+b)x

Note: Accept alternative forms such as 4(a+b)(a—b)=4(a+b)x or

(a+b)((a—b)—x)=0.

recognition that @ +b >0 (or equivalent, eg. a > 0,5 > 0) (allows division by
a+b) R1

Note: Subsequent marks are not dependent on this R1. ‘

x=a-b A1

Note: As x=a—b is an AG, only award the above A1 if a* —b* =(a+b)(a—b)has

been used.

substitutes x =a —b into either y* =4a’ —4ax or y* =4b* +4bx and attempts to
simplify (M1)

y? :4a2—4a(a—b) OR y’ =4b2+4b(a—b)
v =44d* —4a* + dab = y = +2\ab A1
SO M(a—b, 2@) and N(a—b, —2\/5) AG

[6 marks]

continued...
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Question 2 continued

(d) METHOD1

attempts implicit differentiation on either curve (M1)
& 4a( 'It)ddy4( ivalent) A1
——=——" (or equivalent) and —— =— (or equivalen
v 2y % dc 2y O
dy 4a dy 4b
substitutes y =2+/ab into either —=——or —=— M1
4 dx 2y  dx 2y ()

d_y__ ke (=—L)and d_y_ 2 (=L)(orequivalent) A1
& b Jab & Va © ab
EITHER

\/Z\Flmaxb 1 ivalent) A1
==X\ —== - =—1 (or equivalen

b Va Jab  Jab
OR
. . . a . |b ,
eg. the negative (opposite) reciprocal of —\/% is \/: (or equivalent) A1
a

OR
the product of the two gradients is —1 A1
THEN
so at point M, the curves intersect at right angles AG

continued. ..
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Question 2 continued

METHOD 2
attempts chain rule differentiation on either y =+/4a” —4ax or y =+/4b> + 4bx (M1)
& 20 (or equivalent) and 26 (or equivalent) A1
—— = ————= (or equivalent) and — =————= (or equivalen
dx  4a* —4ax dx 4b* + 4bx

bstitutes x = a —b into eith & 2 & 2b (M1)
substitutes x =a —0 into either —=——F—= or —=—F———

dx  4a®—4ax dx  \/4p® +4bx

d_y__ d (=—L)and d_y_ 2 (=L)(orequivalent) A1
& o' Jab & Va © Jab
EITHER

\/z\/glmaxb 1( ivalent) A1
— =X — == - ——=—1 (or equivalen

b Va Nab ~ab
OR
. . a . |b ,
eg. the negative reciprocal of —\/% is \/: (or equivalent) A1
a
OR
the product of the two gradients is —1 A1
THEN
so at point M, the curves intersect at right angles AG
[5 marks]

continued. ..



Question 2 continued

X T
——+tan—
€ @) gk, y=—"~>=

X o
1-| == |tan—
( yJ 4

X [ oy
y y
glx, y)= =
e
y y
y—x
so g(x, y)=
y+x

- 21 -
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(A1)

A1

AG

[2 marks]

continued...
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Question 2 continued

(i) let y=wx (M1)
Y_, P (A1)
dx dx

dv Ywx—x v—1
V+X—= = (A1)
dx Jw+x v+l
dv . I
attempts to express xa as a single fraction in v (M1)
xdv v +1 ( valent) (A1)
—=- or equivalen
dx v+l a
attempts to separate variables x and v (M1)
I \)2+1 dv= —J.l dx (or equivalent)
v +1 X
%ln(v2 + 1) +arctanv = —1n|x| (+d) (or equivalent) A1A1
1 ¥’ y .
—In| = +1 |+arctan=+In|x|=d (or equivalent) A1
2 X X
[9 marks]

continued...
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Question 2 continued

()  METHOD 1

1

tanozf(x’y)-l_1
glx, y) == M1
— f(x,
tan f( y)
EITHER
as @ >~ ! —0, (hence g(x, y)—>— ! ) R1
2’ tana ’ ’ f(x,y)
OR
0 1
as « > =, tana — o and so g(x,y)—)L’y)Jr R1
2 O—f(x,y)
THEN
limg(x, y)=— ! AG
asi S(x, »)

2

Note: The R1 is dependent on the M1.

METHOD 2
: i

uses either tana = 2% or L Cf)sa to form g(x, y) = cosaf()'c,y) s m1

cosa  tana sina cosa —sina f(x,y)

Ox f(x,y)+1
as a—)E, cosa — 0 and sina — 1 and so g(x,y)—)M R1
2 O—f(x,y)

1
limg(xay):_ AG
at £x.y)

‘ Note: The R1 is dependent on the M1. ‘
[2 marks]

Total [31 marks]
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y constituye un delito.

En este enlace encontrara mas informaciéon sobre cémo solicitar una autorizacién por
escrito en forma de licencia: https://ibo.org/become-an-ib-school/ib-publishing/licensing/
applying-for-a-license/.
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Instructions to Examiners

Abbreviations

M  Marks awarded for attempting to use a correct Method.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

R Marks awarded for clear Reasoning.

AG Answer given in the question and so no marks are awarded.

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for
their correct methods/answers using incorrect results.

Using the markscheme

1 General

Award marks using the annotations as noted in the markscheme eg M1, A2.

2 Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

It is generally not possible to award MO0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A7 for using the
correct values.

Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award AOA1A1.

Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question. This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part. For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A7 in the first part.
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Examples:
Correct Further Any FT issues? Acti
i ction
answer seen | working seen
1. 5.65685... No. Award A1 for the final mark
82 (incorrect Last part in question. |  (condone the incorrect further
decimal value) working)
2, 35 0.468111... Yes. Award A0 for the final mark
— (incorrect Value is used in (and full FT is available in
72 decimal value) subsequent parts. subsequent parts)
3 Implied marks

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or
implied by subsequent working/answer.

4 Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect
value from part (c)(i) used in part (c)(ii)). Usually, to award FT marks, there must be working
present and not just a final answer based on an incorrect answer to a previous part. However, if all
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should
be awarded for their correct answer, even when working is not present.

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct
answer, without working being seen. For longer questions where all but the answer marks are
implied this rule applies but may be overwritten by a Note in the Markscheme.

¢ Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

e If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

¢ Ifthe error leads to an inappropriate value (e.g. probability greater than 1, sin@ =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

¢ The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

e If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts. This includes when
candidates fail to complete a “show that” question correctly, and then in subsequent parts use
their incorrect answer rather than the given value.

o Exceptions to these FT rules will be explicitly noted on the markscheme.

¢ If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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Mis-read

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR). A
candidate should be penalized only once for a particular misread. Use the MR stamp to indicate
that this has been a misread and do not award the first mark, even if this is an M mark, but award
all others as appropriate.

o If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

o Ifthe MR leads to an inappropriate value (e.g. probability greater than 1, sind =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

¢ Miscopying of candidates’ own work does not constitute a misread, it is an error.

e If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy
than given in the question, this is NOT a misread and full marks may be scored in the subsequent
part.

¢ MR can only be applied when work is seen. For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question
specifies a method, other correct methods should be marked in line with the markscheme. If the
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted
unless covered by a note in the mark scheme.

o Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, efc.
¢ Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000.

¢ Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

e In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, some equivalent answers will generally appear in brackets. Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.
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Format and accuracy of answers

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to
final answers: unless otherwise stated in the question all numerical answers must be given exactly
or correct to three significant figures.

Where values are used in subsequent parts, the markscheme will generally use the exact value,
however candidates may also use the correct answer to 3 sf in subsequent parts. The
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf
values”.

Simplification of final answers: Candidates are advised to give final answers using good
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and

any values that lead to integers should be simplified; for example, , /%5 should be written as %

An exception to this is simplifying fractions, where lowest form is not required (although the

. , 10 o
numerator and the denominator must be integers); for example, ?may be left in this form or

1
written as % However, ?0 should be written as 2, as it simplifies to an integer.

Algebraic expressions should be simplified by completing any operations such as addition and
multiplication, e.g. 4¢** xe** should be simplified to 4e™, and 4e** xe** —e** xe* should be
simplified to 3e¢’*. Unless specified in the question, expressions do not need to be factorized, nor
do factorized expressions need to be expanded, so x(x+1) and x* + x are both acceptable.

Please note: intermediate A marks do NOT need to be simplified.
Calculators

A GDC is required for this paper, but if you see work that suggests a candidate has used any
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the
procedures for malpractice.

Presentation of candidate work

Crossed out work: If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit
note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates
otherwise. [f the layout of the responses makes it difficult to judge, examiners should apply
appropriate discretion to judge which is “first”.
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y
3 y =log, (x)
y= Ing (x)
-5 1 5
y=x
-3 4

clearly labelled graphs of y =log, x and y =log,, x with correct domain,

asymptotic behaviour and concavity evident A1
correct relative positions of the two log graphs both above and below the x- axis A1
(1,0) indicated (coordinates not required) A1
correct graph of y =x A1

[4 marks]

continued...



Question 1 continued

(b)

i(x—lnx)
dx
_1-L
X
_dy

attempts to solve their a: 0 for x

1
lI-—=0=x=1

X

(when x=1,) x—Inx=1

EITHER
0
dx X
_1

x2

>0 (when x=1)

N|

X

hence x —Inx has a minimum value of 1

M23/5/MATHX/HP3/ENG/TZ2/XX/M

A1

(m1)

A1

A1

R1

concave-up’. Do not award R1 if the second derivative is incorrect.

1
Note: Award Rf1 for either ‘1 >0’ or a graph of y =—->0 or ‘the graph of y =x—Inx is
X

continued...



Question 1 continued
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OR
for(0<)x<1,1—l<0 R1
X
1
forx>1,1-—>0 R1
X
hence x—Inx has a minimum value of 1
Note: Award R1R1 for either a clearly labelled sign diagram/table (accept correct
numerical values) or the graph of y :1—l with sign change in gradient indicated.
X
Note: Award a maximum of AO(M1)A1A0R1 or AO(M1)A1ROR1 if no symbolic

derivatives are seen.

[5 marks]

(c)
EITHER
x—Inx>1 (xeR+) R1
OR
x—Inx>0 (xeR*) R1
THEN
SO x>Inx AG
[1 mark]

continued...
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Question 1 continued

(d)

Interval Number of intersection points
O<axl p=1
I<a<l4 q=2
1.5<a<?2 =0
A1A2A1
Note: Award A1 for p=1, A2for ¢ =2 and A1 for r=0.
[4 marks]
() METHOD 1
EITHER
y=log, x
& = 1 (A1)
dx xlna
attempts to solve =1 for x (M1)
xlna
OR
y=x-log, x
by 1 (A1)
dx xlna
attempts to solve 1— =0 for x (M1)

xlna

continued...
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Question 1 continued

THEN
1 1 . 1
x=—— OR xlna=1 OR lna=— OR In¢* =1 OR =1 A1
Ina X a‘lna
1
at x=—-, log, x=x
Ina
Inx 1 oy
attempts to sove — =—— OR Inx=1 OR | ¢* | =x for x (M1)
Ina Ina
x=e
coordinates of P are (e,¢) (accept x=¢, y=e¢) A1A1
1
attempts to solve l—ze OR log, e=e¢ for a analytically (M1)
na
1 ¢
Ina=— OR a° =¢
e
a=e® A1

continued...
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Question 1 continued

METHOD 2
EITHER
y=log, x

d_y_ 1
dx xlna

attempts to solve =1 for x

xlna

OR
y=x-log, x

&
dx xlna

attempts to solve 1— =0 for x

xlna

THEN
1

x=—— OR xlna=1 OR lna:l OR Ina* =1 OR

Ina X

1
at x=—, log, x=x
Ina

attempts to solve log, L . for a
Ina) Ina

EITHER

1
h{lj 1 1
naj_ = ln(—] =1

Ina Ina

OR

M23/5/MATHX/HP3/ENG/TZ2/XX/M

(A1)

(mM1)

(A1)

(m1)

1
a‘lna

=1 A1

(m1)

log, L 1
for example, writes a ) (““J =qa™“ and then attempts to apply appropriate

index/log laws to both sides: Ina = log

log, e

2249 and so L:logae

continued...
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Question 1 continued

THEN

attempts to solve IL =e¢ OR log,e=e for a analytically (M1)
na

lnazl OR a° =¢e

A1

coordinates of P are (e,e) (accept x=¢, y=e) A1A1

continued...
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Question 1 continued
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METHOD 3
y=log, x
dy 1
= _ A1
dx xlna (A7)

. , 1 Inx, .
(equation of the tangent at (x;,y,) is) y = (x—x,)+—= (or equivalent) A1

x,Ina Ina
compares this equation with y = x and attempts to form at least one of the following M1
1 _1 OR lnxl—l=0
x,Ina Ina
Inx, -1
attempts to solve =1 OR =0 for x, (M1)
x Ina Ina
X =e
coordinates of P are (e,¢) (accept x=¢, y=e¢) A1A1
attempts to solve 0 =1 (or equivalent) for a analytically (M1)
elna

1 .
Ina=— OR a° =¢

e
a=e° A1

[8 marks]

continued...
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Question 1 continued

1

f () l<a<e®

A1
1
Note: Award A0 for a<e°.
[1 mark]
I
(i) a>e° A1
Note: Only award FT for 1.4 <a <1.5. If the value of a is not exact, e.g. 1.44, award at
most AOA1 in part (f) for a consistent approximate endpoint value.
If a value of a is not found in part (e), award at most A0OA17 in part (f) for a
consistent approximate endpoint value provided that 1.4 <a <1.5.
[1 mark]

Total [24 marks]
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1
5 (A1)
2, l, -1
2
EITHER
al=t o 123 A1
2 2 2
OR
tmssmwemmhasacmnmondﬁaemmof—% A1
OR
the (arithmetic) mean of 2 and —1 is % A1
THEN
hence L(x) =2x—1 is an AS-linear function AG
[2 marks]
b () (L(r)=0=)mr+c=0 A1
m
Note: Award A0 for numerical verification from L(x) =2x—1 in part (a).
[1 mark]

continued...
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Question 2 continued

(i) METHOD 1
EITHER

attempts to use (d =)r—-m=c—r (M1)

Note: Award (M1) for attempting to use (d =)m —-r=r—c.

(49)-Sm=c—( <] A1

m m
Note: Award A1 for (d :)—i—m _n
m 2
removes the denominator m from their expression involving m and ¢ (M1)

m* +cm+2c¢=0 (or equivalent)

OR
m+c
attempts to use =7 (M1)
m+c= % A1
m

removes the denominator m from their expression involving m and ¢ (M1)
m® +cm+2c =0 (or equivalent)

OR

attempts to use c =m+2d (M1)
c=m+2(—£—mj A1

m
Note: Award A1 for c=m+ 2((; —[—ED .
m
removes the denominator m from their expression involving m and ¢ (M1)

m* +cm+2c =0 (or equivalent)

continued...
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Question 2 continued
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OR
attempts to use r =m+d and ¢ =m+2d (c = m+2(r—m)) (M1)
m*> +dm+m+2d =0 (or equivalent) A1
substitutes d = <" into their expression involving m and d (M1)
m* +cm+2c=0 (or equivalent)
THEN
m2
c(m+2)=-m’=>c=- A1
m+2
2
Note: Award A1 for a convincing demonstration that ¢ =— 5
m+
m2
so L(x)=mx— AG
m+2
Note: Do not accept working backwards from the AG.
METHOD 2
considers L(x)=mx—mr
attempts to use (d =)r—-m=c—r (M1)
Note: Award (M1) for attempting to use (d =)m—r=r—c.
(dz)r—m:—mr—r A1
attempts to express r in terms of m (M1)
2Zr+mr=m=r= A1
m+2
2
SO L(x) =mx— AG
m+2
Note: Do not accept working backwards from the AG.
[4 marks]

continued...
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Question 2 continued

(i) m#-2 (m=0) A1
[1 mark]

(c)
attempts to find an integer value of m (M1)

e.g. uses the result that m +2 exactly divides 2 OR uses a table OR uses a graph
and slider OR uses systematic trial and error

2
Note: Award (M1) for solving m’ :k(m+2) for m or solving mr — m 2 =0 for m or
m+
solving m* +cm+2c¢ =0 for m .
m=-4 OR m=-3 (A1)
—-4,2,80R -3,3,9
L(x)=—4x+8, L(x)=—3x+9 A1
Note: Award (M1)(A1)A0 for —4x+8 and —3x+9.
[3 marks]
@ 0 -2 At
a
[1 mark]
(i — A1
[1 mark]

continued...
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Question 2 continued

€) () b-a A1

Note: Award marks as appropriate in parts (e) (ii) and (iii) for use of r, —r, =a—-b.

