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No part of this product may be reproduced in any form or by any electronic or
mechanical means, including information storage and retrieval systems, without written
permission from the IB.

Additionally, the license tied with this product prohibits commercial use of any selected
files or extracts from this product. Use by third parties, including but not limited to
publishers, private teachers, tutoring or study services, preparatory schools, vendors
operating curriculum mapping services or teacher resource digital platforms and app
developers, is not permitted and is subject to the IB’s prior written consent via a license.
More information on how to request a license can be obtained from
https://ibo.org/become-an-ib-school/ib-publishing/licensing/applying-for-a-license/.

Aucune partie de ce produit ne peut étre reproduite sous quelque forme ni par quelque
moyen que ce soit, électronique ou mécanique, y compris des systemes de stockage et
de récupération d’informations, sans l'autorisation écrite de I'IB.

De plus, la licence associée a ce produit interdit toute utilisation commerciale de
tout fichier ou extrait sélectionné dans ce produit. L'utilisation par des tiers, y compris,
sans toutefois s’y limiter, des éditeurs, des professeurs particuliers, des services de
tutorat ou d’aide aux études, des établissements de préparation a I'enseignement
supérieur, des fournisseurs de services de planification des programmes
d’études, des gestionnaires de plateformes pédagogiques en ligne, et des
développeurs d’applications, n’est pas autorisée et est soumise au consentement écrit
préalable de I'IB par lintermédiaire d’'une licence. Pour plus d’informations sur la
procédure a suivre pour demander une licence, rendez-vous a l'adresse suivante :
https://ibo.org/become-an-ib-school/ib-publishing/licensing/applying-for-a-license/.

No se podra reproducir ninguna parte de este producto de ninguna forma ni por ningun
medio electrénico o mecanico, incluidos los sistemas de almacenamiento vy
recuperacion de informacion, sin que medie la autorizacion escrita del IB.

Ademas, la licencia vinculada a este producto prohibe el uso con fines comerciales de
todo archivo o fragmento seleccionado de este producto. El uso por parte de terceros
—Ilo que incluye, a titulo enunciativo, editoriales, profesores particulares, servicios
de apoyo académico o ayuda para el estudio, colegios preparatorios, desarrolladores
de aplicaciones y entidades que presten servicios de planificacién curricular u
ofrezcan recursos para docentes mediante plataformas digitales— no esta permitido
y estara sujeto al otorgamiento previo de una licencia escrita por parte del IB. En este
enlace encontrara mas informacion sobre cdmo solicitar una licencia:
https://ibo.org/become-an-ib-school/ib-publishing/licensing/applying-for-a-license/.
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Instructions to Examiners

Abbreviations

M  Marks awarded for attempting to use a valid Method; working must be seen.

(M) Marks awarded for Method; may be implied by correct subsequent working.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

(A) Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.

R Marks awarded for clear Reasoning.

N Marks awarded for correct answers if no working shown.

AG Answer given in the question and so no marks are awarded.

Using the markscheme

1 General

Mark according to RM™ Assessor instructions. In particular, please note the following:

Marks must be recorded using the annotation stamps. Please check that you are entering
marks for the right question.

If a part is completely correct, (and gains all the “must be seen” marks), use the ticks with
numbers to stamp full marks.

If a part is completely wrong, stamp AO by the final answer.

If a part gains anything else, it must be recorded using all the annotations.

All the marks will be added and recorded by RM™ Assessor.

Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked,

and marks awarded according to the markscheme.

It is not possible to award MO followed by A1, as A mark(s) depend on the preceding M mark(s),
if any.

Where M and A marks are noted on the same line, eg M1A1, this usually means M1 for an
attempt to use an appropriate method (eg substitution into a formula) and A1 for using the
correct values.

Where the markscheme specifies (M2), N3, etc., do not split the marks.
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e Once a correct answer to a question or part-question is seen, ignore further correct working.
However, if further working indicates a lack of mathematical understanding do not award the final
Al. An exception to this may be in numerical answers, where a correct exact value is followed by
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part,
and correct FT working shown, award FT marks as appropriate but do not award the final Al in
that part.

Examples
Correct answer seen Further working seen Action
1. 82 5.65685... Award the final A1
(incorrect decimal value) (ignore the further working)

2. 1. )

Zsm 4x sin x Do not award the final A1
3. loga—Ilogb log(a—h) Do not award the final Al

N marks

Award N marks for correct answers where there is no working.

e Do not award a mixture of N and other marks.
e There may be fewer N marks available than the total of M, A and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.

Implied marks

Implied marks appear in brackets eg (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

e Normally the correct work is seen or implied in the next line.
o Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s). To award FT marks, there must be working present and
not just a final answer based on an incorrect answer to a previous part.

¢ If the question becomes much simpler because of an error then use discretion to award fewer
FT marks.

e If the error leads to an inappropriate value (eg sin@=1.5), do not award the mark(s) for the final
answer(s).

e Within a question part, once an error is made, no further dependent A marks can be awarded,
but M marks may be awarded if appropriate.

e Exceptions to this rule will be explicitly noted on the markscheme.
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Misread

If a candidate incorrectly copies information from the question, this is a misread (MR).

A candidate should be penalized only once for a particular misread. Use the MR stamp to indicate
that this has been a misread. Then deduct the first of the marks to be awarded, even if this is an
M mark, but award all others so that the candidate only loses [1 mark].

¢ If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

e If the MR leads to an inappropriate value (eg Sin@=1.5), do not award the mark(s) for the
final answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does
not cover the work seen. In such cases the annotation DM should be used and a brief note written
next to the mark explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
guestion specifies a method, other correct methods should be marked in line with the markscheme.
If in doubt, contact your team leader for advice.

¢ Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, etc.

¢ Alternative solutions for part-questions are indicated by EITHER . . . OR.

¢ Where possible, alignment will also be used to assist examiners in identifying where these
alternatives start and finish.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, simplified answers, (which candidates often do not write in examinations),
will generally appear in brackets. Marks should be awarded for either the form preceding the

bracket or the form in brackets (if it is seen).

Example: for differentiating f (x)=2sin(5x—3), the markscheme gives
f'(x) =(2cos(5x—3))5 (=10cos (5x — 3)) Al

Award A1 for (2cos(5x—3))5, even if 10cos(5x —3) is not seen.
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Accuracy of Answers
Candidates should NO LONGER be penalized for an accuracy error (AP).

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to
the required accuracy. When this is not specified in the question, all numerical answers should be
given exactly or correct to three significant figures. Please check work carefully for FT.

Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way
crossed out their work, do not award any marks for that work.

Calculators

No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no
grade awarded. If you see work that suggests a candidate has used any calculator, please follow
the procedures for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner
should only mark the first response unless the candidate indicates otherwise.

Candidate work

Candidates are meant to write their answers to Section A on the question paper (QP), and
Section B on answer booklets. Sometimes, they need more room for Section A, and use the
booklet (and often comment to this effect on the QP), or write outside the box. This work should
be marked.

The instructions tell candidates not to write on Section B of the QP. Thus they may well have done
some rough work here which they assume will be ignored. If they have solutions on the answer
booklets, there is no need to look at the QP. However, if there are whole guestions or whole part
solutions missing on answer booklets, please check to make sure that they are not on the QP,

and if they are, mark those whole questions or whole part solutions that have not been written on
answer booklets.
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Section A

19

() =(0xp) {1 o 2L oo 23]

7
[:> p+q:EJ

Nk

(x=0=)y=1

appreciate the need to find g—y

X
[d_y :J 26 _3
dx

dy
—0=)Y -1
(x :>)dx
y-1
I 1 (v=1-
o~ L1(y=1-x)
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(M1)

Al

(M1)

Al

[4 marks]

(A1)

(M1)

Al

Al

Al

[5 marks]
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(@) |
Fries
Chicken

Hash browns
0.2

<
0.35
0.7 Fries
0.7 Vegetarian
0.3
<
0.4

Hash browns

0.1 Fries

Steak

Hash browns

AlAl
Note: Award A1l for probabilities for type of omelette and A1 for probabilities for
fries / hash browns.
[2 marks]
(b) (0.2x0.65)+(0.7x0.7)+(0.1x0.6) (M1)
= 0.68(: EJ Al
25
[2 marks]
© P (ordered fries and did not order chicken omelette) MD)
P( did not order chicken omelette)
0.7x0.7+0.1x0.6 [_ 0.49+0.06 0.55 (A1)
0.7+0.1 0.8 0.8
_ ELZ EJ Al
80\ 16
[3 marks]

Total [7 marks]
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substituting z = x+iy and z" = x—iy M1

2(x+iy) _

3—(x—iy)
2x+2iy =—y+i(3-x)

equate real and imaginary: M1

y=-2x AND 2y =3—x Al

Note: If they multiply top and bottom by the conjugate, the equations
6x—2x* +2y* =0 and 6y —4xy =(3—x)’ +y* may be seen. Allow for Al.

solving simultaneously:

x=-1y=2(z=-1+2i) A1A1

[5 marks]
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us =4+4d =log, 625 (AL)
4d =log, 625-4
attempt to write an integer (eg 4 or 1) in terms of log, M1

4d =log, 625—10g, 16

attempt to combine two logs into one M1
625
4d =log, | —
gz( 16 J
1 625
d==log,| —
4 gZL 16 J
attempt to use power rule for logs M1
1
625 )4
d=log,| —
0.2
5
d=log,| = Al
g, (ZJ

[5 marks]

Note: Award method marks in any order.
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METHOD 1
] c . b
sin@dcosd =— and sin@+cos@ =—— Al
a a
attempt to square sin @+ coséd M1
h? ) 2 ]
— =|(sin@+cosf)” =1+2sinHcosé Al
a
2
b—(:1+23in¢9cos¢9):1+§ Al
a? a
b? =a%+2ac AG
[4 marks]
METHOD 2
asin’@+bsind+c=0 and acos®*8+bcos@+c=0 Al
adding the two equations M1
a+b(sind+cosd)+2c=0 Al
b
a+bx——+2c=0 Al
a

a’—-b*+2ac=0

b* =a®+2ac AG
[4 marks]
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@ () izcos(ﬁ—EJHsin(&—fJ (M1)
z, 12 6 12 6
:coss—n+isin3—7t Al
4 4
(i) §=c053—n—isin3—n Al
A 4

Note: Allow equivalent forms in part (a), e.qg. Cis(—gjﬂj .

Note: Ignore subsequent work once correct answer(s) are seen.

[3 marks]

(b) valid attempt to calculate area of their triangle (M1)

(angle between OA and OB is g): area L:%xlle = l Al

2

[2 marks]
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METHOD 1

sin X
attempt to replace tan x = ——
COS X

sinxtanx _ sin®x
1-cosx  cosx(1-cosx)

attempt to use sin® x+cos® x =1
_ 1-cos*x
cos x(1—cos x)

(1+cosx)(1—cosx)
cos x(1-cos x)

B (1+cosx)
"~ cosX
1

=1+ ——
COS X

N20/5/MATHL/HPL1/ENG/TZO/XX/M

M1

M1

Al

AG

Note: Award marks in reverse for working from RHS to LHS.

[3 marks]
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METHOD 2
sin X

attempt to replace tan x = —— M1
COS X

sinxtanx _ sin? x

1-cosx  cosx(1-cosx)

_ sin® x(1+cos x) _ sin” x(1+cosx)
- cosx(1-cosx)(1+cosx) cos x(1-cos” x)

attempt to use sin® x+cos® x =1 M1

_ sin” x(1+cos x)

— Al
cos xsin? x
_(1+cosx)
~ cosX
1
1+ AG
oS X

Note: Award marks in reverse for working from RHS to LHS.

[3 marks]



(b)
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METHOD 1
: 1 : 1
consider 1+ —— =k, leading to cosx =—— (M1)
COS X k-1
: 1 .
consider graph of y = 1 or range of solutions for y =cos X (M1)
X —_
(no solutions if y<—-1or y>1 =) 0<k<?2 AlAl

Note: Award A1l for O and 2 seen as critical values, A1l for correct inequalities. These
may also be expressed as ‘k >0 and k<2’.

[4 marks]
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METHOD 2
consider graph of y=1+secx M1
v 0 '
,5 AL
Al
no real solutions if 0 <k <2 AlAl

Note: Award A1l for O and 2 seen as critical values, A1l for correct inequalities. These
may also be expressed as ‘k >0 and k<2’.

[4 marks]
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METHOD 3
consider —1<cosx<1, (M1)
is-lor ! >1 (M1)
COS X COS X
1+ 1 <0orl+ >2

COoS X COS X
no solutions if 0<k <2 AlAl

Note: Award A1l for O and 2 seen as critical values, A1l for correct inequalities.
These may also be expressed as ‘k >0and k<2’.

[4 marks]
Total [7 marks]
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x=tanu:>j—x=sec2u OR u=arctanx:>d—u: 1

u dx 1+x°

attempt to write the integral in terms of u

T tan?usec’u du
‘[4
0 (1+tan2 u)3

IZ tan® usec’u du
3
? (sec’u)

=jozsin2ucoszu du

=1J75in2 2u du
40

=%I04(1—cos4u) du

1 sin 4u }Z
p— u_
8

N20/5/MATHL/HPL1/ENG/TZO/XX/M

Al

M1

(A1)

Al

M1

M1

Al

Al

Total [8 marks]
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Section B
10. (@ () f'(x)=3ax*+2bx+c Al
(i) since f* does not exist, there must be two turning points R1

(= f'(x)=0 has more than one solution)

using the discriminant A > 0 M1
4b* —-12ac >0 Al
b®—3ac>0 AG

[4 marks]

() () METHOD 1

b2—3ac:(—3)2—3><%><6 M1

=9-9
=0 Al

hence g exists AG
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METHOD 2
i 3 2
g(x):Ex —6X+6 M1
A:(—6)2 —4><§><6
2

A =36-36=0= there is (only) one point with gradient of 0

and this must be a point of inflexion (since g(x) is a cubic.) R1

hence g~ exists AG
. 1
il =— Al
@@ p >

(x—2)’ =x* —6x* +12x -8 (M1)

1(x3 —6x° +12x—8) Ly —3x*+6x-4

2 2

1 3

g(x)za(x—z) -4=q=-4 Al
1 3
(iil) X:E(y—Z) —4 (M1)

Note: Interchanging X and y can be done at any stage.

2(x+4)=(y-2)° (M1)

Y2(x+4)=y-2

y=232(x+4)+2

Al

g (x)=32(x+4)+2

Note: g~ (X)=... must be seen for the final A mark.

[8 marks]
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2
(c) translation through LOJ Al

Note: This can be seen anywhere.

EITHER

1 _ . 0
a stretch scale factor 3 parallel to the y-axis then a translation through A2
OR

. 1 .
a translation through ( 8) then a stretch scale factor 2 parallel to the y-axis A2

Note: Accept ‘shift’ for translation, but do not accept ‘move’. Accept ‘scaling’ for
‘stretch’.

[3 marks]
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(d)
}7
N
10
4
——— | 0 > X
-10 -8 4 10
-8 4
-10

Al1A1Al
M1A1l

Note: Award A1l for correct ‘shape’ of g (allow non-stationary point of inflexion)
Award A1l for each correct intercept of g
Award M1 for attempt to reflect their graph in y =X, Al for completely correct

g’lincluding intercepts

[5 marks]
Total [20 marks]
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11. (a) attempt at implicit differentiation M1

dy dy
2Y——=COS(Xy)| Xx—+ A1M1A1
ydx ( y)L dx yJ

Note: Award Al for LHS, M1 for attempt at chain rule, Al for RHS.

dy _ dy

Zy& = x&cos(xy)+ y cos(xy)

dy _dy _
2y i X cos(xy)=ycos(xy)

dy
&(Zy—xcos(xy)):ycos(xy) M1

Note:

Award M1 for collecting derivatives and factorising.

dy _ ycos(xy) AG
dx 2y-—xcos(xy)

[5 marks]



- 24— N20/5/MATHL/HPL1/ENG/TZO/XX/M

(b) setting d_y =0
dx
ycos(xy)=0 (M1)
(y=0)=>cos(xy)=0 Al
:>sin(xy)(=i 1—cos? (xy) =J_r\/1—0):4_rl OR xy =(2n +1)% (neZ)
orR xy=Z % Al
2 2
Note: If they offer values for xy , award Al for at least two correct values in two
different ‘quadrants’ and no incorrect values.
y?(=sin(xy))>0 R1
=y=%1 AG

[5 marks]
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() y=xl=1l=sin(xx)=sinx=+10R y=+1=0=cos(+x)=cosx=0 (M1)

(sinx:l:)(%,l},(%,lJ A1A1
(sinx= —1:)(37“,—1}(7?“,—1} A1A1

Note: Allow ‘coordinates’ expressed as X :%, y =1 for example.

Note: Each of the A marks may be awarded independently and are not dependent on
(M1) being awarded.
Note: Mark only the candidate’s first two attempts for each case of sin x.

[5 marks]
Total [15 marks]



12.

@)

(b)

(©)

— 26—

y=Kk

METHOD 1
K kx -5 5
<fof)<x>—%
(X—kj_k
_ k(kx—5)—-5(x—k)
kx—5—-k(x—k)

_ k?x—5k —5x+5k
kx —5—kx +k?

k?x —5x
k?-5

_x(k-5)
- k?-5
=X

(fof)(x)=x, (hence f is self-inverse)

N20/5/MATHL/HPL1/ENG/TZO/XX/M

Al

Al

M1

Al

Al

R1

Note: The statement f (f (X)) = X could be seen anywhere in the candidate’s working to
award R1.

[1 mark]

[1 mark]

[4 marks]
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METHOD 2

Note: Interchanging X and y can be done at any stage.

x(y—k)=ky—5 Al
Xy — Xk =ky —5
Xy —ky =xk -5
y(x—k)=kx-5 Al
y=f"(x)= o> (hence f is self-inverse.) R1

[4 marks]
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(d)

Yy
I
I
I
I
I
I
I
I
|

'—N ----- AR R R R TR T

\ :
; X
|
I
I
I
I
I
I
I
I
|
[

attempt to draw both branches of a rectangular hyperbola M1
x=3andy=3 Al

03)ee (59 .

