
© International Baccalaureate Organization 2023

All rights reserved. No part of this product may be reproduced in any form or by any 
electronic or mechanical means, including information storage and retrieval systems, 
without the prior written permission from the IB. Additionally, the license tied with this 
product prohibits use of any selected files or extracts from this product. Use by third 
parties, including but not limited to publishers, private teachers, tutoring or study services, 
preparatory schools, vendors operating curriculum mapping services or teacher resource 
digital platforms and app developers, whether fee-covered or not, is prohibited and is a 
criminal offense.

More information on how to request written permission in the form of a license can be 
obtained from https://ibo.org/become-an-ib-school/ib-publishing/licensing/applying-for-a-
license/.

© Organisation du Baccalauréat International 2023

Tous droits réservés. Aucune partie de ce produit ne peut être reproduite sous quelque 
forme ni par quelque moyen que ce soit, électronique ou mécanique, y compris des 
systèmes de stockage et de récupération d’informations, sans l’autorisation écrite 
préalable de l’IB. De plus, la licence associée à ce produit interdit toute utilisation de tout 
fichier ou extrait sélectionné dans ce produit. L’utilisation par des tiers, y compris, sans 
toutefois s’y limiter, des éditeurs, des professeurs particuliers, des services de tutorat ou 
d’aide aux études, des établissements de préparation à l’enseignement supérieur, des 
fournisseurs de services de planification des programmes d’études, des gestionnaires de 
plateformes pédagogiques en ligne, et des développeurs d’applications, moyennant 
paiement ou non, est interdite et constitue une infraction pénale.

Pour plus d’informations sur la procédure à suivre pour obtenir une autorisation écrite 
sous la forme d’une licence, rendez-vous à l’adresse https://ibo.org/become-an-ib-school/
ib-publishing/licensing/applying-for-a-license/.

© Organización del Bachillerato Internacional, 2023

Todos los derechos reservados. No se podrá reproducir ninguna parte de este producto 
de ninguna forma ni por ningún medio electrónico o mecánico, incluidos los sistemas de 
almacenamiento y recuperación de información, sin la previa autorización por escrito del 
IB. Además, la licencia vinculada a este producto prohíbe el uso de todo archivo o 
fragmento seleccionado de este producto. El uso por parte de terceros —lo que incluye, 
a título enunciativo, editoriales, profesores particulares, servicios de apoyo académico o 
ayuda para el estudio, colegios preparatorios, desarrolladores de aplicaciones y 
entidades que presten servicios de planificación curricular u ofrezcan recursos para 
docentes mediante plataformas digitales—, ya sea incluido en tasas o no, está prohibido 
y constituye un delito.

En este enlace encontrará más información sobre cómo solicitar una autorización por 
escrito en forma de licencia: https://ibo.org/become-an-ib-school/ib-publishing/licensing/
applying-for-a-license/.



Candidate session number

8823 – 7201
© International Baccalaureate Organization 202322 pages

30 October 2023

Zone A afternoon Zone B afternoon Zone C afternoon

2 hours

24EP01

Mathematics: applications and interpretation
Higher level
Paper 1

Instructions to candidates

 y Write your session number in the boxes above.
 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all questions.
 y Answers must be written within the answer boxes provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

correct to three significant figures.
 y A clean copy of the mathematics: applications and interpretation formula booklet is 

required for this paper.
 y The maximum mark for this examination paper is [110 marks].
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Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer 
is incorrect, some marks may be given for a correct method, provided this is shown by written working. 
You are therefore advised to show all working.

1. [Maximum mark: 7]

The growth of a particular type of seashell is being studied by Manon. At the end of 
each month Manon records the increase in the width of a seashell since the end of the 
previous month.

She models the monthly increase in the width of the seashell by a geometric sequence with 
common ratio 0.8. In the first month, the width of the seashell increases by 4 mm.

(a) Find by how much the width of the seashell will increase during the third month, 
according to her model. [2]

(b) Find the total increase in the width of the seashell, predicted by Manon’s model, 
during the first year. [2]

Manon’s seashell had a width of 25 mm at the beginning of the first month.

(c) Find the maximum possible width of the seashell, predicted by Manon’s model. [3]
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2. [Maximum mark: 7]

The graph of the function  f  is given in the following diagram.
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x

(a) Write down  f (2) . [1]

(b) On the axes, sketch  y =  f -1(x) . [2]

The function  g  is defined as  g (x) = 3x - 1 .

(c) Find an expression for  g-1(x) . [2]

(d) Find a value of  x  where  f -1(x) = g-1(x) . [2]
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3. [Maximum mark: 6]

The Great Pyramid of Giza is the oldest of the Seven Wonders of the Ancient World.  
When it was built, 4500 years ago, the measurements of the pyramid were in 
Royal Egyptian Cubits (REC).

[Source: Nina Aldin Thune. https://en.wikipedia.org/wiki/Great_Pyramid_of_Giza#/media/File:Kheops-Pyramid.jpg.  
Licensed under CC BY 2.5 https://creativecommons.org/licenses/by/2.5/#. Image adapted.]

Viktor reads online that 1 REC is equal to 0.52 metres, rounded to two decimal places.

(a) Write down the upper and lower bounds of 1 REC in metres. [2]

The Great Pyramid of Giza has a square base with side lengths of 440 REC and a 
height of 280 REC. Viktor assumes that these two measurements are exact and that 
the Great Pyramid can be modelled as a square-based pyramid with smooth faces.

(b) Find the minimum possible volume of the pyramid in cubic metres. [4]
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4. [Maximum mark: 6]

Jason sails his boat from point A for a distance of 100 km, on a bearing of 112, to arrive at 
point B. He then sails on a bearing of 041 to point C. Jason’s journey is shown in the diagram.

diagram not to scale

North

041
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B

C

(a) Find AB̂C. [2]

Point C is directly east of point A.

(b) Calculate the distance that Jason sails to return directly from point C to point A. [4]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .



– 6 – 8823 – 7201

24EP06

5. [Maximum mark: 9]

A sports player on a horizontal athletic field hits a ball. The height of the ball above the field, in 
metres, after it is hit can be modelled using a quadratic function of the form  f (x) = ax2 + bx + c , 
where  x  represents the horizontal distance, in metres, that the ball has travelled from the player.

A specialized camera tracks the initial path of the ball after it is hit by the player. The camera 
records that the ball travels through the three points (3, 2.36), (10, 5) and (17, 7.16), as shown 
in Diagram 1.

diagram not to scale

Diagram 1

distance (m)

height (m)

(3, 2.36)
(10, 5)

(17, 7.16)

0

(a) Use the coordinates (3, 2.36) to write down an equation in terms of  a ,  b , and  c . [1]

(b) Use your answer to part (a) and two similar equations to find the equation of the 
quadratic model for the height of the ball. [3]

A 4-metre-high fence is 80 metres from where the player hit the ball, as shown in Diagram 2.

diagram not to scale

Diagram 2

distance (m)

height (m)

fence

80 m

4 m

(c) Show that the model predicts that the ball will go over the fence. [3]

(d) Find the horizontal distance that the ball will travel, from the player until it first hits 
the ground, according to this model. [2]

(This question continues on the following page)
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(Question 5 continued)
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6. [Maximum mark: 8]

On the following Voronoi diagram, the coordinates of three farmhouses are A (0, 3), B (8, 3) 
and C (8, 13), where distances are measured in kilometres. Each farmhouse owns the land 
that is closest to it, and their boundaries are defined by the dotted lines on Diagram 1.

Diagram 1

2 4 6 8 10 120
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y
14

B (8, 3)

C (8, 13)

Diagram 2
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A (0, 3) B (8, 3)

C (8, 13)

(11, 8)

(4, 1)

D (6, 5)

9
11

116
11

,  

To provide water to the farms it is decided to construct a well at the point where the 
boundaries meet on Diagram 1.

(a) Write down the coordinates of this point. [1]

(b) Find the equation of the perpendicular bisector of [AC]. [3]

An additional farmhouse D (6, 5) is built on the land. The Voronoi diagram has been redrawn 
to show the new boundaries. The coordinates of the vertices of these boundaries are indicated 
on Diagram 2.

A wind turbine is to be built at one of the vertices.

(c) The wind turbine should be as far from the nearest farmhouses as possible.

(i) By calculating appropriate distances, find the location of the wind turbine.

(ii) Hence, write down the distance of the wind turbine to the nearest farmhouse. [4]

(This question continues on the following page)
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(Question 6 continued)
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7. [Maximum mark: 7]

Michèle is playing a game. In the game, she must first flip a fair coin which will result in the 
coin landing on heads or tails. If the coin lands on heads, then she wins a prize. If it lands on 
tails, then she has another chance but this time she must roll a fair six-sided dice and get a 
five or six in order to win a prize.

(a) Complete the tree diagram by writing in the three missing probabilities. [2]

win

no win

1
2

diecoin

win

no win

(b) Find the probability that Michèle does not win a prize. [2]

(c) Given that Michèle won a prize, find the probability that the coin landed on heads. [3]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .



– 11 – 8823 – 7201

Turn over

24EP11

8. [Maximum mark: 6]

Given z � �3 i .

(a) Write  z  in the form z = req i, where  r ∈ + ,  -p < q ≤ p . [2]

Let  z1 = e 2t i  and z
t

2

2
6

2�
��

�
�

�
�
�

e
i

�

.

(b) Find  Im (z1 + z2)  in the form  p sin (2t + q) , where  p > 0 ,  t ∈   and  -p ≤ q ≤ p . [4]
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9. [Maximum mark: 8]

Joon is a keen surfer and wants to model waves passing a particular point P, which is off the 
shore of his favourite beach. Joon sets up a model of the waves in terms of  h (t) , the height 
of the water in metres, and  t , the time in seconds from when he begins recording the height 
of the water at point P.

2 40

1

2

3

4

6 8 10 12 14 16 18

h (t )

t

(0, 3.5) (12, 3.5)

(6, 0.5)

The function has the form h t p t q( ) cos� �
�
�

�
�
� �

�
6

,  t ≥ 0 .

(a) Find the values of  p  and  q . [2]

(b) Find

(i) h′(t) .

(ii) h″(t) . [3]

Joon will begin to surf the wave when the rate of change of  h  with respect to  t , at P, is at 
its maximum. This will first occur when  t = k .

(c) (i)   Find the value of  k .

(ii) Find the height of the water at this time. [3]

(This question continues on the following page)
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(Question 9 continued)
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10. [Maximum mark: 7]

The decay of a chemical isotope over five years is recorded in Table 1. The mass of 
the chemical  M  is measured to the nearest gram at the beginning of each year  t  of 
the experiment.

Table 1

Time  t  (years) 1 2 3 4 5

Mass  M  (grams) 1000 660 517 435 381

It is believed that the decay of the isotope can be modelled by an equation of the  
form  M = a × t b .

(a) Use power regression on your graphic display calculator to find the value of  a  and 
the value of  b . [2]

The values of  t  and  M  can be transformed such that  x = ln t  and  y = ln M . Table 2 shows 
data for  x  and  y  to three decimal places.

Table 2

x 0 0.693 1.099 1.386 1.609

y 6.908 6.492 6.248 6.075 5.943

(b) Find the linear regression equation of  y  on  x , in the form  y = cx + d . Give the values 
of  c  and  d  to three decimal places. [2]

(c) Hence, show that this linear regression is equivalent to the power regression found 
in part (a). [3]

(This question continues on the following page)
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(Question 10 continued)
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11. [Maximum mark: 7]

Consider the function  f (x) = x3 - x , for  -1 ≤ x ≤ 1 . The shaded region,  R , is bounded by 
the graph of  y =  f (x)  and the  x-axis.

x
1

y =  f (x)

−1

y

(a) (i)   Write down an integral that represents the area of  R .

(ii) Find the area of  R . [2]

Another function,  g , is defined such that  g (x) = 2 f (x - 1) .

(b) On the following set of axes, the graph of  y =  f (x)  has been drawn. On the same set 
of axes, sketch the graph of  y = g (x) . [2]

x
10 2

y = f (x)

−1

−0.5

−1

1

0.5

−2

y

The region  R  from the original graph  y =  f (x)  is rotated through  2p  radians about the  x-axis 
to form a solid.

(c) Find the volume of the solid. [3]

(This question continues on the following page)
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(Question 11 continued)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .



– 18 – 8823 – 7201

24EP18

12. [Maximum mark: 4]

Consider the differential equation 
d

d

y
x

x y� � �3 1 .

(a) Find the equation of the tangent to the solution curve at the point  (-1, -1)  in the 
form  ax + by + c = 0 . [2]

The slope field for this differential equation is shown in the following diagram.

(b) Sketch the solution curve that passes through the point  (-1, -1) . [2]

−2−2

−2−2

−1−1

11

22

00 11−1−1 22
x

y
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13. [Maximum mark: 8]

The velocity  v  of a particle at time  t , as it moves along a straight line, can be modelled by 
the piecewise function

v t
u t t T
u t t T

( )
( ) ,

( ) ,
�

� �
�

�
�
�

1

2

0

where  u1 (t ) = 2t 2 - t 3  and  u2 (t ) = 8 − 4t . It is required that  u1 (T ) = u2 (T ) .

(a) Find the value of  T . [2]

(b) Show that  u1′(T ) = u2′(T ) . [2]

The displacement of the particle at time  t = 0  is zero.