[1 mark]
(i)  attempts to eliminate r, M1
2 :—S—(b—a):>2r1 :az_f# (or equivalent) A1
Note: Award A1 for a correct alternative form of +#, or 2.
SO 1 =$ AG
Note: Do not accept working backwards from the AG.
[2 marks]

continued...
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Question 2 continued

(i) METHOD 1

M23/5/MATHX/HP3/ENG/TZ2/XX/M

EITHER
a+b

(r=) (A1)

2
attempts to equate two expressions for either », or 27 interms of a and b M1

2 2
a-l—b:a ab-b ORa+b:a ab-b

2 2a a
OR
b-rn=nrn-a (A1)
a’—ab-b
attempts to use b—7, =7 —a with 1, =T, m1
a
a*—ab-b\ a’—ab-b

b— = —a

2a 2a
OR
(rn=)a+d (A1)

2
attempts to use 1, =a+d with :w and d = b-a m1
2a 2
a’*—ab—b b—a
=a+
2a 2
THEN
2a* +2ab=2a>-2ab-2b OR a*+ab=a’ —ab—-b
4ab+2b=0 OR 2ab+b=0
2b(2a+1):0 OR b(2a+1):0 A1
Note: Award (A1)M1 for any valid approach that correctly leads to 2ab+b =0 (or
equivalent).
Do not accept numerical verification from the AG.
1

sob=00ra:—5 AG

continued...
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Question 2 continued

METHOD 2
(b:)a+2d OR (r1 =)a+d (A1)
attempts to equate two expressions for either 7, or 2r, in terms of @ and d m1

2 _ 2 _
a+d=a a(a+2d) (a+2d) OR 2(a+d)=a a(a+2d) (a+2d)

2a a

2a° +4ad +a+2d =0
(2a+1)(a+2d)=0 A1

Note: Do not accept numerical verification from the AG.

sob:OOra:—% AG

[3 marks]
continued...
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Question 2 continued

(/) METHOD 1

a a a
n=—ORr=-=ORd=-= At
=5 2= > (A1)
c=-a (A1)
attempts to find the values of a (M1)
EITHER

the roots of ax> —a =0 are +1 and %zil

OR

3
substitutes x:i% into ax” —a =0 giving %—a =0

OR

c a2 a3 3 a3
(rr,=)—=——=c=——andso -a=—=——a=0
4 4 4 4

Note: Award (M1) for attempting to find the values of a from their arithmetic sequence
expressed in terms of a.

OR

THEN
a=+2 (A1)

(rlzil, b=0, r,=7l, c=$2)

SO Q(x):2x2—2, Q(x)=—2x2+2 A1

Note: Award A0 for 2x* —2 and —2x> +2.
Award (A1)(A1)(M1)(A0)AO0 for obtaining either a =2 or a=-2.

continued...
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Question 2 continued

METHOD 2

r,=—d ORr,=d OR a=-2d (A1)
c=2d (A1)
attempts to find the values of d (M1)
EITHER

the roots of —2dx* +2d =0 are +1

OR
substitutes x = +d into —2dx”> +2d =0 giving —2d’ +2d =0

OR

2d

attempts to use 77, =— to form —d> = -
a -2d

Note: Award (M1) for attempting to find the values of d from their arithmetic sequence
expressed in terms of d .

THEN
d=+1 (A1)

(a:i2, =21, b=0,r,=7l, c:$2)

SO Q(x)=2x2—2, Q(x):—2x2+2 A1

Note: Award A0 for 2x* -2 and —2x° +2.
Award (A1)(A1)(M1)(A0)AO0 for obtaining either d =1 or d =—1.

continued...
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Question 2 continued

METHOD 3

a=21r, ORr,=-1, OR d =—7 (A1)
c=-2p (A1)
attempts to find the values of (M1)
EITHER

the roots of 2rx* —2r, =0 are +1

OR

substitutes x = +7 into 25,x* =27, =0 giving 21’ =27, =0
OR

—2n,

27,

C
attempts to use 77, =— to form —° =
a

Note: Award (M1) for attempting to find the values of 7 from their arithmetic sequence

expressed in terms of 7, .

THEN
=41 (A1)

(a=i2, rn=%x1,b=0,r,=7l, c=$2)

SO Q(x):2x2—2, Q(x)=—2x2+2 A1

Note: Award A0 for 2x* —2 and —2x” +2.
Award (A1)(A1)(M1)(A0)AO0 for obtaining either , =1 or 7, =—1.

[5 marks]

continued...
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Question 2 continued

@ @

attempts to express 7, in terms of b with a =——

(M1)
Note: Do not award (M1) if a :l is used.

EITHER

a+b
uses 7 =

OR

a —ab-b
uses t, =————

2a

OR

uses n—a=b-r

THEN
1
h——
21 b 1 P A1
4 2 4 2
[2 marks]

continued...
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Question 2 continued

(i) METHOD 1

EITHER
substitutes their expression for 7, with a :—% into O(x)(=0) (M1)
2b-1 1(26-1Y  (2b-1
—(=0)=>——| —— | +b| —— |+¢(=0
Q(4J( ) 2(4j (4)0( )
OR
6b+1( 3b lj
]/‘2: =—+4—
4 2 4
substitutes their expression for 7, with a = —% into O(x)(=0) (M1)
6b+1 1(6b+1)  (6b+1
=0)=—— +b +c(=0
Q(4J( ) 2(4) (4jc( )
THEN
c= 4b+1 (: 2b+%j (seen anywhere) A1

4b* +20b+5=0

attempts to solve their quadratic in b (M1)
-5+
=22 A1
2
substitutes into ¢ = 4b+1
-9+
" 9_24J§ A1

Note: Award AOAO for b and ¢ expressed as decimal values.

Note: Award a maximum of (M1)A1(M1)AOAOFT for FT from part (g) (i).

continued...
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Question 2 continued

METHOD 2

substitutes their expressions for 7 and r, with a :—% into O(x) (M1)
1 2b—-1 6b+1
2 4 4

—lx2 +bx—§b2 +lb+i
2 8 8 32

c= 4b2+1 (: 2b+%) (seen anywhere) A1

SV ELINE LY S
2 8

4b* +20b+5=0

attempts to solve their quadratic in b (M1)
-5+
=25 A1
2
substitutes into ¢ = 4b+1
-9+
‘= 9_24\6 A1

Note: Award AOAO for b and ¢ expressed as decimal values.

Note: Award a maximum of (M1)A1(M1)AOAOFT for FT from part (g) (i).

continued...
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Question 2 continued

METHOD 3

. _6b+1(_ﬁ+1J
P4 2 4

substitutes their expressions for 7 and 7, with a :—% into 7, =< (M1)
a
(21)_1)(%“]— ¢ (or equivalent)
4 4 1
2
EITHER
c= 4b2+1 (z 2b+%] (seen anywhere) A1
OR
_1(2b-1Y(6b+1) (6b+1)_ 2b-1 ( 1 A1
2\ 4 4 4 4 2
THEN
4b* +20b+5=0
attempts to solve their quadratic in b (M1)
-5+
po TSNS At
2
substitutes into ¢ = 4b+1
-9+
c= 9_24\/5 A1

Note: Award AOAO for b and ¢ expressed as decimal values.

Note: Award a maximum of (M1)A1(M1)AQAOFT for FT from part (g) (i).

continued...
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Question 2 continued

METHOD 4

. . 1
attempts to equate two expressions for 7, with a = ) (M1)

—h+/p? _
b+x~b" +2¢ :2b4 l(im=2b+lJ

1 4

4b +1
CcC=
2

(z 2b+ %] (seen anywhere) A1

12b2—4b—1+32[2b+%j:0 (4b2 +20b+5=0)

attempts to solve their quadratic in b (M1)
-5+
b= = 2\/5 A1
2
substitutes into ¢ = 4b+1
-9+
e== _24\/5 A1

Note: Award AOAO for b and ¢ expressed as decimal values.

Note: Award a maximum of (M1)A1(M1)AQAOFT for FT from part (g) (i).

continued...
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Question 2 continued

METHOD 5

EITHER

n=d—l
2

1
substitutes their expression for 7 in terms of d with a = - into O(x)(=0) (M1)

Q(d—%j(zo):—%(d—%jz+b(d—%)+c(:0)
OR
5:3d—%

substitutes their expression for r, in terms of d with a =—% into O(x)(=0) (M1)

Q(sd—%)(: 0)= —%(361—%}2 +b(3d—%)+c(: 0)

THEN
b=2d —% and c=4d —% (seen anywhere) A1
4d*> +8d -1=0
attempts to solve their quadratic in d (M1)
2+
d= 2545
2
-5+
b= DES 2Js A1
2
substitutes into ¢ = 4b+1
-9+
Cc= 9_TN§ A1

Note: Award AOAO for b and ¢ expressed as decimal values.

Note: Award a maximum of (M1)A1(M1)AQAOFT for FT from part (g) (i).

continued...
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Question 2 continued

METHOD 6

rl=a'—l and 7’2:361’—l
2 2

. . . . . 1.
substitutes their expressions for 7, and r, in terms of d with a =3 into 7, :£(M1)
a

(d —lj£3d —lj = Ll (or equivalent)

2 2
2
1
c=4d 5 (seen anywhere) A1
4d* +8d —1=0
attempts to solve their quadratic in d (M1)
-2+
d= 245
2
-5+
b= DENS 2J5 A1
2
substitutes into ¢ = 4b+1
-9+
o OEHS At
2
Note: Award AOAO for b and ¢ expressed as decimal values.
Note: Award a maximum of (M1)A1(M1)AOAOFT for FT from part (g) (i).
[5 marks]

Total [31 marks]
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Instructions to Examiners

Abbreviations

M  Marks awarded for attempting to use a correct Method.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

R Marks awarded for clear Reasoning.

AG Answer given in the question and so no marks are awarded.

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for
their correct methods/answers using incorrect results.

Using the markscheme

1 General

Award marks using the annotations as noted in the markscheme eg M1, A2.

2 Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

It is generally not possible to award MO0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A7 for using the
correct values.

Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award AOA1A1.

Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question. This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part. For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A7 in the first part.
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Examples:
Correct Further Any FT issues? Acti
i ction
answer seen | working seen
1. 5.65685... No. Award A1 for the final mark
82 (incorrect Last part in question. |  (condone the incorrect further
decimal value) working)
2, 35 0.468111... Yes. Award A0 for the final mark
— (incorrect Value is used in (and full FT is available in
72 decimal value) subsequent parts. subsequent parts)
3 Implied marks

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or
implied by subsequent working/answer.

4 Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect
value from part (c)(i) used in part (c)(ii)). Usually, to award FT marks, there must be working
present and not just a final answer based on an incorrect answer to a previous part. However, if all
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should
be awarded for their correct answer, even when working is not present.

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct
answer, without working being seen. For longer questions where all but the answer marks are
implied this rule applies but may be overwritten by a Note in the Markscheme.

¢ Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

¢ If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

¢ Ifthe error leads to an inappropriate value (e.g. probability greater than 1, sin@ =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

¢ The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

e If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts. This includes when
candidates fail to complete a “show that” question correctly, and then in subsequent parts use
their incorrect answer rather than the given value.

e Exceptions to these FT rules will be explicitly noted on the markscheme.

¢ If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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Mis-read

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR). A
candidate should be penalized only once for a particular misread. Use the MR stamp to indicate
that this has been a misread and do not award the first mark, even if this is an M mark, but award
all others as appropriate.

o If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

o Ifthe MR leads to an inappropriate value (e.g. probability greater than 1, sind =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

¢ Miscopying of candidates’ own work does not constitute a misread, it is an error.

e If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy
than given in the question, this is NOT a misread and full marks may be scored in the subsequent
part.

¢ MR can only be applied when work is seen. For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question
specifies a method, other correct methods should be marked in line with the markscheme. If the
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted
unless covered by a note in the mark scheme.

e Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, efc.
¢ Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000.

¢ Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

e In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, some equivalent answers will generally appear in brackets. Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.
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Format and accuracy of answers

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to
final answers: unless otherwise stated in the question all numerical answers must be given exactly
or correct to three significant figures.

Where values are used in subsequent parts, the markscheme will generally use the exact value,
however candidates may also use the correct answer to 3 sf in subsequent parts. The
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf
values”.

Simplification of final answers: Candidates are advised to give final answers using good
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and

any values that lead to integers should be simplified; for example, , /2745 should be written as %

An exception to this is simplifying fractions, where lowest form is not required (although the

10
numerator and the denominator must be integers); for example, Tmay be left in this form or

written as % However, ? should be written as 2, as it simplifies to an integer.

Algebraic expressions should be simplified by completing any operations such as addition and
multiplication, e.g. 4¢** xe** should be simplified to 4e™, and 4e** xe** —e** xe* should be
simplified to 3e™. Unless specified in the question, expressions do not need to be factorized, nor
do factorized expressions need to be expanded, so x(x+1) and x* + x are both acceptable.

Please note: intermediate A marks do NOT need to be simplified.
Calculators

A GDC is required for this paper, but if you see work that suggests a candidate has used any
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the
procedures for malpractice.

Presentation of candidate work

Crossed out work: If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit
note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates
otherwise. If the layout of the responses makes it difficult to judge, examiners should apply
appropriate discretion to judge which is “first”.
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(a)

(1, 0.368)

(0. 0)

=WV

1
A1 for (1, 0.368) or (1, —j labelled at local maximum (accept correct coordinates
e

written away from the graph)
A1 for graph clearly starting at, or passing through,the origin
A1 for correct domain

A1 for correct shape i.e.: single maximum, and asymptotic behaviour (equation not
required) (or point of inflexion)

[4 marks]

continued...
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Question 1 continued

(b) ije’”dx (A1)

Note: Award (A1) for correct integrand and limits (which can be seen later in the
question)

Use of integration by parts

SRR

Note: Award A1 for each part (including the correct sign with each)

=[xe ][], A1

Note: Award A1 for correct second term.
Condone absence of limits to this point

attempt to substitute limits M1
=—be’—e"+1 A1
b
-b-1
_eobl AG
e
[6 marks]
b b
. . e —-b-1 .. e -1
(c) () },EEe—b‘},‘E.! 7 A1

b
(: lime—bJ —1 A1
b—>w @
[2 marks]
(ii) (I:xe_xdx=) 1 A1
[1 mark]

continued...
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Question 1 continued

(d) (i) correctintegral (M1)

‘ Note: Award M1 for correct integrand with limits from 0O to a larger number.

24 A1
[2 marks]
(i) 120 A1

\ Note: The M1 can be awarded if either part (d)(i) or part (d)(ii) is correct. \

[1 mark]

(e) 4, ,=n! A1
[1 mark]

continued...
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Question 1 continued

(f)

‘ Note: Accept starting at » =0, throughout this proof.

n=1

4, =1and 1!=1 M1A1

Note: Award M1 for considering the case where n=1, and A1 if it is clear that
both 4, =1 and 1!=1 have been considered.

so true for n=1

assume true for n =k, (A4, :'[:x"e"‘dx:k!) m1

Note: Award MO for statements such as “let n =k .

Note: Subsequent marks after this M7 are independent of this mark and can be
awarded.

when n=k+1

attempt to integrate by parts M1
Note: To obtain the M1, a minimum of an expression +/- an integral must be
seen.
jo e de=[—xe™ |+ (k+1) jo x'e " dx A1
(k+1)[ " x*e™ dx simplified to (k +1)k! seen A1
=0+(k+1)k!

\ Note: Condone omission of the zero.

= (k+1)! A1

Hence if true for n =k then also true for n =k +1. As true for n =1 so true for
neZ". R1

Note: Award the final RT mark provided at least four of the previous marks are
gained.

[8 marks]
Total [25 marks]
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(@ x,=12-x (M1)
S(x)=x(12-x) A1

[2 marks]

(b)y @ (x=)6 A1

| Note: Award the A1 if 6 seen in part (ii). \

[1 mark]
(i)  f(6) OR 6> OR graph with maximum at (6, 36) m1
=36 AG
[1 mark]
12Y - _ )
(c) M,(12)= 5 =36 which is the maximum product (from (b)(ii)) A1
Note: Both the 36 AND a link to part (b), which may be simply seeing the word
“maximum” must be seen to award the A7.
[1 mark]

continued...
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Question 2 continued

(d) (@)

let all x, be labelled as x (or x1 or x, etc.)

(mM1)

‘ Note: Do not accept use of a specific number for x or ».

1
- nx
(x")"=x and —=x
n

ii X +Xx, +...+x =8
1 2 n

1

(X, XXy X...xX,)" S;

A1

[2 marks]

(A7)

m1

\ Note: Award M1 for use of the inequality, which may be seen as an equality.

S n
XX Xy XXX, < (—j (as both sides are positive)
n

LHS and RHS are equal when all values of x, are equal (to E)
n

M,(8)= [ﬁj

n
e) () M,(12)=4"=64

iy M,(12)=3"=81

(i) M,(12)=2.4"=79.6 (79.6262...)

m1

R1

AG

[4 marks]

A1
[1 mark]

A1
[1 mark]

A1
[1 mark]

continued...
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Question 2 continued

(f)  considering M (12) for higher values of n
P(12) =81 A1

n=4
A1

Note: Award AOAO for P(12)=82.6 and n=4.41.