[3 marks]
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METHOD 1

2
volume = nJ:[SX _35] dx
X_

EITHER

325 41 the form p+—

attempt to express
X—3 X—3

3x-5 4
=3+
X—3 X—3

OR

2
attempt to expand (BX _:j or (3x—5)2 and divide out
X_

(3x—5j2 24X —56
=9+ >
X—3 (x-3)

THEN
24 16

(3x—5j2
=9+ + 5
X—3 Xx=3 (x-3)

.
volume :nf[9+ 23 + G

ZJ dx
s X—-3 (x_3)

7
:n[9x+24ln(x—3)—xl—6J
VY15

=n| (63+24In4-4)—(45+24In2-8)]|

=TC(22+2411’12)

N20/5/MATHL/HPL1/ENG/TZO/XX/M

(M1)

M1

Al

M1

Al

Al

Al

Al

[6 marks]
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METHOD 2
3x-5
volume=nx dx M1
[, ( _3j (M1)
du
substituting U= Xx— 3:>d—:1 Al
X

3x-5=3(U+3)-5=3u+4

volume = nj (3u+4j du M1
u
j9 E+ﬁd Al
4
:n[9u—E+Z4lnu} Al
u 2

Note: Ignore absence of or incorrect limits seen up to this point.

=n(22+24ln2) Al

[6 marks]
Total [15 marks]
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No part of this product may be reproduced in any form or by any electronic or
mechanical means, including information storage and retrieval systems, without written
permission from the IB.

Additionally, the license tied with this product prohibits commercial use of any selected
files or extracts from this product. Use by third parties, including but not limited to
publishers, private teachers, tutoring or study services, preparatory schools, vendors
operating curriculum mapping services or teacher resource digital platforms and app
developers, is not permitted and is subject to the IB’s prior written consent via a license.
More information on how to request a license can be obtained from
http://www.ibo.org/contact-the-ib/media-inquiries/for-publishers/guidance-for-third-party-
publishers-and-providers/how-to-apply-for-a-license.

Aucune partie de ce produit ne peut étre reproduite sous quelque forme ni par quelque
moyen que ce soit, électronique ou mécanique, y compris des systémes de stockage et
de récupération d’informations, sans I'autorisation écrite de I'lB.

De plus, la licence associée a ce produit interdit toute utilisation commerciale de tout
fichier ou extrait sélectionné dans ce produit. L'utilisation par des tiers, y compris, sans
toutefois s’y limiter, des éditeurs, des professeurs particuliers, des services de tutorat
ou d’aide aux études, des établissements de préparation a I'enseignement supérieur,
des fournisseurs de services de planification des programmes d'études, des
gestionnaires de plateformes pédagogiques en ligne, et des développeurs
d’applications, n’est pas autorisée et est soumise au consentement écrit préalable de
I'IB par I'intermédiaire d’une licence. Pour plus d’informations sur la procédure a suivre
pour demander une licence, rendez-vous a 'adresse http://www.ibo.org/fr/contact-the-
ib/media-inquiries/for-publishers/guidance-for-third-party-publishers-and-providers/how-
to-apply-for-a-license.

No se podra reproducir ninguna parte de este producto de ninguna forma ni por ningun
medio electronico o mecanico, incluidos los sistemas de almacenamiento vy
recuperacion de informacioén, sin que medie la autorizacion escrita del IB.

Ademas, la licencia vinculada a este producto prohibe el uso con fines comerciales de
todo archivo o fragmento seleccionado de este producto. El uso por parte de terceros
—Ilo que incluye, a titulo enunciativo, editoriales, profesores particulares, servicios de
apoyo académico o ayuda para el estudio, colegios preparatorios, desarrolladores de
aplicaciones y entidades que presten servicios de planificacion curricular u ofrezcan
recursos para docentes mediante plataformas digitales— no esta permitido y estara
sujeto al otorgamiento previo de una licencia escrita por parte del IB. En este enlace
encontrard mas informacion sobre como solicitar una licencia: http://www.ibo.org/es/
contact-the-ib/media-inquiries/for-publishers/guidance-for-third-party-publishers-and-
providers/how-to-apply-for-a-license.
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Instructions to Examiners

Abbreviations

M  Marks awarded for attempting to use a valid Method; working must be seen.

(M) Marks awarded for Method; may be implied by correct subsequent working.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

(A) Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.

R Marks awarded for clear Reasoning.

N  Marks awarded for correct answers if no working shown.

AG Answer given in the question and so no marks are awarded.

Using the markscheme

1 General

Mark according to RM™ Assessor instructions. In particular, please note the following:

Marks must be recorded using the annotation stamps. Please check that you are entering
marks for the right question.

If a part is completely correct, (and gains all the “must be seen” marks), use the ticks with
numbers to stamp full marks.

If a part is completely wrong, stamp A0 by the final answer.

If a part gains anything else, it must be recorded using all the annotations.

All the marks will be added and recorded by RM™ Assessor.

2 Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked,

and marks awarded according to the markscheme.

It is not possible to award MO followed by A1, as A mark(s) depend on the preceding M mark(s),
if any.

Where M and A marks are noted on the same line, eg M1A1, this usually means M1 for an
attempt to use an appropriate method (eg substitution into a formula) and A7 for using the
correct values.

Where the markscheme specifies (M2), N3, etc., do not split the marks.
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¢ Once a correct answer to a question or part-question is seen, ignore further correct working.
However, if further working indicates a lack of mathematical understanding do not award the final
A1. An exception to this may be in numerical answers, where a correct exact value is followed by
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part,
and correct FT working shown, award FT marks as appropriate but do not award the final A7 in
that part.

Examples
Correct answer seen | Further working seen Action
1. 842 5.65685... Award the final A1
(incorrect decimal value) (ignore the further working)

2, 1 .

Zsm 4x sinx Do not award the final A1
3. loga—logh log(a—b) Do not award the final A1

N marks

Award N marks for correct answers where there is no working.

e Do not award a mixture of N and other marks.
e There may be fewer N marks available than the total of M, A and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.

Implied marks

Implied marks appear in brackets eg (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

e Normally the correct work is seen or implied in the next line.
¢ Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s). To award FT marks, there must be working present and
not just a final answer based on an incorrect answer to a previous part.

¢ If the question becomes much simpler because of an error then use discretion to award fewer
FT marks.

e |If the error leads to an inappropriate value (eg sinf =1.5), do not award the mark(s) for the final
answer(s).

¢ Within a question part, once an error is made, no further dependent A marks can be awarded,
but M marks may be awarded if appropriate.

e Exceptions to this rule will be explicitly noted on the markscheme.



-5- N19/5/MATHL/HP1/ENG/TZ0/XX/M

Misread

If a candidate incorrectly copies information from the question, this is a misread (MR).

A candidate should be penalized only once for a particular misread. Use the MR stamp to indicate
that this has been a misread. Then deduct the first of the marks to be awarded, even if this is an
M mark, but award all others so that the candidate only loses [1 mark].

¢ If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

e |f the MR leads to an inappropriate value (eg sin@ =1.5), do not award the mark(s) for the
final answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does
not cover the work seen. In such cases the annotation DM should be used and a brief note written
next to the mark explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
question specifies a method, other correct methods should be marked in line with the markscheme.
If in doubt, contact your team leader for advice.

¢ Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, efc.

¢ Alternative solutions for part-questions are indicated by EITHER . . . OR.

e Where possible, alignment will also be used to assist examiners in identifying where these
alternatives start and finish.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, simplified answers, (which candidates often do not write in examinations),
will generally appear in brackets. Marks should be awarded for either the form preceding the

bracket or the form in brackets (if it is seen).

Example: for differentiating f (x)=2sin(5x-3), the markscheme gives
f'(x)z(Zcos(Sx—3))5(=1000s(5x—3)) A1

Award A1 for (2cos(5x—3))5, even if 10cos(5x —3) is not seen.
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Accuracy of Answers
Candidates should NO LONGER be penalized for an accuracy error (AP).

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to
the required accuracy. When this is not specified in the question, all numerical answers should be
given exactly or correct to three significant figures. Please check work carefully for FT.

Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way
crossed out their work, do not award any marks for that work.

Calculators

No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no
grade awarded. If you see work that suggests a candidate has used any calculator, please follow
the procedures for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner
should only mark the first response unless the candidate indicates otherwise.

Candidate work

Candidates are meant to write their answers to Section A on the question paper (QP), and
Section B on answer booklets. Sometimes, they need more room for Section A, and use the
booklet (and often comment to this effect on the QP), or write outside the box. This work should
be marked.

The instructions tell candidates not to write on Section B of the QP. Thus they may well have done
some rough work here which they assume will be ignored. If they have solutions on the answer
booklets, there is no need to look at the QP. However, if there are whole questions or whole part
solutions missing on answer booklets, please check to make sure that they are not on the QP,
and if they are, mark those whole questions or whole part solutions that have not been written on
answer booklets.
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Section A
1 (@) 1 L 11 (M1)
. a =l-————=
P 2 55
1
= A1
10
[2 marks]
(b) attempt to find E(.X) (M1)
l+ 1+2 +E =10 A1
2 10
= N =065 A1
Note: Do not allow FT in part (b) if their p is outside the range 0 < p<1.
[3 marks]
Total [5 marks]
1 2x
2, Ee seen (A1)
1 Ink 1 1
attempt at using limits in an integrated expression uaez"} :Ee”‘“‘ —Eeo] (mM1)
0
I e 1
=—e = ——¢€ A1
5 5 (A1)
Setting their equation =12 M1

| Note: their equation must be an integrated expression with limits substituted. |

lkz—lzlz A1
2 2
(k2:25:>)k:5 A1

| Note: Do not award final A1 fork =45. |

[6 marks]
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attempt to eliminate a variable (or attempt to find det 4) M1

2 -1 115 2 -1 1 5
1 3 -14|—>|0 7 31 3 (or det A =14(a—-3))
3 5 alpb 0 -14 a+3p-12
(or two correct equations in two variables) A1

2 -1 1 5
-0 7 =313 (or solving det 4=0)
0 0 a-3|b-6

(or attempting to reduce to one variable, e.g. (a—3)z=b—6) m1
a=3,b#6 A1A1
[5 marks]
attempt to use cos (2A + B) =cos2Acos B—sin2A4sin B (may be seen later) m1
attempt to use any double angle formulae (seen anywhere) M1
attempt to find either sin A or cos B (seen anywhere) M1
cosA=g:>sinA = 1—i =£ (A1)
3 9 3
sinB:l:cosB = 1_l:£ :& A1
3 9 3 3
1
cosZA(=2cos2A—1)=—— A1
9
sin2A(=2sinAcosA)=$ A1
So cos(24+B)= (—lj & - ﬂ (1]
9 3 9 3
_ 22 45 AG
27 27

[7 marks]



(b)
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METHOD 1

2| =44(=+2)

T
arg(z) =

first solution is 1+1
valid attempt to find all roots (De Moivre or +/— their components)
other solutions are —1+1, -1—-1, 1—-1

METHOD 2

2t =—4

(a+ib)’ =—4

attempt to expand and equate both reals and imaginaries.

a' +4a’bi—6a’b’ —4ab’i+b* =4

(a*-6a*+a" =—4=)a=xland (4a’b—4ab’ =0=>)a =+b

first solution is 1+1
valid attempt to find all roots (De Moivre or +/- their components)

other solutions are —1+1, -1—-1, 1-1

complete method to find area of ‘rectangle’
=4

(A1)

(A1)

A1
(M1)

[5 marks]

(M1)

(A1)
A1
(mM1)

A1
[5 marks]

(M1)
A1
[2 marks]

Total [7 marks]
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6. f'(x)=¢"+2xe™ A1

| Note: This must be obtained from the candidate differentiating f(x). |

=(21x+1x21’1)ez" A1

(hence true for n =1)

assume true for n =k : M1
f(k) (x) = (2kx + k2! )62

| Note: Award M1 if truth is assumed. Do not allow “let n =k . |

consider n=k +1:

f(k+1) (x) _ %((21()6 4 ok )62x)

attempt to differentiate '/ (x) M1
SE(x) = 25> +2(2°x + k25 ) > A1
k+1 (x) :( 2k+1x+k2k)
SE (x) = (2 3+ (k+1)2" ) e A1
(2k+1x+ k+l 2(k+1)—1)ezx

True for n =1 and n =k true implies true for n =k +1.
Therefore the statement is true for all » (e Z*) R1

Note: Do not award final R1 if the two previous M1s are not awarded.
Allow full marks for candidates who use the base case n=0.

[7 marks]
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(a) attempt to complete the square or multiplication and equating coefficients  (M1)

2x—x2=—(x—1)2+1 A1
a=-1,h=1k=1
[2 marks]
3
2 1
(b) use of their identity from part (a) Iz— dx (M1)
3 1= (x=1)
3 1
:[arcsin(x—l)]f or [arcsin(u) 2, A1
2 2
| Note: Condone lack of, or incorrect limits up to this point. |
. (1 . 1
=arcsin| — |—arcsin| —— (M1)
2 2
T T
| _Z A1
= {(-2) a1
T
== A1
3
[5 marks]

Total [7 marks]
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1
8. avectornormalto 77, is | 0 (A1)
0
1 p
Note: Allow any scalar multiple of | 0 |, including | 0
0 0

attempt to find scalar product (or vector product) of direction vector of line

1
with any scalar multiple of | 0 M1
0
1 5 1 5 0
0 sin@ |=5 (or| 0 |x| sin@ |=| —cos@ |) A1
0)\cosé 0) (cosd sin @

(if a is the angle between the line and the normal to the plane)

5 . 1
cosa = (or sina = ) A1
1><\/25+sin20+c0529 lx\/25+sin20+cos29
5 ) 1
=CoOS =——— Or SIn = — A1

V26 V26

this is independent of p and &, hence the angle between the line and the
plane, (90— ), is also independent of p and @ R1

Note: The final R mark is independent, but is conditional on the candidate
obtaining a value independent of p and 6.

[6 marks]
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Section B

(@) cosl05° = cos(180° - 75°) =—cos75°
=—q

Note: Accept arguments using the unit circle or graphical/diagrammatical
considerations.

(b) AD=CD= CAD =45’
valid method to find BAC
for example: BC=r = BCA = 60°
— BAC =30"
hence BAD =45 +30° =75

() () AB=rJ3, AD(=CD)=r2
applying cosine rule

BD? = (rx/g)z +(7‘\/§)2 —2(1/\/5)(1«/5) cos75°
=31’ +2r> = 2r’\6 cos 75°
=577 — 2r2q\/8

(i) BCD=105"
attempt to use cosine rule on ABCD

BD’ =* +(r\/§)2 —2r(r\/§)005105°

=3 + 2}"2Q\/§

(d) 57 —2r2q\/g =3r" + 2r2q\/5

2r = 2r2q(\/g+\/§)

R1
AG

A1
(M1)

A1
AG

A1A1
(m1)
A1

AG

(A1)
(mM1)

A1

(M1)(A1)
A1

| Note: Award A1 for any correct intermediate step seen using only two terms. |

1
KN

| Note: Do not award the final A1 if follow through is being applied. |

AG

[1 mark]

[3 marks]

[7 marks]

[3 marks]

Total [14 marks]



10. (a) ()

(ii)

14—

attempt to use quotient rule (or equivalent)
, (¥* —1)(2) - (2x - 4)(2x)

f (x): 5 2

(> -1)

_ —2x* +8x-2
(+*-1)
f'(x)=0

simplifying numerator (may be seen in part (i))
= x*—4x+1=0 or equivalent quadratic equation

EITHER
use of quadratic formula

4++12

2

OR

use of completing the square
(x-2)" =3

THEN

x=2 —\/5 (since 2+ \/§ is outside the domain)

N19/5/MATHL/HP1/ENG/TZ0/XX/M

(M1)

A1

(mM1)

A1

A1

A1

AG

Note: Do not condone verification that x=2-+/3 = f'(x)=0.
Do not award the final A1 as follow through from part (i).

(b) ()
(ii)

(0,4)

2x—4=0=>x=2
outside the domain

[5 marks]
A1

A1
R1

continued...
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Question 10 continued

(iii)
v ‘ :
Co |
I |
s L |
I - |
] !
I |
| [
: or [
] !
I |
I |
] !
I - —_ I
I “"-\-\._\__\__\_': = . i
I e e I
I - |
[ B [
] |
I |
} ' ' — X
- -0.5 0.5 i
A1A1
award A1 for concave up curve over correct domain with one minimum point in the first
quadrant
award A1 for approaching x ==*1 asymptotically
[5 marks]
(c) valid attempt to combine fractions (using common denominator) M1
3(x—1)—(x+1
(x=1)=(x+1) p
(x + 1) (x — 1)
_3x-3-x-1
x’ -1
2x—4
- = AG
x -1
[2 marks]

continued. ..
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Question 10 continued

(d)

f(x)=4:>2x—4=4x2—4 m1
1
(x=0 or) x=— A1
2
1
area under the curve is sz(x)dx m1
0

1
:IZL_de
o x+1 x-1

| Note: Ignore absence of, or incorrect limits up to this point. |

1
=[3In|x+1]-In|x—1 2 A1
3 1
—3In>—In—(=0
zlnz A1
4
1 1 1
area is 2—j2f(x)dx or I24dx—jzf(x)dx M1
0 0 0

:2—1r12—7
4

=ln— A1

[7 marks]

Total [19 marks]
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p
1. (@ @) AV=| »p A1
p—10
0 p 10(p—10)+10p
AB xAV=[10 x| p |= ~10p A1
~10) ( p-10 ~10p
20p-100 10-2p
=| -10p |=-10 p AG
-10p p
10 p 10p p
ACxAV=| 0 |x| p |=/100-20p| =10[10-2p A1
-10) {p—10 10p p
(i) attempt to find a scalar product M1
10-2p p
-10[ p |e10/10-2p |=100(3p* —20p)
p p
10-2p p
OR-| »p e 10-2p |=3p°-20p A1
p p
attempt to find magnitude of either AB x AV or AC x AV M1
10-2p p
—10 p |=[o0[10-2p 210\/(10—2p)2+2p2 A1
p p
2 2
100(3p2—20p)=100(\/(10—2p) +2p2) cos @
2
cosf = 3p 22Op A1
(10—2p) +2p°
| Note: Award A1 for any intermediate step leading to the correct answer. |
3p-20
__r(Bp=20) A6
6p> —40p +100
| Note: Do not allow FT marks from part (a)(i). |
[8 marks]

continued. ..
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Question 11 continued

20
() () p(3p-20)=0=p=0or p== M1A1
coordinates are (0,0,0) and (?,E,?J A1
| Note: Do not allow column vectors for the final A mark. |
(i) two points are mirror images in the plane
or opposite sides of the plane
or equidistant from the plane
or the line connecting the two Vs is perpendicular to the plane R1
. . ol > _ p(3p-20)
(c) (i) geometrical consideration or attempt to solve —1=— (M1)
6p —40p+100
pz%,@zn or 8 =180° A1A1
. 1
(i) p—)oo:>cosé?—>§ m1
hence the asymptote has equation & =§ A1

[4 marks]

[5 marks]

Total [17 marks]
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No part of this product may be reproduced in any form or by any electronic
or mechanical means, including information storage and retrieval systems,
without written permission from the IB.