(c) Find the time when the particle returns to its initial position. [4]
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14. [Maximum mark: 7]

A straight line  L  has vector equation r �
�
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3

0

1

1

2

�  and point Q has coordinates  (11, -1, 3) .

Point P is the point on  L  closest to Q.

(a) Find the coordinates of P. [4]

(b) Find a vector that is perpendicular to both  L  and the line passing through points P and Q. [3]
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15. [Maximum mark: 7]

The eating habits of students in a school are studied over a number of months. The focus 
of the study is whether non-vegetarians become vegetarians, and whether vegetarians 
remain vegetarians.

Each month, students choose between the vegetarian or non-vegetarian lunch options. 
Once they have chosen for the month, they cannot change the option until the next month.

In any month during the study, it is noticed that the probability of a non-vegetarian becoming 
vegetarian the following month is 0.1, and that the probability of a vegetarian remaining a 
vegetarian the following month is 0.8.

This situation can be represented by the transition matrix

T �
�

�
�

�

�
�

0 8 0 1

0 2 0 9

. .

. .
.

(a) Interpret the value 0.9 in  T  in terms of the changes in the eating habits of the students 
in the school. [1]

(b) Find the eigenvalues of matrix  T . [3]

One of the eigenvectors of  T  is 
��

�
�

�

�
�

1
1

.

(c) Find another, non-parallel, eigenvector and interpret it in context. [3]
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16. [Maximum mark: 6]

When Jef plays basketball, the number of shots he takes during any 6 minutes of play can be 
modelled by a Poisson distribution with mean 2.5.

(a) Find the probability that Jef takes less than 7 shots during any 12 minutes of play. [2]

It can be assumed that the outcomes of the shots are independent of each other, and 
the probability of success of a shot is constant. The probability that Jef is successful 
with a shot is 0.4.

It can be assumed that the probability of Jef’s success with a shot is independent of the 
number of shots that he takes.

(b) Find the probability that during any 6 minutes of play Jef takes fewer than 4 shots 
and is successful at least once. [4]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 



Disclaimer:

Content used in IB assessments is taken from authentic, third-party sources. The views expressed within them belong to their 
individual authors and/or publishers and do not necessarily reflect the views of the IB.

References:

3. Nina Aldin Thune. https://en.wikipedia.org/wiki/Great_Pyramid_of_Giza#/media/File:Kheops-Pyramid.jpg. Licensed under 
CC BY 2.5 https://creativecommons.org/licenses/by/2.5/#. Image adapted.

All other texts, graphics and illustrations © International Baccalaureate Organization 2023

24EP23



Please do not write on this page.

Answers written on this page  
will not be marked.

24EP24



© International Baccalaureate Organization 2023

All rights reserved. No part of this product may be reproduced in any form or by any 
electronic or mechanical means, including information storage and retrieval systems, 
without the prior written permission from the IB. Additionally, the license tied with this 
product prohibits use of any selected files or extracts from this product. Use by third 
parties, including but not limited to publishers, private teachers, tutoring or study services, 
preparatory schools, vendors operating curriculum mapping services or teacher resource 
digital platforms and app developers, whether fee-covered or not, is prohibited and is a 
criminal offense.

More information on how to request written permission in the form of a license can be 
obtained from https://ibo.org/become-an-ib-school/ib-publishing/licensing/applying-for-a-
license/.

© Organisation du Baccalauréat International 2023

Tous droits réservés. Aucune partie de ce produit ne peut être reproduite sous quelque 
forme ni par quelque moyen que ce soit, électronique ou mécanique, y compris des 
systèmes de stockage et de récupération d’informations, sans l’autorisation écrite 
préalable de l’IB. De plus, la licence associée à ce produit interdit toute utilisation de tout 
fichier ou extrait sélectionné dans ce produit. L’utilisation par des tiers, y compris, sans 
toutefois s’y limiter, des éditeurs, des professeurs particuliers, des services de tutorat ou 
d’aide aux études, des établissements de préparation à l’enseignement supérieur, des 
fournisseurs de services de planification des programmes d’études, des gestionnaires de 
plateformes pédagogiques en ligne, et des développeurs d’applications, moyennant 
paiement ou non, est interdite et constitue une infraction pénale.

Pour plus d’informations sur la procédure à suivre pour obtenir une autorisation écrite 
sous la forme d’une licence, rendez-vous à l’adresse https://ibo.org/become-an-ib-school/
ib-publishing/licensing/applying-for-a-license/.

© Organización del Bachillerato Internacional, 2023

Todos los derechos reservados. No se podrá reproducir ninguna parte de este producto 
de ninguna forma ni por ningún medio electrónico o mecánico, incluidos los sistemas de 
almacenamiento y recuperación de información, sin la previa autorización por escrito del 
IB. Además, la licencia vinculada a este producto prohíbe el uso de todo archivo o 
fragmento seleccionado de este producto. El uso por parte de terceros —lo que incluye, 
a título enunciativo, editoriales, profesores particulares, servicios de apoyo académico o 
ayuda para el estudio, colegios preparatorios, desarrolladores de aplicaciones y 
entidades que presten servicios de planificación curricular u ofrezcan recursos para 
docentes mediante plataformas digitales—, ya sea incluido en tasas o no, está prohibido 
y constituye un delito.

En este enlace encontrará más información sobre cómo solicitar una autorización por 
escrito en forma de licencia: https://ibo.org/become-an-ib-school/ib-publishing/licensing/
applying-for-a-license/.



Candidate session number

2223 – 7211
© International Baccalaureate Organization 202321 pages

8 May 2023

Zone A afternoon Zone B morning Zone C afternoon

2 hours

Mathematics: applications and interpretation
Higher level
Paper 1

Instructions to candidates

 y Write your session number in the boxes above.
 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all questions.
 y Answers must be written within the answer boxes provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

correct to three significant figures.
 y A clean copy of the mathematics: applications and interpretation formula booklet is 

required for this paper.
 y The maximum mark for this examination paper is [110 marks].

24EP01



Please do not write on this page.

Answers written on this page  
will not be marked.

– 2 – 2223 – 7211

24EP02



– 3 – 2223 – 7211

Turn over

Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer 
is incorrect, some marks may be given for a correct method, provided this is shown by written working. 
You are therefore advised to show all working.

1. [Maximum mark: 7]

A player throws a basketball. The height of the basketball is modelled by

h (t) = -4.75t 2 + 8.75t + 1.5 ,  t ≥ 0 ,

where  h  is the height of the basketball above the ground, in metres, and  t  is the time, 
in seconds, after it was thrown.

(a) Find how long it takes for the basketball to reach its maximum height. [2]

(b) Assuming that no player catches the basketball, find how long it would take for the 
basketball to hit the ground. [2]

Another player catches the basketball when it is at a height of 1.2 metres.

(c) Find the value of  t  when this player catches the basketball. [2]

(d) Write down one limitation of using  h (t)  to model the height of the basketball. [1]
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2. [Maximum mark: 4]

A company that owns many restaurants wants to determine if there are differences in the 
quality of the food cooked for three different meals: breakfast, lunch and dinner.

Their quality assurance team randomly selects 500 items of food to inspect. The quality 
of this food is classified as perfect, satisfactory, or poor. The data is summarized in the 
following table.

Quality

Perfect Satisfactory Poor Total

Meal

Breakfast 101 124  7 232

Lunch  68  81  5 154

Dinner  35  69 10 114

Total 204 274 22 500

A  χ 2  test at the 5 % significance level is carried out to determine if there is significant 
evidence of a difference in the quality of the food cooked for the three meals.

The critical value for this test is 9.488.

The hypotheses for this test are:
H0: The quality of the food and the type of meal are independent.
H1: The quality of the food and the type of meal are not independent.

(a) Find the  χ 2  statistic. [2]

(b) State, with justification, the conclusion for this test. [2]

(This question continues on the following page)
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Turn over

(Question 2 continued)
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3. [Maximum mark: 7]

The following Venn diagram shows two independent events,  R  and  S . The values in the 
diagram represent probabilities.

U

R

y

S

0.2 0.6x

(a) Find the value of  x . [3]

(b) Find the value of  y . [2]

(c) Find P( )′ ′R S . [2]
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Turn over

4. [Maximum mark: 6]

Angel has $ 520 in his savings account. Angel considers investing the money for 5 years with 
a bank. The bank offers an annual interest rate of 1.2 % compounded quarterly.

(a) Calculate the amount of money Angel would have at the end of 5 years with the bank. 
Give your answer correct to two decimal places. [3]

Instead of investing the money, Angel decides to buy a phone that costs $ 520. At the end of 
5 years, the phone will have a value of $ 30. It may be assumed that the depreciation rate per 
year is constant.

(b) Calculate the annual depreciation rate of the phone. [3]
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5. [Maximum mark: 6]

The lengths of the seeds from a particular mango tree are approximated by a normal 
distribution with a mean of 4 cm and a standard deviation of 0.25 cm.

A seed from this mango tree is chosen at random.

(a) Calculate the probability that the length of the seed is less than 3.7 cm. [2]

It is known that 30 % of the seeds have a length greater than k cm.

(b) Find the value of  k . [2]

For a seed of length  d cm , chosen at random,  P (4 - m < d < 4 + m) = 0.6 .

(c) Find the value of  m . [2]
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Turn over

6. [Maximum mark: 5]

Ruhi buys a scoop of ice cream in the shape of a sphere with a radius of 3.4 cm. The ice 

cream is served in a cone, and it may be assumed that 
1

5
 of the volume of the ice cream is 

inside the cone. This is shown in the following diagram.

diagram not to scale

3.4

(a) Calculate the volume of ice cream that is not inside the cone. [3]

The cone has a slant height of 11 cm and a radius of 3 cm.

The outside of the cone is covered with chocolate.

(b) Calculate the surface area of the cone that is covered with chocolate. Give your answer 
correct to the nearest cm2. [2]
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7. [Maximum mark: 6]

Akar starts a new job in Australia and needs to travel daily from Wollongong to Sydney 
and back. He travels to work for 28 consecutive days and therefore makes 56 single journeys. 
Akar makes all journeys by bus.

The probability that he is successful in getting a seat on the bus for any single journey is 0.86.

(a) Determine the expected number of these 56 journeys for which Akar gets a seat 
on the bus. [1]

(b) Find the probability that Akar gets a seat on at least 50 journeys during these 28 days. [3]

The probability that Akar gets a seat on at most  n  journeys is at least 0.25.

(c) Find the smallest possible value of  n . [2]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

24EP10



– 11 – 2223 – 7211

Turn over

8. [Maximum mark: 7]

The following directed, unweighted, graph shows a simplified road network on an island, 
connecting five small villages marked A to E.

E B

C

D

A

(a) Construct the adjacency matrix  M  for this network. [3]

Beatriz the bus driver starts at village E and drives to seven villages, such that the seventh 
village is A.

(b) (i)  Determine how many possible routes Beatriz could have taken, to travel from  
E to A.

(ii) Describe one possible route taken by Beatriz, by listing the villages visited  
in order. [4]
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9. [Maximum mark: 9]

At a running club, Sung-Jin conducts a test to determine if there is any association between 
an athlete’s age and their best time taken to run 100 m. Eight athletes are chosen at random, 
and their details are shown below.

Athlete A B C D E F G H

Age (years) 13 17 22 18 19 25 11 36

Time (seconds) 13.4 14.6 13.4 12.9 12.0 11.8 17.0 13.1

Sung-Jin decides to calculate the Spearman’s rank correlation coefficient for his set of data.

(a) Complete the table of ranks. [2]

Athlete A B C D E F G H

Age rank 3

Time rank 1

(b) Calculate the Spearman’s rank correlation coefficient,  rs . [2]

(c) Interpret this value of  rs  in the context of the question. [1]

(d) Suggest a mathematical reason why Sung-Jin may have decided not to use Pearson’s 
product-moment correlation coefficient with his data from the original table. [1]

(e) (i)  Find the coefficient of determination for the data from the original table.

(ii) Interpret this value in the context of the question. [3]

(This question continues on the following page)
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Turn over

(Question 9 continued)
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10. [Maximum mark: 6]

A chocolate company plans to produce chocolate bars with special flavours. They survey 246 
people to determine if there is any particular preference for one of the flavours.

The table below shows the information collected.

Hot chilli Almond crunch Spiced Chai Ginger’n’lime

75 59 46 66

A  χ 2  goodness of fit test at the 5 % significance level is carried out on the data.

The critical value for the test is 7.82.

(a) State the null and alternative hypotheses for this test. [2]

(b) Perform the test and give your conclusion in context. [4]
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Turn over

11. [Maximum mark: 6]

Two AC (alternating current) electrical sources of equal frequencies are combined.

The voltage of the first source is modelled by the equation  V = 30 sin (t + 60) .

The voltage of the second source is modelled by the equation  V = 60 sin (t + 10) .

(a) Determine the maximum voltage of the combined sources. [2]

(b) Using your graphic display calculator, find a suitable equation for the combined voltages, 
giving your answer in the form  V = V0 sin (at + b) , where  a ,  b  and  V0  are constants,   
a > 0  and  0 ≤ b < 180 . [4]
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12. [Maximum mark: 5]

A spherical balloon is being inflated such that its volume is increasing at a rate of 15 cm3 s-1.

(a) Find the radius of the balloon when its volume is 288 p cm3. [2]

(b) Hence or otherwise, find the rate of change of the radius at this instant. [3]
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Turn over

13. [Maximum mark: 7]

The matrices P �
�

�
�

�

�
�

3 1

0 2
 and Q �

��

�
�

�

�
�

4 1

1 3
 represent two transformations.