[2 marks]
. . 20" . . .
(g9) Consideration of graph or table of | — | including values either side of 7 (M1)
n
Maximum occurs when n =7 A1
20

P(20)= ) =1550 (1554.260...) A1

Note: Award (M1)A0A1 for n=7.36 and P(20)=1570.
[3 marks]

continued...
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Question 2 continued

(h) EITHER
In(g(x)) = x(In($)—Inx)

attempt to use implicit differentiation and product rule

w=ln$—lnx—xl
g(x) x
OR

attempt to use implicit differentiation, product rule and chain rule

&zln£+(x%xi)

g(x) X x?

OR

attempt to make equation explicit to g(x)= em[;)

attempt to use product rule and chain rule

- csyon(Z)

Al

THEN
S
§QD=GH——qg@)
X
g(x)#0

g'(x):0:>ln§—1=0
x

X= ) (0.3685, 0.36789...5)
e

M23/5/MATHX/HP3/ENG/TZ1/XX/M

M1
M1m1

A1

M1M1M1

A1

m1
M1mM1

A1

M1

A1

[6 marks]

continued...
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Question 2 continued

(i) ln(g(x)):xln(éj :ln(g(x)):ln(EJ M1
x x
g(x)= (Ej A1
X
=M (S) for xezZ"* AG
[2 marks]
i 0 368 M1
e
36 37
(@J =9.3996...x10"° AND (@j =9.47406...x10" R1
36 37
largest possible product is 9.47x10" (9.47406...x10") A1

\ Note: Award A7 independently of the R7 (but not independently of the M7). \

[3 marks]
Total [30 marks]
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Instructions to Examiners

Abbreviations

M  Marks awarded for attempting to use a correct Method.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

R Marks awarded for clear Reasoning.

AG Answer given in the question and so no marks are awarded.

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for
their correct methods/answers using incorrect results.

Using the markscheme

1 General

Award marks using the annotations as noted in the markscheme eg M1, A2.

2 Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

It is generally not possible to award MO0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A7 for using the
correct values.

Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award AOA1A1.

Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question. This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part. For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A7 in the first part.

Examples:
Correct Further Any FT issues? .
. Action
answer seen | working seen
1. 5.65685... No. Award A1 for the final mark
82 (incorrect Last part in question. |  (condone the incorrect further
decimal value) working)
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35 0.468111... Yes. Award A0 for the final mark
— (incorrect Value is used in (and full FT is available in
72 decimal value) subsequent parts. subsequent parts)

Implied marks

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or
implied by subsequent working/answer.

Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect
value from part (c)(i) used in part (c)(ii)). Usually, to award FT marks, there must be working
present and not just a final answer based on an incorrect answer to a previous part. However, if all
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should
be awarded for their correct answer, even when working is not present.

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct
answer, without working being seen. For longer questions where all but the answer marks are
implied this rule applies but may be overwritten by a Note in the Markscheme.

¢ Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

¢ If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

o If the error leads to an inappropriate value (e.g. probability greater than 1, sin& =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

¢ The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

o If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts. This includes when
candidates fail to complete a “show that” question correctly, and then in subsequent parts use
their incorrect answer rather than the given value.

e Exceptions to these FT rules will be explicitly noted on the markscheme.

¢ If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.

Mis-read

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR). A
candidate should be penalized only once for a particular misread. Use the MR stamp to indicate
that this has been a misread and do not award the first mark, even if this is an M mark, but award
all others as appropriate.
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e If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

e Ifthe MR leads to an inappropriate value (e.g. probability greater than 1, sind =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

e Miscopying of candidates’ own work does not constitute a misread, it is an error.

¢ If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy
than given in the question, this is NOT a misread and full marks may be scored in the subsequent
part.

e MR can only be applied when work is seen. For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question
specifies a method, other correct methods should be marked in line with the markscheme. If the
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted
unless covered by a note in the mark scheme.

o Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, efc.
¢ Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Alternative forms
Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000.

¢ Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, some equivalent answers will generally appear in brackets. Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are

asked to apply appropriate discretion to judge if the candidate work is equivalent.

Format and accuracy of answers
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If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to
final answers: unless otherwise stated in the question all numerical answers must be given exactly
or correct to three significant figures.

Where values are used in subsequent parts, the markscheme will generally use the exact value,
however candidates may also use the correct answer to 3 sf in subsequent parts. The
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf
values”.

Simplification of final answers: Candidates are advised to give final answers using good
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and

/2
any values that lead to integers should be simplified; for example, 75 should be written as %

An exception to this is simplifying fractions, where lowest form is not required (although the

. , 10 o
numerator and the denominator must be integers); for example, ?may be left in this form or

1
written as % However, ?0 should be written as 2, as it simplifies to an integer.

Algebraic expressions should be simplified by completing any operations such as addition and
multiplication, e.g. 4¢** xe** should be simplified to 4e’, and 4e** xe™* —e** xe* should be
simplified to 3¢™. Unless specified in the question, expressions do not need to be factorized, nor
do factorized expressions need to be expanded, so x(x+1) and x° + x are both acceptable.

Please note: intermediate A marks do NOT need to be simplified.
Calculators

A GDC is required for this paper, but If you see work that suggests a candidate has used any
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the
procedures for malpractice.

Presentation of candidate work

Crossed out work: If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit
note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates
otherwise. If the layout of the responses makes it difficult to judge, examiners should apply
appropriate discretion to judge which is “first”.
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(a) EITHER
S, =5 (2x1+(n=1)x1)

OR
u, =1 and either u, =n or d =1 stated explicitly

OR
1+2+...+n (or equivalent) stated explicitly
THEN

Sn=§(1+n)

Note: Award AOQ for a numerical verification.

(b)y () 14

(i) a+a,+a=1
2a,+4a,+8a, =5

3a,+9a, + 27a, =14

Note: For the third A mark, award ATFT for 3a, + 9a, + 27a, = p where p is
their answer to part (b) (i).

A1

A1

A1

AG

[1 mark]

A1
[1 mark]

A1
A1
A1

[3 marks]

continued...
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Question 1 continued
(i) @ :% (=0.166666...~0.167), a, :% (=0.5),

a, =l (=0.333333...20.333) A2
3

Note: Award A1 if only two of a,,a,,a, are correct.

Only award FT if three linear equations, each in a,,a, and a, are stated
in part (b) (ii) or (iii).

Award A2FT for their a,,a, and a;.

Award ATFT for their a,,a, and a, =0.

[2 marks]
(c) f'(x):1+2x+ 3% +. +nx"! A1
Note: Award Affor f'(x)=>) ix"".
i=1
:>xf'(x): X4 2x° 3% + ..+ nx" AG
[1 mark]

continued...
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Question 1 continued
(d) () METHOD 1

£ (x) = (%)

fl(x) = P +2°x+ (32)cz)+...+nzx”’1 (:1+4x+(9x2)+...+n2x”’1) A1

Note: Award A1 for
xf(x) = x(l2 +2°x+ (32x2 ) +..+ nzx”’l) (: x(l + 4x+(9x2)+ X" ))

xf)(x)=Px+2°x +(32x3)+...+n2x" (z x+ 4x° +(9x3)+...+n2x”) A1

Note: Award A1 for f(x)=> i*x"" and A1 for xf;(x)=x> i*x"".

i=1 i=1
The second A1 is dependent on the first A1.
Award a maximum of A0A1 if a general term is not considered.

= Z”:izx" AG
MI;_':'HOD 2

fo(x) =3 (' (x)

=x(f"(x)+xf"(x)) (=2 (x)+x°f"(x)) A1

n

= xzn:ixi_l +x22i(i—l)xi_2
i=1 i=1
“Y i+ Y i(i-1)x (:Zn:(iﬂ'z—i)xij A1
i=1 i=1

i=l1

= Zn:izxi AG
i1

[2 marks]
continued...
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Question 1 continued
(i) consider g =1

n

fi(x)=x+2x"+...4+nx" (reference to part (c)) and f,(x)= ) ix’ R1

i=1

assume true for g =k, (fk(x):iikx") m1
=l

Note: Do not award M1 for statements such as “let ¢ =k” or “q =k is true”.

Subsequent marks after this M1 are independent of this mark and can be
awarded.

consider g =k +1

ﬁHI(X):)CfZ(X) M1

n
=x) "X OR x(1+2x+3% + 4T A1
i=1

Note: Award the above M1 if f,, (x)=xD i*"'x"" or xf/(x)=x> i*"'x"" (or
i=l i=1
equivalent) is stated.

n
. 1 i
:Zlk+ x' OR x+2"x* 43" + . +nfx" A1
i=1

since true for ¢ =1 and true for ¢ =k +1 if true for ¢ =k, hence true for all
q(€Z") R1

Note: To obtain the final R1, three of the previous five marks must have been
awarded.

[6 marks]
(i)  f,(1)=1"+2743"+..+ n’

i? £= anlii“] A1

i=1

=

d

i=1
[1 mark]

continued...
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Question 1 continued

u, (r” —1)

() wuses S, = " with r =x and u, =1 M1
v —

clear indication there are (n+1) terms R1

xn+1 _1
S(x)= AG

x—1
[2 marks]

j] METHOD 1
f1(x) =xf"(x)
x—=1)(n+1)x"=1x(x"" =1

_ D () iy

(x-1)

Note: Award M1 for attempting to use the quotient or the product rule to find

J'(x).

+x— _1 n_ n+l _1 ntl n_on
:x(”x X—n )XZ(X ): nx nx 2x +1 A1
(x-1) (x—1)
Note: Award A1 for any correct manipulation of the derivative that leads to the
AG.
nx""? —(n+1)x“+1 + x
= 5 AG
(x-1)
METHOD 2
attempts to form (x—1) £, (x)
m1

(x=1) f; (x) = nx"" —(x+x2 +x° +...+x”)

f{(x):ﬁ[nxnﬂ_(x;ﬂ__ll—ljj A1

n+l _ _ ol n+2 n+l n+l
fl(x)= 11£nx (x 1) X +xJ (_ 1 [nx nx X +xB A1

Cx—1 x—1

Note: Award A1 for any correct manipulation of the derivative that leads to the
AG.
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Si(x)= : AG
(x-1)
[3 marks]
i . n—(n+1)+1{ 0
@ @ timgeo="mUH 0 R1
x—l 0 0
Note: Only award R1 for sufficient simplification of the numerator, for example,
as shown above.
Do not award R1 if linll is not referred to or stated.
[1 mark]

continued...
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Question 1 continued

(i)  attempts to differentiate both the numerator and the denominator M1
+2)x" = (n+1) %" +1
limn(n )x (n ) X A1
x>l 2(x— 1)
) n(n+2)x”+l—n(n+1)x”—(n+l)x”+l _
Note: Award A1 for (hm) . This form
x—1 2(x —1)
can be used in subsequent work.
(PHépital’s rule applies again since)
limn(n+2)x”“—(n+1)2x” +1=9 RY
¥l 2(x—1) 0
Note: Do not award R17 if lirrll is not referred to or stated.
Subsequent marks are independent of this R mark.
attempts to differentiate both the numerator and the denominator M1
n |
+2)(n+1)x" - +1
limn(n )(n )x n(n ) X
x—1 2
Cn(n+2)(n+1)= n(nt1)’ [ #4307 +2n—(n’ + 207 +n)
- 2 - 2
n(n+1)((n+2)—(n+1 2
_a(n+)((n+2)=(2+1) (_ a4 A1
2 2
1
= —n(n +1) AG
2
[5 marks]

Total [28 marks]



(b)

—14 —
EITHER

3 3
A= 21tj2x\/1+22 dx [: 4\/§njxdx]

0 0

=am5 [*] (=2n45(3*-0%))

OR

27" 2
A=2mm\1+m? x =2mm~N1+m’ h—
2 o 2

=27(2)5 {%T (: 2n(2)\/§[§D

0

THEN

= 18\/§n
(i) r=mh
(i) I=vh*+r’

[=~NR+1m? (= N1+ m?)
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(A1)

A1

(A1)

A1

AG
[2 marks]

A1
[1 mark]

(m1)

A1

[2 marks]
continued...
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Question 2 continued

h
(i) A= ZRImxx/1+m2 dx (A1)
=2mwm1+m* [%xz} (M1)

h
Note: Award (M1) for (c)mm~1+m’ [%xz} .

0

At least one of the above two lines needs to be seen.

= th*mN 1+ m? (:ﬂ:hmx (h2+h2m2)) A1

=l AG

[
Note: Award as above if 7 =+/1+m’ is used, for example.

[3 marks]
(c) METHOD 1
attempts to use the chain rule (M1)
dy -
Note: Award (M1) for — =(c)x(r* —x*) 2.
(M1) for = (c)x(r* =)
dy _ 1/, 2 —~ _ 2 2 -
a—z(r -X ) 2 (—2x) ——x(r -X ) 2 A1
METHOD 2
attempts implicit differentiation on y* = »* — x> (or equivalent) (M1)
d__x A1
de
[2 marks]

continued...
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Question 2 continued
(d) EITHER

attempts to substitute y =+/r> —x*> and their % into 4 (M1)

1

A= 2nj;m\/l+(x(r2 —x? )ZT dx

r 2
=2nj\/r2—x2 l+— dx A1

2 2
r —Xx
OR
attempts to substitute y and their % interms of x and y into 4 (M1)
» 2
A=2m|y 1+(—ﬁj dx
b y
r xz r
=2n [y 1+ dx (:21:] x2+y2de A1
e y e
THEN
attempts to perform valid algebraic simplification to form a definite integral in
terms of » only M1
= an rdx

=2nr[x]ir (= 2nr(r—(—r))) A1

= 47r? AG

r 1 2
Note: Award marks as above for 4 = 4nj NVt =x? \/l+(x(r2 —xz) 2} dx .
0

[4 marks]

continued...
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Question 2 continued
(¢) () EITHER

horizontal stretch A1
1

factor — A1
k

OR

horizontal compression A1

factor & (invariant line y- axis) A1

Note: Award A1A1 as above for correct alternative descriptions.

For example, dilation by a factor of % from the y- axis.

[2 marks]
r
i +— A1
(ii) I
Note: Award A0 for % only and A0 for —% only.
[1 mark]

continued...
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Question 2 continued
(i) METHOD 1

attempts to use the chain rule (M1)
1 1

dy 1 2 2\ 2 (12 _ g2 (.2 2\72 | _ —k*x
dx—z(l" (kX) ) X( k 2X) = k X(V (kx) ) —W A1
METHOD 2
attempts implicit differentiation on y*> = 7> —k°x* (or equivalent) (M1)
dy __Kx
dc y

2
kx| A1
dx 2 — k%7

[2 marks]

continued...
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Question 2 continued

(v) EITHER

% k4x2
A:27II r—k’x’ 1+2—k22dx (A1)
r —K X

d
Note: Award (A1) for the correct substitution of y and _y.

attempts to simplify to find p(x), eg. forming a common denominator of

r* —k*x* and then cancelling »* — k*x*

(M1)
OR
% kx 2 ’Z 42
A=2m[y 1+(——} dr | =2 [ y 1+ dx (A1)
k y , y

Note: Award (A1) for the correct substitution of d_y

attempts to simplify to find p(x), eg. forming a common denominator of }”
and cancelling y*

(M1)
THEN
i i
=2 [P xt ek dv | =2m [\ (k- xtd A1A1
+ +
Note: Award A1 for correct limits (seen anywhere) and A1 for p(x) correct.
The above A1 for correct limits is independent of the (M1).
[4 marks]

continued...
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Question 2 continued

(v) r=6378 (km) (A1)
k :1.00330...(:@ :%j (A1)
6357 2119

attempts to form a definite integral for surface area (M1)
6357 2 4

=2 | |6378° —(@ P @] x* dx
a5 6357 6357

=510064226.3...

=5.101x10° (km’) A1

Note: Award AOATFT(M1)AO for using » =6357 (km) and k =0.996707...
leading to an answer of 5.089x10" (kmz).

[4 marks]
Total [27 marks]
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Instructions to Examiners

Abbreviations

AG

FT

Marks awarded for attempting to use a correct Method.

Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.
Marks awarded for clear Reasoning.

Answer given in the question and so no marks are awarded.

Follow through. The practice of awarding marks, despite candidate errors in previous parts,
for their correct methods/answers using incorrect results.

Using the markscheme

1

General

Award marks using the annotations as noted in the markscheme eg M1, A2.

Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

It is generally not possible to award MO followed by Al, as A mark(s) depend on the
preceding M mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and Al for
using the correct values.

Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
AOA1AL.

Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a
note.

The response to a “show that” question does not need to restate the AG line, unless a
Note makes this explicit in the markscheme.

Once a correct answer to a question or part question is seen, ignore further working even
if this working is incorrect and/or suggests a misunderstanding of the question. This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

An exception to the previous rule is when an incorrect answer from further working is used
in a subsequent part. For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second
part. In this situation, award FT marks as appropriate but do not award the final A1 in the
first part.
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Examples:
Correct Further Any FT issues? Action
answer working seen
seen
1. 5.65685... No. Award A1 for the final mark
8J2 (incorrect Last part inl  (condone the incorrect further
decimal value) | question. working)
2. 35 0.468111... Yes. Award AO for the final mark
- (incorrect Value is used in| (and full FT is available in
12 decimal value) | subsequent parts. subsequent parts)

3 Implied marks

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is
seen or implied by subsequent working/answer.