Additionally, the license tied with this product prohibits commercial use of
any selected files or extracts from this product. Use by third parties,
including but not limited to publishers, private teachers, tutoring or study
services, preparatory schools, vendors operating curriculum mapping
services or teacher resource digital platforms and app developers, is not
permitted and is subject to the IB’s prior written consent via a license. More
information on how to request a license can be obtained from http://
www.ibo.org/contact-the-ib/media-inquiries/for-publishers/guidance-for-
third-party-publishers-and-providers/how-to-apply-for-a-license.

Aucune partie de ce produit ne peut étre reproduite sous quelque forme ni
par quelque moyen que ce soit, électronique ou mécanique, y compris des
systémes de stockage et de récupération d’'informations, sans 'autorisation
écrite de I'lB.

De plus, la licence associée a ce produit interdit toute utilisation
commerciale de tout fichier ou extrait sélectionné dans ce produit.
L’utilisation par des tiers, y compris, sans toutefois s’y limiter, des éditeurs,
des professeurs particuliers, des services de tutorat ou d’aide aux études,
des établissements de préparation a I'enseignement supérieur, des
fournisseurs de services de planification des programmes d’études, des
gestionnaires de plateformes pédagogiques en ligne, et des développeurs
d’applications, n’est pas autorisée et est soumise au consentement écrit
préalable de I'IB par I'intermédiaire d’'une licence. Pour plus d’informations
sur la procédure a suivre pour demander une licence, rendez-vous a
'adresse http://www.ibo.org/fr/contact-the-ib/media-inquiries/for-publishers/
guidance-for-third-party-publishers-and-providers/how-to-apply-for-a-
license.

No se podra reproducir ninguna parte de este producto de ninguna forma ni
por ningun medio electrénico o mecanico, incluidos los sistemas de
almacenamiento y recuperacion de informacion, sin que medie la
autorizacion escrita del IB.

Ademas, la licencia vinculada a este producto prohibe el uso con fines
comerciales de todo archivo o fragmento seleccionado de este producto. El
uso por parte de terceros —lo que incluye, a titulo enunciativo, editoriales,
profesores particulares, servicios de apoyo académico o ayuda para el
estudio, colegios preparatorios, desarrolladores de aplicaciones y
entidades que presten servicios de planificacion curricular u ofrezcan
recursos para docentes mediante plataformas digitales— no esta permitido
y estara sujeto al otorgamiento previo de una licencia escrita por parte del
IB. En este enlace encontrara mas informacion sobre cémo solicitar una
licencia: http://www.ibo.org/es/contact-the-ib/media-inquiries/for-publishers/
guidance-for-third-party-publishers-and-providers/how-to-apply-for-a-
license.
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Instructions to Examiners

Abbreviations

M  Marks awarded for attempting to use a valid Method; working must be seen.

(M) Marks awarded for Method; may be implied by correct subsequent working.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

(A) Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.

R Marks awarded for clear Reasoning.

N Marks awarded for correct answers if no working shown.

AG Answer given in the question and so no marks are awarded.

Using the markscheme

1 General

Mark according to RM™ Assessor instructions. In particular, please note the following:

Marks must be recorded using the annotation stamps. Please check that you are entering
marks for the right question.

If a part is completely correct, (and gains all the “must be seen” marks), use the ticks with
numbers to stamp full marks.

If a part is completely wrong, stamp A0 by the final answer.

If a part gains anything else, it must be recorded using all the annotations.

All the marks will be added and recorded by RM™ Assessor.

2 Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked,

and marks awarded according to the markscheme.

It is not possible to award MO followed by A1, as A mark(s) depend on the preceding M mark(s),
if any.

Where M and A marks are noted on the same line, eg M1A1, this usually means M1 for an
attempt to use an appropriate method (eg substitution into a formula) and A7 for using the
correct values.

Where the markscheme specifies (M2), N3, etc., do not split the marks.
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¢ Once a correct answer to a question or part-question is seen, ignore further correct working.
However, if further working indicates a lack of mathematical understanding do not award the final
A1. An exception to this may be in numerical answers, where a correct exact value is followed by
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part,
and correct FT working shown, award FT marks as appropriate but do not award the final A7 in
that part.

Examples
Correct answer seen | Further working seen Action
1. 8\/5 5.65685... Award the final A1
(incorrect decimal value) (ignore the further working)

2. 1.

Zsm 4x sin x Do not award the final A1
3. loga—logh log(a—b) Do not award the final A1

N marks

Award N marks for correct answers where there is no working.

¢ Do not award a mixture of N and other marks.
e There may be fewer N marks available than the total of M, A and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.

Implied marks

Implied marks appear in brackets eg (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

o Normally the correct work is seen or implied in the next line.
¢ Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s). To award FT marks, there must be working present and
not just a final answer based on an incorrect answer to a previous part.

¢ If the question becomes much simpler because of an error then use discretion to award fewer
FT marks.

¢ If the error leads to an inappropriate value (eg sind=1.5), do not award the mark(s) for the final
answer(s).

¢ Within a question part, once an error is made, no further dependent A marks can be awarded,
but M marks may be awarded if appropriate.

e Exceptions to this rule will be explicitly noted on the markscheme.
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Misread

If a candidate incorrectly copies information from the question, this is a misread (MR).

A candidate should be penalized only once for a particular misread. Use the MR stamp to indicate
that this has been a misread. Then deduct the first of the marks to be awarded, even if this is an
M mark, but award all others so that the candidate only loses [1 mark].

¢ If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

¢ If the MR leads to an inappropriate value (eg sind =1.5), do not award the mark(s) for the
final answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does
not cover the work seen. In such cases the annotation DM should be used and a brief note written
next to the mark explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
question specifies a method, other correct methods should be marked in line with the markscheme.
If in doubt, contact your team leader for advice.

¢ Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, efc.

¢ Alternative solutions for part-questions are indicated by EITHER . . . OR.

e Where possible, alignment will also be used to assist examiners in identifying where these
alternatives start and finish.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, simplified answers, (which candidates often do not write in examinations),
will generally appear in brackets. Marks should be awarded for either the form preceding the

bracket or the form in brackets (if it is seen).

Example: for differentiating f (x)=2sin(5x—3), the markscheme gives
f'(x)=(2cos(5x-3))5 (=10cos(5x—-3)) A1

Award A1 for (2cos(5x—3))5, even if 10cos(5x—3) is not seen.
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Accuracy of Answers
Candidates should NO LONGER be penalized for an accuracy error (AP).

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to
the required accuracy. When this is not specified in the question, all numerical answers should be
given exactly or correct to three significant figures. Please check work carefully for FT.

Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way
crossed out their work, do not award any marks for that work.

Calculators

No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no
grade awarded. If you see work that suggests a candidate has used any calculator, please follow
the procedures for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner
should only mark the first response unless the candidate indicates otherwise.

Candidate work

Candidates are meant to write their answers to Section A on the question paper (QP), and
Section B on answer booklets. Sometimes, they need more room for Section A, and use the
booklet (and often comment to this effect on the QP), or write outside the box. This work should
be marked.

The instructions tell candidates not to write on Section B of the QP. Thus they may well have done
some rough work here which they assume will be ignored. If they have solutions on the answer
booklets, there is no need to look at the QP. However, if there are whole questions or whole part
solutions missing on answer booklets, please check to make sure that they are not on the QP,
and if they are, mark those whole questions or whole part solutions that have not been written on
answer booklets.



iy
Section A
(5 )Y 3 )
1. asb=| k | k+2
-1 k
=—6+k(k+2)-k
a*b=0
K +k-6=0

attempt at solving their quadratic equation
(k+3)(k-2)=0
k=-3,2

M19/5/MATHL/HP1/ENG/TZ1/XXIM

A1
(mM1)

(mM1)

A1

Note: Attempt at solving using |af|b| =|a x 5| will be MTAOAOAQ if neither answer found M1(A1)A1A0
for one correct answer and M1(A1)A1A1 for two correct answers.

2. attempt at binomial expansion

1+ [lllj(—Zx) +[121j(—2x)2 b
(1;) _ss

1—22x+220x>

| Note: A1 for first two terms, A7 for final term. |

Total [4 marks]

M1
(A1)

A1A1

Note: Award M1(A1)A0AO for (—2x)” -{ ;(1) }

(—2x)10 +L

(11

9

\
J

(—2x)9 +.s

3. A=P

use of the correct formula for area and arc length

perimeter is 70+ 2r

| Note: A1 independent of previous M1. |
%rz(l)zr(1)+2r

P —6r=0
r=6 (asr>0)

Note: Do not award final A7 if » =0 is included.

Total [4 marks]

(mM1)
(A1)

A1

A1

Total [4 marks]
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(a) EITHER
ﬂ:lx4x5sin9
2 2
OR

V15
height of triangle is

THEN

sinﬁzg

(b) let the third side be x
x=4"+5"-2x4x5xcosb
valid attempt to find cos @

. 15 ,
Note: Do not accept writing cos[arcsm (gj] as a valid method.

cosf ==+ 1—1—5
16

1

.1
4’ 4
f=l6+25—2x4x5xi%

x=+/31 or V51

A1

if using 4 as the base or \/E if using 5 as the base A1

AG
[1 mark]

M1
(m1)

A1A1

A1A1
[6 marks]

Total [7 marks]



let OX=x

METHOD 1

d_ 24 (or-24)
dt

do_dr do
dr dr dx
3tanf = x
EITHER

3sec’ ) = %
do

49 _ 24
dt  3sec’d

attempt to substitute for # = Ointo their differential equation

OR

0 = arctan

]

11

—X

d—0:24>< !

dt A
3[1+x]

9

attempt to substitute for x =0 into their differential equation

THEN

dg 24
d¢

2 —g(rad s’
3 ( )

Note: Accept —8rads™ .

1

M19/5/MATHL/HP1/ENG/TZA/XXIM

(A1)

(mM1)

A1

A1

m1

A1

m1

A1

continued...
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Question 5 continued

METHOD 2

& oy (or -24) (A1)
dr

3tanf = x A1
attempt to differentiate implicitly with respect to ¢ m1
3sec’ O x % = % A1

de dt

49 24

dt  3sec’d

attempt to substitute for & = 0 into their differential equation M1
d—HZE:S(rad s A1
dr 3

Note: Accept —8rads™.

\ Note: Can be done by consideration of CX, use of Pythagoras. \

METHOD 3
let the position of the car be at time ¢ be d — 24t from O (A1)
-24
tané?:d t[zg—St) M1
3 3

24t
Note: For tan@zT award AOM1 and follow through.

EITHER
attempt to differentiate implicitly with respect to ¢ m1
do
sec’ @— = -8 A1
dr
attempt to substitute for § = 0 into their differential equation M1
OR
(d )
0= arctank——8t} m1
3
do 8
—=——— A1
dr d
1+ ( — 8tj
3
d
atO, t=— A1
24

continued...
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Question 5 continued

THEN
a0 —_8 A1
dr
Total [6 marks]
6. (a) use of symmetry eg diagram (M1)
P(X > pu+5)=02 A1
[2 marks]
(b) EITHER
P(X < 45| X > y—5) DA >H=SOX <) (m1)
P(X > ,u—S)
P(u-5<X 5
_ (H=5<X <p+5) (A1)
P(X > U — 5)
=% A1A1
0.8
| Note: A7 for denominator is independent of the previous A marks. |
OR
use of diagram (M1)

Note: Only award (M1) if the region 1—5< X < u+35 is indicated and used. |

continued...
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Question 6 continued

P(X>pu-5)=08 P(u-5<X<pu+5)=06 (A1)

| Note: Probabilities can be shown on the diagram. |

_06
0.8 M1A1
THEN
_3 (0.75) A1
2 .
[5 marks]
Total [7 marks]
7. attempt at implicit differentiation M1
dy dy
3y = +3y* +6xy——-3x" =0 A1A1
y ar y Xy T
| Note: Award A1 for the second & third terms, A7 for the first term, fourth term & RHS equal to zero.
d
substitution of 2o m1
dx
3" =3x" =0
= y==x A1
substitute either variable into original equation M1
y:x3x3:9:>x:i/§(0ry3=9:>y=\3/§) A1
y=—x=x=27T=x=3 (or y'=-27=y=-3) A1
(¥9.49), 3,-3) A1
Total [9 marks]
8. (@ 3 A1
[1 mark]
(b) attempt to use definite integral of f'(x) (M1)
jO‘ f'(x)dx=0.5
SM)-f(0)=0.5 (A1)
f(1)=0.5+3
=3.5 A1
[3 marks]

continued...
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Question 8 continued

©) f f(x)dx=-2.5 (A1)

| Note: (A1) is for —2.5.

J@H-f)=-25

f(4)=3.5-25
=1 A1
[2 marks]
(d)
A

1 .39

34

24

A1A1A1
A1 for correct shape over approximately the correct domain

A1 for maximum and minimum (coordinates or horizontal lines from 3.5 and 1 are required),
A1 for y-intercept at 3

[3 marks]
Total [9 marks]
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Section B

. 2 . .
(@) (sinx+cosx) =sin’x+2sinxcosx+cos’ x M1A1

Note: Do not award the M1 for just sin*x + cos’x.

| Note: Do not award A1 if correct expression is followed by incorrect working. |
=1+sin2x AG
[2 marks]

(b)  sec2x+tan 2y =14 SN2 m1

cos2x cos2x

Note: M1 is for an attempt to change both terms into sine and cosine forms (with the same
argument) or both terms into functions of tan x.

_ 1+sin2x
cos2x
. 2
(sinx+cosx)

= A1A1
COS X—SIm x

| Note: Award A1 for numerator, A1 for denominator. |

(sinx+cos x)2 .

B (cosx—sinx)(cosx+sinx)

cosx+sinx
= = AG

cosx—sinx

| Note: Apply MS in reverse if candidates have worked from RHS to LHS. |

| Note: Alternative method using tan2x and sec2x in terms of tanx. |

[4 marks]

(c) METHOD 1

2( cosx+sinx
.[6 — |dx A1
0\ cosx—smx

| Note: Award A1 for correct expression with or without limits. |

EITHER

0

=[~In(cos x —sin x)]og or [In(cosx—sinx)]s (M1)A1A1
6

Note: Award M1 for integration by inspection or substitution, A7 for ln(cosx—sin x),

A1 for completely correct expression including limits.

T . T )
:—ln(cosg—smgj+1n(cos0—5m0) M1
| Note: Award M1 for substitution of limits into their integral and subtraction. |
_ _h{ﬁ_lJ (A1)
2 2

continued...
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Question 9 continued

OR

let u =cosx—sinx

du . )
a:—smx—cosx:—(smx+cosx)

ﬁj,l
e
1 u

M19/5/MATHL/HP1/ENG/TZA/XXIM

m1

A1A1

| Note: Award A1 for correct limits even if seen later, A7 for integral. |

REmY .
:[—lnu]l2 2 or [lnu]

RENY
2 2
=—ln(£—lj(+lnl)
2 2
THEN
—ln( 2 j
J3-1

A1

m1

M1

Note: Award M1 for both putting the expression over a common denominator and for correct use of

law of logarithms.

=ln(1+\/§)

METHOD 2

s
6

%ln (tan 2x +sec 2x) —%ln (cos 2x)

:lln<\/§+2)—%ln[% ) |
= —In(4+2V3)

(1+ﬁ)2)

= In(1++3)

— N

il \S

=—In

\S)

(M1)A1

[9 marks]

A1A1

A1A1(A1)

M1

M1A1

A1
[9 marks]

Total [15 marks]
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10. @) () p(2)=8-12+16-24

(mM1)

| Note: Award M1 for a valid attempt at remainder theorem or polynomial division. |

=-12
remainder =—12

(i) pB)=27-27+24-24=0
remainder =0

(b) x=3 (is a zero)

| Note: Can be seen anywhere. |

EITHER
factorise to get (x — 3)(x2 + 8)

x> +8#0 (for x € R) (or equivalent statement)

| Note: Award R1 if correct two complex roots are given. |

OR
p'(x)=3x"—6x+8
attempting to show p'(x) =0

eg discriminant = 36 — 96 < 0, completing the square
no turning points

THEN

only one real zero (as the curve is continuous)

(c) newgraphis y=p(2x)
stretch parallel to the x-axis (with x =0 invariant), scale factor 0.5

A1

A1

[3 marks]

A1

(M1)A1
R1

A1
M1

R1

AG
[4 marks]

(M1)
A1
[2 marks]

Note: Accept “horizontal” instead of “parallel to the x-axis”.

continued...
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Question 10 continued

61" B 314%™

—2iet +3e” M1A1
6 2

(d)

| Note: Allow factorials in the denominator for A1. |

21° =317 +44-6=0 A1

‘ Note: Accept any correct cubic equation without factorials and e *.