A triangle  T  is transformed by  P , and this image is then transformed by  Q  to form a 
new triangle,  T ′ .

(a) Find the single matrix that represents the transformation  T ′ → T , which will undo the 
transformation described above. [4]

The area of  T ′  is 273 cm2.

(b) Using your answer to part (a), or otherwise, determine the area of  T . [3]
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14. [Maximum mark: 8]

In this question,  i  denotes a unit vector due east, and   j  denotes a unit vector due north.

Two ships, A and B, are each moving with constant velocities.

The position vector of ship A, at time  t  hours, is given as  rA = (1 + 2t) i + (3 - 3t)  j .

The position vector of ship B, at time  t  hours, is given as  rB = (-2 + 4t) i + (-4 + t)  j .

(a) Find the bearing on which ship A is sailing. [3]

(b) Find the value of  t  when ship B is directly south of ship A. [2]

(c) Find the value of  t  when ship B is directly south-east of ship A. [3]
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Turn over

15. [Maximum mark: 6]

A random sample of eight packets of Apollo coffee granules are selected from a supermarket shelf.

The weights of the coffee granules present in each packet are as follows:

222 g   226 g   221 g   228 g   227 g   225 g   222 g    223 g

(a) (i)  Find an unbiased estimate for the mean weight of coffee granules in a packet of 
Apollo coffee.

(ii) Calculate a 95 % confidence interval for the population mean. Give your answer 
to four significant figures. [3]

(b) State one assumption you have made in order for your interval to be valid. [1]

(c) The label of each packet has a description which includes the phrase: “contains 226 g 
of coffee granules”.

Using your answer to part (a)(ii), briefly comment on the claim on the label. [2]
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16. [Maximum mark: 9]

The following diagram shows parts of the curves of  y = cos x  and y x
=

2
.

P is the point of intersection of the two curves.

x

y

P

0
0

0.5

1

0.5 1

(a) Use your graphic display calculator to find the coordinates of P. [2]

The shaded region is rotated 360 about the  y-axis to form a volume of revolution  V .

(b) Express  V  as the sum of two definite integrals. [5]

(c) Hence find the value of  V . [2]
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17. [Maximum mark: 6]

Consider the differential equation

x y
x

x
y

2 1
2 2

�� � �
�

d

d
, for  x ≥ 0 ,  y ≥ 1 ,

where  y = 1  when  x = 0 .

(a) Explain why Euler’s method cannot be used to find an approximate value for  y 
when  x = 0.1 . [1]

(b) By solving the differential equation, show that y
x

� �
�� �

1
1

2

2ln
. [4]

(c) Hence deduce the value of  y  when  x = 0.1 . [1]
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Mathematics: applications and interpretation
Higher level
Paper 1

Instructions to candidates

 y Write your session number in the boxes above.
 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all questions.
 y Answers must be written within the answer boxes provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

correct to three significant figures.
 y A clean copy of the mathematics: applications and interpretation formula booklet is 

required for this paper.
 y The maximum mark for this examination paper is [110 marks].
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Turn over

Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer 
is incorrect, some marks may be given for a correct method, provided this is shown by written working. 
You are therefore advised to show all working.

1. [Maximum mark: 5]

On 1 January 2022, Mina deposited  $ 1000  into a bank account with an annual interest rate 
of  4 % , compounded monthly. At the end of January, and the end of every month after that, 
she deposits  $ 100  into the same account.

(a) Calculate the amount of money in her account at the start of 2024. Give your answer to 
two decimal places. [3]

(b) Find how many complete months, counted from 1 January 2022, it will take for Mina to 
have more than  $ 5000  in her account. [2]
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2. [Maximum mark: 6]

Carys believes that, on a memory retention test, the mean score of bilingual people (mb) will 
be higher than the mean score of monolingual people (mm). Carys gave a memory retention 
test to a random sample of students in her class. The results are shown in the two tables.

Scores

Bilingual 100 94 100 90 100 94 98 98 98 98

Scores

Monolingual 97 92 88 98 88 94 100 100

Carys performs a one-tailed  t-test at a  5 %  level of significance. It is assumed that the 
scores are normally distributed and the samples have equal variances.

(a) State the null and alternative hypotheses. [2]

(b) Calculate the  p-value for this test. [2]

(c) State the conclusion of the test in the context of the question. Justify your answer. [2]
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Turn over

3. [Maximum mark: 5]

Three towns have positions  A (35, 26) ,  B (11, 24) , and  C (28, 7)  according to the coordinate 
system shown where distances are measured in miles.

Dominique’s farm is located at the position  D (24, 19) .

y
30
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15

10

5

0
0 5 10 15 20 25 30 35

B
A

D

C

x

(a) Find  AD . [2]

On a particular day, the mean temperatures recorded in each of towns  A ,  B  and  C  
are  34 °C ,  29 °C  and  30 °C  respectively.

(b) Use nearest neighbour interpolation to estimate the temperature at Dominique’s farm 
on that particular day. [3]
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4. [Maximum mark: 8]

The cross section of a scale model of a hill is modelled by the following graph.

0
2
4
6
8

10

0 10 20 30 40
x

y

The heights of the model are measured at horizontal intervals and are given in the table. 

Horizontal distance,  x cm 0 10 20 30 40

Vertical distance, y cm 0  3  8  9  0

(a) Use the trapezoidal rule with  h = 10  to find an approximation for the cross-sectional 
area of the model. [2]

It is given that the equation of the curve is  y = 0.04x2 - 0.001x3 ,  0 ≤ x ≤ 40 .

(b) (i)  Write down an integral to find the exact cross-sectional area.

(ii) Calculate the value of the cross-sectional area to two decimal places. [4]

(c) Find the percentage error in the area found using the trapezoidal rule. [2]
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Turn over

5. [Maximum mark: 5]

A boat travels  8 km  on a bearing of  315°  and then a further  6 km  on a bearing of  045° .  
Find the bearing on which the boat should travel to return directly to the starting point.
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6. [Maximum mark: 7]

In a baseball game, Sakura is the batter standing beside home plate. The ball is thrown 
towards home plate along a path that can be modelled by the following function. 

y = -0.045x + 2

In this model,  x  is the horizontal distance of the ball from the point the ball is thrown and  y  is 
the vertical height of the ball above the ground. Both measured in metres. 

The outcome of the throw is called a strike if the height of the ball is between  0.53 m  
and  1.24 m  at some point while it travels over home plate. The length of home plate is  0.43 m .

diagram not to scale

0.43

ground home plate

path of ball

a

When the ball reaches the front of home plate, the height of the ball above the ground is 
1.25 m. The height of the ball changes by  a  metres as the ball travels over the length of 
home plate.

(a) (i)  Find the value of  a .

(ii) Justify why this throw is a strike. [4]

On the next throw, Sakura hits the ball towards a wall that is  5  metres high. The horizontal 
distance of the wall from the point where the ball was hit is  96  metres. The path of the ball 
after it is hit can be modelled by the function  h (d ) .

h (d ) = -0.01d 2 + 1.04d + 0.66 , for  h ,  d > 0

In this model,  h  is the height of the ball above the ground and  d  is the horizontal distance of 
the ball from the point where it was hit. Both  h  and  d  are measured in metres.

(b) Determine whether the ball will go over the wall. Justify your answer. [3]

(This question continues on the following page)
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Turn over

(Question 6 continued)
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7. [Maximum mark: 9]

A triangular cover is positioned over a walled garden to provide shade. It is anchored at 
points  A  and  C , located at the top of a  2 m  wall, and at a point  B , located at the top of 
a  1 m  vertical pole fixed to a top corner of the wall. 

The three edges of the cover can be represented by the vectors  
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 and BC
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, where distances are measured in metres.

A

B

C

pole

(a) Calculate the vector product AB AC

� �

� . [2]

(b) Hence find the area of the triangular cover. [2]

The point  X  on  [AC]  is such that  [BX]  is perpendicular to  [AC] .

(c) Use your answer to part (b) to find the distance  BX . [3]

(d) Find the angle the cover makes with the horizontal plane. [2]
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Turn over

8. [Maximum mark: 7]

The random variables  (X, Y )  follow a bivariate normal distribution with product-moment 
correlation coefficient  r . The values of six random observations of  (X, Y )  are shown in the table.

x 6.3 4.1 5.6 9.2 7.8 8.2

y 9.2 4.9 8.9 10.3 8.9 9.8

(a) State null and alternative hypotheses which could be used to test whether there is a 
linear correlation between  X  and  Y . [2]

(b) Determine the value of 

(i) the product-moment correlation coefficient,  r , of the sample.

(ii) the corresponding  p-value. [3]

(c) State whether your result from part (b)(ii) indicates there is sufficient evidence to claim 
that, at the  5 %  significance level,  X  and  Y  are not linearly correlated. 

Give a reason for your answer.  [2]
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Turn over

9. [Maximum mark: 5]

On a specific day, the speed of cars as they pass a speed camera can be modelled by a 
normal distribution with a mean of  67.3 km h-1 .

A speed of  75.7 km h-1  is two standard deviations from the mean. 

(a) Find the standard deviation for the speed of the cars. [2]

It is found that  82 %  of cars on this road travel at speeds between  p km h-1  and  q km h-1 , 
where  p < q . This interval includes cars travelling at a speed of 74 km h-1 . 

(b) Show that the region of the normal distribution between  p  and  q  is not symmetrical 
about the mean. [3]
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10. [Maximum mark: 9]

A decorative hook can be modelled by the curve with equation  y = f (x) . The graph 
of  y = f (x)  is shown and consists of a line segment from  (0, 0)  to  (3, 3)  and two sections 
formed by quadratic curves.

−1

0−2 2 4 6

2

4

x

y

(6, 2)

(3, 3)

(–2, 0)

(a) Write down the equation of the line segment for  0 ≤ x ≤ 3 . [1]

The quadratic curve, with endpoints  (-2, 0)  and  (0, 0) , has the same gradient at  (0, 0)  as 
the line segment.

(b) Find the equation of the curve between  (-2, 0)  and  (0, 0) . [3]

The second quadratic curve, with endpoints  (3, 3)  and  (6, 2) , has the same gradient 
at  (3, 3)  as the line segment.

(c) Find the equation of this curve. [4]

(d) Write down  f  as a piecewise function. [1]

(This question continues on the following page)
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Turn over

(Question 10 continued)
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11. [Maximum mark: 6]

A shop sells oranges and lemons. The weights of the oranges are assumed to be normally 
distributed with mean  205 grams and standard deviation  5 grams. The weights of the lemons 
are assumed to be normally distributed with mean  105 grams and standard deviation  3 grams.

Nelia selects  1  orange and  2  lemons at random and independent of each other. Calculate 
the probability that the weight of her orange exceeds the combined weight of her lemons.
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Turn over

12. [Maximum mark: 5]

Two AC (alternating current) electrical sources with the same frequencies are combined. The  
voltages from these sources can be expressed as  V1 = 6 sin (at + 30°)  and  V2 = 6 sin (at + 90°) .

The combined total voltage can be expressed in the form  V1 + V2 = V sin (at + q °) .

Determine the value of  V  and the value of  q .
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13. [Maximum mark: 6]

The displacement,  x (cm), of the end of a spring, at time  t  (seconds), is given by 

d

d

d

d

2

2
2 10 0

x
t

x
t

x� � � .

At  t = 0 ,  x = 0.75  and 
d

d

x
t
= 0 .

Use Euler’s method, with a step length  0.1  seconds, to estimate the value of  x  when  t = 0.5 .
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14. [Maximum mark: 6]

Petra examines two quantities,  x  and  y , and plots data points on a log-log graph.

1 2 3 4 5
5

10

20

40

y

x

She observes that on this graph the data points follow a perfect straight line. Given that 
the line passes through the points  (2, 13.1951)  and  (4, 34.822) , find the equation of the 
relationship connecting  x  and  y . Your final answer should not include logarithms.
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15. [Maximum mark: 6]

The solid shown is formed by rotating the hexagon with vertices  (2, 1) ,  (0, 1) ,  (0, 5) ,  (2, 5) , 
(4, 4)  and  (4, 2)  about the y-axis.

0 1 2 3 4
0

1

2

3

4

5

x

y
Solid Hexagon

Find the volume of this solid.
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16. [Maximum mark: 6]

The relationship between the intensity,  I , of a light source and the distance,  d , from the light 

source can be modelled by I k
d

= 2 .

Pablo measures the intensity of a light source at different distances. The data collected is 
shown in the table.

d (m) 1 2 5

I (lm) 42 11 1.5

Pablo finds the sum of square residuals in the form  1.0641k 2 - 89.62k + c .

(a) Find the exact value of  c . [4]

(b) Hence find the least squares regression curve of the form I k
d

= 2 . [2]
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17. [Maximum mark: 9]

An airplane,  P , is flying at a constant altitude of  3000 m  at a speed of  250 m s-1 . Its path 
passes over a tracking station,  S , at ground level. Let  Q  be the point  3000 m  directly above 
the tracking station. 

At a particular time,  T , as the airplane is flying towards  Q , the angle of elevation,  q , of the 
airplane from  S  is increasing at a rate of  0.075  radians per second. The distance from  Q  
to  P  is given by  x . 