4 Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a
guestion is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in
part (d) or incorrect value from part (c)(i) used in part (c)(ii)). Usually, to award FT marks,
there must be working present and not just a final answer based on an incorrect answer
to a previous part. However, if all the marks awarded in a subsequent part are for the answer
or are implied, then FT marks should be awarded for their correct answer, even when
working is not present.

For example: following an incorrect answer to part (a) that is used in subsequent parts,
where the markscheme for the subsequent part is (M1)A1l, it is possible to award full marks
for their correct answer, without working being seen. For longer questions where all but
the answer marks are implied this rule applies but may be overwritten by a Note in the
Markscheme.

e Within a question part, once an error is made, no further A marks can be awarded for
work which uses the error, but M marks may be awarded if appropriate.

¢ If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

¢ If the error leads to an inappropriate value (e.g. probability greater than 1, sin& =1.5, non-
integer value where integer required), do not award the mark(s) for the final answer(s).

e The markscheme may use the word “their” in a description, to indicate that candidates
may be using an incorrect value.

¢ If the candidate’s answer to the initial question clearly contradicts information given in the
qguestion, it is not appropriate to award any FT marks in the subsequent parts. This
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includes when candidates fail to complete a “show that” question correctly, and then in
subsequent parts use their incorrect answer rather than the given value.

o Exceptions to these FT rules will be explicitly noted on the markscheme.

¢ If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

Mis-read

If a candidate incorrectly copies values or information from the question, this is a mis-read
(MR). A candidate should be penalized only once for a particular misread. Use the MR
stamp to indicate that this has been a misread and do not award the first mark, even if this
is an M mark, but award all others as appropriate.

¢ If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

¢ If the MR leads to an inappropriate value (e.g. probability greater than 1, sind=1.5, non-
integer value where integer required), do not award the mark(s) for the final answer(s).

e Miscopying of candidates’ own work does not constitute a misread, it is an error.

e If a candidate uses a correct answer, to a “show that” question, to a higher degree of
accuracy than given in the question, this is NOT a misread and full marks may be scored
in the subsequent part.

¢ MR can only be applied when work is seen. For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
guestion specifies a method, other correct methods should be marked in line with the
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative
methods are not permitted unless covered by a note in the mark scheme.

e Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.
¢ Alternative solutions for parts of questions are indicated by EITHER . . . OR.
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Alternative forms
Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000.

e Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written
in brackets immediately following the answer.

¢ In the markscheme, some equivalent answers will generally appear in brackets. Not all
equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

Format and accuracy of answers

If the level of accuracy is specified in the question, a mark will be linked to giving the answer
to the required accuracy. If the level of accuracy is not stated in the question, the general
rule applies to final answers: unless otherwise stated in the question all numerical answers
must be given exactly or correct to three significant figures.

Where values are used in subsequent parts, the markscheme will generally use the exact
value, however candidates may also use the correct answer to 3 sf in subsequent parts.
The markscheme will often explicitly include the subsequent values that come “from the use
of 3 sf values”.

Simplification of final answers: Candidates are advised to give final answers using good
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and

f25
any values that lead to integers should be simplified; for example, 7 should be written as g

An exception to this is simplifying fractions, where lowest form is not required (although the

. . 10 o
numerator and the denominator must be integers); for example, 7 may be left in this form or

. 5 10 . o .
written as E However, E should be written as 2, as it simplifies to an integer.

Algebraic expressions should be simplified by completing any operations such as addition and
multiplication, e.g. 4e”* xe** should be simplified to 4e>*, and 4e* xe* —e*™* xe* should be
simplified to 3e>*. Unless specified in the question, expressions do not need to be factorized, nor
do factorized expressions need to be expanded, so x(x+1) and x* + x are both acceptable.

Please note: intermediate A marks do NOT need to be simplified.
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Calculators

A GDC is required for this paper, but If you see work that suggests a candidate has used
any calculator not approved for IB DP examinations (eg CAS enabled devices), please follow
the procedures for malpractice.

Presentation of candidate work

Crossed out work: If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise. If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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@ ()

9 <

approximately symmetric about the x-axis graph of y* = x>

including cusp/sharp point at (0, 0)

(i)  approximately symmetric about the x-axis graph of y2 =x*+1 with
approximately correct gradient at axes intercepts

some indication of position of intersections at x=-1, y=+1

Note: Final Al can be awarded if intersections are in approximate correct place
with respect to the axes shown. Award A1A1A1AOQ if graphs ‘merge’ or
‘cross’ or are discontinuous at X-axis but are otherwise correct. Award
A1AOAOQAO if only one correct branch of both curves are seen.

Note: If they sketch graphs on separate axes, award a maximum of 2 marks for
the ‘best’ response seen. This is likely to be ATA1AOAO.

Al

Al
[2 marks]

Al
Al

[2 marks]

continued...
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Question 1 continued

(b) (i) (0,1) and (0, -1) Al
[1 mark]

(i)  Anytwo from:
y? =x® has a cusp/sharp point, (the other does not)
graphs have different domains
y? = x®+1 has points of inflexion, (the other does not)

graphs have different x-axis intercepts (one goes through the origin, and the
other does not)

graphs have different y-axis intercepts Al

Note: Follow through from their sketch in part (a)(i). In accordance with marking
rules, mark their first two responses and ignore any subsequent.

[1 mark]

continued...
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(©)
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continued

Any two from:

as X —> 00, Y — Foo

as X —> oo, y*=x>+Db is approximated by y* =X’ (or similar)
they have X intercepts at X = —%/5

they have y intercepts at y = (J_r)\/B

they all have the same range

y =0 (or x-axis) is a line of symmetry

they all have the same line of symmetry (y =0)
they have one X -axis intercept

they have two y -axis intercepts

they have two points of inflexion
at X -axis intercepts, curve is vertical/infinite gradient

there is no cusp/sharp point at X -axis intercepts

Note:

Note:

The last example is the only valid answer for things “not” present. Do not
credit an answer of “they are all symmetrical” without some reference to

the line of symmetry.

Do not allow same/ similar shape or equivalent.

Note: In accordance with marking rules, mark their first two responses and ignore

any subsequent.

AlAl

[2 marks]

continued...
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Question 1 continued

(d) () METHOD 1

attempt to differentiate implicitly

2yd—y =3x*+1
dx

2
dy _3¢+1 o (J_r)2\/x3+xd—y:3x2+1
dx 2y dx
dy . 3x*+1
dx  2x%+x
METHOD 2

attempt to use chain rule y = (£)v/x* + X

1
Y _nloerx 2@
dx 2

1

Note: Award A1 for (J_r)%(x3 +X) 2, Alfor (3x°+1).

dy 3x°+1
dx  2x%+x
(i) EITHER
- . dy
local minima/maxima occur when d_ =0
X

1+3x* =0 has no (real) solutions (or equivalent)

OR

(x220:>) 3x*+1>0, so 3—17&0

THEN

S0, no local minima/maxima exist

M22/5/MATHX/HP3/ENG/TZ2/XXIM

M1

Al

Al

AG

M1

AlAl

AG

[3 marks]

R1

R1

AG
[1 mark]

continued...
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Question 1 continued

(e) EITHER

2

. .. d
attempt to use quotient rule to find d—g
X

dx? 4(x+x°)

1
d’y :(+)12xx/x+ XC — (1+3x%) (x + X°) 2(1+3%?)

M22/5/MATHX/HP3/ENG/TZ2/XXIM

M1

AlAl

—(1+3x%) (x+ XS)% (1+3x%%).

Note: Award A1 for correct 12x+/X+ X* and correct denominator, A1 for correct

Note: Future A marks may be awarded if the denominator is missing or incorrect.

2

d7y

stating or using F =0 (may be seen anywhere)
X

1
123X+ Xx* = (1+3x%) (x+ x°) 2(1+3x%)

OR

o d?
attempt to use product rule to find d_g
X

3

d’y

€Y 2(ax +1)(—%j(3x2 1)(X 4 %) 2 43

(M1)

M1

AlAl

\ Note: Award A1l for correct first term, Al for correct second term.

2

setting :—g =0
X

(M1)

continued...
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Question 1 continued

OR
attempts implicit differentiation on 2y3—y =3x*+1 M1
X
dyY)' . d?
2[—yj +2y—)2/:6x Al
dx dx
. d’y
recognizes that — =0 (M1)
dx
& _ . ax
dx
3x° +1
+) = = (+)/3x (A1)
)2\/x3 +X ()
THEN
12x (x+ x%) = (1+3x%)?
12x% +12x* =9x* +6x* +1
3x*+6x*-1=0 Al
attempt to use quadratic formula or equivalent (M1)
2o —6++/48
6
(x>0=)x= 2\/53_3 (p=2,q=-3,r=3) Al
Note: Accept any integer multiple of p, g and r (e.g. 4,—6 and 6).
[7 marks]

continued...
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Question 1 continued

() () attempt to find tangent line through (—1,-1)

y+1= —g(x +1) OR y=-15x-2.5

(i)  attempt to solve simultaneously with y* = x> +2

Note: The M1 mark can be awarded for an unsupported correct answer in an
incorrect format (e.g. (4.25, -8.875)).

: (17 71}
obtain | —, ——
4 8

(M1)

Al

[2 marks]

(M1)

Al

[2 marks]

continued...
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Question 1 continued

M22/5/MATHX/HP3/ENG/TZ2/XXIM

attempt to find equation of [QS] (M1)
Y= 7 88095...) (A1)
X+1 42
solve simultaneously with y* = x*+2 (M1)
X=0.28798...(=£ Al
441
y=-1.4226.. .[: Bﬂj AL
9261
(0.288,-1.42)
OR
attempt to find vector equation of [QS] (M1)
X -1 24
= +A (A1)
y) (1 ~%
X=-1+ 2—11
4
79
—1-25
y 8
2 3
attempt to solve (l—%g/ij = (—1+ %ﬂj +2 (M1)
A=0.2453...
X=0.28798...(: 12—7j Al
441
y=-14206. [ =237 AL
9261
(0.288,-1.42)
[5 marks]

[Total 28 marks]
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(a) attemptto expand (X—a)(X—£)(X—y)
=(x*—(a+B)x+aB)(x—y) OR =(x—a)(X’=(B+7)x+py)

(x3+ pX’ + X + r):x3—(a+,8+7/)x2+(aﬂ+ﬁ7+7a)x—aﬁ7/

comparing coefficients:

p=—(a+p+y)
q=(af+ By +ya)
r=-afy

Note: For candidates who do not include the AG lines award full marks.

b () p*-2q=(a+p+y) ~2(af+py+ya)
attempt to expand (a + £ +7%)°
=a’+ B +y* +2(af+ By + ya) - 2(af+ By + ya) or equivalent

:a2+ﬂ2+]/2

Note: Accept equivalent working from RHS to LHS.

M1

Al

Al

AG
AG
AG

[3 marks]

(A1)
(M1)
Al

AG

[3 marks]

continued...



-17 - M22/5/MATHX/HP3/ENG/TZ2/XXIM

Question 2 continued

(i) EITHER
attempt to expand (a — ) +(B—r)* +(y —a)? (M1)
:(a2+,82—2a,b’)+(ﬂ2+y2—2,87)+(7/2+a2—2;/05) Al
=2(a’+p° +7")-2(epf+ Py + )
= 2( p®— 2q) —2q or equivalent Al
=2p°-6q AG
OR
attempt to write 2p® —6q in terms of a, 3,y (M1)
=2(p*~2q)-2q
=2(a*+ B+ 7)) -2(af + By +y) Al
:(a2+,82—2a,b’)+(ﬂ2+y2—2,87)+(7/2+a2—2;/05) Al
=(a=-p)+(B-r)V+(-a) AG
Note: Accept e_quivalent working where LHS and RHS are expanded to identical
expressions.
[3 marks]

continued...
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Question 2 continued

() p°<3g=2p°-60<0

= (a@=p)+(B-y) +(r-a)* <0

if all roots were real (o —£)*+(B—7)*+(y—a)*=0

Note: Condone strict inequality in the R1 line.
Note: Do not award AOR1.

= roots cannot all be real

(d) p°=(-7)>=49 and 3q=51

so p?<3gq = the equation has at least one complex root

Note: Allow equivalent comparisons; e.g. checking 2 p2 <6(q

(e) () use of GDC (eg graphs or tables)
q=12

(i) complex roots appear in conjugate pairs (so if complex roots occur the
other root will be real OR all 3 roots will be real).
OR
a cubic curve always crosses the X -axis at at least one point.

Al

R1

AG

[2 marks]

Al

R1

[2 marks]

(M1)
Al

[2 marks]

R1
[1 mark]

continued...
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Question 2 continued

(H () attemptto expand (a+ B +y+05)° (M1)
(a+B+y+0) =+ +y* +6°+2(af+ay +ad+ Py + S +¥5)

(A1)
S+ [+ =(a+B+y+0) =2(af+ay+ad+ By + BS+ y0)
(=a*+p+y"+6%=)p’-2q Al
[3 marks]
(i) p°®<2q OR p*-2g9<0 Al
\ Note: Allow FT on their result from part (f)(i). \
[1 mark]
() 4<6 OR 2°-2x3<0 R1
hence there is at least one complex root. AG
Note: Allow FT from part (f)(ii) for the R mark provided numerical reasoning
is seen.
[1 mark]

continued...
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Question 2 continued

(h) (@) (p2 > Zq) (81> 2x24) (so) nothing can be deduced R1
\ Note: Do not allow FT for the R mark. |

[1 mark]
(i) -1 Al
[1 mark]
(i) attempt to express as a product of a linear and cubic factor M1
(x+1) (x* —10x* +34x —12) A1A1

Note: Award Al for each factor. Award at most A1AO if not written as a product.
since for the cubic, p*<3q (100<102) R1
there is at least one complex root AG
[4 marks]

[Total: 27 marks]
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Instructions to Examiners

Abbreviations

AG

FT

Marks awarded for attempting to use a correct Method.

Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.
Marks awarded for clear Reasoning.

Answer given in the question and so no marks are awarded.

Follow through. The practice of awarding marks, despite candidate errors in previous parts,
for their correct methods/answers using incorrect results.

Using the markscheme

1

General

Award marks using the annotations as noted in the markscheme eg M1, A2.

Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

It is generally not possible to award MO followed by Al, as A mark(s) depend on the
preceding M mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and Al for
using the correct values.

Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
AOA1AL.

Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a
note.

The response to a “show that” question does not need to restate the AG line, unless a
Note makes this explicit in the markscheme.

Once a correct answer to a question or part question is seen, ignore further working even
if this working is incorrect and/or suggests a misunderstanding of the question. This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

An exception to the previous rule is when an incorrect answer from further working is used
in a subsequent part. For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second
part. In this situation, award FT marks as appropriate but do not award the final A1 in the
first part.
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Examples:
Correct Further Any FT issues? Action
answer working seen
seen
1. 5.65685... No. Award A1 for the final mark
8J2 (incorrect Last part inl  (condone the incorrect further
decimal value) | question. working)
2. 35 0.468111... Yes. Award AO for the final mark
- (incorrect Value is used in| (and full FT is available in
12 decimal value) | subsequent parts. subsequent parts)

3 Implied marks

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is
seen or implied by subsequent working/answer.

4 Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a
guestion is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in
part (d) or incorrect value from part (c)(i) used in part (c)(ii)). Usually, to award FT marks,
there must be working present and not just a final answer based on an incorrect answer
to a previous part. However, if all the marks awarded in a subsequent part are for the answer
or are implied, then FT marks should be awarded for their correct answer, even when
working is not present.

For example: following an incorrect answer to part (a) that is used in subsequent parts,
where the markscheme for the subsequent part is (M1)A1l, it is possible to award full marks
for their correct answer, without working being seen. For longer questions where all but
the answer marks are implied this rule applies but may be overwritten by a Note in the
Markscheme.

e Within a question part, once an error is made, no further A marks can be awarded for
work which uses the error, but M marks may be awarded if appropriate.

¢ If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

¢ If the error leads to an inappropriate value (e.g. probability greater than 1, sin& =1.5, non-
integer value where integer required), do not award the mark(s) for the final answer(s).

e The markscheme may use the word “their” in a description, to indicate that candidates
may be using an incorrect value.

¢ If the candidate’s answer to the initial question clearly contradicts information given in the
qguestion, it is not appropriate to award any FT marks in the subsequent parts. This
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includes when candidates fail to complete a “show that” question correctly, and then in
subsequent parts use their incorrect answer rather than the given value.

o Exceptions to these FT rules will be explicitly noted on the markscheme.

¢ If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

Mis-read

If a candidate incorrectly copies values or information from the question, this is a mis-read
(MR). A candidate should be penalized only once for a particular misread. Use the MR
stamp to indicate that this has been a misread and do not award the first mark, even if this
is an M mark, but award all others as appropriate.