EITHER

4(22° 34 +44-6)=82"~124° +164-24=0 (M1)
24=3 (A1)
OR

(22-3)(2*+2)=0 (M1)(A1)
THEN

A=15 A1

[6 marks]

Total [15 marks]
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11. (@) (i) appreciation that two points distinct from P need to be chosen

from each line M1

‘C,x°C,

=18 A1
(i) EITHER

consider cases for triangles including P or triangles not including P M1

3x4+4x°C, +3x*C, (A1)(A1)

| Note: Award A1 for 1st term, A7 for 2 & 3 term. |

OR
consider total number of ways to select 3 points and subtract those
with 3 points on the same line M1
8 5 4
c,-°C,-‘C, (A1)(A1)
| Note: Award A1 for 15t term, A7 for 2 & 3¢ term. |
56-10-4
THEN
=42 A1
[6 marks]
(b) METHOD 1
substitution of (4, 6, 4) into both equations (M1)
A=3and u=1 A1A1
(4,6, 4) AG
METHOD 2
attempting to solve two of the three parametric equations M1
A=3or u=1 A1
check both of the above give (4, 6, 4) M1AG
Note: If they have shown the curve intersects for all three coordinates they only need
to check (4,6,4) with one of “A” or “ 11 ”.
[3 marks]
(c) A=2 A1
[1 mark]
-1 -5
(d PA=|-2|, PB=|-6 A1A1
-1 -2
| Note: Award A7AO if both are given as coordinates. |
[2 marks]

continued...
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Question 11 continued

() METHOD 1
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1l > -
area triangle ABP = B PB x PA M1
([ _ _1 A
_ % _ % 3 A1
4
2
EITHER
PC = 3PA, PD = 3PB (M1)
area triangle PCD = 9 x area triangle ABP (M1)A1
= —9@ A1
2
OR
D has coordinates (—-11, —12, —2) A1
—-15 -3
area triangle PCD = % PD x PC‘ :% -18 |x| =6 M1A1
—6 -3
| Note: A1 is for the correct vectors in the correct formula. |
_ 929 A1
2
THEN
area of CDBA = @—@
2 2
=429 A1

[8 marks]

continued...
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Question 11 continued

METHOD 2
D has coordinates (11, —12, —2) A1
area = % C_)B X C_;x +% B—>C X B—f) m1

| Note: Award M1 for use of correct formula on appropriate non-overlapping triangles. |

| Note: Different triangles or vectors could be used. |

e
CB{ 0 J, CA{ 4J A1
1 2
(4
C_)BxC_jAz 6 A1
E
2 -10
BC =| 0 |, BD=|-12 A1
-1 —4
(1)
B_>C><B_I))={ ISJ A1
—24
(14 ) [ 4) (12 )
Note: Other vectors which might be used are ]§A :[ 16 J, B_:A:{ 4 J, _)C:{ 12 J
5 1 3

| Note: Previous A1A1A1A1 are all dependent on the first M1. |

1
valid attempt to find a value of E‘a X b‘ m1

| Note: M1 independent of triangle chosen. |

area = %x2x@+%x6x@
=429 A1

1 1
Note: Accept 5 116 + 5\/1044 or equivalent.

[8 marks]
Total [20 marks]
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No part of this product may be reproduced in any form or by any electronic
or mechanical means, including information storage and retrieval systems,
without written permission from the IB.

Additionally, the license tied with this product prohibits commercial use of
any selected files or extracts from this product. Use by third parties,
including but not limited to publishers, private teachers, tutoring or study
services, preparatory schools, vendors operating curriculum mapping
services or teacher resource digital platforms and app developers, is not
permitted and is subject to the IB’s prior written consent via a license. More
information on how to request a license can be obtained from http://
www.ibo.org/contact-the-ib/media-inquiries/for-publishers/guidance-for-
third-party-publishers-and-providers/how-to-apply-for-a-license.

Aucune partie de ce produit ne peut étre reproduite sous quelque forme ni
par quelque moyen que ce soit, électronique ou mécanique, y compris des
systémes de stockage et de récupération d’'informations, sans 'autorisation
écrite de I'lB.

De plus, la licence associée a ce produit interdit toute utilisation
commerciale de tout fichier ou extrait sélectionné dans ce produit.
L’utilisation par des tiers, y compris, sans toutefois s’y limiter, des éditeurs,
des professeurs particuliers, des services de tutorat ou d’aide aux études,
des établissements de préparation a I'enseignement supérieur, des
fournisseurs de services de planification des programmes d’études, des
gestionnaires de plateformes pédagogiques en ligne, et des développeurs
d’applications, n’est pas autorisée et est soumise au consentement écrit
préalable de I'IB par I'intermédiaire d’'une licence. Pour plus d’informations
sur la procédure a suivre pour demander une licence, rendez-vous a
'adresse http://www.ibo.org/fr/contact-the-ib/media-inquiries/for-publishers/
guidance-for-third-party-publishers-and-providers/how-to-apply-for-a-
license.

No se podra reproducir ninguna parte de este producto de ninguna forma ni
por ningun medio electrénico o mecanico, incluidos los sistemas de
almacenamiento y recuperacion de informacion, sin que medie la
autorizacion escrita del IB.

Ademas, la licencia vinculada a este producto prohibe el uso con fines
comerciales de todo archivo o fragmento seleccionado de este producto. El
uso por parte de terceros —lo que incluye, a titulo enunciativo, editoriales,
profesores particulares, servicios de apoyo académico o ayuda para el
estudio, colegios preparatorios, desarrolladores de aplicaciones y
entidades que presten servicios de planificacion curricular u ofrezcan
recursos para docentes mediante plataformas digitales— no esta permitido
y estara sujeto al otorgamiento previo de una licencia escrita por parte del
IB. En este enlace encontrara mas informacion sobre cémo solicitar una
licencia: http://www.ibo.org/es/contact-the-ib/media-inquiries/for-publishers/
guidance-for-third-party-publishers-and-providers/how-to-apply-for-a-
license.
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Instructions to Examiners

Abbreviations

M  Marks awarded for attempting to use a valid Method; working must be seen.

(M) Marks awarded for Method; may be implied by correct subsequent working.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

(A) Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.

R Marks awarded for clear Reasoning.

N Marks awarded for correct answers if no working shown.

AG Answer given in the question and so no marks are awarded.

Using the markscheme

1 General

Mark according to RM™ Assessor instructions. In particular, please note the following:

Marks must be recorded using the annotation stamps. Please check that you are entering
marks for the right question.

If a part is completely correct, (and gains all the “must be seen” marks), use the ticks with
numbers to stamp full marks.

If a part is completely wrong, stamp A0 by the final answer.

If a part gains anything else, it must be recorded using all the annotations.

All the marks will be added and recorded by RM™ Assessor.

2 Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked,

and marks awarded according to the markscheme.

It is not possible to award MO followed by A1, as A mark(s) depend on the preceding M mark(s),
if any.

Where M and A marks are noted on the same line, eg M1A1, this usually means M1 for an
attempt to use an appropriate method (eg substitution into a formula) and A7 for using the
correct values.

Where the markscheme specifies (M2), N3, etc., do not split the marks.
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¢ Once a correct answer to a question or part-question is seen, ignore further correct working.
However, if further working indicates a lack of mathematical understanding do not award the final
A1. An exception to this may be in numerical answers, where a correct exact value is followed by
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part,
and correct FT working shown, award FT marks as appropriate but do not award the final A7 in
that part.

Examples
Correct answer seen | Further working seen Action
1. 82 5.65685... Award the final A1
(incorrect decimal value) (ignore the further working)

2, I . .

Zsm 4x sinx Do not award the final A1
3. loga—logh log(a—b) Do not award the final A1

N marks

Award N marks for correct answers where there is no working.

¢ Do not award a mixture of N and other marks.
¢ There may be fewer N marks available than the total of M, A and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.

Implied marks

Implied marks appear in brackets eg (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

¢ Normally the correct work is seen or implied in the next line.
¢ Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s). To award FT marks, there must be working present and
not just a final answer based on an incorrect answer to a previous part.

¢ If the question becomes much simpler because of an error then use discretion to award fewer
FT marks.

e |If the error leads to an inappropriate value (eg sinf=1.5), do not award the mark(s) for the final
answer(s).

¢ Within a question part, once an error is made, no further dependent A marks can be awarded,
but M marks may be awarded if appropriate.

o Exceptions to this rule will be explicitly noted on the markscheme.
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Misread

If a candidate incorrectly copies information from the question, this is a misread (MR).

A candidate should be penalized only once for a particular misread. Use the MR stamp to indicate
that this has been a misread. Then deduct the first of the marks to be awarded, even if this is an
M mark, but award all others so that the candidate only loses [1 mark].

¢ If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

¢ If the MR leads to an inappropriate value (eg sind =1.5), do not award the mark(s) for the
final answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does
not cover the work seen. In such cases the annotation DM should be used and a brief note written
next to the mark explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
question specifies a method, other correct methods should be marked in line with the markscheme.
If in doubt, contact your team leader for advice.

¢ Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, efc.

¢ Alternative solutions for part-questions are indicated by EITHER . . . OR.

e Where possible, alignment will also be used to assist examiners in identifying where these
alternatives start and finish.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, simplified answers, (which candidates often do not write in examinations),
will generally appear in brackets. Marks should be awarded for either the form preceding the

bracket or the form in brackets (if it is seen).

Example: for differentiating f'(x)=2sin(5x-3), the markscheme gives
f’(x):(Zcos(Sx—3))5 (=IOcos(5x—3)) A1

Award A1 for (2cos(5x—3))5, even if 10cos(5x - 3) is not seen.



10

11

12

13

14.
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Accuracy of Answers
Candidates should NO LONGER be penalized for an accuracy error (AP).

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to
the required accuracy. When this is not specified in the question, all numerical answers should be
given exactly or correct to three significant figures. Please check work carefully for FT.

Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way
crossed out their work, do not award any marks for that work.

Calculators

No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no
grade awarded. If you see work that suggests a candidate has used any calculator, please follow
the procedures for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner
should only mark the first response unless the candidate indicates otherwise.

Candidate work

Candidates are meant to write their answers to Section A on the question paper (QP), and
Section B on answer booklets. Sometimes, they need more room for Section A, and use the
booklet (and often comment to this effect on the QP), or write outside the box. This work should
be marked.

The instructions tell candidates not to write on Section B of the QP. Thus they may well have done
some rough work here which they assume will be ignored. If they have solutions on the answer
booklets, there is no need to look at the QP. However, if there are whole questions or whole part
solutions missing on answer booklets, please check to make sure that they are not on the QP,
and if they are, mark those whole questions or whole part solutions that have not been written on
answer booklets.



1.

7=

Section A

attempting to form two equations involving u, and d
(u,+2d)+(u, +7d) =1 and %[2% +6d]=35

2u, +9d =1
14u, +42d =70 (2u, +6d =10)

| Note: Award A1 for any two correct equations |

attempting to solve their equations:

u =14, d=-3
0
@ () AB=|2
-2
3
(i) AC=| 1
-2

| Note: Accept row vectors or equivalent. |

(b) METHOD 1
attempt at vector product using AB and AC.

+(2i +6j+6k)

attempt to use area = % AB x AC

M19/5/MATHL/HP1/ENG/TZ2/XXIM

M1

A1

M1
A1

[4 marks]

A1

A1

[2 marks]

(m1)
A1

M1

A1
[4 marks]

continued...
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Question 2 continued

METHOD 2

N

attempt to use AB-AC =

N

AB

N

AC|cos¥ M1

0Y(3
2 [ 1240 42 4 (<2) {3 + 12 +(<2)" cosO
2|2

6 =/8~/14 cos 6 A1

6 6
NEN VRN

cosf =

attempt to use area:% /(B A_>C sin & M1
1 36 1 76
= —8VI4 [1- 22| =~ 314, |
7 112( 5L 112]
_76 (=V55) A1
2
[4 marks]
Total [6 marks]
3. g(x)zf(x+2)(=(x+2)4—6(x+2)2—2(x+2)+4) M1
attempt to expand (x+2)4 m1
(x+2)" =x* +4(2x°)+6(2°x)+4(2°x)+2" (A1)
=x" +8x’ +24x* +32x+16 A1

g(x) = x* +8x* +24x* +32x +16—6(x” +4x+4)—2x—4+4

=x*+8x’ +18x* +6x—-8 A1

Note: For correct expansion of f(x—2)=x"—8x" +18x’ —10x award max MOM1(A1)A0A1.

[5 marks]
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u =sin x = du = cos xdx (A1)
valid attempt to write integral in terms of u and du M1

cos’ x dx (1—”2) du
'[ +/sin x _'[ Ju Al

zj(u_;—uijdu

5
1 5
- 2 2
= 2u? - ”5‘ (+¢) (A1)
5
2(+/sinx
=2+/sinx —%Hc) or equivalent A1
[5 marks]
(a)
y
N
A | : |
N h
)
]
I
i
7
]
]
) ;
“ i
|
31 '
: a
i
51 .
correct shape: two branches in correct quadrants with asymptotic behaviour A1
4
crosses at (4, 0) and (O, gj A1A1
5 1
asymptotes at x = 5 and y= D) A1A1
[5 marks]

continued...
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Question 5 continued

(b) () x<§,x24

(i) £()20,f(x)% % (f(x)R)

A1A1

A1

| Note: Follow through from their graph, as long as it is a rectangular hyperbola. |

| Note: Allow range expressed in terms of y .

6. (a) attempt to differentiate implicitly

Q=xsec2(ﬂj|:£xy+£y}rtan(ﬂj
dx 4 )4 dx 4 4

| Note: Award A1 for each term. |

d
attempt to substitute x =1, y =1 into their equation for ay

& _ndy m
d« 2dx 2

d_y(l_Ej:£+l
dx 2) 2

d_y_2+7r
dx 2-=m

+1

(b) attempt to use gradient of normal =

dy
dx
o m=2
Cm+2
so equation of normal is y—lzn_z(x—l) or y=n_2x 4
T+2 n+2 w42

[3 marks]

Total [8 marks]

M1

A1A1

m1

A1

AG
[5 marks]

(mM1)

A1
[2 marks]

Total [7 marks]
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7. use of at least one “log rule” applied correctly for the first equation M1
log, 6x =log, 2+2log, ¥

=log, 2 +log, y

= log, (2°)

= b6x= 2y2 A1
use of at least one “log rule” applied correctly for the second equation M1
log, (15y—25) =1+log, x

=log, 6 +log, x

=log, 6x

=15y-25=6x A1
attempt to eliminate x (or y) from their two equations M1
2y’ =15y-25

2y* —15y+25=0

(2y—5)(y—5) =0

25 5
X=—,y=—, A1
12' 772
2
or x= 25 , y=>5 A1
3
‘ Note: x, y values do not have to be “paired” to gain either of the final two A marks. ‘
[7 marks]
8. (a) attemptto use Pythagoras in triangle OXB M1
:>r2=R2—(h—R)2 A1
2
substitution of their #* into formula for volume of cone V = gr i M1
:’I—h(k2 —(h—R)z)
3
_ mh( 2 2
—?(R ~ (A" + R* - 24R)) A1
Note: This A mark is independent and may be seen anywhere for the correct
expansion of (h—R)2 .
_mh )
= ?(2/113 -1’)
=~ (2Rn* - 1) AG
3
[4 marks]

continued...
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Question 8 continued

(b) at max, d—V =0
dh

a_ ~(4rn-30%)
dn 3
= 4Rh =3I’

:hz%(sincehiO)

EITHER

(2Rh2 /N )from part (a)

%[ j )]
%( )

THEN

B 32nR’
81

M19/5/MATHL/HP1/ENG/TZ2/XXIM

R1

A1

A1

A1

A1

A1

AG
[4 marks]

Total [8 marks]
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Section B

(@) 3cos2x=4-11lcosx

attempt to form a quadratic in cos x

3(2coszx—1):4—llcosx

(6coszx+11cosx—7:0)

valid attempt to solve their quadratic
(Bcosx+7)(2cosx—1)=0

1
COSX =—
2

5t
3

| Note: Ignore any “extra” solutions. |

T
xX=—,
3

(b) consider (+) | (4—11cosx—3cos2x)dx

wla—u| Y

Sn

=(i)[4x—llsinx—%sin2x} ’

| Note: Ignore lack of or incorrect limits at this stage. |

attempt to substitute their limits into their integral

207 .5t 3. 10m (4= . 3. 2n
=——1lsin——-—sin——| ——-11sin———sin—
3 3 2 3 3 2 3

:16n+11\/§+3\/§+11\/§+3\/§
3 2 4 2 4
_lon 25V3
3 2

(c) attempt to differentiate both functions and equate
—6sin2x =11sinx
attempt to solve for x
I1sinx+12sinxcosx =0
sinx(11+12cosx) =0

cosx = —% (or sinx = O)

:>y=4—11(—%j

169 1
= =14—
4 12( 12}

M19/5/MATHL/HP1/ENG/TZ2/XXIM

M1

A1

M1

A1

A1A1

[6 marks]

m1

A1

M1

A1A1
[5 marks]

m1
A1
M1

A1

M1

A1

[6 marks]
Total [17 marks]
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10. (@) modeis 0

(b) (i) attempt atintegration by parts

Ez: ! ,dv=dx
dx 1-—x2

xdx
V1I=x*
= xarcsinx+v1-x* (+c)

= xarcsinx—J-

(ii)

© —

T T
a-Z_0|-(0-0-1)="+1
(n é ] (0-0-1)=2+
_n+2
2

1
Ik(n—arcsinx) dx=1

0

M19/5/MATHL/HP1/ENG/TZ2/XXIM

A1
[1 mark]

(mM1)

A1

A1

1

(n—arcsinx)dx:[ﬂ;x—xarcsinx—\/l—xz} A1

0

A1

(mM1)

| Note: This line can be seen (or implied) anywhere. |

| Note: Do not allow FT A marks from bi to bii.

k(n+2)=l

2

=k= A
247

() ()

dy

attempt to use product rule to differentiate

AG
[6 marks]

M1

1_ 2
i A2

— = xarcsin x +
dx

X 1 N
Wi-x* dfl-x* 4J1-x 4

| Note: Award A2 for all terms correct, A1 for 4 correct terms. |

2
1-x A1

= xarcsin x +

2x* 1 x
a1-x W1-x 41-¥

+
41—

common denominator.

Note: Award A7 for equivalent combination of correct terms over a

= xarcsin x

AG

continued...
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Question 10 continued

(ii) E(X):kJ.x(n—arcsinx) dx M1

0
1
= kj(nx—xarcsinx) dx
0
2

2 1
=k i ——arcsinx+larcsinx—z 1-x* A1A1
2 2 4 4 0

| Note: Award A1 for first term, A7 for next 3 terms. |

A-3+3)o) y

[ 2 )P" A1
2+m) 8
__om AG
4(7t+2)

[9 marks]
Total [16 marks]

11. (a) translation £ units to the left (or equivalent) A1
[1 mark]

(b) rangeis (g(x)e)R A1
[1 mark]

continued...
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Question 11 continued

(c)

A

|

|

|

|

| L

I

_llk 5NY

r 32X

|

|

|

|

|

|

I
correct shape of); = f(x) A1
their f(x) translated & units to left (possibly shown by x =—k marked
on x-axis) A1
asymptote included and marked as x =—k A1
f(x) intersects x-axis at x=—1, x =1 A1
g(x) intersects x-axisat x=—-k -1, x=—k +1 A1
g(x) intersects y-axis at y =Ink A1

| Note: Do not penalise candidates if their graphs “cross” as x — t. |

| Note: Do not award FT marks from the candidate’s part (a) to part (c). |

[6 marks]
(d) atP In(x+k)=In(—x)
attempt to solve x +k =—x (or equivalent) (M1)
k k k
xX=—— =>y=In|—| (or y=In|— A1
y = ( 2) (or y 2‘)
P(—ﬁ,lnﬁj (or P —E,lnﬁ )
2 2 2 2
[2 marks]

continued...
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Question 11 continued

(e) attempt to differentiate In(—x) or 1n|x| (M1)
& _1 A1
dx x
at P, d_y = _—2 A1

dx &
. . y_dy
recognition that tangent passes through origin = == o (M1)
ln(l;j )
—_E = - A1
2
k
In|=|=1 A1
4] (A1)
=k=2¢ A1
[7 marks]

Note: For candidates who explicitly differentiate In(x) (rather than In(—x)
or In|x|, award MOAOATM1A1A1AT1.