Q

S

3000

θ

xP path of airplane

ground level

(a) Use related rates to show that, at time  T , d

d

 x
�
� �

10 000

3
. [2]

(b) Find  x (q ) ,  x  as a function of  q . [1]

(c) Find an expression for 
d
d

x
q

 in terms of  sin q . [3]

(d) Hence find the horizontal distance from the station to the plane at time  T . [3]

(This question continues on the following page)
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(Question 17 continued)
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 y Write your session number in the boxes above.
 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all questions.
 y Answers must be written within the answer boxes provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

correct to three significant figures.
 y A clean copy of the mathematics: applications and interpretation formula booklet is 

required for this paper.
 y The maximum mark for this examination paper is [110 marks].
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Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer 
is incorrect, some marks may be given for a correct method, provided this is shown by written working. 
You are therefore advised to show all working.

1. [Maximum mark: 5]

Sergio is interested in whether an adult’s favourite breakfast berry depends on their income 
level. He obtains the following data for 341 adults and decides to carry out a  c 2  test for 
independence, at the 10 % significance level.

Income level

Low Medium High

Favourite berry

Strawberry 21 39 30

Blueberry 39 67 42

Other berry 32 45 26

(a) Write down the null hypothesis. [1]

(b) Find the value of the  c 2  statistic. [2]

The critical value of this  c 2  test is 7.78 .

(c) Write down Sergio’s conclusion to the test in context. Justify your answer. [2]
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2. [Maximum mark: 5]

Celeste heated a cup of coffee and then let it cool to room temperature. Celeste found the 
coffee’s temperature,  T , measured in C, could be modelled by the following function,

T (t ) = 71 e-0.0514t + 23 ,  t ≥ 0 ,

where  t  is the time, in minutes, after the coffee started to cool.

(a) Find the coffee’s temperature 16 minutes after it started to cool. [2]

(b) Write down the room temperature. [1]

(c) Given that T -1 (50) = k, find the value of  k . [2]
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Turn over

3. [Maximum mark: 5]

An artificial ski slope can be modelled as a triangular prism, as shown in the diagram. 
Rectangle ABCD is horizontal, and rectangle CDEF is vertical.

diagram not to scale

21

44

17

B

CD

A

E F

The maximum height of the ski slope, CF, is 17 metres and the steepest angle of the 
ski slope, FB̂C, is 21.

(a) Calculate the length of [BF]. [2]

The width of the base of the ski slope, AB, is 44 metres. Mayumi skis in a straight line, 
starting from point E and finishing at the base of the ski slope.

(b) Find the value of the least steep angle that Mayumi can ski. [3]
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4. [Maximum mark: 7].

In a competition, a contestant has to move through a maze to find treasure. A graph of the 
maze is shown below, where each edge represents a corridor in the maze. The contestant 
starts at S and the treasure is located at T.

B

T
C

D

A

S

(a) Complete the adjacency matrix,  M , for the graph. [2]

S

A
B
C

D
T

0 1 1 1 0

1 0 1 1 0
1 1 0 1 1 1
1 1 1 0 1 1

1 1 0 1
0 0 1 1 1 0

S A B C D T

The competition rules state that the contestant can walk along a maximum of four corridors.

(b) Find the number of walks from S to T with a maximum of 4 edges. [4]

(c) Explain why the number of ways the contestant can reach the treasure is less than the 
answer to part (b). [1]

(This question continues on the following page)
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Turn over

(Question 4 continued)
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5. [Maximum mark: 7]

Taizo plays a game where he throws one ball at two bottles that are sitting on a table. 
The probability of knocking over bottles, in any given game, is shown in the following table.

Number of bottles 
knocked over 0 1 2

Probability 0.5 0.4 0.1

(a) Taizo plays two games that are independent of each other. Find the probability that 
Taizo knocks over a total of two bottles. [4]

In any given game, Taizo will win  k  points if he knocks over two bottles, win 4 points if he 
knocks over one bottle and lose 8 points if no bottles are knocked over.

(b) Find the value of k such that the game is fair. [3]
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Turn over

6. [Maximum mark: 6]

A cat runs inside a circular exercise wheel, making the wheel spin at a constant rate in an 
anticlockwise direction. The height, h cm, of a fixed point, P, on the wheel can be modelled 
by h (t ) = a sin (bt ) + c where  t  is the time in seconds and  a ,  b ,  c∈+ .

When  t = 0 , point P is at a height of 78 cm.

(a) Write down the value of  c . [1]

When  t = 4 , point P first reaches its maximum height of 143 cm.

(b) Find the value of

(i) a .

(ii) b . [3]

(c) Write down the minimum height of point P. [1]

Later, the cat is tired, and it takes twice as long for point P to complete one revolution at 
a new constant rate.

(d) Write down the new value of  b . [1]
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7. [Maximum mark: 7]

On 1 December 2022, Laviola invests 800 euros (EUR) into a savings account which pays 
a nominal annual interest rate of 7.5 % compounded monthly. At the end of each month, 
Laviola deposits an additional EUR 500 into the savings account.

At the end of  k  months, Laviola will have saved enough money to withdraw EUR 10 000.

(a) Find the smallest possible value of  k , for  k∈+ . [4]

(b) For this value of  k , find the interest earned in the savings account. 
Express your answer correct to the nearest EUR. [3]
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8. [Maximum mark: 7]

Line  L1  has a vector equation r �
�
�
�

�

�

�
�
�

�

�

�
�
�

3 4

2 1

9

p
p

p
, where  p∈ .

Line  L2  has a vector equation r �
�
�
�

�

�

�
�
�

�

�

�
�
�

q
q

q

2

1

2 1

, where  q∈ .

The two lines intersect at point M.

(a) Find the coordinates of M. [3]

(b) Find the acute angle between the two lines. [4]
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9. [Maximum mark: 8]

The transformation  T  is represented by the matrix M �
��

�
�

�

�
�

2 4

3 1
.

A pentagon with an area of 12 cm2 is transformed by  T .

(a) Find the area of the image of the pentagon. [2]

Under the transformation  T , the image of point X has coordinates  (2t - 3 ,  6 - 5t ) ,  
where  t∈ .

(b) Find, in terms of  t , the coordinates of X. [6]
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10. [Maximum mark: 7]

Stars are classified by their brightness. The brightest stars in the sky have a magnitude of 1. 
The magnitude,  m , of another star can be modelled as a function of its brightness,  b , relative 
to a star of magnitude 1, as shown by the following equation.

m = 1 - 2.5 log10 (b)

The star called Acubens has a brightness of 0.0525.

(a) Find the magnitude of Acubens. [2]

Ceres has a magnitude of 7 and is the least bright star visible without magnification.

(b) Find the brightness of Ceres. [2]

The star Proxima Centauri has a greater magnitude than the planet Neptune. The difference 
in their magnitudes is 3.2.

(c) Find how many times brighter Neptune is compared to Proxima Centauri. [3]
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11. [Maximum mark: 5]

Gloria wants to model the curved edge of a butterfly wing. She inserts a photo of the wing 
into her graphing software and finds the coordinates of four points on the edge of the wing.

00 22−2−2

−2−2

22

44

−4−4 44

 

x y

-3 2

-1 3.2

1.7 2.1

3.1 0

Gloria thinks a cubic curve will be a good model for the butterfly wing.

(a) Find the equation of the cubic regression curve for this data. [2]

For the photo of a second butterfly wing, Gloria finds the equation of the regression curve 
is  y = 0.0083 x3 - 0.075 x2 - 0.58 x + 2.2 .

Gloria realizes that her photo of the second butterfly is an enlargement of the life-size 
butterfly, scale factor 2 and centred on (0 ,  0).

(b) Find the equation of the cubic curve that models the life-size wing. [3]
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12. [Maximum mark: 5]

Four possible phase portraits for the coupled differential equations 
d
d
x
t
ax by� �  

and 
d
d
y
t
cx dy� �  are shown, labelled A, B, C and D.

x

y

x

y

x

y

x

y

A B

C D

The matrix 
a b
c d
�

�
�

�

�
�  has eigenvalues  l1  and  l2 .

(a) Complete the following table by writing down the letter of the phase portrait that best 
matches the description. [3]

Description Phase portrait

l1 = 2  with eigenvector 
2

1

�

�
�
�

�
�  and  l2 = 3  with eigenvector 

1
1�

�

�
�

�

�
�

l1 = 2  with eigenvector 
2

1

�

�
�
�

�
�  and  l2 = -3  with eigenvector 

1
1�

�

�
�

�

�
�

l1 = -2  with eigenvector 
2

1

�

�
�
�

�
�  and  l2 = 3  with eigenvector 

1
1�

�

�
�

�

�
�

(This question continues on the following page)

24EP16



– 17 – 8822 – 7201

N22/5/MATHY/HP1/ENG/TZ0/XX

Turn over

(Question 12 continued)

(b) On the following axes, sketch the phase portrait that corresponds to  l1 = -2 + 3i  

and  l2 = -2 - 3i , given that 
d

d

y
t
� �12  at (3 ,  0). [2]

x

y

−4

−4

−2 2

2

4

4

−2
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13. [Maximum mark: 6]

Gen is investigating the relationship between two sets of data, labelled  P  and  Q , that 
she collected. She created a scatter plot with  P  on the  x-axis and  log10 Q  on the  y-axis. 
Gen noticed that the points had a strong linear correlation, so she drew a line of best fit, 
as shown in the diagram. The line passes through the points (0 ,  -1.3) and (6 ,  14.9).

P

log10Q

–2

(6 ,  14.9)

2 4 6 8 10

10

20

30

(0 ,  –1.3)

–10

(a) Find an equation for  Q  in terms of  P . [3]

Gen also investigates the relationship between the same data,  Q , and some new data,  R . 
She believes that the data can be modelled by  Q = a  ln  R + b  and she decides to create a 
scatter plot to verify her belief.

(b) State what expression Gen should plot on each axis to verify her belief. [1]

The scatter plot has a linear relationship and Gen finds  a = 4.3  and  b = 12.1 .

(c) Find an equation for  P  in terms of  R . [2]

(This question continues on the following page)
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(Question 13 continued)
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14. [Maximum mark: 9]

A particle moves such that its velocity,  v  metres per second, at time  t  seconds,  
is given by  v = t sin (t 2) .

(a) Find an expression for the acceleration of the particle. [2]

(b) Hence, or otherwise, find its greatest acceleration for  0 ≤ t ≤ 8 . [2]

The particle starts at the origin.

(c) Find an expression for the displacement of the particle. [3]

(d) Hence show that the particle never has a negative displacement. [2]
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15. [Maximum mark: 5]

An electrical circuit contains a capacitor. The charge on the capacitor,  q  Coulombs, at time   
t  seconds, satisfies the differential equation

d

d

d

d

2

2
5 20 200

q
t

q
t

q� � � .

Initially  q = 1  and 
d

d

q
t
= 8 .

Use Euler’s method with  h = 0.1  to estimate the maximum charge on the capacitor during 
the first second.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

24EP21



– 22 – 8822 – 7201

N22/5/MATHY/HP1/ENG/TZ0/XX

16. [Maximum mark: 8]

The principal of a school is concerned that only 30 % of her students are choosing healthy 
options from the school canteen. She organizes a campaign to promote healthy eating and 
decides to test if the campaign has increased the number of students choosing healthy 
options. She assumes that a student’s choice is independent of other students’ choices.

(a) Write down suitable hypotheses for this test. [2]

The principal decides to take a random sample of 80 students. She will reject the null 
hypothesis if at least 31 students choose a healthy option.

(b) Find the probability that she makes a Type I error. [3]

In fact, the campaign led to 40 % of her students choosing a healthy option.

(c) Find the probability that she makes a Type II error. [3]
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17. [Maximum mark: 8]

The time of sunrise,  R  hours after midnight, in Taipei can be modelled by  

R = 1.08 cos (0.0165t + 0.413) + 4.94 , 

where  t  is the day of the year 2021 (for example,  t = 2  represents 2 January 2021).

The time of sunset,  S  hours after midnight, in Taipei can be modelled by  

S = 1.15 cos (0.0165t - 2.97) + 18.9 .

The number of daylight hours,  D , in Taipei during 2021 can be modelled by  

D = a cos (0.0165t + b) + c .

(a) Find the value of  a , of  b  and of  c . [6]

(b) Hence, or otherwise, find the largest number of daylight hours in Taipei during 2021 
and the day of the year on which this occurs. [2]
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Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer 
is incorrect, some marks may be given for a correct method, provided this is shown by written working. 
You are therefore advised to show all working.

1. [Maximum mark: 5]

The height of a baseball after it is hit by a bat is modelled by the function

 h(t)   �4.8 t   2  � 21t � 1.2 

where   h(t)   is the height in metres above the ground and  t  is the time in seconds after the 
ball was hit.

(a) Write down the height of the ball above the ground at the instant it is hit by the bat. [1]

(b) Find the value of  t  when the ball hits the ground. [2]

(c) State an appropriate domain for  t  in this model. [2]
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Turn over

2. [Maximum mark: 5]

The ticket prices for a concert are shown in the following table.

Ticket Type Price (in Australian dollars, $)

Adult 15

Child 10

Student 12

 y A total of 600 tickets were sold.
 y The total amount of money from ticket sales was $7816.
 y There were twice as many adult tickets sold as child tickets.

Let the number of adult tickets sold be  x , the number of child tickets sold be  y , and the 
number of student tickets sold be  z .