¢ If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

¢ If the MR leads to an inappropriate value (e.g. probability greater than 1, sind=1.5, non-
integer value where integer required), do not award the mark(s) for the final answer(s).

e Miscopying of candidates’ own work does not constitute a misread, it is an error.

e If a candidate uses a correct answer, to a “show that” question, to a higher degree of
accuracy than given in the question, this is NOT a misread and full marks may be scored
in the subsequent part.

¢ MR can only be applied when work is seen. For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
guestion specifies a method, other correct methods should be marked in line with the
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative
methods are not permitted unless covered by a note in the mark scheme.

e Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.
¢ Alternative solutions for parts of questions are indicated by EITHER . . . OR.
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Alternative forms
Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000.

e Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written
in brackets immediately following the answer.

¢ In the markscheme, some equivalent answers will generally appear in brackets. Not all
equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

Format and accuracy of answers

If the level of accuracy is specified in the question, a mark will be linked to giving the answer
to the required accuracy. If the level of accuracy is not stated in the question, the general
rule applies to final answers: unless otherwise stated in the question all numerical answers
must be given exactly or correct to three significant figures.

Where values are used in subsequent parts, the markscheme will generally use the exact
value, however candidates may also use the correct answer to 3 sf in subsequent parts.
The markscheme will often explicitly include the subsequent values that come “from the use
of 3 sf values”.

Simplification of final answers: Candidates are advised to give final answers using good
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and

f25
any values that lead to integers should be simplified; for example, 7 should be written as g

An exception to this is simplifying fractions, where lowest form is not required (although the

. . 10 o
numerator and the denominator must be integers); for example, 7 may be left in this form or

. 5 10 . o .
written as E However, E should be written as 2, as it simplifies to an integer.

Algebraic expressions should be simplified by completing any operations such as addition and
multiplication, e.g. 4e”* xe** should be simplified to 4e>*, and 4e* xe* —e*™* xe* should be
simplified to 3e>*. Unless specified in the question, expressions do not need to be factorized, nor
do factorized expressions need to be expanded, so x(x+1) and x* + x are both acceptable.

Please note: intermediate A marks do NOT need to be simplified.
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Calculators

A GDC is required for this paper, but If you see work that suggests a candidate has used
any calculator not approved for IB DP examinations (eg CAS enabled devices), please follow
the procedures for malpractice.

Presentation of candidate work

Crossed out work: If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise. If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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3-2)n’—(3-4)n n’—(-n
@ () Ps(n):( ) 2( L Pg(n)=—2( ) Al
n°+n
R (n) = Al
, n>+n _
Note: Award AOAL if PB(n)= only is seen.
Do not award any marks for numerical verification.
so for triangular numbers, P,(n) = n(n2+1) AG
[2 marks]
(i) METHOD 1
uses a table of values to find a positive integer that satisfies P3(n) =351 (M1)
for example, a list showing at least 3 consecutive terms (... 325, 351, 378...)
Note: Award (M1) for use of a GDC’s numerical solve or graph feature. \
n=26 (26th triangular number) Al
Note: Award AO for n=-27,26 . Award AO if additional solutions besides
Nn=26 are given.
METHOD 2
aﬂempwtosoweIuﬂj£2:351(n2+n—702:0)forn (M1)
-1+, /12 —4(1)(-702
n= \/ 2( ) ) OR (n—26)(n+27)=0
n=26 (26th triangular number) Al
Note: Award AO for n=-27,26 . Award AO if additional solutions besides N =26
are given.
[2 marks]

continued...
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Question 1 continued

(b) (i) attempts to form an expression for P;(n)+P,(n+1) in terms of n M1
EITHER
B.(n)+ Py(n+1) = n(n+1)Jr (n+1)(n+2)
2 2
_(n+D)(2n+2) (z 2(n+1)(n +1)j AL
- 2 - 2
OR
2 2
P,(n)+P,(n+1) E(%+2j+(@+n7+j
2 2
E(n +nj+(n +2n+1+n+1} (=n+2n+1) AL
2 2
THEN
=(n+1)° AG
[2 marks]

(i)  the sum of the nth and (n+1)th triangular numbers

is the (n+1)th square number Al
[1 mark]

continued...
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Question 1 continued

(iii)

X X X X X
O X X X X
O 0O X X X Al
O O O X X
O O O O X
Note: Accept equivalent single diagrams, such as the one above, where the 4th
and 5th triangular numbers and the 5th square number are clearly shown.
Award Al for a diagram that show P3(4) (a triangle with 10 dots) and
P,(5) (atriangle with 15 dots) and P,(5) ( a square with 25 dots).
[1 mark]

continued...
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Question 1 continued

() METHOD 1

8Pa(n)+1=8[n(n7+1)j+l (=4n(n+1)+1) Al
attempts to expand their expression for 8P,(n)+1 (M1)
=4n* +4n+1

=(2n+1)° Al
and 2n+1 is odd AG
METHOD 2

1 2

8P3(n)+1:8((n +1)° =R,(n +1))+1 {:8((n +1)’ _%jﬂ] Al
attempts to expand their expression for 8P,(n)+1 (M1)

8(n2 +2n +1)—4(n2 +3n+2)+1 (= 4n? +4n +1)
=(2n+1)? Al

and 2n+1 is odd AG

continued...
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Question 1 continued

METHOD 3

8&(n)+1=8[@}+1 (=(An+ B)Z) (where AB€eZ")

attempts to expand their expression for 8P,(n)+1

4n* +4n+1 (= A’n’ + 2ABn + B?)

now equates coefficients and obtains B=1 and A=2
=(2n+1)°

and 2n+1 is odd

Al

(M1)

Al
AG

[3 marks]

continued...
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Question 1 continued

(d)

EITHER

U =1and d=3 (A1)

substitutes their U, and their d into P, (n) :2(2u1+(n—1)d) M1

n n

F},(n)=§(2+3(n—1)) (:E(2+3n—3)J Al

OR

U, =1and u,=3n-2 (A1)

substitutes their U; and their U, into P,(n) :2(u1+un) M1

P.(n) :2(1+3n—2) Al

OR

R,(n)=(3(1)-2)+(3(2)-2)+(3(3)—-2)+...+3n-2

P,(n)=(3(1)+3(2)+3(3)+...+3n)-2n (=3(1+2+3+...+n)-2n) (A1)

Substitutes n(n2+1) into their expression for P, (n) M1

Fg(n):s[n(n”)}zn

2
n

Ps(n):E(B(n +1)-4) Al

OR

attempts to find the arithmetic mean of n terms (M1)

1+(3n-2)

_ > Al

multiplies the above expression by the number of terms n

Ps(n):g(l+3n—2) Al

THEN

so R,(n) = n(3r21—1) AG
[3 marks]

continued...
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Question 1 continued

() METHOD 1

forms a table of P,(n) values that includes some values for N>5

forms a table of P, (m) values that includes some values for m>5

Note: Award (M1) if at least one P, (n) value is correct. Award (M1) if at least
one P,(m) value is correct. Accept as above for (n2 + n) values and

(3m2 - m) values.

n =20 for triangular numbers

m =12 for pentagonal numbers

Note: Award (A1) if N=20 is seen in or out of a table. Award (A1) if M=12 is
seen in or out of a table. Condone the use of the same parameter for
triangular numbers and pentagonal numbers, for example, N =20 for
triangular numbers and N=12 for pentagonal numbers.

210 (is a triangular number and a pentagonal number)

Note: Award all five marks for 210 seen anywhere with or without working
shown.

(M1)

(M1)

(A1)
(A1)

Al

continued...
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Question 1 continued

METHOD 2
EITHER

attempts to express P,(n) =PR,(M) as a quadratic in n (M1)

n’+n-+(m-3m?)(=0) (or equivalent)

attempts to solve their quadratic in n (M1)
1sJom?—ame1 | 121 -4(m-3m?)
2 2
OR
attempts to express B;(n) = P,(M) as a quadratic in m (M1)

3m* —=m—(n’+n)(=0) (or equivalent)

attempts to solve their quadratic in m (M1)
2 2
_dx1nt+12n+1 | 1+J(-1)’ +12(n? +n)
6 6

THEN

n =20 for triangular numbers (A1)
m =12 for pentagonal numbers (A1)
210 (is a triangular number and a pentagonal number) Al

continued...
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Question 1 continued

METHOD 3
n(n+1) _ m(3m-1)
2 2
let N=m+k (n>m)andso 3m*—m=(m+k)(m+k+1) M1
2m? —2(k +)m—(k* +k)=0 Al

attempts to find the discriminant of their quadratic
and recognises that this must be a perfect square M1

A=4(k+1)°+8(k*+k)
N2 =4 (k+1)? +8 (k2 +K) (= 4(k+1)(3k +1))

determines that k =8 leading to 2m* —18m-72=0=m=-3,12 and so m=12 Al
210 (is a triangular number and a pentagonal number) Al
METHOD 4
n(n+1) m@m-1)

2 2
let m=n—k (m<n)andso n?+n=(n-k)(3(n—-k)-1) M1
2n* —2(3k +)n+(3k* +k)=0 Al

attempts to find the discriminant of their quadratic
and recognises that this must be a perfect square M1

A=4(3K+1)* ~8(3K? +K)
N2 = 4(3k +1)2 ~8(3K? +K) (=4(Kk +1)(3K +1))

determines that k =8 leading to 2n*—50n+200=0=n=5,20 and so n=20 Al
210 (is a triangular number and a pentagonal number) Al
[5 marks]

continued...
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Question 1 continued

(®

Note: Award a maximum of RIMOMOA1M1A1A1RO for a ‘correct’ proof using n
and n+1.

consider n=1: P,(1)=1+(1-1)(r-2)=1 and P.(1)= (r-2)(1*)—(r-4)(1) 1

2
so true for =1 R1
r-2)1°)-(r-4)Q
Note: Accept P,(1)=1 and R(l)z( ) )2 r=9® _,

Do not accept one-sided considerations such as ‘P, (1) =1 and so true for

n=1.

Subsequent marks after this R1 are independent of this mark can be

awarded.

2
Assume true for n=K, ie. Pr(k)z(r—Z)k Z_(r_4)k M1

Note: Award MO for statements such as “let N =K ”. The assumption of truth
must be clear.

Subsequent marks after this M1 are independent of this mark and can be
awarded.
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Consider n=k+1:

(P.(k+1) can be represented by the sum

k+1

> (1+(m-1)(r-2))= Zk_:(1+ m—1)(r—2))+(1+k(r-2)) and so

m=1 m=1
p— 2 p— J—
P (k+1) = {T=2)K - =D 14k (r-2)) (P(k+D) =P, (k) +(1+k(r-2))) M1
_(r=2)k>—(r—-4)k+2+2k(r-2) Al
2
(r=2)(kK*+2k)—(r—4)k+2
2
(r=2)(K*+2k+D)—(r—2)—(r—4)k +2 M1
2
:(r—2)(k+1)2—(r—4)k—(r—4) (A1)
2
_(r=2)(k+1)*—(r—4)(k+1) A1l
2
hence true for N=1 and N=k true =>n=Kk+1 true R1
therefore true for all ne Z"*
Note: Only award the final R1 if the first five marks have been awarded. Award
marks as appropriate for solutions that expand both the LHS and (given)
RHS of the equation.
[8 marks]

Total [27 marks]
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@ @ 4-i Al
[1 mark]
, 1 . .
(ii) mean:§(4+|+4—|) Al
=4 AG
[1 mark]

(b) METHOD 1
attempts product rule differentiation (M1)

Note: Award (M1) for attempting to express f (x) as f(X) =X’ —9x*+25x-17

f'(x) = (x-1)(2x —8) + x> —8x+17 ( f'(x) =3x*-18x + 25) Al

f'(4) =1 Al

Note: Where f'(X) is correct, award A1 for solving f’(x)=1 and obtaining
X=4.

EITHER
y-3=1(x-4) Al

OR
y=X+C

3=4+c=c=-1 Al

OR

states the gradient of y=x-1 is also 1 and verifies that (4, 3) lies on the

line y=x-1 Al
THEN
so y=x-1 is the tangent to the curve at A(4, 3) AG

Note: Award a maximum of (MO)AOA1A1 to a candidate who does not attempt
to find f'(x).

continued...
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Question 2 continued

METHOD 2

sets f(x)=x-1toform x—1:(x—1)(x2 —8x+17)

EITHER
(x-1)(x* —8x+16)=0 (x*—9x* +24x—-16=0)
attempts to solve a correct cubic equation

(x-1)(x-4) " =0=x=14

OR
recognises that X#1 and forms x> —8x+17 =1 (x2 —8Xx+16 = 0)

attempts to solve a correct quadratic equation

(x—4)2:0:>x=4

THEN
X=4 is a double root

so y=x-1 is the tangent to the curve at A(4, 3)

Note: Candidates using this method are not required to verify that y =3.

(M1)

Al

(M1)

Al

(M1)

R1
AG

[4 marks]

continued...
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Question 2 continued

(©)

A4, 3)

a positive cubic with an x- intercept (X =1) , and a local maximum and local
minimum in the first quadrant both positioned to the left of A Al

Note: As the local minimum and point A are very close to each other, condone
graphs that seem to show these points coinciding.

For the point of tangency, accept labels such as A, (4,3) or the point
labelled from both axes. Coordinates are not required.

a correct sketch of the tangent passing through A and crossing the x-axis at the
same point (X=1) as the curve Al

Note: Award A1AO if both graphs cross the x- axis at distinctly different points. ‘

[2 marks]

continued...
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Question 2 continued

d) () EITHER

g9'(x)=(x-r)(2x-2a)+x* - 2ax+a’ +b? (M1)A1L
OR

g(x)=x"—(2a+r)x*+(a’+b”+2ar)x—(a’ +b*)r

attempts to find g'(x) M1

9'(x)=3x*-2(2a+r)x+a*+b’+2ar
=2x"—2(a+r)x+2ar+x*—2ax+a’ +b’ Al
(=2(x2—ax—rx+ar)+x2—2ax+a2+b2)

THEN
g'(x)=2(x—r)(x—a)+x*—2ax+a’+b’ AG
[2 marks]

continued...
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Question 2 continued

(ii)

METHOD 1
9(a)=b*(a-r)
g/(a) — b2

attempts to substitute their g(a) and g'(a) into y—g(a)=g'(a)(x-a)

y—b*(a-r)=b*(x-a)

EITHER
y =b*(x—r) (y=b2x—b2r)
sets y=0 so b*(x—r)=0

b>0=>x=r oRb#0=>x=r

OR

sets y=0 so -b*(a—r)=b*(x-a)
b>0O0Rb#0 =—(a-r)=x-a
X=r

THEN

so the tangent intersects the x- axis at the point R (r, 0)

(A1)
(A1)

M1

Al

M1

R1

M1

R1

Al

AG

continued...
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Question 2 continued

METHOD 2
gr(a) — b2
g(a)=b*(a-r)

(A1)

(A1)

attempts to substitute their g(a)and g'(a) into y=g'(a)x+c and attempts to find ¢

c=-b’r

EITHER
y=b’(x=r) (y=b’x—b’r)
sets y=0 so b*(x—r)=0

b>0=x=r oRbz0=>x=r

OR
sets y=0 so b?(x—r)=0

b>0OR b#0 =x-r=0
X=r

METHOD 3

9'(a)=b’

the line through R (r, 0) parallel to the tangent at A has equation
y=b*(x-r)

sets g(x)=b*(x~r) toform b*(x—r)=(x—r)(x*-2ax+a’+b?)
b* =x* —2ax+a’+b*, (x=r)

(x—a)2 =0

since there is a double root (x=a), this parallel line through

R (r, 0) is the required tangent at A

M1

Al

M1

R1

M1

R1
Al

(A1)

Al
M1

Al

Al

R1

[6 marks]

continued...
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Question 2 continued

(e) EITHER
g'(a)=b*=b=,/g'(a) (since b>0) R1
Note: Accept b=+,/g'(a) .

OR
(axhi =)aJ_ri\/b—2 and g'(a)=b’ R1
THEN
hence the complex roots can be expressed as a+i,/g'(a) AG
[1 mark]
( (@) b=4 (seen anywhere) Al
EITHER
attempts to find the gradient of the tangent in terms of a and equates to 16 (M1)
OR

substitutes r =-2,x=a and y =80 to form 80=(a—(-2))(a’-2a*+a’+16)  (M1)

OR

substitutes r=-2,x=a and y=80 into y=16(x-r) (M1)
THEN

a+2

roots are —2 (seen anywhere) and 3+ 4i AlAl

Note: Award A1l for —2 and A1 for 3% 4i. Do not accept coordinates.

[4 marks]
i) (3,-4) Al
Note: Accept“ X=3 and y=—4".
Do not award A1FT for (&,—4).
[1 mark]

continued...
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Question 2 continued

@ @) g (x)=2(x—r)(x—a)+x*—2ax+a’+b’
attempts to find g"(X)
9"(x)=2(x—a)+2(x—r)+2x—2a (=6x—2r—4a)
sets g"(x)=0 and correctly solves for x

for example, obtaining X—r+2(x—a)=0 leading to 3Xx=2a+r

SO x:%(2a+ r)

Note: Do not award Al if the answer does not lead to the AG. \

(i) point P is % of the horizontal distance (way) from point R to point A

Note: Accept equivalent numerical statements or a clearly labelled diagram
displaying the numerical relationship.
Award AO for non-numerical statements such as “ P is between R and A
, closerto A”.