Total [17 marks]
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Instructions to Examiners

Abbreviations

M

Marks awarded for attempting to use a valid Method; working must be seen.

(M) Marks awarded for Method; may be implied by correct subsequent working.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

(A)
R

N

AG

Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.

Marks awarded for clear Reasoning.

Marks awarded for correct answers if no working shown.

Answer given in the question and so no marks are awarded.

Using the markscheme

1

General

Mark according to RM™ Assessor instructions and the document “Mathematics HL: Guidance
for e-marking November 2018”. It is essential that you read this document before you start
marking. In particular, please note the following:

Marks must be recorded using the annotation stamps. Please check that you are entering
marks for the right question.

If a part is completely correct, (and gains all the “must be seen” marks), use the ticks with
numbers to stamp full marks.

If a part is completely wrong, stamp A0 by the final answer.

If a part gains anything else, it must be recorded using all the annotations.

All the marks will be added and recorded by RM™ Assessor.

Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked,

and marks awarded according to the markscheme.

It is not possible to award MO followed by A1, as A mark(s) depend on the preceding M mark(s),
if any.

Where M and A marks are noted on the same line, eg M1A1, this usually means M1 for an
attempt to use an appropriate method (eg substitution into a formula) and A7 for using the
correct values.

Where the markscheme specifies (M2), N3, efc., do not split the marks.
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¢ Once a correct answer to a question or part-question is seen, ignore further correct working.
However, if further working indicates a lack of mathematical understanding do not award the final
A1. An exception to this may be in numerical answers, where a correct exact value is followed by
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part,
and correct FT working shown, award FT marks as appropriate but do not award the final A7 in
that part.

Examples
Correct answer seen | Further working seen Action
1. 87 5.65685... Award the final A1
(incorrect decimal value) (ignore the further working)

2, 1. . ,

Zsm 4x sinx Do not award the final A1
3. loga—1logh log(a—b) Do not award the final A7

N marks

Award N marks for correct answers where there is no working.

¢ Do not award a mixture of N and other marks.
e There may be fewer N marks available than the total of M, A and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.

Implied marks

Implied marks appear in brackets eg (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

¢ Normally the correct work is seen or implied in the next line.
e Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s). To award FT marks, there must be working present and
not just a final answer based on an incorrect answer to a previous part.

¢ If the question becomes much simpler because of an error then use discretion to award fewer
FT marks.

o If the error leads to an inappropriate value (eg sind=1.5), do not award the mark(s) for the final
answer(s).

¢ Within a question part, once an error is made, no further dependent A marks can be awarded,
but M marks may be awarded if appropriate.

o Exceptions to this rule will be explicitly noted on the markscheme.
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Misread

If a candidate incorrectly copies information from the question, this is a misread (MR).

A candidate should be penalized only once for a particular misread. Use the MR stamp to indicate
that this has been a misread. Then deduct the first of the marks to be awarded, even if this is an
M mark, but award all others so that the candidate only loses [1 mark].

¢ If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

¢ If the MR leads to an inappropriate value (eg sind =1.5), do not award the mark(s) for the
final answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does
not cover the work seen. In such cases the annotation DM should be used and a brief note written
next to the mark explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
question specifies a method, other correct methods should be marked in line with the markscheme.
If in doubt, contact your team leader for advice.

¢ Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, efc.

¢ Alternative solutions for part-questions are indicated by EITHER . . . OR.

¢ Where possible, alignment will also be used to assist examiners in identifying where these
alternatives start and finish.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, simplified answers, (which candidates often do not write in examinations),
will generally appear in brackets. Marks should be awarded for either the form preceding the

bracket or the form in brackets (if it is seen).

Example: for differentiating 1 (x) =2sin(5x —3), the markscheme gives
f'(x)=(2c0s(5x—3))5 (=10cos(5x-3)) A1

Award A1 for (2008(5x—3))5, even if 10cos(5x—3) is not seen.
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Accuracy of Answers
Candidates should NO LONGER be penalized for an accuracy error (AP).

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to
the required accuracy. When this is not specified in the question, all numerical answers should be
given exactly or correct to three significant figures. Please check work carefully for FT.

Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way
crossed out their work, do not award any marks for that work.

Calculators

No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no
grade awarded. If you see work that suggests a candidate has used any calculator, please follow
the procedures for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner
should only mark the first response unless the candidate indicates otherwise.

Candidate work

Candidates are meant to write their answers to Section A on the question paper (QP), and
Section B on answer booklets. Sometimes, they need more room for Section A, and use the
booklet (and often comment to this effect on the QP), or write outside the box. This work should
be marked.

The instructions tell candidates not to write on Section B of the QP. Thus they may well have done
some rough work here which they assume will be ignored. If they have solutions on the answer
booklets, there is no need to look at the QP. However, if there are whole questions or whole part
solutions missing on answer booklets, please check to make sure that they are not on the QP,

and if they are, mark those whole questions or whole part solutions that have not been written on
answer booklets.
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Section A

(a)

(mM1)

| Note: Award M1 for a Venn diagram with at least one probability in the correct region. |

EITHER

P(ANn B)=03 (A1)

P(AuUB)=03+04+01=0.8 A1

OR

P(B)=10.5 (A1)

P(AuUB)=05+04-0.1=0.8 A1

[3 marks]

(b) METHOD 1

P(A)P(B)=0.4x0.5 M1

=0.2 A1

statement that their P(4)P(B) # P(4 N B) R1
| Note: Award R1 for correct reasoning from their value. |

= A, B notindependent AG

METHOD 2

P(A|B) = PA4nB) 01 M1

P(B) 0.5

=0.2 A1

statement that their P(A|B) # P(4) R1
| Note: Award R1 for correct reasoning from their value. |

= A, B notindependent AG
| Note: Accept equivalent argument using P(B|A4)=0.25. ‘

[3 marks]

Total [6 marks]



(a)

(b)
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METHOD 1

4

8! _8><7><6><5

— = =7x2x5
414! 4x3x2x1

=70

METHOD 2

recognition that they need to count the teams with 0 boys, 1 boy... 4 boys
4 4 4 4 4 4

1+ X + X + X +1
1 3 2 2 1 3

=1+ (4 x4+ (6x6)+ (4x4)+1

=70

EITHER

recognition that the answer is the total number of teams minus the number
of teams with all girls or all boys

70 -2

OR

recognition that the answer is the total of the number of teams with 1 boy,
2 boys, 3 boys

(RO oo

THEN
=68

(A1)

(M1)

A1

M1

(A1)

A1
[3 marks]

(mM1)

(mM1)

A1
[2 marks]

Total [5 marks]



(@)

(b)

T T

2 2

concave down and symmetrical over correct domain

N18/5/MATHL/HP1/ENG/TZ0/XX/M

A1

indication of maximum and minimum values of the function (correct range) A71A1

a=0

[3 marks]

A1

| Note: Award A7 for a =0 only if consistent with their graph.

(c)

(a)

() 1<x<5

| Note: Allow FT from their graph. |

(i) y=4cosx+1

x=4cosy+1
x—_l—cos
4 y

= = arccos X_—l
7 4
x —

= g~ '(x) =arccos (TIJ

an attempt at a valid method eg by inspection or
row reduction

2xXR =R = 2a=-1

1
>a=—-—
2

[1 mark]

A1

(mM1)

A1
[3 marks]

Total [7 marks]

(mM1)

A1
[2 marks]

continued...
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Question 4 continued

(b) using elimination or row reduction to eliminate one variable (M1)
correct pair of equations in 2 variables, such as
S5x+10y =25
A1
Sx+12y=4
| Note: Award A1 for z = 0 and one other equation in two variables. |
attempting to solve for these two variables (M1)
x=26,y=-10.5,z=0 A1A1

| Note: Award A1A0 for only two correct values, and AOAO for only one. |

| Note: Award marks in part (b) for equivalent steps seen in part (a). |

[5 marks]

Total [7 marks]
5. (@ ab=(0x0)+(Ax—1t)+ (tx41) (M1)
=—t+4¢ A1

[2 marks]
(b)  recognition that a<b = |al|b|cos & (M1)
ash <0 or —t +4t°< 0 or cosf<0 R1

| Note: Allow < for R1. |
attempt to solve using sketch or sign diagram (M1)
0<t< 1 A1
4
[4 marks]

Total [6 marks]
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6. considern =1.1(1!)=1 and 2! —1=1 therefore true for n =1 R1

Note: There must be evidence that n = 1 has been substituted into both expressions, or an expression
such LHS=RHS=1 is used. “therefore true for n = 1” or an equivalent statement must be seen.

k
assume true for n = k, (so that Zr(r!) =(k+1!-1) M1

r=1

| Note: Assumption of truth must be present. |

consider n=k+1

kiir(r!) :Zk:r(r!) + (k + D(k +1)! (M1)
S ) =1+ (k4 1)k + 1)! A1
—(k+ )k + D)1 "1

Note: M1 is for factorising (k + 1)! ‘

=(k+2)-1

=((k+D+1)1-1

so if true for n = k , then also true for n = k£ + 1, and as true for n =1 then true for

all n (eZ") R1

Note: Only award final R1 if all three method marks have been awarded.
Award RO if the proof is developed from both LHS and RHS.

Total [6 marks]
d
7. @ C:iy+x2=0 (M1)
dx
| Note: M1 is for use of both product rule and implicit differentiation.
d
~9__7Y A1
dx X
4
Note: Accept — —.
X
dy
C,: 2ya—2x=0 (M1)
Y _x A1
dc
Note: Accept * .
2+x°
[4 marks]

continued...
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Question 7 continued

(b) substituting a and b for x and y 1
b
product of gradients at P is (——](%) = —1 or equivalent reasoning R1
a
| Note: The R1 is dependent on the previous M1. |
so tangents are perpendicular AG
[2 marks]
Total [6 marks]
8. —iV3 isaroot (A1)
1
3+log23—log26(:3+log25=3—1:2j is a root (A1)
sum of roots: —a =3 +log,3 = a=-3-log,3 M1

| Note: Award M1 for use of —a is equal to the sum of the roots, do not award if minus is missing. |

‘ Note: If expanding the factored form of the equation, award M1 for equating « to the coefficient of z°. ‘

product of roots: (—1)*d = 2(log, 6)(i\/§)(—i«/§) M1
=6log, 6 A1

Note: Award M1A0 for d =—6log, 6.

6a +d +12 =—18—6log, 3+ 6log, 6+12

EITHER

| Note: M1 is for a correct use of one of the log laws. |

OR
=—6—6log,3+6log,3+6log,2=0 M1A1AG

| Note: M1 is for a correct use of one of the log laws. |

[7 marks]
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Section B

(a) METHOD 1

0 2b
n=|1|x| 0
2 b-1
b-1
=| 4b
—2b

(0,0,0)on /7 so (b—1)x +4by —2bz =0

METHOD 2

using equation of the form px + gy +rz =0

0,1,2) on [T =q+2r=0
(2b,0,b—1) on 17 =2bp+r(b—1)=0

| Note: Award (M1)A1 for both equations seen. |

solve for p, g, and r
(b—1Dx + 4by — 2bz =0

(b) M has coordinates [b, 0, %)

b b-1

r=| 0 |+ 4| 4b
b-1 -2b
2

| Note: Award M1A0 if r = (or equivalent) is not seen. |

N18/5/MATHL/HP1/ENG/TZ0/XX/M

(mM1)

(M1)A1

(M1)A1

(mM1)

(M1)A1

(M1)
A1
[5 marks]

(A1)

M1A1

x=b 'y 2z-b+l

Note: Allow equivalent forms such as ——=—
b—1 4b

—4b

[3 marks]

continued...
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Question 9 continued

(c)

METHOD 1

x=z=0

| Note: Award M1 for either x = 0 or z =0 or both.

b+/1(b—1):Oand%—2/1b:0

attempt to eliminate A4

_ b _b-1
b—1  4b
~4p* =(p-1)

EITHER
consideration of the signs of LHS and RHS

N18/5/MATHL/HP1/ENG/TZ0/XX/M

(mM1)

A1
M1
(A1)

A1

(mM1)

the LHS is negative and the RHS must be positive (or equivalent statement) R17

OR
4B =b2-2b +1
=5 -2b+1=0
A=(-2) ~4x5x1=-16(<0)

*. no real solutions

THEN

so no point of intersection

METHOD 2

x=z=0

| Note: Award M1 for either x = 0 or z = 0 or both.

b+/1(b—1)=0and%—2/1b=0

attempt to eliminate b
A 1

- — =
I1+4 1-44
( 1)
4 =1 =——
L 1)
consideration of the signs of LHS and RHS

there are no real solutions (or equivalent statement)
s0 no point of intersection

m1
R1

AG

(mM1)

A1
M1
(A1)

A1

(M1)

R1

AG
[7 marks]

Total [15 marks]
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(a)
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METHOD 1

attempt at integration by parts with u =e*, % =cos2x M1
. e . e’ .

je cos2xdx = ?sm2xdx — J.?sm2xdx A1

= e—sin2x - l —e—COSZX + J-e—COSZ)C M1A1
2 20 2 2

X X

= e:—sin2x + e—cos2x - lJ-ex cos2xdx
2 4 4

.'.éjex cos2xdx :e—sian +icos2x M1
4 2 4
. 2¢" . e’
je cos2xdx = sin2x + ?cos 2x(+c) AG
METHOD 2
attempt at integration by parts with u =cos2x, % =¢" M1
je" cos2xdx =e*cos2x+ 2J.e'” sin2xdx A1
=e"cos2x + Z(ex sin2x — ZJ‘e)r cos2xdx) M1A1
=e" cos2x + 2¢e*sin2x — 4J‘ e’ cos2xdx
SIe)‘ cos2xdx =e*cos2x + 2e*sin2x M1
2 X . X
Iex cos 2xdx = =5 sin 2x + e?cos 2x(+c) AG
METHOD 3
attempt at use of table M1
eg
CcoS2x e”
—2sin2x e”
—4cos2x e” A1A1
| Note: A7 for first 2 lines correct, A1 for third line correct. |
Iexcos2xdx: exc052x+Ze"sian—4J.exc052xdx M1
S'f e" cos2xdx ==¢€"cos2x + 2e*sin2x M1

X X

sin2x + % cos 2x(+c) AG

je" cos2xdx = 2e

[5 marks]

continued...
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Question 10 continued

b * cosxdx = [ - (cos 2x + 1) dx
(b) Iecosx J‘Z(cosx )

M1A1
= If2¢ sin2x + e—cos2x + <
20 5 5

A1
eJC X

X

€ gin2x + Zcos2x + — (+¢)
5 10

AG
| Note: Do not accept solutions where the RHS is differentiated. |
[3 marks]
() f'(x)=¢e"cos’x — 2e"sinxcosx M1A1
| Note: Award M1 for an attempt at both the product rule and the chain rule. |
e’ cosx(cosx—2sinx)=0 (M1)
Note: Award M1 for an attempt to factorise cosx or divide by cosx(cosx * 0).
discount cosx =0 (as this would also be a zero of the function)
= cosx — 2sinx =0
1
= tanx = — (mM1)
1 1
= x =arctan 5 (at A) and x == + arctan > (at C) A1A1
| Note: Award A1 for each correct answer. If extra values are seen award A7A0. |
[6 marks]
T 3n
(d) cosx=0:>x=—0r7 A1
| Note: The A1 may be awarded for work seen in part (c).
3n
3n ex ex ex P
J.,f (e" cos’ x)dx = | —sin2x + cos2x + — m1
5 5 1 2 L3
2
ELSN L Eld n
2 2 2 2 2 2 2 2
S ) ° = M1(A1)A1
10 2 10 2 5 5
Note: Award M1 for substitution of the end points and subtracting, (A1) for sin3t=sint=0 and

cos3n=cosm =—1 and A7 for a completely correct answer.

[5 marks]

Total [19 marks]
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11. (@) (r(cos@ +isin 6?))24 =1(cos0 + isin 0)
use of De Moivre’s theorem
el r=1

240 = 21n = 6 = %,(neZ)

0<argz<§:>n:l,2,3,4,5

st 2mi 3mi 4mi Smi

z=e€eZore!? ore? ore? orel?

(mM1)
(A1)

(A1)

A2

no incorrect (or additional) roots.

Note: Award A1 if additional roots are given or if three correct roots are given with

2 4
(b) (i) ReS§ = cosl + cos—n + cos3—7t + cos—7t + coss—n
12 12 12 12 12
. T . 2m . 3n . 4n Y
ImS = sin— + sin— + sin— + sin— + sin—
12 12 12 12 12

| Note: Award A1 for both parts correct. |

. Sm T . 4n 2n . 3m 3n
but sin— = cos—, sin— = cos—, sin— = cos—,
12 12 12 12 12 12
. 21 4n . T Sn
sin— = cos— and sin— = cos—
12 12 12 12
= ReS =ImS
| Note: Accept a geometrical method. |
(i) cos1 = cos(E 2, s cosEcosE + sinEsinE
12 4 6 4 6 4 6
_V233 W21
2 2 2 2
_J6+42
4

[5 marks]

A1

M1A1
AG

M1A1

A1

continued...
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Question 11 continued

Sn T T T T .M. T
(i) cos— =cos| — + — | =cos—cos— — sin—sin—
12 6 4 6 4 6 4

N18/5/MATHL/HP1/ENG/TZ0/XX/M

5 . .
Note: Allow alternative methods eg cos% = s1n% =sin

(n

4

3k

_3N2 12 V62
2 2 2 2 4
T 2n 3n 4r Sm
ReS = cos— + cos— + cos— + cos— + cosS—
12 12 12 12 12

2446 3 V2 1 Ne-V2
4

2 2 2 4

ReS

:%(\/6+1+\/§+\/§)
:%(1+\/§)(1+\/§)

S= Re(S)(1+i) since ReS =Im S,

S = %(1 +2)(1+3)a+ )

(mM1)

(A7)

A1

A1

R1

AG
[11 marks]

Total [16 marks]
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Instructions to Examiners

Abbreviations

M  Marks awarded for attempting to use a valid Method; working must be seen.