(a) Write down three equations that express the information given above. [3]

(b) Find the number of each type of ticket sold. [2]
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3. [Maximum mark: 7]

Leo is investigating whether a six-sided die is fair. He rolls the die 60 times and records the 
observed frequencies in the following table:

Number on die 1 2 3  4  5  6

Observed frequency 8 7 6 15 12 12

Leo carries out a    Ȥ   2    goodness of fit test at a 5 % significance level.

(a) Write down the null and alternative hypotheses. [1]

(b) Write down the degrees of freedom. [1]

(c) Write down the expected frequency of rolling a 1. [1]

(d) Find the  p-value for the test. [2]

(e) State the conclusion of the test. Give a reason for your answer. [2]
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Turn over

4. [Maximum mark: 7]

Karl has three brown socks and four black socks in his drawer. He takes two socks at random 
from the drawer.

(a) Complete the tree diagram. [2]

brown

black

brown

black

brown

black

3
7

second sockfirst sock

2
6

(b) Find the probability that Karl takes two socks of the same colour. [2]

(c) Given that Karl has two socks of the same colour find the probability that he has two 
brown socks. [3]
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5. [Maximum mark: 7]

A ball is dropped from a height of 1.8 metres and bounces on the ground. The maximum 
height reached by the ball, after each bounce, is 85 % of the previous maximum height.

diagram not to scale

first 
bounce

second 
bounce

third 
bounce

or
ig

in
al

 h
ei

gh
t

start

(a) Show that the maximum height reached by the ball after it has bounced for the sixth 
time is 68 cm, to the nearest cm. [2]

(b) Find the number of times, after the first bounce, that the maximum height reached is 
greater than 10 cm. [2]

(c) Find the total vertical distance travelled by the ball from the point at which it is dropped 
until the fourth bounce. [3]
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Turn over

6. [Maximum mark: 8]

A vertical pole stands on a sloped platform. The bottom of the pole is used as the origin, O, of 
a coordinate system in which the top, F, of the pole has coordinates  (0 ,  0 ,  5.8) . All units are 
in metres.

diagram not to scale

O

F�0 ,  0 ,  5.8�

A�3.2 ,  4.5 ,  –0.3�

Pole

Platform

The pole is held in place by ropes attached at F.

One of these ropes is attached to the platform at point  A(3.2 ,  4.5 ,  �0.3) . The rope forms a 
straight line from A to F.

(a) Find    AF   
o
�    . [1]

(b) Find the length of the rope. [2]

(c) Find  FÂO , the angle the rope makes with the platform. [5]
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7. [Maximum mark: 4]

A slope field for the differential equation     dy _ dx      x   2  �   y _ 2     is shown.

33221100

11

�1�1

�2�2

�3�3

�4�4

�5�5

�6�6

�7�7

�8�8

�9�9

22

33

1�12�23�3

Some of the solutions to the differential equation have a local maximum point and a local 
minimum point.

(a) (i)  Write down the equation of the curve on which all these maximum and minimum 
points lie.

(ii) Sketch this curve on the slope field. [2]

The solution to the differential equation that passes through the point  (0 ,  �2)  has both a 
local maximum point and a local minimum point.

(b) On the slope field, sketch the solution to the differential equation that passes 
through  (0 ,  �2) . [2]

(This question continues on the following page)
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Turn over

(Question 7 continued)
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8. [Maximum mark: 6]

Consider the curve   y   2x  (4 �  e   x )   .

(a) Find

(i)     dy _ dx    .

(ii)      d   2  y _ 
d x   2 

    . [4]

The curve has a point of inflexion at (a ,  b).

(b) Find the value of  a . [2]
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Turn over

9. [Maximum mark: 6]

A company produces bags of sugar with a labelled weight of 1 kg. The weights of the bags are 
normally distributed with a mean of 1 kg and a standard deviation of 100 g. In an inspection, if 
the weight of a randomly chosen bag is less than 950 g then the company fails the inspection.

(a) Find the probability that the company fails the inspection. [2]

A statistician in the company suggests it would be fairer if the company passes the inspection 
when the mean weight of five randomly chosen bags is greater than 950 g.

(b) Find the probability of passing the inspection if the statistician’s suggestion is followed. [4]
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10. [Maximum mark: 7]

The following Argand diagram shows a circle centre 0 with a radius of � units.

0 S
2

S 3S
2

S
2

S

3S
2

3S
2

S
2

S
2

3S
2

Im

ReS

S

A set of points,   {  z  ș   }  , on the Argand plane are defined by the equation

   z  ș       1 _ 2   ș  e   și   , where   ș�� 0 .

(a) Plot on the Argand diagram the points corresponding to

(i)  ș     ʌ _ 2    .

(ii)  ș   ʌ  .

(iii)  ș     3ʌ _ 2    . [3]

Consider the case where    |  z  ș   |   ��  .

(b) (i)  Find this value of   ș  .

(ii) For this value of   ș  , plot the approximate position of    z  ș     on the Argand diagram. [4]

(This question continues on the following page)
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Turn over

(Question 10 continued)
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11. [Maximum mark: 5]

The matrix   M    ( 0.2  0.7  0.8  0.3 )    has eigenvalues  �0.5  and 1.

(a) Find an eigenvector corresponding to the eigenvalue of 1. Give your answer in the  
form    ( a  b )   , where   a ,  b�Ⴌ  . [3]

A switch has two states, A and B. Each second it either remains in the same state or moves 
according to the following rule: If it is in state A it will move to state B with a probability of 0.8 
and if it is in state B it will move to state A with a probability of 0.7 .

(b) Using your answer to (a), or otherwise, find the long-term probability of the switch being 
in state A. Give your answer in the form     c _ d    , where   c ,  d� Ⴌ   �   . [2]
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Turn over

12. [Maximum mark: 8]

The strength of earthquakes is measured on the Richter magnitude scale, with values 
typically between 0 and 8 where 8 is the most severe.

The Gutenberg–Richter equation gives the average number of earthquakes per year,  N , 
which have a magnitude of at least  M . For a particular region the equation is

  log  10   N   a � M  , for some   a�Ⴆ  .

This region has an average of 100 earthquakes per year with a magnitude of at least 3.

(a) Find the value of  a . [2]

The equation for this region can also be written as   N     b _ 
 10   M 

    .

(b) Find the value of  b . [2]

Within this region the most severe earthquake recorded had a magnitude of 7.2 .

(c) Find the average number of earthquakes in a year with a magnitude of at least 7.2 . [1]

The number of earthquakes in a given year with a magnitude of at least 7.2 can be modelled 
by a Poisson distribution, with mean  N . The number of earthquakes in one year is independent 
of the number of earthquakes in any other year.

Let  Y  be the number of years between the earthquake of magnitude 7.2 and the next 
earthquake of at least this magnitude.

(d) Find  P(Y ! 100) . [3]
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13. [Maximum mark: 5]

At 1:00 pm a ship is 1 km east and 4 km north of a harbour. A coordinate system is defined 
with the harbour at the origin. The position vector of the ship at 1:00 pm is given by    ( 1  4 )   .

The ship has a constant velocity of    (  1.2  
�0.6 )    kilometres per hour  (km  h   �1 ) .

(a) Write down an expression for the position vector   r   of the ship,  t  hours after 1:00 pm. [1]

(b) Find the time at which the bearing of the ship from the harbour is ���Û. [4]
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Turn over

14. [Maximum mark: 8]

(a) (i)  Expand     (  1 _ u   � 1)    
2
   .

(ii) Find     ∫      (  1 _ (x � 2)   � 1)     
2
 dx  .

 [4]

The region bounded by   y     1 _ (x � 2)   � 1  ,   x   0  ,   x  �2   and the  x-axis is rotated through   2ʌ   

about the  x-axis to form a solid.

(b) Find the volume of the solid formed. Give your answer in the form     ʌ _ 4   (a � b ln (c))   , 
where   a ,  b ,  c�Ⴌ  . [4]
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15. [Maximum mark: 7]

The number of cars arriving at a junction in a particular town in any given minute between 
9:00 am and 10:00 am is historically known to follow a Poisson distribution with a mean of 
5.4 cars per minute.

A new road is built near the town. It is claimed that the new road has decreased the number 
of cars arriving at the junction.

To test the claim, the number of cars,  X , arriving at the junction between 9:00 am and 
10:00 am on a particular day will be recorded. The test will have the following hypotheses:

   H  0    : the mean number of cars arriving at the junction has not changed,
   H  1    : the mean number of cars arriving at the junction has decreased.

The alternative hypothesis will be accepted if   X d 300  .

(a) Assuming the null hypothesis to be true, state the distribution of  X . [1]

(b) Find the probability of a Type I error. [2]

(c) Find the probability of a Type II error, if the number of cars now follows a Poisson 
distribution with a mean of 4.5 cars per minute. [4]
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Turn over

16. [Maximum mark: 7]

The wind chill index  W  is a measure of the temperature, in    ∘  C    , felt when taking into account 
the effect of the wind.

When Frieda arrives at the top of a hill, the relationship between the wind chill index and the 
speed of the wind  v  in kilometres per hour  (km  h   �1 )  is given by the equation

 W   19.34 � 7.405 v   0.16  

(a) Find an expression for     dW ___ dv    . [2]

When Frieda arrives at the top of a hill, the speed of the wind is 10 kilometres per hour and 
increasing at a rate of  5 km  h   �1   minute   �1  .

(b) Find the rate of change of  W  at this time. [5]
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17. [Maximum mark: 8]

A function  f  is of the form   f (t)   p e   q cos (rt)  ,  p ,  q ,  r� Ⴆ   �   . Part of the graph of  f  is shown.

0

f �t �

t

A�0 ,  6.5�

B�5.2 ,  0.2�

The points A and B have coordinates  A(0 ,  6.5)  and  B(5.2 ,  0.2) , and lie on  f .

The point A is a local maximum and the point B is a local minimum.

Find the value of  p , of  q  and of  r .
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Mathematics: applications and interpretation
Higher level
Paper 1

Instructions to candidates

 y Write your session number in the boxes above.
 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all questions.
 y Answers must be written within the answer boxes provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

FRUUHFW�WR�WKUHH�VLJQL¿FDQW�¿JXUHV�
 y A clean copy of the mathematics: applications and interpretation formula booklet is 

required for this paper.
 y The maximum mark for this examination paper is [110 marks].
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Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer 
is incorrect, some marks may be given for a correct method, provided this is shown by written working. 
You are therefore advised to show all working.

1. [Maximum mark: 6]

Dilara is designing a kite ABCD on a set of coordinate axes in which one unit represents 10 cm.

The coordinates of A, B and C are �2 �� 0�, �0 �� 4� and �4 �� 6� respectively. Point D lies on the   
x-axis.  [AC]  is perpendicular to  [BD] . This information is shown in the following diagram.

diagram not to scale

x

y

A

B

C

D0

(a) Find the gradient of the line through A and C. [2]

(b) Write down the gradient of the line through B and D. [1]

(c) Find the equation of the line through B and D. Give your answer in the form   
 ax � by � d   0  , where  a ,  b  and  d  are integers. [2]

(d) Write down the  x-coordinate of point D. [1]

(This question continues on the following page)
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Turn over

(Question 1 continued)
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2. [Maximum mark: 5]

Inspectors are investigating the carbon dioxide emissions of a power plant. Let  R  be the rate, 
in tonnes per hour, at which carbon dioxide is being emitted and  t  be the time in hours since 
the inspection began.

When  R  is plotted against  t , the total amount of carbon dioxide produced is represented by 
the area between the graph and the horizontal  t-axis.

The rate,  R , is measured over the course of two hours. The results are shown in the 
following table.

t 0 0.4 0.8 1.2 1.6 2

R 30 50 60 40 20 50

(a) Use the trapezoidal rule with an interval width of 0.4 to estimate the total amount of 
carbon dioxide emitted during these two hours. [3]

The real amount of carbon dioxide emitted during these two hours was 72 tonnes.

(b) Find the percentage error of the estimate found in part (a). [2]
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Turn over

3. [Maximum mark: 7]

Let the function   h�x�   represent the height in centimetres of a cylindrical tin can with  
diameter x cm.

 h�x�     640 ___ 
 x   2 

   � 0.5   for   4 d x d 14  .

(a) Find the range of  h . [3]

The function    h   �1    is the inverse function of  h .

(b) (i)  Find    h   �1 �10�  .

(ii) In the context of the question, interpret your answer to part (b)(i).

(iii) Write down the range of    h   �1   . [4]
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4. [Maximum mark: 6]

There are four stations used by the fire wardens in a national forest.

On the following Voronoi diagram, the coordinates of the stations are A�6 �� 2�, B�14 �� 2�, 
C�18 �� 6� and D�10.8 �� 11.6� where distances are measured in kilometres.

The dotted lines represent the boundaries of the regions patrolled by the fire warden at each 
station. The boundaries meet at P�10 �� 6� and Q�13 �� 7�.
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To reduce the areas of the regions that the fire wardens patrol, a new station is to be built 
within the quadrilateral ABCD. The new station will be located so that it is as far as possible 
from the nearest existing station.

(a) Show that the new station should be built at P. [3]

The Voronoi diagram is to be updated to include the region around the new station at P. 
The edges defined by the perpendicular bisectors of [AP] and [BP] have been added to 
the following diagram.

(b) (i)  Write down the equation of the perpendicular bisector of [PC].