M1

Al

AG

[2 marks]

Al

[1 mark]

continued...
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Question 2 continued

h) ) y=(xX-1(x*-2x+5) (A1)

o

/

a positive cubic with no stationary points and a non-stationary point of
inflexion at X =1 Al

Note: Graphs may appear approximately linear. Award this Al if a change of

concavity either side of X =1 is apparent.
Coordinates are not required and the y- intercept need not be indicated.

[2 marks]

(i) (r,0) Al
[1 mark]
Total [28 marks]
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Instructions to Examiners

Abbreviations

M  Marks awarded for attempting to use a correct Method.

A  Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

R  Marks awarded for clear Reasoning.

AG Answer given in the question and so no marks are awarded.

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts,
for their correct methods/answers using incorrect results.

Using the markscheme

1 General

Award marks using the annotations as noted in the markscheme eg M1, A2.

2 Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

It is generally not possible to award MO followed by A7, as A mark(s) depend on the
preceding M mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for
using the correct values.

Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
AOA1A1.

Where the markscheme specifies A3, M2 efc., do not split the marks, unless there is a
note.

The response to a “show that” question does not need to restate the AG line, unless a
Note makes this explicit in the markscheme.

Once a correct answer to a question or part question is seen, ignore further working even
if this working is incorrect and/or suggests a misunderstanding of the question. This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

An exception to the previous rule is when an incorrect answer from further working is used
in a subsequent part. For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second
part. In this situation, award FT marks as appropriate but do not award the final A1 in the
first part.
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Examples:
i ?
Correct Further Any FT issues? .
answer - Action
working seen
seen
5.65685... No. Award A1 for the final mark
82 (incorrect Last part in  (condone the incorrect further
decimal value) | question. working)
35 0.468111... Yes. Award A0 for the final mark
— (incorrect Value is used in| (and full FT is available in
72 decimal value) | subsequent parts. subsequent parts)

Implied marks

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is
seen or implied by subsequent working/answer.

Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in
part (d) or incorrect value from part (c)(i) used in part (c)(ii)). Usually, to award FT marks,
there must be working present and not just a final answer based on an incorrect answer
to a previous part. However, if all the marks awarded in a subsequent part are for the answer
or are implied, then FT marks should be awarded for their correct answer, even when
working is not present.

For example: following an incorrect answer to part (a) that is used in subsequent parts,
where the markscheme for the subsequent part is (M1)A1, it is possible to award full marks
for their correct answer, without working being seen. For longer questions where all but
the answer marks are implied this rule applies but may be overwritten by a Note in the
Markscheme.

e Within a question part, once an error is made, no further A marks can be awarded for
work which uses the error, but M marks may be awarded if appropriate.

¢ If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

¢ If the error leads to an inappropriate value (e.g. probability greater than 1, siné=1.5, non-
integer value where integer required), do not award the mark(s) for the final answer(s).

e The markscheme may use the word “their’ in a description, to indicate that candidates
may be using an incorrect value.

¢ If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts. This
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includes when candidates fail to complete a “show that” question correctly, and then in
subsequent parts use their incorrect answer rather than the given value.

e Exceptions to these FT rules will be explicitly noted on the markscheme.

¢ If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

Mis-read

If a candidate incorrectly copies values or information from the question, this is a mis-read
(MR). A candidate should be penalized only once for a particular misread. Use the MR
stamp to indicate that this has been a misread and do not award the first mark, even if this
is an M mark, but award all others as appropriate.

¢ If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

¢ Ifthe MR leads to an inappropriate value (e.g. probability greater than 1, sind=1.5, non-
integer value where integer required), do not award the mark(s) for the final answer(s).

e Miscopying of candidates’ own work does not constitute a misread, it is an error.

e If a candidate uses a correct answer, to a “show that” question, to a higher degree of
accuracy than given in the question, this is NOT a misread and full marks may be scored
in the subsequent part.

¢ MR can only be applied when work is seen. For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
question specifies a method, other correct methods should be marked in line with the
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative
methods are not permitted unless covered by a note in the mark scheme.

e Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.
¢ Alternative solutions for parts of questions are indicated by EITHER . . . OR.
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Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000.

e Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written
in brackets immediately following the answer.

¢ In the markscheme, some equivalent answers will generally appear in brackets. Not all
equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

Format and accuracy of answers

If the level of accuracy is specified in the question, a mark will be linked to giving the answer
to the required accuracy. If the level of accuracy is not stated in the question, the general
rule applies to final answers: unless otherwise stated in the question all numerical answers
must be given exactly or correct to three significant figures.

Where values are used in subsequent parts, the markscheme will generally use the exact
value, however candidates may also use the correct answer to 3 sf in subsequent parts.
The markscheme will often explicitly include the subsequent values that come “from the use
of 3 sf values”.

Simplification of final answers: Candidates are advised to give final answers using good
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and

f25 5
any values that lead to integers should be simplified; for example, T should be written as 5

An exception to this is simplifying fractions, where lowest form is not required (although the

10
numerator and the denominator must be integers); for example, " may be left in this form or

, 5 10 : e .
written as 5 However, ? should be written as 2, as it simplifies to an integer.

Algebraic expressions should be simplified by completing any operations such as addition and
multiplication, e.g. 4e** xe** should be simplified to 4e’*, and 4e** xe** —e** xe* should be
simplified to 3e’*. Unless specified in the question, expressions do not need to be factorized, nor
do factorized expressions need to be expanded, so x(x+1) and x> + x are both acceptable.

Please note: intermediate A marks do NOT need to be simplified.
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Calculators

A GDC is required for this paper, but If you see work that suggests a candidate has used
any calculator not approved for IB DP examinations (eg CAS enabled devices), please follow
the procedures for malpractice.

Presentation of candidate work

Crossed out work: If a candidate has drawn a line through work on their examination
script, or in some other way crossed out their work, do not award any marks for that work
unless an explicit note from the candidate indicates that they would like the work to be
marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise. If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.



(@)

e —e
2

e +e
2

J'®=

1=
=/

METHOD 1
(fO) +(g@))

substituting f and g

_(et+eft)2+(et_eft)2

4
_ @) +24(E) +() 24 ()’
4
B (et)Z +(e—t)2 B eZt +e—2t
B 2 2
= f(2t)
METHOD 2
B eZt_'_e—Zt
f(2t)= 2
_ (eZ)Z +(e—t)2
2
B (et +e—t)2 +(Ct _e—t)2
a 4
=) +(g®)

N21/5/MATHX/HP3/ENG/TZ0/XX/M

A1

A1

AG
[2 marks]

M1

(mM1)

A1

AG

m1

M1A1

AG
[3 marks]

Note: Accept combinations of METHODS 1 & 2 that meet at equivalent expressions.
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(i) substituting e =cosu+isinu into the expression for f (M1)
obtaining e =cosu —isinu (A1)
. cosu +isinu +cosu —isinu
f(iu) =
2
Note: The M1 can be awarded for the use of sine and cosine being odd and even
respectively.
_ 2cosu
2
=cosu A1
[3 marks]
. ) cosu +1sinu —cosu +1isinu
(i) g(iu)=
2
substituting and attempt to simplify (M1)
_ 2isinu
2
=isinu A1
[2 marks]
METHOD 1
. 2 . 2
(fGuw) +(g(iw))
substituting expressions found in part (c) (M1)
=cos’ u—sin’ u (= cos2u) A1
METHOD 2
2iu —2iu
fQiny =7+
2
:cos2u+isin2u+cosZu—isin2u 1
2
=cos2u A1

Note: Accept equivalent final answers that have been simplified removing all
imaginary parts eg 2cos” u—1etc

[2 marks]
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_ (et +e—t)2 _(et _e—t)Z

) (f() -(g®) n M1
2t —2t 2t -2t
:(e +e " +2)—(e"+e " -2) A1
4
4 A1
4
Note: Award A1 for a value of 1 obtained from either LHS or RHS of given
expression.
(f(iu))2 —(g(iu))2 =cos’u+sin’u M1
-1 (hence( FO) —(g@)) =(£Gw) —( g(iu))z) AG
Note: Award full marks for showing that (f(z))2 —(g(z))2 =1,vVzeC.
[4 marks]
(f)
A1A1A1A1

Note: Award A1 for correct curves in the upper quadrants, A7 for correct curves in
the lower quadrants , A7 for correct x-intercepts of (-1, 0) and (1, 0) (condone

x=-land 1), ATfory=x andy=—x.

[4 marks]
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(g) attempt to rotate by 45° in either direction (M1)

Note: Evidence of an attempt to relate to a sketch of xy =k would be sufficient for

this (M1).
attempting to rotate a particular point, eg (1, 0) (M1)
1 1
1, 0) rotatesto | ——, =—| (or similar A1
IR P ay
hence k :i% A1A1

[5 marks]
Total [25 marks]
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(a) () METHOD 1

dy _

T

J'd—y=J'dt (M1)
y

Iny=t+c OR ln|y|=t+c A1A1

Note: Award A1 for In y and A1 for ¢ and c.

y=Ae AG
METHOD 2
rearranging to %—y =0 AND multiplying by integrating factor ¢ M1
ye'=4 Al1A1
y=Ae AG
[3 marks]
(i) substituting y= Ae' into differential equation in x M1
— =x—A¢e'
dt
dx —x=-A¢ AG
dt
[1 mark]
(iii) integrating factor (IF) is eI_ldt (M1)
=e (A1)
e dr_ xe'=-4
dt
xe'=—At+D (A1)
x=(—At+D)e A1

Note: The first constant must be 4, and the second can be any constant for the final
A1 to be awarded. Accept a change of constant applied at the end.

[4 marks]



(b)
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2
() d_{:_%er_y A1
dr dr dr
EITHER
dy
Xyt (M1)
b b A1
dr dt
OR
=—x+y+(-x+y) (M1)
=2(—x+y) A1
THEN
zzd_y AG
dr
[3 marks]
iy Yooy A1
dr
Iﬂ:jzdt M1
Y
ln|Y|:2t+c OR InY=2t+c A1
Y = Be” AG
[3 marks]
L dy by
iii) —=2DBe
(iii) y
y:IBezfdr M1
y:§62’+C A1

Note: The first constant must be B, and the second can be any constant for the final
A1 to be awarded. Accept a change of constant applied at the end.

[2 marks]



(iv)

METHOD 1

d
substituting d_)t} = Be” and their (iii) into

v_
dt Y

N21/5/MATHX/HP3/ENG/TZ0/XX/M

M1(M1)

A1

AG

Note:

Follow through from incorrect part (iii) cannot be awarded if it does not lead to

the AG.

METHOD 2

%:x—Bez’ C

dr 2

& B¢

ds 2

d(xe‘)__B _Ce
dt 2

xe'=|-=e'-Ce™ dt

xe' = —get +Ce”"+D
v=-Beicipe

2
4
dr

xz—éez’ +C
2

=-x+y= Be” :gezt—C—Det+§e2’+C:>D:0

M1

A1

m1

AG
[3 marks]



(i)

15—

)y
—=—4x+
dt 4

2
d_g/ _ 4% Y een anywhere
dr dr t
METHOD 1
d’y dy

— 4(x—y)+Z
P (x=y) &

attempt to eliminate x

1 dy dy
Y L N A N B 4
(4(y dt) y] dr

d’y . dy
—Z2 22 3,0
dr? dr Y

METHOD 2

rewriting LHS in terms of x and y
d’y ,dy
—=-2—=
dr dr
=0

—3y=(—8x+5y)—2(—4x+y)—3y

2
Y =Fie", 4y 2/ = FA%e"
dt dr

FA*e" —2FAe” —3Fe" =0
A?—=21-3=0 (since e #0)
A, and A, are 3 and -1 (either order)

N21/5/MATHX/HP3/ENG/TZ0/XX/M

M1

M1

A1

AG

M1
A1

AG
[3 marks]

(A1)

(M1)
A1
A1

[4 marks]



(iif)
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METHOD 1
y=Fe'+Ge”

2
Y _3per_Ge, d—{ =9Fe¥ +Ge™ (A1)(A1)
dt dr

2
d—{—zd—y—3 y=9Fe" +Ge ' —2(3Fe" ~Ge™')-3(Fe" +Ge ™) M1
dr dr
=9Fe” +Ge' —6Fe” +2Ge™ —3Fe* —3Ge™ A1
=0 AG
METHOD 2
y=Fe" +Ge™
2

L pae s aaet, S A G (A1)(A1)
&y b y=FAe" +Gie™ —2(FAeh + GAe™)-3(Fe* +Ge™ ) M1
de* dt
= Fe* (A7 =24-3)+Ge™ (17 -22-3) A1
=0 AG

[4 marks]
Total [30 marks]
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Instructions to Examiners

Abbreviations

M
A
R
AG
FT

Marks awarded for attempting to use a correct Method.

Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

Marks awarded for clear Reasoning.

Answer given in the question and so no marks are awarded.

Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their
correct methods/answers using incorrect results.

Using the markscheme

1

General

Award marks using the annotations as noted in the markscheme eg M1, A2.

Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

It is generally not possible to award MO followed by A1, as A mark(s) depend on
the preceding M mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using
the correct values.

Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award AOA71A1.
Where the markscheme specifies A3, M2 efc., do not split the marks, unless there is a note.
The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

Once a correct answer to a question or part question is seen, ignore further working even if
this working is incorrect and/or suggests a misunderstanding of the question. This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these candidates
will lose marks elsewhere too.

An exception to the previous rule is when an incorrect answer from further working is used in
a subsequent part. For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second part.
In this situation, award FT marks as appropriate but do not award the final A7 in the first part.
Examples:

Correct Further Any FT issues?
answer seen | working seen

Action

5.65685... No. Award A1 for the final mark
82 (incorrect Last part in question. | (condone the incorrect further
decimal value) working)

35 0.468111... Yes. Award A0 for the final mark
- (incorrect Value is wused in (and full FT is available in
72 decimal value) subsequent parts. subsequent parts)
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Implied marks

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or
implied by subsequent working/answer.

Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a question
is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or
incorrect value from part (c)(i) used in part (c)(ii)). Usually, to award FT marks, there must be
working present and not just a final answer based on an incorrect answer to a previous part.
However, if all the marks awarded in a subsequent part are for the answer or are implied, then
FT marks should be awarded for their correct answer, even when working is not present.

For example: following an incorrect answer to part (a) that is used in subsequent parts, where
the markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their
correct answer, without working being seen. For longer questions where all but the answer
marks are implied this rule applies but may be overwritten by a Note in the Markscheme.

e Within a question part, once an error is made, no further A marks can be awarded for work
which uses the error, but M marks may be awarded if appropriate.

e If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

e If the error leads to an inappropriate value (e.g. probability greater than 1, sin@=1.5, non-
integer value where integer required), do not award the mark(s) for the final answer(s).

e The markscheme may use the word “their” in a description, to indicate that candidates may
be using an incorrect value.

e If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts. This includes
when candidates fail to complete a “show that” question correctly, and then in subsequent parts
use their incorrect answer rather than the given value.

e Exceptions to these FT rules will be explicitly noted on the markscheme.

e If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.
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Mis-read

If a candidate incorrectly copies values or information from the question, this is a mis-read
(MR). A candidate should be penalized only once for a particular misread. Use the MR stamp
to indicate that this has been a misread and do not award the first mark, even if this is an M
mark, but award all others as appropriate.

e If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

e If the MR leads to an inappropriate value (e.g. probability greater than 1, sind=1.5, non-
integer value where integer required), do not award the mark(s) for the final answer(s).

e Miscopying of candidates’ own work does not constitute a misread, it is an error.

e If a candidate uses a correct answer, to a “show that” question, to a higher degree of
accuracy than given in the question, this is NOT a misread and full marks may be scored in
the subsequent part.

e MR can only be applied when work is seen. For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
question specifies a method, other correct methods should be marked in line with the
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative
methods are not permitted unless covered by a note in the mark scheme.

e Alternative methods for complete questions are indicated by METHOD A1,
METHOD 2, efc.
¢ Alternative solutions for parts of questions are indicated by EITHER . . . OR.
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Alternative forms
Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation for example
1.9 and 1,9 or 1000 and 1,000 and 1.000.

e Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

e In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, some equivalent answers will generally appear in brackets. Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

Format and accuracy of answers

If the level of accuracy is specified in the question, a mark will be linked to giving the answer
to the required accuracy. If the level of accuracy is not stated in the question, the general rule
applies to final answers: unless otherwise stated in the question all humerical answers must
be given exactly or correct to three significant figures.

Where values are used in subsequent parts, the markscheme will generally use the exact
value, however candidates may also use the correct answer to 3 sf in subsequent parts. The
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf
values”.