(M) Marks awarded for Method; may be implied by correct subsequent working.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

(A)
R

N

AG

Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.

Marks awarded for clear Reasoning.

Marks awarded for correct answers if no working shown.

Answer given in the question and so no marks are awarded.

Using the markscheme

1

General

Mark according to RM™ Assessor instructions and the document “Mathematics HL: Guidance
for e-marking May 2018”. It is essential that you read this document before you start marking.
In particular, please note the following:

Marks must be recorded using the annotation stamps. Please check that you are entering
marks for the right question.

If a part is completely correct, (and gains all the “must be seen” marks), use the ticks with
numbers to stamp full marks.

If a part is completely wrong, stamp A0 by the final answer.

If a part gains anything else, it must be recorded using all the annotations.

All the marks will be added and recorded by RM™ Assessor.

Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked,

and marks awarded according to the markscheme.

It is not possible to award MO followed by A1, as A mark(s) depend on the preceding M mark(s),
if any.

Where M and A marks are noted on the same line, eg M1A1, this usually means M1 for an
attempt to use an appropriate method (eg substitution into a formula) and A7 for using the
correct values.

Where the markscheme specifies (M2), N3, etc., do not split the marks.



-4 - M18/5/MATHL/HP1/ENG/TZ1/XX/IM

¢ Once a correct answer to a question or part-question is seen, ignore further correct working.
However, if further working indicates a lack of mathematical understanding do not award the final
A1. An exception to this may be in numerical answers, where a correct exact value is followed by
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part,
and correct FT working shown, award FT marks as appropriate but do not award the final A1 in
that part.

Examples
Correct answer seen | Further working seen Action
1. 82 5.65685... Award the final A1
(incorrect decimal value) (ignore the further working)

2, 1 . . ,

Zsm 4x sin x Do not award the final A1
3. loga—1logh log (a —b) Do not award the final A1

N marks

Award N marks for correct answers where there is no working.

¢ Do not award a mixture of N and other marks.
e There may be fewer N marks available than the total of M, A and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.

Implied marks

Implied marks appear in brackets eg (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

o Normally the correct work is seen or implied in the next line.
e Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s). To award FT marks, there must be working present and
not just a final answer based on an incorrect answer to a previous part.

¢ If the question becomes much simpler because of an error then use discretion to award fewer
FT marks.

¢ If the error leads to an inappropriate value (eg sind=1.5), do not award the mark(s) for the final
answer(s).

¢ Within a question part, once an error is made, no further dependent A marks can be awarded,
but M marks may be awarded if appropriate.

e Exceptions to this rule will be explicitly noted on the markscheme.
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Misread

If a candidate incorrectly copies information from the question, this is a misread (MR).

A candidate should be penalized only once for a particular misread. Use the MR stamp to indicate
that this has been a misread. Then deduct the first of the marks to be awarded, even if this is an
M mark, but award all others so that the candidate only loses [1 mark].

¢ If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

¢ If the MR leads to an inappropriate value (eg sind=1.5), do not award the mark(s) for the
final answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does
not cover the work seen. In such cases the annotation DM should be used and a brief note written
next to the mark explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
question specifies a method, other correct methods should be marked in line with the markscheme.
If in doubt, contact your team leader for advice.

o Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, efc.

¢ Alternative solutions for part-questions are indicated by EITHER . . . OR.

o Where possible, alignment will also be used to assist examiners in identifying where these
alternatives start and finish.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, simplified answers, (which candidates often do not write in examinations),
will generally appear in brackets. Marks should be awarded for either the form preceding the

bracket or the form in brackets (if it is seen).

Example: for differentiating f (x) = 2sin(5x —3), the markscheme gives
f'(x)=(2c08(5x—3)) 5 (=10cos(5x~3)) A1

Award A1 for (2cos(5x—3)) 5, even if 10cos(5x —3) is not seen.
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Accuracy of Answers
Candidates should NO LONGER be penalized for an accuracy error (AP).

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to
the required accuracy. When this is not specified in the question, all numerical answers should be
given exactly or correct to three significant figures. Please check work carefully for FT.

Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way
crossed out their work, do not award any marks for that work.

Calculators

No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no
grade awarded. If you see work that suggests a candidate has used any calculator, please follow
the procedures for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner
should only mark the first response unless the candidate indicates otherwise.

Candidate work

Candidates are meant to write their answers to Section A on the question paper (QP), and
Section B on answer booklets. Sometimes, they need more room for Section A, and use the
booklet (and often comment to this effect on the QP), or write outside the box. This work should
be marked.

The instructions tell candidates not to write on Section B of the QP. Thus they may well have done
some rough work here which they assume will be ignored. If they have solutions on the answer
booklets, there is no need to look at the QP. However, if there are whole questions or whole part
solutions missing on answer booklets, please check to make sure that they are not on the QP,

and if they are, mark those whole questions or whole part solutions that have not been written on
answer booklets.
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Section A
attempt to substitute x =—1 or x =2 or to divide polynomials (M1)
l-p—-g+5=7,16+8p + 2q + 5 =1 orequivalent A1A1
attempt to solve their two equations M1
[5 marks]
(a) attempt at chain rule or product rule (M1)
d—y=2sin0cosﬁ A1
do
[2 marks]
(b) 2sin@cosd=2sin’
sind=0 (A1)
06=0,n A1
obtaining cos @ =sin 8 (M1)
tand =1 (M1)
0="1 A1
4
[5 marks]
Total [7 marks]
@ a=—andp=> (M1)A1A1
16 16
[3 marks]

| Note: Award M1 for consideration of the possible outcomes when rolling the two dice. |

continued
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Question 3 continued

1+6+15+28 25
=—(=3.125
- A ( ) (M1)A1

| Note: Allow follow through from part (a) even if probabilities do not add up to 1. |

) ET)=

[2 marks]
Total [5 marks]
0
4. (a) ﬁzf(x)dx =10-12=-2 (M1)(A1)
_._022 de=[2x], =4 A1
r0
._z(f(x)+2)dx:2 A1
[4 marks]
0 2
0) [ fCr+2)de=] (e (M)
=12 A1
[2 marks]
Total [6 marks]

5. (Inx)’— (In2)(Inx) — 2(In2)*(=0)

EITHER
+ 2 2

oo n2% J(n 22) + 8(In2) "
_ In2+3In2 A1

2
OR
(Inx—2In2)(Inx+In2)(=0) M1A1
THEN
Inx=2In2 or —In2 A1
:>x=4orx=% (M1)A1

Note: (M1) is for an appropriate use of a log law in either case, dependent on the previous
M1 being awarded, A1 for both correct answers.

solution is %<x<4 A1

[6 marks]
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6. if n=1
LHS=1;RHS=4—23—O=4—3=1 M1
hence true for n = 1
assume true for n = & M1

Note: Assumption of truth must be present. Following marks are not dependent on the first
two M1 marks.

2 3 k-1
sol+2 lj+3(l +4l +...+k(l =4—%
2 2 2 2 2

if n=k+1
2 3 k-1 k
1+2 lj+3l +4(lj+...+k(l +(k+1 lj
2 2 2 2 2

k+2 1Y
=4 - o (k + 1)(5 M1A1
finding a common denominator for the two fractions M1

2(k+2) k+1
:4_ 2k + 2k
:4_2(k+2)_(k+1)=4_k+3 :4_(k+1)+2 A1

ok 7k (k)1

hence if true for n =k then also true for n =k +1, as true for n =1, so true (for
alneZ") R1

| Note: Award the final R1 only if the first four marks have been awarded. |

[7 marks]



X dy 1 1
(a) = (_J = =< = (— - j
)y =arccos 1 ( jz -

| Note: M1 is for use of the chain rule. |

(b) attempt at integration by parts

(x) du 1
u=arccos| — | =>—=-
2 dx 4-x’

dv _
dx

Jrareos( Jos = e 3] 4 [
arccos| — |dx =| xarccos| — +I dx
0 2 2 0 0 4—x2

using integration by substitution or inspection

l=>v=x

1

ol -]

1
Note: Award A1 for —(4 —x° )2 or equivalent.

| Note: Condone lack of limits to this point. |
attempt to substitute limits into their integral

=X B2
3

M18/5/MATHL/HP1/ENG/TZ1/XXIM

M1A1

[2 marks]

M1

(A1)
A1

(mM1)

A1

M1
A1

[7 marks]

Total [9 marks]
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8. sin2x=-sind
EITHER
sian:sin(—b) or sin2x=sin(n+b) or sin2x:sin(2n—b) (M1)(A1)

| Note: Award M1 for any one of the above, A1 for having final two. |

OR

(M1)(A1)

Note: Award M1 for one of the angles shown with b clearly labelled, A7 for both angles shown. Do not
award A1 if an angle is shown in the second quadrant and subsequent A1 marks not awarded.

THEN

2x=m+b or 2x=2n->b (A1)(A1)

x=£+2, x=7t—é A1
2 2 2

[5 marks]
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Section B

(a) attempt to differentiate (M1)
f(x)="3x"-3x A1

Note: Award M1 for using quotient or product rule award A1 if correct derivative seen even in
—15x* x2x° —6x2(2—3x5)

2+

unsimplified form, for example f’(x) =

—14 ~3x=0 M1
X

>x=-1=x=-1 A1
5

Al-1L—-— A1
2

[5 marks]
® () f'(x)=0 M1
fr(x)=12x"-3(=0) A1
| Note: Award A1 for correct derivative seen even if not simplified. |
2
= x=34 {: 25j A1
hence (at most) one point of inflexion R1

Note: This mark is independent of the two A1 marks above. If they have shown
or stated their equation has only one solution this mark can be awarded.

2
f//(x) ChangeS Sign at x = {/Z[: 25} R1

so exactly one point of inflexion

continued
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Question 9 continued

2
- 2
i) x=V4=2 (:azgj A1
2 2 6
Tl 2-3x2 -
f[25]:—6 =—5x2 5 (=b=-5) (M1)A1
2x25
[8 marks]
| Note: Award M1 for the substitution of their value for x into f'(x). |
(c)
4
5_
T T T T >x
-3 -2 -1 1 2
A B
—5
10- A1A1A1A1
A1 for shape for x <0
A1 for shape for x>0
A1 for maximum at A
A1 for POI at B.
Note: Only award last two A7s if A and B are placed in the correct
quadrants, allowing for follow through.
[4 marks]

Total [17 marks]
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10. (a) recognising normal to plane or attempting to find cross product of two

vectors lying in the plane (M1)
0 -1 1
for example, ABxAD=|1|x| 0 |=|0 (A1)
0 1 1
Il :x+z=1 A1
[3 marks]
(b) EITHER
1 0
Olel1 =1=\/§\/§cos9 M1A1
1 1
OR
1 0
0|x|1[=+3=+v22sin6 M1A1
1 1
| Note: M1 is for an attempt to find the scalar or vector product of the two normal vectors. |
=0 =60 (: Ej A1
3
\ [ 2w
angle between faces is 120 =? A1
[4 marks]
(1 (1)
(c) DB=|1 |orBD=| -1 (A1)
-1 1
I :x+y—z=k (M1)
I :x+y—z=0 A1
[3 marks]

continued



Question 10 continued

(d)

(e)

METHOD 1
0 1
line AD:(I':) 0/+4] 0
1 -1

intersects //; when 1 — (1-4) =0
so A -1
2

hence P is the midpoint of AD
METHOD 2

midpoint of AD is (0.5, 0, 0.5)
substitute into x +y—z=0

0.5+0-0.5=0
hence P is the midpoint of AD

METHOD 1

OP = !

PQ-=

S-S

113
W12 43 12

area =

. OPQ=90", OQP =60’

— 15—

M18/5/MATHL/HP1/ENG/TZ1/XXIM

M1A1

M1
A1
AG

(M1)A1
M1

A1
AG

[4 marks]

A1A1A1

A1

A1

continued
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Question 10 continued

METHOD 2

line BD:(r=)| 1 |+4| -1

0 1
=1 =§ (A1)
1
3
00=| 1 A1
3
2
3
11> -
area = 5 OP x OQ M1
1
. 2
OP=|0 A1
1
2
| Note: This A1 is dependent on M1. |
area =— A1
12
[5 marks]

Total [19 marks]



-17 - M18/5/MATHL/HP1/ENG/TZ1/XXIM

1. @ @ W :4cis(2—3nj; w =8cis(m) (M1)A1A1

| Note: Accept Euler form. |

| Note: M1 can be awarded for either both correct moduli or both correct arguments. |

Note: Allow multiplication of correct Cartesian form for M1, final answers must be in
modulus-argument form.

(ii)

M.‘
2 g T + X
-8 -2 I A1A1
[5 marks]
(b) useofarea = L apsinC M1
2
lxlx2><sin£+lx2x4xsin£+lx4x8xsin£ A1A1
2 3 2 3 2 3
Note: Award A1 for C = % , A1 for correct moduli.
2143
_23 aG
2
| Note: Other methods of splitting the area may receive full marks. |
[3 marks]

(c) l><20 x2'x sin & + l>< 2'x2% x sin = + l><22>< P xsinl 4.+ l><2”’1>< 2"x sin &
n 2 n 2 n 2 n
M1A1

Note: Award M1 for powers of 2, A1 for any correct expression including
both the first and last term.

:sinﬁx(20+22+24+...+22”’2)

n
identifying a geometric series with common ratio 2°(=4) (M1)A1
1-2 . m
= X SIn— M1
1-4 n
| Note: Award M1 for use of formula for sum of geometric series.
=l(4”—1)sinE A1
3 n

[6 marks]

Total [14 marks]
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Instructions to Examiners

Abbreviations

M

(M)

Marks awarded for attempting to use a valid Method; working must be seen.

Marks awarded for Method; may be implied by correct subsequent working.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

(A)
R

N

AG

Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.

Marks awarded for clear Reasoning.

Marks awarded for correct answers if no working shown.

Answer given in the question and so no marks are awarded.

Using the markscheme

1

General

Mark according to RM™ Assessor instructions and the document “Mathematics HL: Guidance
for e-marking May 2018”. It is essential that you read this document before you start marking.
In particular, please note the following:

Marks must be recorded using the annotation stamps. Please check that you are entering
marks for the right question.

If a part is completely correct, (and gains all the “must be seen” marks), use the ticks with
numbers to stamp full marks.

If a part is completely wrong, stamp AO by the final answer.

If a part gains anything else, it must be recorded using all the annotations.

All the marks will be added and recorded by RM™ Assessor.

Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked,

and marks awarded according to the markscheme.

It is not possible to award MO followed by A1, as A mark(s) depend on the preceding M mark(s),
if any.

Where M and A marks are noted on the same line, eg M1A1, this usually means M1 for an
attempt to use an appropriate method (eg substitution into a formula) and A1 for using the
correct values.

Where the markscheme specifies (M2), N3, etc., do not split the marks.
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¢ Once a correct answer to a question or part-question is seen, ignore further correct working.
However, if further working indicates a lack of mathematical understanding do not award the final
Al. An exception to this may be in numerical answers, where a correct exact value is followed by
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part,
and correct FT working shown, award FT marks as appropriate but do not award the final Al in
that part.

Examples
Correct answer seen | Further working seen Action
1. 82 5.65685... Award the final Al
(incorrect decimal value) (ignore the further working)

2, I . .

Zsm 4x sin X Do not award the final A1
3. loga—logh log(a—Db) Do not award the final A1

N marks

Award N marks for correct answers where there is no working.

¢ Do not award a mixture of N and other marks.
¢ There may be fewer N marks available than the total of M, A and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.

Implied marks

Implied marks appear in brackets eg (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

¢ Normally the correct work is seen or implied in the next line.
e Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s). To award FT marks, there must be working present and
not just a final answer based on an incorrect answer to a previous part.

¢ If the question becomes much simpler because of an error then use discretion to award fewer
FT marks.

e |If the error leads to an inappropriate value (eg sinfd=1.5), do not award the mark(s) for the final
answer(s).

o Within a question part, once an error is made, no further dependent A marks can be awarded,
but M marks may be awarded if appropriate.

o Exceptions to this rule will be explicitly noted on the markscheme.
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Misread

If a candidate incorrectly copies information from the question, this is a misread (MR).

A candidate should be penalized only once for a particular misread. Use the MR stamp to indicate
that this has been a misread. Then deduct the first of the marks to be awarded, even if this is an
M mark, but award all others so that the candidate only loses [1 mark].

¢ If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

¢ If the MR leads to an inappropriate value (eg sind =1.5), do not award the mark(s) for the
final answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does
not cover the work seen. In such cases the annotation DM should be used and a brief note written
next to the mark explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
question specifies a method, other correct methods should be marked in line with the markscheme.
If in doubt, contact your team leader for advice.

¢ Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, etc.

¢ Alternative solutions for part-questions are indicated by EITHER . . . OR.

e Where possible, alignment will also be used to assist examiners in identifying where these
alternatives start and finish.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, simplified answers, (which candidates often do not write in examinations),
will generally appear in brackets. Marks should be awarded for either the form preceding the

bracket or the form in brackets (if it is seen).

Example: for differentiating f (x) =2sin(5x-3), the markscheme gives
f'(x)=(2cos(5x—3))5 (=10cos(5x—3)) Al

Award A1l for (2cos(5x—3)) 5, even if 10cos(5x —3) is not seen.
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Accuracy of Answers
Candidates should NO LONGER be penalized for an accuracy error (AP).

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to
the required accuracy. When this is not specified in the question, all numerical answers should be
given exactly or correct to three significant figures. Please check work carefully for FT.

Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way
crossed out their work, do not award any marks for that work.

Calculators

No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no
grade awarded. If you see work that suggests a candidate has used any calculator, please follow
the procedures for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner
should only mark the first response unless the candidate indicates otherwise.

Candidate work

Candidates are meant to write their answers to Section A on the question paper (QP), and
Section B on answer booklets. Sometimes, they need more room for Section A, and use the
booklet (and often comment to this effect on the QP), or write outside the box. This work should
be marked.