(ii) Hence draw the missing boundaries of the region around P on the following diagram. [3]

(This question continues on the following page)
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(Question 4 continued)
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5. [Maximum mark: 9]

In this question, give all answers correct to 2 decimal places.

Raul and Rosy want to buy a new house and they need a loan of 170 000 Australian dollars 
(AUD) from a bank. The loan is for 30 years and the annual interest rate for the loan is 3.8 %, 
compounded monthly. They will pay the loan in fixed monthly instalments at the end of each month.

(a) Find the amount they will pay the bank each month. [3]

(b) (i)  Find the amount Raul and Rosy will still owe the bank at the end of the first  
10 years.

(ii) Using your answers to parts (a) and (b)(i), calculate how much interest they 
will have paid in total during the first 10 years. [6]
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Turn over

6. [Maximum mark: 5]

An infinite geometric sequence, with terms    u  n    , is such that    u  1     2   and    ∑ 
k 1

  
f
�  u  k      10  .

(a) Find the common ratio,  r , for the sequence. [2]

(b) Find the least value of  n  such that    u  n   �   1 _ 2    . [3]
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7. [Maximum mark: 8]

A group of 120 students sat a history exam. The cumulative frequency graph shows the 
scores obtained by the students.
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(a) Find the median of the scores obtained. [1]

The students were awarded a grade from 1 to 5, depending on the score obtained in the exam. 
The number of students receiving each grade is shown in the following table.

Grade  1  2  3  4  5

Number of students  6 13 26  a  b

(b) Find an expression for  a  in terms of  b . [2]

(This question continues on the following page)
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Turn over

(Question 7 continued)

(c) The mean grade for these students is 3.65.

(i) Find the number of students who obtained a grade 5.

(ii) Find the minimum score needed to obtain a grade 5. [5]
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8. [Maximum mark: 5]

Juri skis from the top of a hill to a finishing point at the bottom of the hill. She takes the 
shortest route, heading directly to the finishing point (F).

Let   h�x�   define the height of the hill above F at a horizontal distance  x  from the starting point 
at the top of the hill.

The graph of the derivative of   h�x�   is shown below. The graph of    h ′  �x�   has local minima and 
maxima when  x  is equal to  a ,  c  and  e . The graph of    h ′  �x�   intersects the  x-axis when  x  is 
equal to  b ,  d , and  f .

0 a
b

c
d

e
f

x

hc�x)

(a) (i)  Identify the  x  value of the point where    |  h ′  �x��|    has its maximum value.

(ii) Interpret this point in the given context. [2]

(This question continues on the following page)
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Turn over

(Question 8 continued)

Juri starts at a height of 60 metres and finishes at F, where   x    f  .

(b) Sketch a possible diagram of the hill on the following pair of coordinate axes. [3]
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Turn over

9. [Maximum mark: 5]

Katie likes to cycle to work as much as possible. If Katie cycles to work one day then she has 
a probability of 0.2 of not cycling to work on the next work day. If she does not cycle to work 
one day then she has a probability of 0.4 of not cycling to work on the next work day.

(a) Complete the following transition diagram to represent this information. [2]

CYCLES
DOES
NOT 
CYCLE

0.2

0.4

Katie works for 180 days in a year.

(b) Find the probability that Katie cycles to work on her final working day of the year. [3]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

28EP15



– 16 – 8821 – 7201

10. [Maximum mark: 4]

The graph of   y    f �x�   is given on the following set of axes. The graph passes through the 
points ��2 �� 6� and �0 �� 1�, and has a horizontal asymptote at  y   0 .

0

5

10

15

20

y

2–2 4–4 x

(0 ,  1)

f (x)

(–2 ,  6)

Let  g�x�   2 f �x � 2� � 4 .

(a) Find  g�0� . [2]

(b) On the same set of axes draw the graph of  y   g�x� , showing any intercepts and 
asymptotes. [2]

(This question continues on the following page)
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Turn over

(Question 10 continued)
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11. [Maximum mark: 6]

The following diagram shows a corner of a field bounded by two walls defined by lines    L  1     
and    L  2    . The walls meet at a point A, making an angle of 40D.

Farmer Nate has 7 m of fencing to make a triangular enclosure for his sheep. One end of 
the fence is positioned at a point B on    L  2    , 10 m from A. The other end of the fence will be 
positioned at some point C on    L  1    , as shown on the diagram.

diagram not to scale
L1

A
B��Û

C

10

L2

Enclosure

He wants the enclosure to take up as little of the current field as possible.

Find the minimum possible area of the triangular enclosure ABC. [6]
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Turn over

12. [Maximum mark: 5]

The following table shows the time, in days, from December 1st and the percentage of 
Christmas trees in stock at a shop on the beginning of that day.

Days since December 1st (G࣠)   1   3   6   9  12  15  18

Percentage of Christmas 
trees left in stock (x) 100  51  29  21  18  16  14

The following table shows the natural logarithm of both  d  and  x  on these days to  
2 decimal places.

ln (d࣠) 0 1.10 1.79 2.20 2.48 2.71 2.89

ln (x) 4.61 3.93 3.37 3.04 2.89 2.77 2.64

(a) Use the data in the second table to find the value of  m  and the value of  b  for the 
regression line,  ln x   m �ln d� � b . [2]

(b) Assuming that the model found in part (a) remains valid, estimate the percentage 
of trees in stock when  d   25 . [3]
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13. [Maximum mark: 7]

The slope field for the differential equation     dy __ dx      e   � x   2   � y   is shown in the following two graphs.

(a) Calculate the value of     dy __ dx     at the point �0 �  1�. [1]

(b) Sketch, on the first graph, a curve that represents the points where     dy __ dx     0  . [2]

�2.5 �2 �1.5 �1 �0.5

�1

�0.5

0.5

1

1.5

2

0.5 1 1.5 2 2.50

(c) On the second graph,

(i) sketch the solution curve that passes through the point �0 �  0�.

(ii) sketch the solution curve that passes through the point �0 �  0.75�. [4]

�2.5 �2 �1.5 �1 �0.5

�1

�0.5

0.5

1

1.5

2

0.5 1 1.5 2 2.50

(This question continues on the following page)
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(Question 13 continued)
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14. [Maximum mark: 7]

On Paul’s farm, potatoes are packed in sacks labelled 50 kg. The weights of the sacks of 
potatoes can be modelled by a normal distribution with mean weight 49.8 kg and standard 
deviation 0.9 kg.

(a) Find the probability that a sack is under its labelled weight. [2]

(b) Find the lower quartile of the weights of the sacks of potatoes. [2]

The sacks of potatoes are transported in crates. There are 10 sacks in each crate and the 
weights of the sacks of potatoes are independent of each other.

(c) Find the probability that the total weight of the sacks of potatoes in a crate exceeds 500 kg. [3]
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Turn over

15. [Maximum mark: 9]

The following diagram shows a frame that is made from wire. The total length of wire is 
equal to 15 cm. The frame is made up of two identical sectors of a circle that are parallel to 
each other. The sectors have angle  ș  radians and radius  r cm. They are connected by 1 cm 
lengths of wire perpendicular to the sectors. This is shown in the diagram below.

ș

ș

r

r

r

r

1

1

1

(a) Show that   r     6 ____ 2 � ș    . [2]

The faces of the frame are covered by paper to enclose a volume,  V .

(b) (i)  Find an expression for  V  in terms of  ș .

(ii) Find the expression     dV ___ dș    .

(iii) Solve algebraically     dV ___ dș     0   to find the value of  ș  that will maximize the volume,  V . [7]
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16. [Maximum mark: 9]

A ship S is travelling with a constant velocity,  v , measured in kilometres per hour, where 

  v    ( �12  15  )   .

At time  t   0  the ship is at a point A�300 �  100� relative to an origin O, where distances are 
measured in kilometres.

(a) Find the position vector     ⟶ OS    of the ship at time  t  hours. [1]

A lighthouse is located at a point �129 �  283�.

(b) Find the value of  t  when the ship will be closest to the lighthouse. [6]

An alarm will sound if the ship travels within 20 kilometres of the lighthouse.

(c) State whether the alarm will sound. Give a reason for your answer. [2]
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17. [Maximum mark: 7]

The sides of a bowl are formed by rotating the curve  y   6 ln x ,  0 d y d 9 , about the  y-axis,
where  x  and  y  are measured in centimetres. The bowl contains water to a height of  h cm.

(a) Show that the volume of water,  V , in terms of  h  is   V   3ʌ ( e     
h __ 3    � 1)   . [5]

(b) Hence find the maximum capacity of the bowl in   cm   3  . [2]
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Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer 
is incorrect, some marks may be given for a correct method, provided this is shown by written working. 
You are therefore advised to show all working.

1. [Maximum mark: 7]

Two schools are represented by points  A(2 ,   20)  and  B (14 ,   24)  on the graph below. A road, 
represented by the line  R  with equation  − x + y = 4 , passes near the schools. An architect 
is asked to determine the location of a new bus stop on the road such that it is the same 
distance from the two schools.

y

x4 8 12 16

4

8

12

20

16

B

A

0

20

24

28

24
0

R

(a) Find the equation of the perpendicular bisector of  [AB] . Give your equation in the  
form   y = mx + c  . [5]

(b) Determine the coordinates of the point on  R  where the bus stop should be located. [2]

(This question continues on the following page)
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Turn over

(Question 1 continued)

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

20EP03



– 4 –

M21/5/MATHY/HP1/ENG/TZ2/XX

2221 – 7211

2. [Maximum mark: 7]

A function is defined by   f (x) = 2 −   12 ____ x + 5     for   −7 ≤ x ≤ 7 ,   x ≠ −5  .

(a) Find the range of  f . [3]

(b) Find an expression for the inverse function    f    −1 (x)  . The domain is not required. [3]

(c) Write down the range of    f    −1 (x)  . [1]
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Turn over

3. [Maximum mark: 6]

At Springfield University, the weights, in kg, of 10 chinchilla rabbits and 10 sable rabbits 
were recorded. The aim was to find out whether chinchilla rabbits are generally heavier 
than sable rabbits. The results obtained are summarized in the following table.

Weight of chinchilla rabbits, kg 4.9 4.2 4.1 4.4 4.3 4.6 4.0 4.7 4.5 4.4

Weight of sable rabbits, kg 4.2 4.1 4.1 4.2 4.5 4.4 4.5 3.9 4.2 4.0

A  t-test is to be performed at the 5 % significance level.

(a) Write down the null and alternative hypotheses. [2]

(b) Find the  p-value for this test. [2]

(c) Write down the conclusion to the test. Give a reason for your answer. [2]
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4. [Maximum mark: 6]

The diagram below shows a helicopter hovering at point H, 380 m vertically above a lake. 
Point A is the point on the surface of the lake, directly below the helicopter.

diagram not to scale

25

380

40 Minta

H

CBA

helicopter

Minta is swimming at a constant speed in the direction of point A. Minta observes the helicopter 
from point C as she looks upward at an angle of 25. After 15 minutes, Minta is at point B and 
she observes the same helicopter at an angle of 40.

(a) Find the distance from A to C. [2]

(b) Find the distance from B to C. [3]

(c) Find Minta’s speed, in metres per hour. [1]
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5. [Maximum mark: 5]

Roger buys a new laptop for himself at a cost of £495. At the same time, he buys his 
daughter Chloe a higher specification laptop at a cost of £2200.

It is anticipated that Roger’s laptop will depreciate at a rate of 10 % per year, whereas 
Chloe’s laptop will depreciate at a rate of 15 % per year.

(a) Estimate the value of Roger’s laptop after 5 years. [2]

Roger and Chloe’s laptops will have the same value  k  years after they were purchased.

(b) Find the value of  k . [2]

(c) Comment on the validity of your answer to part (b). [1]
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6. [Maximum mark: 7]

Consider the function   f (x) = a x   2  + bx + c  . The graph of  y = f (x)  is shown in the diagram. 
The vertex of the graph has coordinates   (0.5 ,   −12.5)  . The graph intersects the  x-axis at 
two points,  (−2 ,   0)  and  ( p ,   0) .

diagram not to scale
y

x

(0.5 ,  –12.5)

(–2 ,  0) (p ,  0)

(a) Find the value of  p . [1]

(b) Find the value of

(i) a .

(ii) b .

(iii) c . [5]

(c) Write down the equation of the axis of symmetry of the graph. [1]

(This question continues on the following page)
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(Question 6 continued)
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7. [Maximum mark: 6]

A meteorologist models the height of a hot air balloon launched from the ground. The model 
assumes the balloon travels vertically upwards and travels 450 metres in the first minute.

Due to the decrease in temperature as the balloon rises, the balloon will continually slow down. 
The model suggests that each minute the balloon will travel only 82 % of the distance travelled 
in the previous minute.

(a) Find how high the balloon will travel in the first 10 minutes after it is launched. [3]

(b) The balloon is required to reach a height of at least 2520 metres.

Determine whether it will reach this height. [2]

(c) Suggest a limitation of the given model. [1]
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8. [Maximum mark: 7]

Two lines    L  1     and    L  2     are given by the following equations, where   p∈ℝ  .

   L  1   :   r =   
(

    
2
  p + 9  

−3
   
)

    + λ  
(

    
p
  2p  

4
   
)

    

   L  2   :   r =   
(

    
14

  7  
p + 12

  
)

    + μ  
(

   
p + 4

  4  
−7

   
)

    

It is known that    L  1     and    L  2     are perpendicular.