Simplification of final answers: Candidates are advised to give final answers using good
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed,

and any values that lead to integers should be simplified; for example, /2745 should be written
as % An exception to this is simplifying fractions, where lowest form is not required
(although the numerator and the denominator must be integers); for example, %may be left

in this form or written as é However, E should be written as 2, as it simplifies to an
5
integer.

Algebraic expressions should be simplified by completing any operations such as addition
and multiplication, e.g. 4e** x ¢** should be simplified to 4¢°*, and 4e** xe** —e** x e* should
be simplified to 3¢**. Unless specified in the question, expressions do not need to be
factorized, nor do factorized expressions need to be expanded, so x(x+1) and x>+ x are
both acceptable.

Please note: intermediate A marks do NOT need to be simplified.
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Calculators

A GDC is required for this paper, but If you see work that suggests a candidate has used any
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the
procedures for malpractice.

Presentation of candidate work

Crossed out work: If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise. If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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@)

(1, 1)

y=x2-x)

inverted parabola extended below the X-axis Al

X- axis intercept values X=0,2 Al

Note: Accept a graph passing through the origin as an indication of Xx=0.

local maximum at (1,1) Al

Note: Coordinates must be stated to gain the final A1l.

Do not accept decimal approximations.

[3 marks]
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(b)

Number of Number of Number of

local local points of

maximum minimum inflexion

points points with zero

gradient
n=3
and 1 0 2
n=>5
n=2
and 1 2 0
n=4
A1A1A1A1A1AL

Note: Award A1l for each correct value.

For a table not sufficiently or clearly labelled, assume that their values are
in the same order as the table in the question paper and award marks

accordingly.

[6 marks]
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(c) METHOD1
attempts to use the product rule (M1)

f'(x)=—nx"(a—x)"" +nx"*(a-x)" A1A1

dv du
Note: Award A1l for a correct U— and A1 for a correct V—

dx dx
EITHER
attempts to factorise f, (x) (involving at least one of nx"* or (a—x)“fl) (M1)
:nx”‘l(a—x)”fl((a—x)—x) Al
OR

attempts to express fn' (x) as the difference of two products with each product

containing at least one of nx"™ or (a— x)ml (M1)
=(—=x)(nx"*)(a—x)""+(a=x)(nx"*)(a-x)"" Al
THEN

f/(x)=nx"*(a-2x)(a—x)"" AG

Note: Award the final (M1)A1 for obtaining any of the following forms:

O e AT e S

x(a—x) x(a—x)
f.'(x)=nx"" ((a— x)' —x(a- x)”fl);
f (x)=(a- x)"_l(nx”’l(a— X)' - nx”)

METHOD 2

f,(x)=(x(a=x))’ (M1)
=(ax—x?)’ Al
attempts to use the chain rule (M1)

n-1

f'(x)=n(a-2x)(ax—x*) A1A1
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Note: Award A1 for n(a—2x) and Al for (ax—xz)n_l.

f/(x)=mx"*(a-2x)(a—x)"" AG
[5 marks]
a
(d) x:O,x:E,x:a A2

Note: Award ALl for either two correct solutions or for obtaining

x=0, x=-a, x=-2 :
2

Award AO otherwise.

[2 marks]

(e) attempts to find an expression for fn(%J (M1)

(I3
6T NG -

EITHER

2n
since aeR", [%) >0 (for neZ",n>1 and so fnL%J>O) R1

Note: Accept any logically equivalent conditions/statements on a and n.

Award RO if any conditions/statements specified involving a, n or both
are incorrect.

OR

. a . . . .
(since aeR"), > raised to an even power (2n) (or equivalent reasoning) is always

positive (and so f, (%] >0) R1

Note: The condition a € R" is given in the question. Hence some candidates

will assume a € R" and not state it. In these instances, award R1 for a
convincing argument.

Accept any logically equivalent conditions/statements on a and n.

Award RO if any conditions/statements specified involving a, n or both
are incorrect.
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THEN

o] L% f, (%JJ is always above the horizontal axis AG

Note: Do not award (M1)AOR1. |

[3 marks]
(f METHOD 1

) oo (T ) :

EITHER

n-1 n-1
n a a 3_a >0asaeR" and neZ” R1
4 2 )\ 4

OR

n-1 n-1
n(gj ,(a—gj and (a—EJ areall >0 R1
4 2 4

Note: Do not award AORL1.

Accept equivalent reasoning on correct alternative expressions for
[ a : . -
f, LZJ and accept any logically equivalent conditions/statements on a

and n.

Exceptions to the above are condone n>1 and condone n> 0.

2n-1
An alternative form for f ' (%J is (2n)(3)”_1(%j :
THEN
[ a
hence f, (ZJ >0 AG
[2 marks]
METHOD 2

f (0)=0 and . @J -0 Al
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(since f, is continuous and there are no stationary points between X=0 and

=2
2

a
the gradient (of the curve) must be positive between X=0 and X = > R1

Note: Do not award AORL. \

hence f, (%J >0 AG

[2 marks]

@ O fED=n-D"(@+2)(@+)"

for n even:

n(—l)"_l(: —n)<0 (and (a+2),(a +1)"_1 are both >0) R1
f. (-1)<0 Al
f(0)=0 and f, (%J >0 (seen anywhere) Al

Note: Candidates can give arguments based on the sign of (—1)n_1 to obtain the
R mark.

For example, award R1 for the following:
If n is even, then n—1 is odd and hence (—1)"_1 <0 (=-1).

Do not award ROAL.
The second Al is independent of the other two marks.

The A marks can be awarded for correct descriptions expressed in words.
Candidates can state (O, 0) as a point of zero gradient from part (d) or

show, state or explain (words or diagram) that fn' (0) =0. The last A

mark can be awarded for a clearly labelled diagram showing changes in
the sign of the gradient.

The last A1 can be awarded for use of a specific case (e.g. n=2).

hence (0,0) is a local minimum point AG

[3 marks]
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(i) for n odd:

n(-1)""(=n)>0, (and (a+2), (a+1)"" areboth >0 )so f,'(-1)>0 R1

Note: Candidates can give arguments based on the sign of (—1)n_1 to obtain the
R mark.

For example, award R1 for the following:

If n is odd, then n—1 is even and hence (—1)”71 >0 (=1).

f(0)=0and f (%J >0 (seen anywhere) Al

Note: The Al is independent of the R1.
Candidates can state (O, 0) as a point of zero gradient from part (d) or

show, state or explain (words or diagram) that fn' (0) =0. The last A mark

can be awarded for a clearly labelled diagram showing changes in the
sign of the gradient.

The last Al can be awarded for use of a specific case (e.g. h=3).

hence (0, 0) is a point of inflexion with zero gradient AG

[2 marks]
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(h) considers the parity of n (M1)

‘ Note: Award M1 for stating at least one specific even value of n. |

n must be even (for four solutions) Al

\ Note: The above 2 marks are independent of the 3 marks below.

2n
0<k <(%) A1A1AL

Note: Award Al for the correct lower endpoint, Al for the correct upper endpoint
and A1 for strict inequality signs.

The third A1l (strict inequality signs) can only be awarded if A1A1 has
been awarded.

2n
For example, award A1A1AO0 for 0<k < (%) . Award A1AO0AOQ for k >0.

Award A1AOAO for 0<k < f, [%J

[5 marks]
Total [31 marks]
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@ () METHOD 1
attempts to expand (a)—l)(a)2 + a)+1)
=+ +o-o’ —w-1

=0’ -1

METHOD 2

3

attempts polynomial division on 1
a)_

=’ +w+1

S0 (a)—l)(a)2 +a)+1) =w®-1

(i) (since w isarootof 2°=1)=w’-1=0
and w#1

=0’ +o+1=0

Note: In part (a), award marks as appropriate where @ has been converted into
Cartesian, modulus-argument (polar) or Euler form.

(M1)

Al
AG

[2 marks]

M1

Al
AG

[2 marks]

R1
R1
AG

[2 marks]
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(b) METHOD 1
attempts to find either P,P, or P,P, (M1)

accept any valid method

e.g. 2sin=, 12 412 —2cos@, L PP fom either AOP,P, or AOP,P,
3 2

. T - /1
sin—  sin—
6 3

e.g. use of Pythagoras’ theorem

2 1 3.
eg. l-e3|, - —§+7| by calculating the distance between 2 points
PP =3 Al
PP, =+/3 Al

Note: Award a maximum of M1A1AO for any decimal approximation seen in the
calculation of either PP, or P,P, or both.

so PP, xP,P,=3 AG
METHOD 2

attempts to find PP, xPP, = [l o||1- | (M1)
POPle0P2=‘a)3—a)2—a)+l‘ Al
:‘1—(a)2+a)+1)+2‘ and since @’ +@+1=0 R1
so PP, xP,P, =3 AG

[3 marks]
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(c) METHOD 1

2 -1=(z-1)(2 +2* +2+1) Al
(@ is aroot hence) @*—1=0 and w#1 R1
>0’ +0° +0w+1=0 AG

Note: Condone the use of @ throughout. ‘

[2 marks]

METHOD 2

considers the sum of roots of z*-1=0 (M1)

the sum of roots is zero (there is no z° term) Al

=o'+’ +w+1=0 AG
[2 marks]

METHOD 3

substitutes for w (M1)

R,
e.g.LHS =e 2 +e™ +e? +1
=—1-1+1+1 Al
Note: This can be demonstrated geometrically or by using vectors.
Accept Cartesian or modulus-argument (polar) form.

=o'+’ +w+1=0 AG
[2 marks]

METHOD 4

4
O+t o= Al
w-1
0
=——=0as w=l R1
w-1
=>0*+0° +w+1=0 AG

[2 marks]
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(d) METHOD 1
PP, =2 Al

attempts to find either P,P, or PP, (M1)

Note: For example, PP, =[1-i| and PP, =[1+i|.

Various geometric and trigonometric approaches can be used by
candidates.

PP =2, PP, =42 AlA1

Note: Award a maximum of AIM1A1AO if labels such as P,P, are not clearly

shown.

Award full marks if the lengths are shown on a clearly labelled diagram.
Award a maximum of AIM1A1AO for any decimal approximation seen in
the calculation of either P,P, or PP, or both.

PoPy x PP, x PPy =4 AG
[4 marks]
METHOD 2
attempts to find P,P, x PP, x PP, = [1- oo|f1— 0°|[1- & M1
PP, x PP, x PP, =|-0° + 0 + 0" -0 — 0 +1 Al
:‘—(—1)+a)5 +1—(—1)—a)+1‘ since ®® =’ =-1and o' =1 Al
= ‘af’ —a)+4‘ and since @’ = R1
so PP, xP,P, xP,P, =4 AG

[4 marks]
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METHOD 3

PP, =2 Al
attempts to find P,P, x PP, =[1- o[l 0’| M1
PP x PP, =|0* -0’ - 0+1 Al
=|2—(—a))—a)| since o' =1 and @’ =-w R1
so PP, xP,P,xPP, =4 AG

[4 marks]
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) (PP,xPypP,x..xPP, )=n Al
[1 mark]
® @ PP,=[-o’|, PP =[1-0 A1A1
[2 marks]

(i) PP, =[l-0"" Al

Note: Accept |1-w| from symmetry.

[1 mark]
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@ @O 2"-1=(z-1)(2" +2"*+..+2+1)

considers the equation z"*+z"?+..+z+1=0 (M1)
the roots are @, @’,...,@"" (A1)
so (z—a))(z—a)z)...(z—a)”‘l) Al

[3 marks]

(i) METHOD 1

n-1

substitutes z =1 into (z—a))(z—a)z)...(z—a)”‘l)zz 42" 4 rz+1

M1
(1-0)(1-0*)..(1-0"")=n (A1)
takes modulus of both sides M1
a-0)a-0?)..t-0)|=|n
1-ofl-0|..1-0"|=n Al
so PR xP,P,x..xP,P ,=n AG

Note: Award a maximum of MIA1FTM1AO from part (e). \

[4 marks]
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METHOD 2

2

(1—a)),(1—a)2) ..... (l—a)”’l) are the roots of (1—v)"_1+(1—v)"_ +..+(1-v)+1=0

M1
coefficient of V"™ is (—l)n_l and the coefficient of 1 is n Al
(7
product of the roots is —— =" Al
(-1)

|1—a;”1—a)2‘...‘1—a)”’1 =n Al
so PP, xB,P,x..xB,P ,=n AG
[4 marks]

Total[24 marks]
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Instructions to Examiners

Abbreviations

M
A
R
AG
FT

Marks awarded for attempting to use a correct Method.

Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

Marks awarded for clear Reasoning.

Answer given in the question and so no marks are awarded.

Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their
correct methods/answers using incorrect results.

Using the markscheme

1

General

Award marks using the annotations as noted in the markscheme eg M1, A2.

Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

It is generally not possible to award MO followed by A1, as A mark(s) depend on
the preceding M mark(s), if any.

Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using
the correct values.

Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award AOA71A1.
Where the markscheme specifies A3, M2 efc., do not split the marks, unless there is a note.
The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

Once a correct answer to a question or part question is seen, ignore further working even if
this working is incorrect and/or suggests a misunderstanding of the question. This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these candidates
will lose marks elsewhere too.

An exception to the previous rule is when an incorrect answer from further working is used in
a subsequent part. For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second part.
In this situation, award FT marks as appropriate but do not award the final A7 in the first part.
Examples:

Correct Further Any FT issues?
answer seen | working seen

Action

5.65685... No. Award A1 for the final mark
82 (incorrect Last part in question. | (condone the incorrect further
decimal value) working)

35 0.468111... Yes. Award A0 for the final mark
- (incorrect Value is wused in (and full FT is available in
72 decimal value) subsequent parts. subsequent parts)




-4 - M21/5/MATHX/HP3/ENG/TZ1/XX/IM

Implied marks

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or
implied by subsequent working/answer.

Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a question
is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or
incorrect value from part (c)(i) used in part (c)(ii)). Usually, to award FT marks, there must be
working present and not just a final answer based on an incorrect answer to a previous part.
However, if all the marks awarded in a subsequent part are for the answer or are implied, then
FT marks should be awarded for their correct answer, even when working is not present.

For example: following an incorrect answer to part (a) that is used in subsequent parts, where
the markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their
correct answer, without working being seen. For longer questions where all but the answer
marks are implied this rule applies but may be overwritten by a Note in the Markscheme.

e Within a question part, once an error is made, no further A marks can be awarded for work
which uses the error, but M marks may be awarded if appropriate.

e If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

e If the error leads to an inappropriate value (e.g. probability greater than 1, sin@=1.5, non-
integer value where integer required), do not award the mark(s) for the final answer(s).

e The markscheme may use the word “their” in a description, to indicate that candidates may
be using an incorrect value.

e If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts. This includes
when candidates fail to complete a “show that” question correctly, and then in subsequent parts
use their incorrect answer rather than the given value.

e Exceptions to these FT rules will be explicitly noted on the markscheme.

e If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.
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Mis-read

If a candidate incorrectly copies values or information from the question, this is a mis-read
(MR). A candidate should be penalized only once for a particular misread. Use the MR stamp
to indicate that this has been a misread and do not award the first mark, even if this is an M
mark, but award all others as appropriate.

e If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

e If the MR leads to an inappropriate value (e.g. probability greater than 1, sind=1.5, non-
integer value where integer required), do not award the mark(s) for the final answer(s).

e Miscopying of candidates’ own work does not constitute a misread, it is an error.

e If a candidate uses a correct answer, to a “show that” question, to a higher degree of
accuracy than given in the question, this is NOT a misread and full marks may be scored in
the subsequent part.

e MR can only be applied when work is seen. For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
question specifies a method, other correct methods should be marked in line with the
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative
methods are not permitted unless covered by a note in the mark scheme.

e Alternative methods for complete questions are indicated by METHOD A1,
METHOD 2, efc.
¢ Alternative solutions for parts of questions are indicated by EITHER . . . OR.
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Alternative forms
Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation for example
1.9 and 1,9 or 1000 and 1,000 and 1.000.

e Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

e In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, some equivalent answers will generally appear in brackets. Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

Format and accuracy of answers

If the level of accuracy is specified in the question, a mark will be linked to giving the answer
to the required accuracy. If the level of accuracy is not stated in the question, the general rule
applies to final answers: unless otherwise stated in the question all humerical answers must
be given exactly or correct to three significant figures.

Where values are used in subsequent parts, the markscheme will generally use the exact
value, however candidates may also use the correct answer to 3 sf in subsequent parts. The
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf
values”.

Simplification of final answers: Candidates are advised to give final answers using good
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed,

and any values that lead to integers should be simplified; for example, /2745 should be written
as % An exception to this is simplifying fractions, where lowest form is not required
(although the numerator and the denominator must be integers); for example, %may be left

in this form or written as é However, E should be written as 2, as it simplifies to an
5
integer.

Algebraic expressions should be simplified by completing any operations such as addition
and multiplication, e.g. 4e** x ¢** should be simplified to 4¢°*, and 4e** xe** —e** x e* should
be simplified to 3¢**. Unless specified in the question, expressions do not need to be
factorized, nor do factorized expressions need to be expanded, so x(x+1) and x>+ x are
both acceptable.