The instructions tell candidates not to write on Section B of the QP. Thus they may well have done
some rough work here which they assume will be ignored. If they have solutions on the answer
booklets, there is no need to look at the QP. However, if there are whole questions or whole part
solutions missing on answer booklets, please check to make sure that they are not on the QP,

and if they are, mark those whole questions or whole part solutions that have not been written on
answer booklets.
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Section A
1 COSQZZ(3L74j75k)-(§r—%j+3k) (M1)
|3i -4 —5k||5i -4 +3K|
16
= AlAl
J50+/50
| Note: A1 for correct numerator and A1 for correct denominator. |
1
= ﬁ(=—6:O.32] Al
25\ 50
[4 marks]
2. (a)
T T T T >)&
2 4 6 8
.}
=3
_4i
straight line graph with correct axis intercepts Al
modulus graph: V shape in upper half plane Al
modulus graph having correct vertex and y-intercept Al
[3 marks]

continued...



Question 2 continued

(b)

METHOD 1

attempt to solve g +1=x-2

X=6

Note: Accept X = 6 using the graph. |

3. (3

(b)

2
X ==
3

METHOD 2

Gﬂ)z = (x-2)

X2
St X+1=X —4x+4

2
0= 5543
4

3x*=20x+12=0
attempt to factorise (or equivalent)

(3x=2)(x-6)=0

X =

o W

X =

attempt to solve (algebraically) g +1=2-X

M18/5/MATHL/HP1/ENG/TZ2/XXIM

(M1)
Al

M1

Al

M1

M1

Al
Al

[4 marks]

[4 marks]

Total [7 marks]

equating sum of probabilities to 1 (p + 0.5 — p + 025+ 0.125 + p’=1) M1

1

’=0.125=—

P 8
p=205 Al
(i) u4=0x05+1x0+2x%x025+3x0.125+4x0.125 M1
Al

=1.375 (: EJ
8

[2 marks]

continued...
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Question 3 continued

(i) P(X >u)=P(X =2)+ P(X =3)+ P(X =4)
=05

(M1)
Al

| Note: Do not award follow through A marks in (b)(i) from an incorrect value of p. \

Note: Award M marks in both (b)(i) and (b)(ii) provided no negative

probabilities, and provided a numerical value for # has been found.

4. valid attempt to find ﬂ
dx
dy 1 4
X (1-x (x-4)
dy

attempt to solve — =
dx

X=2,X=-2

5. (a) METHOD1

state that u_ = u,r"" (or equivalent)

attempt to consider a, and use of at least one log rule
10g2|un | :logz Iul |+ (n— 1)10g2 T

(which is an AP) with d =log, |r| (and 1stterm log, |u, |)
so A is an arithmetic sequence

| Note: Condone absence of modulus signs. |

| Note: The final A mark may be awarded independently. |

| Note: Consideration of the first two or three terms only will score MO.

[4 marks]

Total [6 marks]

M1

AlAl

M1

AlAl
[6 marks]

Al
M1
Al

Al
AG

[4 marks]

continued...
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Question 5 continued

METHOD 2

consideration of (d =)a,,, —4,

n+l

(d): log, |Un+l|—log2 |un|
(d)=log,

(d ) =log, |r|
which is constant

n

Un.i
u

n

| Note: Condone absence of modulus signs. |

| Note: the final A mark may be awarded independently. |

M18/5/MATHL/HP1/ENG/TZ2/XXIM

M1

M1

Al
R1

| Note: Consideration of the first two or three terms only will score MO. |

(b)

6. (a)

(b)

attempting to solve

1-r

(i) attempt at product rule
f'(X) =—e*sinX + e * cos X

(i) g'(X)=—e"cosx—e *sinX

METHOD 1
Attempt to add f'(x) and g'(x)
f'(x)+g'(x) =—-2e “sinx

J.e’x sin Xdx = _
0 2

0

| Note: Condone absence of limits. |

=§(1+e-n)

(sin X+ cos X)} (or equivalent)

M1

Al

Al
[3 marks]

Total [7 marks]

M1
Al

Al
[3 marks]

(M1)
Al

Al

Al

continued...
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Question 6 continued
METHOD 2

X
| =Ie sin Xdx

=X . =X X .
=—¢ sinX-—e¢ cosX—J-e sin Xdx
|
| =—Ee (sin X + cos X)

J.nefx sin Xxdx = l(1 + efn)
0 2

z+w _(a+c)+ib+d)

—X —X —X . —X
—e cosx—je cosXdx OR = —¢ 51nx+je cos Xdx

M18/5/MATHL/HP1/ENG/TZ2/XXIM

M1A1l

Al

Al
[4 marks]

Total [7 marks]

7 =
@) z-w (a-c)+i(b-d)
:(a+c)+i(b+d)X(a—c)—i(b—d) M1AL
(a-c)+i(b—-d) (a-c)—i(b-d)
_ b d b—d 2_ 2 2_ 2
ol part:(a+c)(a c)2+( - )(2 )[_ a c2+b d : ALAL
(@a-c) +(b-d) (@a-c) +((b-d)
| Note: Award A1 for numerator, A1 for denominator. |
[4 marks]
(b) |z|:|w|:>a2+b2:cz+d2 R1
hence real part = 0 Al
| Note: Do not award ROA1L. |
[2 marks]

Total [6 marks]

du 1 - 1 - :
8. (@) — =—=x?2 (accept du =—x 2dx or equivalent) Al
dx 2 2
substitution, leading to an integrand in terms of u M1
IZ3Udu or equivalent Al
u’+u
=2 arctan(\/; )(+C) Al

[4 marks]

continued...



Question 8 continued

(b)

109 dx
EL 3 — = arctan 3—arctanl
X2+ X2
-1

tan(arctan 3 —arctan 1) =
1+3x1

tan(arctan 3 —arctan 1) = %

1
arctan 3 —arctan 1 = arctan E

—12 -

M18/5/MATHL/HP1/ENG/TZ2/XXIM

Al

(M1)

Al

[3 marks]

Total [7 marks]
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Section B
(@) (i) a pair of opposite sides have equal length and are parallel R1
hence ABCD is a parallelogram AG
(i) attempt to rewrite the given information in vector form M1
b-a=c-d Al
rearranging d —a=c—b M1
hence AD = BC AG

Note: Candidates may correctly answer part i) by answering part ii) correctly and then deducing there
are two pairs of parallel sides.

[4 marks]
(b) EITHER
use of AB = DC (M1)
2 g+1
-3 |=|1-r AlAl
p+3 4
OR
use of AD = BC (M1)
-2 q-3
r-2|=| 2 AlAl
1 2-p
THEN
attempt to compare coefficients of I, j, and K in their equation or statement
to that effect M1
clear demonstration that the given values satisfy their equation Al
p=1,9=1,r=4 AG
[5 marks]
(c) attempt at computing AB x AD (or equivalent) M1
—-11
-10 Al
-2
area= |AB x AD (z \/225) (M1)
=15 Al
[4 marks]

continued...
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Question 9 continued

M18/5/MATHL/HP1/ENG/TZ2/XXIM

- 1
(d) valid attempt to find OM (25(a+c)j (M1)
1
3 Al
_1
2
the equation is
1 11
r= 2 |+t| 10 | or equivalent M1A1
-1 2
| Note: Award maximum M1AQ if 'r =..." (or equivalent) is not seen. |
[4 marks]
(e) attempt to obtain the equation of the plane in the form ax + by + cz =d M1
11x+10y+2z =25 AlAl
| Note: A1l for right hand side, A1 for left hand side.
[3 marks]
() () putting two coordinates equal to zero (M1)
XE,O,O,Y O,E,O,Z 0,0, — Al
11 2 2
2 2
5 25
i) vz- (_j + H v
2 2
_ (325 54104 5426 AL
2 4 2
[4 marks]

Total [24 marks]
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ax+h

10. (a) attemptto make X the subject of y = M1
cx+d
y(cx+d)=ax+b Al
X :M Al
a—cy
f‘l(x)=dx_b, Al
a—cx
Note: Do not allow y = in place of f'(x).
a
x#—, (xeR) Al
c
| Note: The final A mark is independent. |
[5 marks]
: 1
(b)y @) 9x)=2+—7 A1A1
X—2
(ii)
4 .
# i
5 a
______________ A%
-—\\ :
! a
: x
2 -1 0 1 \2 3 4
| 5
9 E
hyperbola shape, with single curves in second and fourth quadrants and
third quadrant blank, including vertical asymptote X =2 Al
horizontal asymptote y =2 Al
intercepts (é, Oj, (O, éj Al
2 2
[5 marks]

continued...
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Question 10 continued

(c) the domain of hog is XS%’ X>2

the range of hog is y>0, y;t\/z

11. (@) METHOD 1

METHOD 2

1
log, r’

logrzx =

1
2log, r

_log, x
2

(b) METHOD 1

log, y+log, X+log, 2Xx =0
log, y+log, 2x> =0

log, y+%log2 2x° =0
log,y= —%log2 2x?

1
log, y =log, [Ej

Lo
y=—=x

N

M18/5/MATHL/HP1/ENG/TZ2/XXIM

AlAl

AlAl
[4 marks]

Total [14 marks]

M1A1l

AG
[2 marks]

M1

Al

AG

[2 marks]

M1

M1

M1A1l

Al

Note: For the final A mark, y must be expressed in the form px‘.

[5 marks]

continued...
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Question 11 continued

METHOD 2
log, y+log, X+log,2x =0
log2y—t—%logzx—i-%log2 2x =0 M1
log, y +log, X* + log, (2X)% =0 M1
log, (\/Exy) =0 M1
\/Exy =1 Al
|-
V2
Note: For the final A mark, y must be expressed in the form px*.
[5 marks]
(c) theareaofRis j{.ixldx M1
12
= [Lln XT Al
V2o
1
=—Iha Al
V2
Llnat =2 M1
2
a= 62 Al
Note: Only follow through from part (b) if y is in the form y = px®.
[5 marks]

Total [12 marks]
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Instructions to Examiners

Abbreviations

M Marks awarded for attempting to use a valid Method; working must be seen.

(M) Marks awarded for Method; may be implied by correct subsequent working.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

(A) Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.

R Marks awarded for clear Reasoning.

N Marks awarded for correct answers if no working shown.

AG Answer given in the question and so no marks are awarded.

Using the markscheme

1 General

Mark according to RM™ Assessor instructions and the document “Mathematics HL: Guidance
for e-marking November 2017”. It is essential that you read this document before you start
marking.

In particular, please note the following:

Marks must be recorded using the annotation stamps. Please check that you are entering
marks for the right question.

If a part is completely correct, (and gains all the “must be seen” marks), use the ticks with
numbers to stamp full marks.

If a part is completely wrong, stamp AO by the final answer.

If a part gains anything else, it must be recorded using all the annotations.

All the marks will be added and recorded by RM™ Assessor.

2 Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked,

and marks awarded according to the markscheme.

It is not possible to award MO followed by A1, as A mark(s) depend on the preceding M mark(s),
if any.

Where M and A marks are noted on the same line, eg M1A1, this usually means M1 for an
attempt to use an appropriate method (eg substitution into a formula) and A1 for using the
correct values.

Where the markscheme specifies (M2), N3, etc., do not split the marks.
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¢ Once a correct answer to a question or part-question is seen, ignore further correct working.
However, if further working indicates a lack of mathematical understanding do not award the final
Al. An exception to this may be in numerical answers, where a correct exact value is followed by
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part,
and correct FT working shown, award FT marks as appropriate but do not award the final Al in
that part.

Examples
Correct answer seen | Further working seen Action
1. 8\/5 5.65685... Award the final A1
(incorrect decimal value) (ignore the further working)

2 1 . .

2 sin 4x sin X Do not award the final Al
3. loga—logh log(a—b) Do not award the final A1

N marks

Award N marks for correct answers where there is no working.

e Do not award a mixture of N and other marks.
e There may be fewer N marks available than the total of M, A and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.

Implied marks

Implied marks appear in brackets eg (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

¢ Normally the correct work is seen or implied in the next line.
¢ Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s). To award FT marks, there must be working present and
not just a final answer based on an incorrect answer to a previous part.

¢ If the question becomes much simpler because of an error then use discretion to award fewer
FT marks.

¢ |[f the error leads to an inappropriate value (eg sind=1.5), do not award the mark(s) for the final
answer(s).

o Within a question part, once an error is made, no further dependent A marks can be awarded,
but M marks may be awarded if appropriate.

e Exceptions to this rule will be explicitly noted on the markscheme.
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Misread

If a candidate incorrectly copies information from the question, this is a misread (MR).

A candidate should be penalized only once for a particular misread. Use the MR stamp to indicate
that this has been a misread. Then deduct the first of the marks to be awarded, even if this is an
M mark, but award all others so that the candidate only loses [1 mark].

¢ If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

¢ If the MR leads to an inappropriate value (eg sind =1.5), do not award the mark(s) for the
final answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does
not cover the work seen. In such cases the annotation DM should be used and a brief note written
next to the mark explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
question specifies a method, other correct methods should be marked in line with the markscheme.
If in doubt, contact your team leader for advice.

¢ Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, etc.

¢ Alternative solutions for part-questions are indicated by EITHER . . . OR.

¢ Where possible, alignment will also be used to assist examiners in identifying where these
alternatives start and finish.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, simplified answers, (which candidates often do not write in examinations),
will generally appear in brackets. Marks should be awarded for either the form preceding the

bracket or the form in brackets (if it is seen).

Example: for differentiating f (x)=2sin(5x-3), the markscheme gives
f'(x)=(2cos(5x—3))5 (=10cos(5x-3)) Al

Award A1 for (2cos(5x—3))5, even if 10cos(5x —3) is not seen.
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Accuracy of Answers
Candidates should NO LONGER be penalized for an accuracy error (AP).

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to
the required accuracy. When this is not specified in the question, all numerical answers should be
given exactly or correct to three significant figures. Please check work carefully for FT.

Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way
crossed out their work, do not award any marks for that work.

Calculators

No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no
grade awarded. If you see work that suggests a candidate has used any calculator, please follow
the procedures for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner
should only mark the first response unless the candidate indicates otherwise.

Candidate work

Candidates are meant to write their answers to Section A on the question paper (QP), and
Section B on answer booklets. Sometimes, they need more room for Section A, and use the
booklet (and often comment to this effect on the QP), or write outside the box. This work should
be marked.

The instructions tell candidates not to write on Section B of the QP. Thus they may well have done
some rough work here which they assume will be ignored. If they have solutions on the answer
booklets, there is no need to look at the QP. However, if there are whole questions or whole part
solutions missing on answer booklets, please check to make sure that they are not on the QP,

and if they are, mark those whole questions or whole part solutions that have not been written on
answer booklets.
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Section A
log, (X +3) + log,(x-3)=4
log, (x*~9) =4 (M1)
x’—9=2*(=16) M1A1
x*=25
X=z5 (A1)
X=35 Al
[5 marks]
6
(@) AB=|-8 (A1)
17
0 6 6 6
r=| 3 |[+A|-8|orr=|-5[+A4|-8 M1A1
-6 17 11 17
| Note: Award M1AO if r = is not seen (or equivalent). |
[3 marks]
(b) substitute line L in /7:4(64) —3(3 -84)+ 2(-6 +174) =20 M1
824 =41
1
= — Al
> (A1)
0 | 6 3
r=| 3 |[+—|-8|=| -1
2
-6 17 3
, . S
so coordinate is (3,—15) Al
3
Note: Accept coordinate expressed as position vector | —1 |.
3
2
[3 marks]

Total [6 marks]
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3. (@ q#=0 (M1)
192 -176 + 4k + 8 =0 (24 + 4k = 0) Al
k=-6 Al
[3 marks]
(b) 33X’ = 11X’ = 6X + 8 = (x — 4)(3x + px - 2)
equate coefficients of x”: (M1)
12+ p=-11
p=1
(x = 4)(3x*+ x - 2) (A1)
(X-=4)3Bx-2)(x+1 Al
| Note: Allow part (b) marks if any of this work is seen in part (a). |
| Note: Allow equivalent methods (eg, synthetic division) for the M marks in each part. |
[3 marks]

Total [6 marks]

. AV I '
4. eachtermis of the form (X ) — (M1)
r X
7
— ( jxl4—2r(_2)r X—r
r
so14-3r=8 (A1)
r=2
7 -2V 7
SO require (J(x2 )5 (72) (or simply (J(—Z)z) Al
=21x4
=84 Al

Note: Candidates who attempt a full expansion, including the correct term, may only be awarded
M1AO0AOQAO.

[4 marks]
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1

2
5. s= j 10te 2'dt

attempt at integration by parts M1
E
[—ste™ ] j —5¢dt Al
0
1
= [—Ste2t _2 e T (A1)
2 0

| Note: Condone absence of limits (or incorrect limits) and missing factor of 10 up to this point. |

1
2

= J’ 10te dt (M1)
0

L 50 =5 5 5e-10
2 e 2 2e

[5 marks]
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(@)
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-10-
correct vertical asymptote
shape including correct horizontal asymptote

b
ot

Note: Accept X :% and y = —% marked on the axes.