(a) Find the possible value(s) for  p . [3]

(b) In the case that  p < 0 , determine whether the lines intersect. [4]
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9. [Maximum mark: 8]

A newspaper vendor in Singapore is trying to predict how many copies of The Straits Times 
they will sell. The vendor forms a model to predict the number of copies sold each weekday. 
According to this model, they expect the same number of copies will be sold each day.

To test the model, they record the number of copies sold each weekday during a particular week. 
This data is shown in the table.

Day Monday Tuesday Wednesday Thursday Friday

Number of copies sold  74  97  91  86 112

A goodness of fit test at the 5 % significance level is used on this data to determine whether 
the vendor’s model is suitable. The critical value for the test is 9.49.

(a) Find an estimate for how many copies the vendor expects to sell each day. [1]

(b) (i)  State the null and alternative hypotheses for this test.

(ii) Write down the degrees of freedom for this test.

(iii) Write down the conclusion to the test. Give a reason for your answer. [7]
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10. [Maximum mark: 6]

A manufacturer of chocolates produces them in individual packets, claiming to have an 
average of 85 chocolates per packet.

Talha bought 30 of these packets in order to check the manufacturer’s claim.

Given that the number of individual chocolates is  x , Talha found that, from his 30 packets,   
∑ x = 2506   and   ∑  x   2  = 209 738  .

(a) Find an unbiased estimate for the mean number   ( μ )   of chocolates per packet. [1]

(b) Use the formula    s  n − 1  
2   =   ∑  x   2  −     (  ∑ x )     2  _ n   _________ n − 1     to determine an unbiased estimate for the variance 

of the number of chocolates per packet. [2]

(c) Find a 95 % confidence interval for   μ  . You may assume that all conditions for a 
confidence interval have been met. [2]

(d) Suggest, with justification, a valid conclusion that Talha could make. [1]
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11. [Maximum mark: 7]

The diagram below shows a network of roads in a small village with the weights indicating 
the distance of each road, in metres, and junctions indicated with letters.
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Musab is required to deliver leaflets to every house on each road. He wishes to minimize his 
total distance.

(a) Musab starts and finishes from the village bus-stop at A. Determine the total distance 
Musab will need to walk. [5]

Instead of having to catch the bus to the village, Musab’s sister offers to drop him off at any 
junction and pick him up at any other junction of his choice.

(b) Explain which junctions Musab should choose as his starting and finishing points. [2]
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12. [Maximum mark: 8]

It is given that    z  1   = 3 cis  (    3π __ 4   )      and    z  2   = 2 cis  (    nπ __ 16   )     ,   n∈ ℤ   +   .

(a) In parts (a)(i) and (a)(ii), give your answers in the form   r e   iθ   ,   r ≥ 0  ,   − π < θ ≤ π  .

(i) Find the value of     z  1      
3   .

(ii) Find the value of     (     z  1   __  z  2     )     
4
    for  n = 2 . [5]

(b) Find the least value of  n  such that    z  1    z  2  ∈ ℝ   +   . [3]
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13. [Maximum mark: 8]

The graph below shows a small maze, in the form of a network of directed routes. The vertices 
A to F show junctions in the maze and the edges show the possible paths available from one 
vertex to another.

A mouse is placed at vertex A and left to wander the maze freely. The routes shown by 
dashed lines indicate paths sprinkled with sugar.

When the mouse reaches any junction, she rests for a constant time before continuing.

At any junction, it may also be assumed that
 y the mouse chooses any available normal path with equal probability
 y if the junction includes a path sprinkled with sugar, the probability of choosing this path is 

twice that of a normal path.

A

B

C

E

D

F

(a) Determine the transition matrix for this graph. [3]

(b) If the mouse was left to wander indefinitely, use your graphic display calculator to 
estimate the percentage of time that the mouse would spend at point F. [3]

(c) Comment on your answer to part (b), referring to at least one limitation of the model. [2]

(This question continues on the following page)
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(Question 13 continued)
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14. [Maximum mark: 7]

A geometric transformation   T :   (   x  y  )    ↦   (    x ′     y ′    )      is defined by

 T :   (    x ′     y ′    )    =   (   7  −10  2  
−3   )     (   x  y  )    +   (   −5  4   )    .

(a) Find the coordinates of the image of the point     (  6 ,   −2 )     . [2]

(b) Given that   T :   (   
p
  q  )    ↦ 2  (   

p
  q  )     , find the value of  p  and the value of  q . [3]

(c) A triangle  L  with vertices lying on the  xy  plane is transformed by  T .

Explain why both  L  and its image will have exactly the same area. [2]
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15. [Maximum mark: 7]

The number of coffees sold per hour at an independent coffee shop is modelled by a Poisson 
distribution with a mean of 22 coffees per hour.

Sheila, the shop’s owner wants to increase the number of coffees sold in the shop. She 
decides to offer a discount to customers who buy more than one coffee.

To test how successful this strategy is, Sheila records the number of coffees sold over a 
single 5-hour period. Sheila decides to use a 5 % level of significance in her test.

(a) State the null and alternative hypotheses for the test. [1]

(b) Find the probability that Sheila will make a type I error in her test conclusion. [4]

Sheila finds 126 coffees were sold during the 5-hour period.

(c) State Sheila’s conclusion to the test. Justify your answer. [2]
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16. [Maximum mark: 8]

A particle  P  moves in a straight line, such that its displacement  x  at time   t   (  t ≥ 0 )      is defined 
by the differential equation    x ˙   = x cos t  (   e   −sin t  )     . At time   t = 0  ,   x =   1 __ e    .

(a) By using Euler’s method with a step length of 0.1, find an approximate value 
for  x  when   t = 0.3  . [3]

(b) By solving the differential equation, find the percentage error in your approximation 
for  x  when   t = 0.3  . [5]
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Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer 
is incorrect, some marks may be given for a correct method, provided this is shown by written working. 
You are therefore advised to show all working.

1. [Maximum mark: 4]

George goes fishing. From experience he knows that the mean number of fish he catches 
per hour is 1.1. It is assumed that the number of fish he catches can be modelled by a 
Poisson distribution.

On a day in which George spends 8 hours fishing, find the probability that he will catch more 
than 9 fish.
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2. [Maximum mark: 6]

The Voronoi diagram below shows three identical cellular phone towers, T1, T2 and T3. 
A fourth cellular phone tower, T4 is located in the shaded region. The dashed lines in the 
diagram below represent the edges in the Voronoi diagram.

Horizontal scale: 1 unit represents 1 km. 
Vertical scale: 1 unit represents 1 km.

y

x

−2

−15

A BT1

T2

T3

1

10

Tim stands inside the shaded region.

(a) Explain why Tim will receive the strongest signal from tower T4. [1]

Tower T2 has coordinates  (−9 , 5)  and the edge connecting vertices A and B has  
equation  y = 3 .

(b) Write down the coordinates of tower T4. [2]

Tower T1 has coordinates  (−13 , 3) .

(c) Find the gradient of the edge of the Voronoi diagram between towers T1 and T2. [3]

(This question continues on the following page)
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(Question 2 continued)
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3. [Maximum mark: 8]

Charlie and Daniella each began a fitness programme. On day one, they both ran 500 m. 
On each subsequent day, Charlie ran 100 m more than the previous day whereas Daniella 
increased her distance by 2 % of the distance ran on the previous day.

(a) Calculate how far

(i) Charlie ran on day 20 of his fitness programme.

(ii) Daniella ran on day 20 of her fitness programme. [5]

On day n of the fitness programmes Daniella runs more than Charlie for the first time.

(b) Find the value of  n . [3]
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4. [Maximum mark: 6]

Professor Wei observed that students have difficulty remembering the information presented 
in his lectures.

He modelled the percentage of information retained,  R , by the function   R(t) = 100  e   −pt   ,  t ≥ 0 , 
where  t  is the number of days after the lecture.

He found that 1 day after a lecture, students had forgotten 50 % of the information presented.

(a) Find the value of  p . [2]

(b) Use this model to find the percentage of information retained by his students 36 hours 
after Professor Wei’s lecture. [2]

Based on his model, Professor Wei believes that his students will always retain some 
information from his lecture.

(c) State a mathematical reason why Professor Wei might believe this. [1]

(d) Write down one possible limitation of the domain of the model. [1]
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5. [Maximum mark: 6]

A garden has a triangular sunshade suspended from three points  A(2 , 0 , 2) ,  B(8 , 0 , 2)   
and  C(5 , 4 , 3) , relative to an origin in the corner of the garden. All distances are measured 
in metres.

(a) (i)  Find     
⟶

 CA   .

(ii) Find     
⟶

 CB   . [2]

(b) Find     
⟶

 CA  ×   
⟶

 CB   . [2]

(c) Hence find the area of the triangle ABC. [2]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

24EP08



– 9 –

M21/5/MATHY/HP1/ENG/TZ1/XX

2221 – 7206

Turn over

6. [Maximum mark: 5]

A triangular field ABC is such that  AB = 56 m  and  BC = 82 m , each measured correct to the 
nearest metre, and the angle at B is equal to 105, measured correct to the nearest 5.

diagram not to scale

C

A

B 82

56

105

Calculate the maximum possible area of the field.
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7. [Maximum mark: 8]

Ellis designs a gift box. The top of the gift box is in the shape of a right-angled triangle GIK.

A rectangular section HIJL is inscribed inside this triangle. The lengths of GH, JK, HL, 
and LJ are  p cm,  q cm, 8 cm and 6 cm respectively.

diagram not to scale

H

G L K

J

I

q
p 8

6

The area of the top of the gift box is  A cm2.

(a) (i)  Find  A  in terms of  p  and  q .

(ii) Show that   A =   192 ___ q   + 3q + 48  . [4]

(b) Find    dA ___ dq   . [2]

Ellis wishes to find the value of  q  that will minimize the area of the top of the gift box.

(c) (i)  Write down an equation Ellis could solve to find this value of  q .

(ii) Hence, or otherwise, find this value of  q . [2]

(This question continues on the following page)
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Turn over

(Question 7 continued)
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8. [Maximum mark: 7]

A game is played where two unbiased dice are rolled and the score in the game is the 
greater of the two numbers shown. If the two numbers are the same, then the score in the 
game is the number shown on one of the dice. A diagram showing the possible outcomes is 
given below.

First die

1 2 3 4 5 6
Se

co
nd

 d
ie

1

2

3

4

5

6

Let  T  be the random variable “the score in a game”.

(a) Complete the table to show the probability distribution of  T . [2]

t 1 2 3 4 5 6

 P  (  T == t )    

(b) Find the probability that

(i) a player scores at least 3 in a game.

(ii) a player scores 6, given that they scored at least 3. [3]

(c) Find the expected score of a game. [2]

(This question continues on the following page).
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Turn over

(Question 8 continued)
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9. [Maximum mark: 8]

Consider  w = i z + 1 , where  w , z∈ℂ .

(a) Find  w  when

(i) z = 2i .

(ii) z = 1 + i . [3]

Point  z  on the Argand diagram can be transformed to point  w  by two transformations.

(b) Describe these two transformations and give the order in which they are applied. [3]

(c) Hence, or otherwise, find the value of  z  when w = 2 − i . [2]
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Turn over

10. [Maximum mark: 7]

An engineer plans to visit six oil rigs (A–F) in the Gulf of Mexico, starting and finishing at A. 
The travelling time, in minutes, between each of the rigs is shown in the table.

A B C D E F

A 55 63 79 87 93

B 55 46 58 88 92

C 63 46 87 77 66

D 79 58 87 23 70

E 87 88 77 23 47

F 93 92 66 70 47

The data above can be represented by a graph  G .

(a) (i)  Use Prim’s algorithm to find the weight of the minimum spanning tree of the 
subgraph of G obtained by deleting A and starting at B. List the order in which 
the edges are selected.

(ii) Hence find a lower bound for the travelling time needed to visit all the oil rigs. [6]

(b) Describe how an improved lower bound might be found. [1]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

24EP15



– 16 –

M21/5/MATHY/HP1/ENG/TZ1/XX

2221 – 7206

11. [Maximum mark: 7]

A factory, producing plastic gifts for a fast food restaurant’s Jolly meals, claims that just 1 % of 
the toys produced are faulty.

A restaurant manager wants to test this claim. A box of 200 toys is delivered to the restaurant. 
The manager checks all the toys in this box and four toys are found to be faulty.

(a) Identify the type of sampling used by the restaurant manager. [1]

The restaurant manager performs a one-tailed hypothesis test, at the 10 % significance level, 
to determine whether the factory’s claim is reasonable. It is known that faults in the toys 
occur independently.

(b) Write down the null and alternative hypotheses. [2]

(c) Find the  p-value for the test. [2]

(d) State the conclusion of the test. Give a reason for your answer. [2]
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Turn over

12. [Maximum mark: 8]

A tank of water initially contains 400 litres. Water is leaking from the tank such that after 
10 minutes there are 324 litres remaining in the tank.

The volume of water,  V  litres, remaining in the tank after  t  minutes, can be modelled by the 
differential equation

   dV ___ dt   = −k  √ 
_

 V    , where  k  is a constant.

(a) Show that   V =   (20 −   t __ 5  )    
2
   . [6]

(b) Find the time taken for the tank to empty. [2]
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13. [Maximum mark: 7]

A submarine is located in a sea at coordinates (0.8 , 1.3 , −0.3) relative to a ship positioned 
at the origin O. The  x  direction is due east, the y direction is due north and the  z  direction is 
vertically upwards.