Please note: intermediate A marks do NOT need to be simplified.



10.

-7- M21/5/MATHX/HP3/ENG/TZ1/XX/IM

Calculators

A GDC is required for this paper, but If you see work that suggests a candidate has used any
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the
procedures for malpractice.

Presentation of candidate work

Crossed out work: If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise. If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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»
L

(_15 4)

A

(1,0

¢ =1: positive cubic with correct y-intercept labelled
local maximum point correctly labelled

local minimum point correctly labelled

A1
A1
A1
[3 marks]

continued...
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Question 1 continued

(ii)

=

>
>

(~1.41, 7.66)

A
—

A

P

(1.41,-3.66)
v
c = 2: positive cubic with correct y-intercept labelled A1
local maximum point correctly labelled A1
local minimum point correctly labelled A1

Note: Accept the following exact answers:

Local maximum point coordinates (—\/§,2+4\/§).

Local minimum point coordinates (\/5,2—4\/5).

[3 marks]

continued...
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Question 1 continued

(b) f'(x)=3x2—3c A1

Note: Accept 3x?> —3¢ (an expression).

[1 mark]

(c) (i) c=0 A1

[1 mark]

(i)  considers the number of solutions to their f"(x)=0 (M1)
3x*=3¢=0

c>0 A1

[2 marks]

(i) ¢<0 A1

‘ Note: The (M1) in part (c)(ii) can be awarded for work shown in either (ii) or (iii). ‘

[1 mark]
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(d) attempts to solve their f'(x)=0 for x (M1)

x=+Jc (A1)

Note: Award (A1) if either x =—+/c or x = \/Z is subsequently considered.

Award the above (M1)(A1) if this work is seen in part (c).

(i)  correctly evaluates f(—\/g) A1

3

f(—\/z)=—cz+3c;+2 (:—c c+3c\/2+2)

3

the y- coordinate of the local maximum point is 2¢2 + 2 AG
[3 marks]
(i) correctly evaluates f(JE) A1

f(\/;)zcz —3c%+2 (zc\/2—3c\/g+2)

3
the y-coordinate of the local minimum pointis —2¢? +2 AG

[1 mark]

continued...
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Question 1 continued

() ()

the graph of y = f'(x) will have one x —axis intercept if

EITHER
3
—2¢? +2 >0 (or equivalent reasoning) R1
OR
the minimum point is above the x — axis R1

Note: Award R1 for a rigorous approach that does not (only) refer to sketched graphs.

THEN
O<cxl A1

Note: Condone ¢ <1. The A1 is independent of the R1T. ‘

(ii)

[2 marks]
the graph of y = f(x) will have two x — axis intercepts if
EITHER
3
—2c¢? +2 =0 (or equivalent reasoning) (M1)
OR
evidence from the graph in part(a)(i) (M1)
THEN
c=1 A1
[2 marks]

continued...
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Question 1 continued

(iii) the graph of y = f(x) will have three x — axis intercepts if

EITHER

3
_2¢2 +2 <0 (or equivalent reasoning) (M1)
OR
reasoning from the results in both parts (e)(i) and (e)(ii) (M1)
THEN
c>1 A1

[2 marks]

continued. ..
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Question 1 continued

(f) case1:
¢ <0 (independent of the value of ) A1

EITHER

g'(x) =0 does not have two solutions (has no solutions or 1 solution) R1
OR

=g'(x)>0for xe~ R1
OR

the graph of y = f'(x) has no local maximum or local minimum points,

hence any vertical translation of this graph (y = g(x)) will also have

no local maximum or local minimum points R1
THEN
therefore there is only one x-axis intercept AG

Note: Award at most AOR1 if only ¢ < ( is considered.

continued...
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Question 1 continued
case 2

c>0

3 3
(—«/E, 2c? +a’] is a local maximum point and (%,—202 +d] is a

local minimum point (A1)

Note: Award (A1) for a correct y-coordinate seen for either the maximum or the
minimum.

considers the positions of the local maximum point and/or the local minimum point ~ (M1)

EITHER
considers both points above the x-axis or both points below the x-axis
OR

considers either the local minimum point only above the x-axis OR
the local maximum point only below the x-axis

THEN
3
d > 2c¢? (both points above the x-axis) A1
3
d < —2¢? (both points below the x-axis) A1

Note: Award at most (A1)(M1)A0OAO for case 2 if ¢ > ( is not clearly stated. ‘

[6 marks]
Total [27 marks]
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(@ A=s>and pP=4s

A=P=s*=4s
s(s—4):0
:>s=4(s>0)

Note: Award ATM1AQ if both s =4 and s =( are stated as final answers.

Note: Award A1 for a correct alternative form expressed in terms of x and » only.

H L . n . n
For example, using Pythagoras’ theorem, 4 =xsin— /xz_xzsnf_ or
n n

(.
4, :2(—(xsmg)(xcosfn or 4, =x*sin"cos_.
2 n n n n

(A1)
(m1)

A1

[3 marks]

A1

[1 mark]

continued...
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Question 2 continued

(c) METHOD 1

uses sin @ = PP (M1)
hyp
Y
2 _ginZ A1
x n
y=2xsin z AG
n
[2 marks]
METHOD 2
2
uses Pythagoras’ theorem (%) +h>=x*and j=xcos” (M1)
n
2 - 2 T
(Z) + (xcos—j =x’ [yz =4x’ (1 —cos’ —n
2 n n
=4x°sin’ A1l
n
y =2xsin z AG
n
[2 marks]

continued. ..
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Question 2 continued

METHOD 3
uses the cosine rule (M1)
2 2
32 =232 —2x” cos = (: 2x° (1 —~ cos—nD
n n
= 4x” sin” kil A1
n
y=2xsin T AG
n
[2 marks]
METHOD 4
uses the sine rule (M1)
y o X
.2t . (n =
Ssm—  sm| ———
n 2 n
ycos£=2xsinzcosE A1
n n n
y =2xsin T AG
n
[2 marks]

continued...
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Question 2 continued

(d) A=P=nd, =ny (M1)

‘ Note: Award M1 for equating correct expressions for 4 and P. ‘

1 , . 2=n LT , . M W LT
—nx”sin— =2nxsin— | nx” sin—cos— = 2xnxsin —

n n n n n
1 , . 2n .| ,. T . T
—x"sin— =2xsin— | x“sin—cos— = 2xsin— A1
n n n n n
. 2m LT i . .
uses sin — = 2sin —cos— (seen anywhere in part (d) or in part (b)) (M1)
n n n
*sinEcos T = 2xsin~
n n n
attempts to either factorise or divide their expression (M1)
xsinﬁ(xcosz—2) =0
n n
2 . T ,
X = — xsin— # 0 |(or equivalent) A1
COSs — "
n

continued...
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Question 2 continued

EITHER
substitutes x = (or equivalent) into P = py (M1)
cos ™
n
P=2n 2 (singj A1
T n
COS—

n

Note: Other approaches are possible. For example, award A1 for p = 2nxcos£tan£
n n
and M1 for substituting x = into P.
cosE
n
OR
substitutes x = (or equivalent) into 4 =n4, (M1)
cosE
n
2
2 )
A=—n| —— (sm—j
2 cos— n
n
2
A:ln L (2sin£cos£) A1
2 cosE n n
n
THEN
T
A=P=4ntan— AG
n
[7 marks]

continued...
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Question 2 continued

(e) (i) attempts to use the Maclaurin series for tan x with x = kil (mM1)
n

LA

T T
tan —=—+-——
n o n 3 15

3 5
4ntan” = 4n E+7t—3+ 2n5(+...) (or equivalent) A1
n n 3n 15n

T 27’
=4 Tt +—F+..
3n° 15n

— lim (4;1 tanﬁj — 47 A1

n—>0 n

Note: Award a maximum of MTA1AOQ if 1im is not stated anywhere.

n—>o0

[3 marks]

(i) (@sn—>ow, P>4nand 4— 4n)

the polygon becomes a circle of radius 2 R1

Note: Award R1 for alternative responses such as:
the polygon becomes a circle of area 475 OR
the polygon becomes a circle of perimeter 47 OR

the polygon becomes a circle with 4 = P =4r.

Award RO for polygon becomes a circle.

[1 mark]
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0 A:%ab and P=a+b+a +5° (A1)(A1)
equates their expressions for 4 and P M1
1
A=P=a+b+a*+b’ :Eab
Ja’ +b’ =%ab—(a+b) M1

Note: Award M1 for isolating /> +b> or +24/a> +b” . This step may be seen later.

2
a’+b’ =(%ab—(a+b)j
a2+b2:%azbz—2(%abj(a+b)+(a+b)2 M1

(:iazlf —a’b—ab* +d? +2ab+b2j

Note: Award M1 for attempting to expand their RHS of either 4> + 5 = ...

or 4(a2+b2)=...-

EITHER

ab(iab—a—b+2)=0 (ab:tO) A1

lab—at—b+2:0
4

ab—4a=4b-8
OR

iazb2 —a’b—ab*+2ab=0
a(ibz—bj+(2b—b2):0 (a(b2—4b)+(8b—4b2)=0) A1

4b* —8b
a=
b*—4b

continued...
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Question 2 continued

THEN
N A1
b-4
_4b—-16+38
b—-4
a=i+4 AG
b—-4

Note: Award a maximum of ATATM1M1MOAOAO for attempting to verify.
For example, verifying that 4 = P = bl—6 +2b + 4 gains 4 of the 7 marks.
-4

[7 marks]

continued...
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Question 2 continued

(@) (i) using an appropriate method (M1)

eg substituting values for p or using divisibility properties

(5,12,13) and (6,8,10) A1A1

Note: Award A1AO0 for either one set of three correct side lengths or two sets of two
correct side lengths.

[3 marks]
(i) A=P=30and 4=P=24 A1

\ Note: Do not award ATFT. \
[1 mark]

Total [28 marks]
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Implied marks

Implied marks appear in brackets e.g. (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

o Normally the correct work is seen or implied in the next line.

e Marks without brackets can only be awarded for work that is seen.

Follow through marks (only applied after an error is made)

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s) or subpart(s). Usually, to award FT marks, there must be
working present and not just a final answer based on an incorrect answer to a previous part.
However, if the only marks awarded in a subpart are for the answer (i.e. there is no working
expected), then FT marks should be awarded if appropriate.

¢ Within a question part, once an error is made, no further A marks can be awarded for work
which uses the error, but M marks may be awarded if appropriate.

¢ If the question becomes much simpler because of an error then use discretion to award fewer
FT marks.

e If the error leads to an inappropriate value (e.g. probability greater than 1, use of 7>1 for the
sum of an infinite GP, sind =1.5, non integer value where integer required), do not award the
mark(s) for the final answer(s).

¢ The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

¢ Exceptions to this rule will be explicitly noted on the markscheme.

o If a candidate makes an error in one part, but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the question says hence. It is often possible to use a
different approach in subsequent parts that does not depend on the answer to previous parts.

Mis-read

If a candidate incorrectly copies information from the question, this is a mis-read (MR). Apply a MR
penalty of 1 mark to that question

¢ If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

e If the MR leads to an inappropriate value (e.g. probability greater than 1, sind =1.5, non-integer
value where integer required), do not award the mark(s) for the final answer(s).

¢ Miscopying of candidates’ own work does not constitute a misread, it is an error.

e The MR penalty can only be applied when work is seen. For calculator questions with no
working and incorrect answers, examiners should not infer that values were read incorrectly.
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Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question
specifies a method, other correct methods should be marked in line with the markscheme

¢ Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, efc.

¢ Alternative solutions for part-questions are indicated by EITHER . . . OR.

Alternative forms
Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, simplified answers, (which candidates often do not write in examinations),
will generally appear in brackets. Marks should be awarded for either the form preceding the
bracket or the form in brackets (if it is seen).

Accuracy of Answers

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the
required accuracy. There are two types of accuracy errors, and the final answer mark should not be
awarded if these errors occur.

¢ Rounding errors: only applies to final answers not to intermediate steps.

¢ Level of accuracy: when this is not specified in the question the general rule applies to final
answers: unless otherwise stated in the question all numerical answers must be given exactly or
correct to three significant figures.

Calculators

A GDC is required for paper 3, but calculators with symbolic manipulation features/ CAS functionality
are not allowed.

Calculator notation
The subject guide says:
Students must always use correct mathematical notation, not calculator notation.

Do not accept final answers written using calculator notation. However, do not penalize the use of
calculator notation in the working.



(a)

METHOD 1

consider right-angled triangle OCX where CX = g

METHOD 2

eg use of the cosine rule x> =1 +1? _2(1)(1)0052_1r

x=\3

P=3xx=33

| Note: Accept use of sine rule. |

(b)

(c)

(d)

.om 1 .
sin — = — where .= side of square
X

6 equilateral triangles = x =1

P=6

— o] =

. [T
in right-angled triangle sm(—j =
n

=Xx= ZSin(Ej
n

P=nxx

P :n><2sin(

P =2nsin (Ej
n

S |3

J

SPEC/5/MATAA/HP3/ENG/TZ0/XX/IM

M1A1

A1

AG

M1A1

A1
AG

[3 marks]

m1

A1

A1
[3 marks]

A1

A1
[2 marks]

M1

A1

M1

AG

[3 marks]

continued...
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Question 1 continued

(e)

(f)

(9

) ) (T
consider lim 2nsin| —
n—>0 n

3 5

: X X
use of SINX=X——+——... M1
3! 5!
T T 7'!33 7'[5
2nsin| — |=2n| ————+ -... (A1)
(n] (n 6n’  120m° j
3 5
) [ A1
6n- 120n
. (T
= lim 2nsm(—j=2n A1
n—>0 n
as » » « polygon becomes a circle of radius 1 and E=27t R1

consider an n-sided polygon of side length

2n right-angled triangles with angle i—n — T atcentre M1A1
n n
X T T
opposite side —= tan(—j =>Xx= Ztan(—j M1A1
2 n n
i
Perimeter P. =2n tan(—j AG
n
2tan (n) 0
() limP(x)= 1im+ =5 R1
X
attempt to use L’Hbpital’s rule M1
2n (nj
——5sec”| —
lim P(x) = lim ————=%~ A1
X
lim P(x)=2mn A1
(i) limPC(n):2n A1

[5 marks]

[4 marks]

[5 marks]

continued...



Question 1 continued

(hy P<2n<P
2nsin (Ej <2m < 2ntan (Ej
n n
(T T
nsm[—j << ntan(—j
n n

attempt to find the lower bound and upper bound approximations within
0.005 of

n=46

(i)

(a) correct graph of ¥ = f,(x)

correct graph of y=f3(x)
1.5¢V

v =

-1.5

(b) ()

graphical or tabular evidence that 7 has been systematically varied
eg n=3, 1 local maximum point and 1 local minimum point

n =75, 2local maximum points and 2 local minimum points

n="7, 3 local maximum points and 3 local minimum points

n—1

local maximum points

iy = 2_1 local minimum points

SPEC/5/MATAA/HP3/ENG/TZ0/XX/IM

M1

A1
[2 marks]
(M1)

A2
[3 marks]

Total [30 marks]

A1
A1

[2 marks]

m1

(A1)

A1

A1

| Note: Allow follow through from an incorrect local maximum formula expression.

[4 marks]

continued...
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Question 2 continued

(c) correct graph of nyZ(X) A1
correct graph of y=f4(x) A1
1.54Y
)f
-15 1 1.5
-1.5
[2 marks]

(d) (i) graphical or tabular evidence that #i has been systematically varied M1

eg n=2, 0local maximum point and 1 local minimum point
n=4, 1 local maximum points and 2 local minimum points

n==6, 2 local maximum points and 3 local minimum points (A1)
n—-2 . .
local maximum points A1
(i) % local minimum points A1
[4 marks]

e f(x)= cos(n arccos(x))

nsin (n arccos (x))

£1(x)= M1A1
\/1 -x’
| Note: Award M1 for attempting to use the chain rule. |

./ (x)=0=> nsin(narccos(x))=0 m1
narccos(x)=kn (ke Z.") A1
leading to
x=cosﬁ(keZ+ and O0<k<n) AG

n

[4 marks]

continued...
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Question 2 continued

(f)

(9

(h)

/> (x) =cos(2arccos x)

= 2(cos(arccos x))2 -1

stating that (cos(arccosx)) =X
so f,(x)=2x"-1

o1 (x) =cos((n+1)arccos x)
= cos( 71arccos x +arccos x)
use of cos( A4+ B)=cos Acos B—sin Asin B leading to

= cos (narccos x) cos( arccos x) —sin ( narccos x) sin (arccos x)

W 1, (x):cos((n—l)arccosx)
= cos(narccos x) cos (arccos x ) +sin (narccos x) sin (arccos x)

foa (x)+ £, (x) =2cos(narccos x) cos arccos x)

=2xf, (x)

i () =245 (1) (%)
= 2x(2x2 —1)—x

=4x’ - 3x

m1
A1

AG
[2 marks]

A1
M1

AG
[2 marks]

A1
M1
A1
AG

(mM1)

A1
[5 marks]

Total [25 marks]
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