All distances are measured in kilometres.

The submarine travels with direction vector    (   
−2

  −3  
1
   )     .

(a) Assuming the submarine travels in a straight line, write down an equation for the line 
along which it travels. [2]

The submarine reaches the surface of the sea at the point P.

(b) (i)  Find the coordinates of P.

(ii) Find OP. [5]
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14. [Maximum mark: 6]

The weights of apples from Tony’s farm follow a normal distribution with mean 158 g and 
standard deviation 13 g. The apples are sold in bags that contain six apples.

(a) Find the mean weight of a bag of apples. [2]

(b) Find the standard deviation of the weights of these bags of apples. [2]

(c) Find the probability that a bag selected at random weighs more than 1 kg. [2]
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15. [Maximum mark: 5]

The diagram shows the slope field for the differential equation

    dy ___ dx   = sin (x + y)  ,   −4 ≤ x ≤ 5  ,   0 ≤ y ≤ 5  .

The graphs of the two solutions to the differential equation that pass through points (0 , 1) 
and (0 , 3) are shown.

y

x

2

4

3

0 2 4 531−1−2−3−4

1

5

For the two solutions given, the local minimum points lie on the straight line   L  1   .

(a) Find the equation of   L  1   , giving your answer in the form  y = mx + c . [3]

For the two solutions given, the local maximum points lie on the straight line   L  2   .

(b) Find the equation of   L  2   . [2]

(This question continues on the following page)
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(Question 15 continued)

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

24EP21



– 22 –

M21/5/MATHY/HP1/ENG/TZ1/XX

2221 – 7206

16. [Maximum mark: 5]

An ant is walking along the edges of a wire frame in the shape of a triangular prism.

The vertices and edges of this frame can be represented by the graph below.

C

BA

D E

F

(a) Write down the adjacency matrix,  M , for this graph. [3]

(b) Find the number of ways that the ant can start at the vertex A, and walk along exactly 
6 edges to return to A. [2]

(This question continues on the following page)
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(Question 16 continued)
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17. [Maximum mark: 7]

The graph of the function   f (x) = ln x   is translated by     (   a  b  )      so that it then passes through the 
points   (0 , 1)   and   ( e   3  , 1 + ln 2)  .

Find the value of  a  and the value of  b .
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2 hours  

Instructions to candidates

 y Write your session number in the boxes above.
 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all questions.
 y Answers must be written within the answer boxes provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

correct to three significant figures.
 y A clean copy of the mathematics: applications and interpretation formula booklet is 

required for this paper.
 y The maximum mark for this examination paper is [110 marks].
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Please do not write on this page.

Answers written on this page  
will not be marked. 
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Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer 
is incorrect, some marks may be given for a correct method, provided this is shown by written working. 
You are therefore advised to show all working.

1. [Maximum mark: 6]

At the end of a school day, the Headmaster conducted a survey asking students in how many 
classes they had used the internet.

The data is shown in the following table.

Number of classes in which 
the students used the internet 0 1 2 3 4 5 6

Number of students 20 24 30 k 10 3 1

(a) State whether the data is discrete or continuous. [1]

The mean number of classes in which a student used the internet is 2.

(b) Find the value of  k . [4]

It was not possible to ask every person in the school, so the Headmaster arranged the 
student names in alphabetical order and then asked every 10th person on the list.

(c) Identify the sampling technique used in the survey. [1]
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2. [Maximum mark: 5]

The perimeter of a given square  P  can be represented by the function ( ) 4P A A= , 0A ≥ , 
where  A  is the area of the square. The graph of the function  P  is shown for 0 25A≤ ≤ .

10 20

10

20

Area (A)

Pe
rim

et
er

 (P
)

(a) Write down the value of (25)P . [1]

(b) On the axes above, draw the graph of the inverse function, 1P- . [3]

(c) In the context of the question, explain the meaning of 1(8) 4P- = . [1]
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3. [Maximum mark: 6]

Professor Vinculum investigated the migration season of the Bulbul bird from their natural 
wetlands to a warmer climate.

He found that during the migration season their population,  P  could be modelled by 
1350 400(1.25) tP -= + ,  t ≥ 0 , where  t  is the number of days since the start of the 

migration season.

(a) Find the population of the Bulbul birds,

(i) at the start of the migration season.

(ii) in the wetlands after 5 days. [3]

(b) Calculate the time taken for the population to decrease below 1400. [2]

(c) According to this model, find the smallest possible population of Bulbul birds during the 
migration season. [1]
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4. [Maximum mark: 6]

Points  A (3 , 1) ,  B (3 , 5) ,  C (11 , 7) ,  D (9 , 1)  and  E (7 , 3)  represent snow shelters in the 
Blackburn National Forest. These snow shelters are illustrated in the following coordinate axes.

Horizontal scale: 1 unit represents 1 km.

Vertical scale: 1 unit represents 1 km.
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(a) Calculate the gradient of the line segment AE. [2]

(This question continues on the following page)
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(Question 4 continued)

The Park Ranger draws three straight lines to form an incomplete Voronoi diagram.
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(b) Find the equation of the line which would complete the Voronoi cell containing site E. 
Give your answer in the form  ax + by + d = 0  where  a , b , d∈ . [3]

(c) In the context of the question, explain the significance of the Voronoi cell containing site E. [1]
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5. [Maximum mark: 5]

Helen is building a cabin using cylindrical logs of length 2.4 m and radius 8.4 cm. A wedge is 
cut from one log and the cross-section of this log is illustrated in the following diagram.

diagram not to scale

B
A

O

508.4 cm

2.4 m

(a) Find  50  in radians. [1]

(b) Find the volume of this log. [4]
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6. [Maximum mark: 6]

Jae Hee plays a game involving a biased six-sided die.
The faces of the die are labelled -3, -1, 0, 1, 2 and 5.
The score for the game,  X , is the number which lands face up after the die is rolled. 
The following table shows the probability distribution for  X .

Score x -3 -1 0 1 2 5

P (X = x)
1

18
p

3
18

1
18

2
18

7
18

(a) Find the exact value of  p . [1]

Jae Hee plays the game once.

(b) Calculate the expected score. [2]

Jae Hee plays the game twice and adds the two scores together.

(c) Find the probability Jae Hee has a total score of -3. [3]
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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7. [Maximum mark: 5]

A particle, A, moves so that its velocity (v ms-1) at time  t  is given by  v = 2 sin t ,  t ≥ 0 .

The kinetic energy (E) of the particle A is measured in joules (J) and is given by  E = 5v2 .

(a) Write down an expression for  E  as a function of time. [1]

(b) Hence find d
d
E
t

. [2]

(c) Hence or otherwise find the first time at which the kinetic energy is changing at  
a rate of 5 J s-1. [2]
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8. [Maximum mark: 8]

Ollie has installed security lights on the side of his house that are activated by a sensor. 
The sensor is located at point C directly above point D. The area covered by the sensor 
is shown by the shaded region enclosed by triangle ABC. The distance from A to B is 
4.5 m and the distance from B to C is 6 m. Angle  AĈB  is  15.

diagram not to scale

6 

4.5

side view

15

C

A B D E

(a) Find CÂB. [3]

Point B on the ground is 5 m from point E at the entrance to Ollie’s house. He is 1.8 m tall and 
is standing at point D, below the sensor. He walks towards point B.

(b) Find the distance Ollie is from the entrance to his house when he first activates 
the sensor. [5]
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9. [Maximum mark: 5]

A manager wishes to check the mean weight of flour put into bags in his factory. He randomly 
samples 10 bags and finds the mean weight is 1.478 kg and the standard deviation of the 
sample is 0.0196 kg.

(a) Find  sn-1  for this sample. [2]

(b) Find a 95 % confidence interval for the population mean, giving your answer to  
4 significant figures. [2]

(c) The bags are labelled as being 1.5 kg weight. Comment on this claim with reference to 
your answer in part (b). [1]
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10. [Maximum mark: 6]

In a coffee shop, the time it takes to serve a customer can be modelled by a normal distribution 
with a mean of 1.5 minutes and a standard deviation of 0.4 minutes.

Two customers enter the shop together. They are served one at a time.

Find the probability that the total time taken to serve both customers will be less than 4 minutes.

Clearly state any assumptions you have made.
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11. [Maximum mark: 6]

A particle  P  moves with velocity 
15
2
4

- 
 =  
 
 

v  in a magnetic field, 
0

1
d d
 
 = ∈ 
 
 

, B .

(a) Given that v is perpendicular to  B , find the value of  d . [2]

The force,  F , produced by  P  moving in the magnetic field is given by the vector 
equation  F = av × B ,  a ∈ + .

(b) Given that 14=F , find the value of  a . [4]
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12. [Maximum mark: 7]

Product research leads a company to believe that the revenue (R) made by selling its goods 
at a price ( p) can be modelled by the equation.

( ) edpR p cp c d= ∈, , 

There are two competing models, A and B with different values for the parameters  c  and  d .

Model A has  c = 3 ,  d = -0.5  and model B has  c = 2.5 ,  d = -0.6 .

The company experiments by selling the goods at three different prices in three similar areas 
and the results are shown in the following table.

Area Price ( p) Revenue (R)

1 1 1.5

2 2 1.8

3 3 1.5

The company will choose the model with the smallest value for the sum of square residuals.

Determine which model the company chose.
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13. [Maximum mark: 6]

The rates of change of the area covered by two types of fungi, X and Y,on a particular tree 
are given by the following equations, where x is the area covered by X and  y  is the area 
covered by Y.

d 3 2
d
x x y
t
= -

d 2 2
d
y x y
t
= -

The matrix 
3 2
2 2

- 
 - 

 has eigenvalues of 2 and -1 with corresponding eigenvectors 
2
1
 
 
 

 and 
1
2
 
 
 

.

Initially  x = 8 cm2  and  y = 10 cm2 .

(a) Find the value of d
d
y
x

 when  t = 0 . [2]

(b) On the following axes, sketch a possible trajectory for the growth of the two fungi, 
making clear any asymptotic behaviour. [4]

y

x

(This question continues on the following page)

Spelling?
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(Question 13 continued)
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Please do not write on this page.

Answers written on this page  
will not be marked. 
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14. [Maximum mark: 8]

(a) The graph of  y = -x3  is transformed onto the graph of  y = 33 - 0.08x3  by a translation 
of  a  units vertically and a stretch parallel to the  x-axis of scale factor  b .

(i) Write down the value of  a .

(ii) Find the value of  b . [3]

(b) The outer dome of a large cathedral has the shape of a hemisphere of diameter 32 m, 
supported by vertical walls of height 17 m. It is also supported by an inner dome which 
can be modelled by rotating the curve  y = 33 - 0.08x3  through 360 about the  y-axis 
between  y = 0  and  y = 33 , as indicated in the diagram.

−16 16

17

33

y

x0

Find the volume of the space between the two domes. [5]
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15. [Maximum mark: 7]

Let 
i

4ew a
π

= , where  a ∈ + .

(a) For  a = 2 ,

(i) find the values of  w2 ,  w3 , and  w4 ;

(ii) draw  w ,  w2 ,  w3  and  w4  on the following Argand diagram. [5]

−6 −4 −2 Re
−2

−4

0

2

4

6

8

10

12
Im

−8−10−12−14−16−18−20 2 4 86

Let 
2 i

wz =
-

.

(b) Find the value of  a  for which successive powers of  z  lie on a circle. [2]

(This question continues on the following page)
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(Question 15 continued)
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16. [Maximum mark: 6]

The number of fish that can be caught in one hour from a particular lake can be modelled by 
a Poisson distribution.

The owner of the lake, Emily, states in her advertising that the average number of fish caught 
in an hour is three.

Tom, a keen fisherman, is not convinced and thinks it is less than three. He decides to set 
up the following test. Tom will fish for one hour and if he catches fewer than two fish he will 
reject Emily’s claim.

(a) State a suitable null and alternative hypotheses for Tom’s test. [1]

(b) Find the probability of a Type I error. [2]

The average number of fish caught in an hour is actually 2.5.

(c) Find the probability of a Type II error. [3]
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17. [Maximum mark: 6]

Mr Burke teaches a mathematics class with 15 students. In this class there are 6 female 
students and 9 male students.

Each day Mr Burke randomly chooses one student to answer a homework question.

In the first month, Mr Burke will teach his class 20 times.

(a) Find the probability he will choose a female student 8 times. [2]

The Head of Year, Mrs Smith, decides to select a student at random from the year group to 
read the notices in assembly. There are 80 students in total in the year group. Mrs Smith 
calculates the probability of picking a male student 8 times in the first 20 assemblies is 
0.153357 correct to 6 decimal places.

(b) Find the number of male students in the year group. [4]
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18. [Maximum mark: 6]

The rate,  A , of a chemical reaction at a fixed temperature is related to the concentration of 
two compounds,  B  and  C , by the equation

A = kB x C y , where  x ,  y ,  k ∈  .

A scientist measures the three variables three times during the reaction and obtains the 
following values.

Experiment A (mol l-1 s-1) B (mol l-1) C (mol l-1)

1 5.74 2.1 3.4

2 2.88 1.5 2.4

3 0.980 0.8 1.9

Find  x ,  y  and  k .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 

24EP24

SPEC/5/MATAI/HP1/ENG/TZ0/XX– 24 –


	Candidates will sometimes use methods other than those in the markscheme.  Unless the question specifies a method, other correct methods should be marked in line with the markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then al...