Al
Al

Al

Al

[4 marks]

continued...
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Question 6 continued
(b) METHOD 1
y
10 .
| |
|
— |
i |
_ |
5 i
— |
|
B |
P—— Fneu A SIS [N AU DU U S S S -——
< : x
7I5 I T T T (1 : T T I5 T II0
|
- I
_________ _____I________________
] l
g% | !
|
— |
|
N |
i |
|
L10- 1
1 —3Xx
—9 =2 (M1)
_(1)(—_3;) 5 (MD)

| Note: Award this M1 for the line above or a correct sketch identifying a second critical value. |

= Xx=-3 Al
solutionis -3 < x <1 Al
METHOD 2

1-3x <2]x -2/, x=2

1—6X + 9%’ < 4(X* - 4x + 4) (M1)A1
1 —6X+9x*<4x*—16x + 16

5+ 10x —15<0

X +2x-3<0 Al
(X +3)(x-1)<0 (M1)
solutionis -3 < x <1 Al

[5 marks]

[5 marks]

continued...
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Question 6 continued

METHOD 3
1-3x
X—=2

-2< <2

X<2
X—=2

consider

N17/5/MATHL/HP1/ENG/TZ0/XX/M

(M1)

| Note: Also allow consideration of “>” or “=" for the awarding of the M mark. |

recognition of critical value at x =1
1-3x
X—2

consider -2 <

Al

(M1)

| Note: Also allow consideration of “>” or “=" for the awarding of the M mark. |

recognition of critical value at x = - 3
solutionis -3 < x <1

7. X+y -3xy=0

3X7 + 3y2ﬂ—3x%—3y=0

dx

\ Note: Differentiation wrt y is also acceptable. \
dy 3y-3x(_y-x
dx  3y*-3x

= Vx

Note: All following marks may be awarded if the
denominator is correct, but the numerator incorrect.

y'—x=0

EITHER

2

X=y

y'+y =3y'=0
y'-2y'=0
y(y'-2)=0
(yz0) ~y=32
- () (- )

Al
Al
[5 marks]

Total [9 marks]

M1A1

(A1)

M1

M1A1l

Al

Al

continued...
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Question 7 continued

OR
X+ xy —3xy =0
x(x2—2y):0

X2

X0=>y=—
y 2

X4
4
X4

8. METHOD1

216i = 216(cos£ + isinfj
2 2
1
3
Z+2i= \3/216(00{% + 2nkj + isin(g + ZTEKD

. n 2nk) .. (m 27k
Z+21=6|cos| —+— |+1isin| — + —
6 3 6 3

Z,+21=6 cos— + isin— | = 6 £+l =33 + 3i
6 6 22

2

Z,+ 2= 6((:055% + isin%) = 6[£ + %J =33 +3i

Z,+ 21 = 6(cos3—7t + isin3—nj =—61
2 2

| Note: Award A1A0 for one correct root. |
So roots are z, = 33 +1, Z,= ~3J3 +i and Z,=—81
\ Note: Award M1 for subtracting 2i from their three roots. |

N17/5/MATHL/HP1/ENG/TZ0/XX/M

M1

Al

Al

Al

[8 marks]

Al

(M1)

Al

A2

M1A1l

[7 marks]

continued...
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Question 8 continued

METHOD 2

(av3 + (0 + 2i) = 216i

(a\/§ )3+ 3(aJ§ )2 (b +2)i = 3(ay3 ) (b + 2’ — i(b + 2)’ = 216i M1A1
(av3 )3— 3(aV3 )b +2°+ i(S(a\/g Jb+2)- 0+ 2)3) 216
(av3 | - 3(av3 ) (b + 2= 0 and 3(aV3 )2 (b+2)—(b+2)P=216 M1A1

a(a’= (b+2)°)=0and 9a’ (b +2)— (b +2y=216

a=0ora’=(+2)’

ifa=0,—-(b+2’=216=>b+2=-6

~b=-8 Al
(a,b)=(0,-98)

if a> = +2)° 9b+2)°0b+2)—(b+2)Y=216

8(b +2)’=216

(b +2) =27

b+2=3

b=1

na’=9=a=13

s(a,b)=(%3,1) AlAl
so roots are zl=3«/§+i, 222—3«/§+i and z,=-28i

continued...
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Question 8 continued

METHOD 3
(z+2i) —(=6i) =0
attempt to factorise: M1
((2+2i) = (=6i))((z+2i)" + (2 +2i) (=6i) +(~6i)") =0 Al
(z+8i)(2* -2iz-28)=0 Al
Z+81=0=z=-38i Al
2i+ . J—4—(4x1x-28

22 -2iz-28=0=1z= I ‘/ (2>< x-28) M1
Z_2iJ_r\/108
2
Zzziiw?

2
7=i+33 A1A1

Special Case:

Note: If a candidate recognises that /216i = —6i (anywhere seen), and makes no
valid progress in finding three roots, award A1 only.

[7 marks]



(a)

(b)

(d)

(i)

(ii)

(i)

(ii) 5

equating coefficients:

A 1—pu
—=u,l- A=
7 H

solving simultaneously:

7 1

2,:—’ = —
134713

2

0) :la+y(—la+b

—-16 —

Section B

u

2

oT)=a+ﬂ£1b—aJ(=(1—z)a+ibj
7 7

jHl zja”‘bj

N17/5/MATHL/HP1/ENG/TZ0/XX/M

Al

(M1)
Al

[3 marks]

M1A1l

M1A1
[4 marks]

M1
Al
M1
A1AG

[4 marks]

M1A1l

[2 marks]

continued...



Question 9 continued

10.

(e)

(a)

—17 -
METHOD 1
area AACD = %CD x ACxsin ACB
area AACB = %CB x ACxsinACB
. areaAACD CD 1
ratio = = —
arcaAACB CB 13
K = area AOAB _ 13 « areaAOAR
area ACAD areaACAB
=13x2=26
METHOD 2
area AOAB = l|a x b
2
area ACAD=1CA><CD or %CAXAD

area AOAB = k(area ACAD)
Llax b=k —[axb]

2 52

k =26

METHOD 1

number of possible “deals” = 4! = 24

N17/5/MATHL/HP1/ENG/TZ0/XX/M

(M1)
(M1)
Al

(M1)

Al

Al

M1

(M1)

Al

Al
[5 marks]

Total [18 marks]

Al

consider ways of achieving “no matches” (Chloe winning):

Selena could deal B, C, D (ie, 3 possibilities)

as her first card

R1

for each of these matches, there are only 3 possible combinations for the

remaining 3 cards

SO no. ways achieving no matches =3 x3 =9

so probability Chloe wins = 2 = 3
24 8

R1
M1A1l

A1AG

continued...
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Question 10 continued

METHOD 2

number of possible “deals” = 4! = 24 Al

consider ways of achieving a match (Selena winning)
Selena card A can match with Chloe card A, giving 6 possibilities for

this happening R1
if Selena deals B as her first card, there are only 3 possible combinations for
the remaining 3 cards. Similarly for dealing C and dealing D R1
S0 no. ways achieving one matchis = 6+3+3 +3 =15 M1A1
so probability Chloe wins = 1—E = 3 Al1AG
24 8
METHOD 3
systematic attempt to find number of outcomes where Chloe wins (no matches)
(using tree diag. or otherwise) M1
9 found Al
A L7) 4
each has probability —x—x—x1 M1
4 3 2
= 1 Al
24
their 9 multiplied by theiri M1A1l
_3 AG
8
[6 marks]

continued...
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Question 10 continued

(b) (i) X~B(50,§j (M1)
3 150 (75
= = —_—= — = — :1 .
{=np 50><8 8( 4)( 8.75) (M1)A1
) ot=nmp(l-p)=50x> x> = 9373
(i) o’=np(l p)_50><8x8 64( 32j( 11.7) (M1)AL

[5 marks]

Total [11 marks]

11. (a) even function Al
since coskx = cos(—kx) and f (X) is a product of even functions R1
OR
even function Al
since (cos2x)(cos4x)... = (cos(—ZX))(cos(—4x))... R1

| Note: Do not award AOR1. |

(b) consider the case n =1
sindX  2sin2Xcos2X

' = _ = Cc0S2X M1
2sin 2X 2sin 2X
hence true for n =1 R1
_ K sin 2" x
assume true for n = k , ie, (cos2x)(cos4x)...(cos2 x) = M1
2" sin 2X

| Note: Do not award M1 for “let n = k” or “assume n = k” or equivalent. |

considern=k +1:

fin(¥) = f, () (cos 2" x) (M1)
. 2k+1X

= Slkn.—cos 2K x Al
2" sin 2X
2 . 2k+lX 2k+lX

_ 2sin _ 'cos AL

2" sin 2X

3 2k+2X

S Al
277 sin 2X

so n=1trueand n =k true = n =k + 1 true. Hence true forall neZ" R1

| Note: To obtain the final R1, all the previous M marks must have been awarded. |

[2 marks]

[8 marks]

continued...
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Question 11 continued

vu' —uv’

(c) attempttouse f'= v (or correct product rule) M1

(2” sin 2X)(2”+' oS 2"+]X) — (sin 2m X)(Z”*' oS 2X)

f/(X) = . > AlAl
(2” sin 2X)
| Note: Award A1 for correct numerator and A1 for correct denominator. |
[3 marks]
(2“ sin;j(?” cos2™! Z) —~ (sin 2 Zj(?‘” COS;]
(d) fn'[ﬁj = . (M1)(A1)
“ [7503)
2" sin—
2
(2n )(2n+1 COS2n+1 Zj
(Ej = : (A1)
) (2")
=2cos2"" E(= 20052”’171) Al
4
fr [Ej =2 Al
4
f (Ej =0 Al
4
| Note: This A mark is independent from the previous marks. |
y= 2£X_Ej M1A1
4
4x-2y-n=0 AG
[8 marks]

Total [21 marks]
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Instructions to Examiners

Abbreviations

M

Marks awarded for attempting to use a valid Method; working must be seen.

(M) Marks awarded for Method; may be implied by correct subsequent working.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

(A)
R

N

AG

Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.

Marks awarded for clear Reasoning.

Marks awarded for correct answers if no working shown.

Answer given in the question and so no marks are awarded.

Using the markscheme

1

General

Mark according to RM™ Assessor instructions and the document “Mathematics HL: Guidance
for e-marking May 2017”. It is essential that you read this document before you start marking.
In particular, please note the following:

Marks must be recorded using the annotation stamps. Please check that you are entering
marks for the right question.

If a part is completely correct, (and gains all the “must be seen” marks), use the ticks with
numbers to stamp full marks.

If a part is completely wrong, stamp A0 by the final answer.

If a part gains anything else, it must be recorded using all the annotations.

All the marks will be added and recorded by RM™ Assessor.

Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked,

and marks awarded according to the markscheme.

It is not possible to award MO followed by A1, as A mark(s) depend on the preceding M mark(s),
if any.

Where M and A marks are noted on the same line, eg M1A1, this usually means M1 for an
attempt to use an appropriate method (eg substitution into a formula) and A7 for using the
correct values.

Where the markscheme specifies (M2), N3, efc., do not split the marks.
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¢ Once a correct answer to a question or part-question is seen, ignore further correct working.
However, if further working indicates a lack of mathematical understanding do not award the final
A1. An exception to this may be in numerical answers, where a correct exact value is followed by
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part,
and correct FT working shown, award FT marks as appropriate but do not award the final A1 in
that part.

Examples
Correct answer seen | Further working seen Action
1. 842 5.65685... Award the final A1
(incorrect decimal value) (ignore the further working)

2. 1. .

Zsm 4x sin x Do not award the final A7
3. loga—1logh log(a—b) Do not award the final A1

N marks

Award N marks for correct answers where there is no working.

¢ Do not award a mixture of N and other marks.
e There may be fewer N marks available than the total of M, A and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.

Implied marks

Implied marks appear in brackets eg (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

¢ Normally the correct work is seen or implied in the next line.
e Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s). To award FT marks, there must be working present and
not just a final answer based on an incorrect answer to a previous part.

¢ If the question becomes much simpler because of an error then use discretion to award fewer
FT marks.

¢ |If the error leads to an inappropriate value (eg sinfd=1.5), do not award the mark(s) for the final
answer(s).

¢ Within a question part, once an error is made, no further dependent A marks can be awarded,
but M marks may be awarded if appropriate.

o Exceptions to this rule will be explicitly noted on the markscheme.
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Misread

If a candidate incorrectly copies information from the question, this is a misread (MR).

A candidate should be penalized only once for a particular misread. Use the MR stamp to indicate
that this has been a misread. Then deduct the first of the marks to be awarded, even if this is an
M mark, but award all others so that the candidate only loses [1 mark].

¢ If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

¢ If the MR leads to an inappropriate value (eg sind =1.5), do not award the mark(s) for the
final answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does
not cover the work seen. In such cases the annotation DM should be used and a brief note written
next to the mark explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
question specifies a method, other correct methods should be marked in line with the markscheme.
If in doubt, contact your team leader for advice.

¢ Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, efc.

¢ Alternative solutions for part-questions are indicated by EITHER . . . OR.

e Where possible, alignment will also be used to assist examiners in identifying where these
alternatives start and finish.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, simplified answers, (which candidates often do not write in examinations),
will generally appear in brackets. Marks should be awarded for either the form preceding the

bracket or the form in brackets (if it is seen).

Example: for differentiating f'(x)=2sin(5x-3), the markscheme gives
f'(x)=(2c0s(5x—3))5 (=10cos(5x-3)) A1

Award A1 for (2cos(5x—3))5, even if 10cos(5x—3) is not seen.
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Accuracy of Answers
Candidates should NO LONGER be penalized for an accuracy error (AP).

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to
the required accuracy. When this is not specified in the question, all numerical answers should be
given exactly or correct to three significant figures. Please check work carefully for FT.

Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way
crossed out their work, do not award any marks for that work.

Calculators

No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no
grade awarded. If you see work that suggests a candidate has used any calculator, please follow
the procedures for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner
should only mark the first response unless the candidate indicates otherwise.

Candidate work

Candidates are meant to write their answers to Section A on the question paper (QP), and
Section B on answer booklets. Sometimes, they need more room for Section A, and use the
booklet (and often comment to this effect on the QP), or write outside the box. This work should
be marked.

The instructions tell candidates not to write on Section B of the QP. Thus they may well have done
some rough work here which they assume will be ignored. If they have solutions on the answer
booklets, there is no need to look at the QP. However, if there are whole questions or whole part
solutions missing on answer booklets, please check to make sure that they are not on the QP,

and if they are, mark those whole questions or whole part solutions that have not been written on
answer booklets.
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Section A

log, x—log,5 =2 +log, 3

collecting at least two log terms (M1)

eg log2§=2 + log, 3 or log2%=2

obtaining a correct equation without logs (M1)
X X 2
e —=120R —=2 A1
- T (A1)
x=60 A1
[4 marks]
(@) z, =2cis GJ and z, = ﬁcis(%j A1A1
| Note: Award A7AO for correct moduli and arguments found, but not written in mod-arg form. |
M =2 A1
T
ii argw = — A1
(ii) gw=

Notes: Allow FT from incorrect answers for z, and z, in modulus-argument form.

[4 marks]

(b) EITHER
. [ 7mn
sm(a)—o (M1)

OR
arg(w”) =7 (M1)

son=12 A1
[2 marks]

Total [6 marks]



METHOD 1

use of sec’ x = tan” x + 1
tan’ x + 2tanx +1=0
(tanx +1)’=0
tanx = —1
3t Tn
x=—,—
4’4

METHOD 2

1 +2s1nx:0

Ccos? x CcOS X
1+ 2sinxcosx =0

sin2x = -1
_3n Tn

2x .
22

M17/5/MATHL/HP1/ENG/TZ1/XXIM

M1

(mM1)
A1

A1A1

M1

M1A1

A1A1

Note: Award A7AQ if extra solutions given or if solutions given in degrees (or both).

[5 marks]
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METHOD 1
total number of arrangements 7! (A1)
number of ways for girls and boys to sit together = 3! x 4! x 2 (M1)(A1)

Note: Award M1AQ if the 2 is missing.

| |
probability = 3,><;1—',><2 M1

Note: Award M1 for attempting to write as a probability.

2x3x4! x2
7 x6x5x%x4!
2

== A1
35

Note: Award A0 if not fully simplified.

METHOD 2

3.2 1. 4321 (M1)A1A1

7 6 5 7 6 5 4

Note: Acceptixgxlxz or ixéxgxlxz.
7 6 5 6 5 4

2

== M1)A1
35 (m1)

Note: Award A0 if not fully simplified.

[5 marks]



(a)

- 10 -

ABx AD = —i +10j — 7k

area = AfB X A?) = JIP+10°+ 7°
- 5\%(\/150)
METHOD 1

AB-AD=-4-2-6
=-12
considering the sign of the answer

AB - AD < 0, therefore angle DAB is obtuse

(as it is a parallelogram), ABC s acute

METHOD 2

BA-BC=+4+2+6
=12
considering the sign of the answer

BA - BC > 0 = ABC is acute

M17/5/MATHL/HP1/ENG/TZ1/XXIM

M1A1

A1
[3 marks]

M1A1

M1

A1
[4 marks]

M1A1

m1

A1
[4 marks]

Total [7 marks]



(@)

(b)

(a)

(b)

- 11 -

y=|x

M17/5/MATHL/HP1/ENG/TZ1/XXIM

/

graphs sketched correctly (condone missing b)

S
)

=18

S o
I
N

useof u, =u, + (n—1)d

(1+2d)’=(1+d)(1 + 5d) (or equivalent)
-2

/

y:—|x|+b

A1A1
[2 marks]
(M1)A1

A1
[3 marks]

Total [5 marks]

m1

M1A1
A1

[4 marks]

(A1)
(mM1)

A1
[3 marks]

Total [7 marks]
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let P(n) be the proposition that 4"+ 151 — 1 is divisible by 9
showing true for n =1

ie forn=1,4+15x1-1=18

which is divisible by 9, therefore P(1) is true

assume P(k) is true so 4° + 15k —1=94, (A€Z+)

Note: Only award M1 if “truth assumed” or equivalent.

consider 4 "'+ 15(k +1) -1

=4 x 4" +15k + 14

— 494 — 15k + 1) + 15k + 14

= 4% 94— 45k +18

— 9(44 — 5k + 2) which is divisible by 9

M17/5/MATHL/HP1/ENG/TZ1/XXIM

A1

M1

M1

A1
R1

Note: Award R1 for either the expression or the statement above.

since P(1) is true and P(k) true implies P(k + 1) is true, therefore (by the principle

of mathematical induction) P(n) is true for neZ" R1
Note: Only award the final R1 if the 2 M1s have been awarded.
attempt at integration by parts with = arcsinx and V' =1 M1
Iarcsinx dx = x arcsinx — _[ Y dx A1A1
1 -7
Note: Award A7 for x arcsinx and A7 for —J. al : dx .
1-—x
solving J‘%dx by substitution with # =1 — x” or inspection (M1)
1-x
A1

Iarcsinx dx =xarcsinx +4/1 —-x* +¢

[6 marks]

[5 marks]



10.

(a)

(b)

attempt to equate integral to 1 (may appear later)

6
kj sin (Ejdx =1
0 6

correct integral

6
k| - écos(ﬂj =1
i 6 /],

substituting limits

6 1
—2(-1-1) ==~
7[( ) k

k=1
12

(i) mean=3
(i) median=3

(i) mode =3

- 13 -

Section B

M17/5/MATHL/HP1/ENG/TZ1/XXIM

m1

A1

M1

A1
[4 marks]

A1
A1

A1

Note: Award ATA0AO for three equal answers in (0, 6).

12 i

_n[ 6
= —|——cos

[3 marks]

M1

A1

Note: Accept without the % at this stage if it is added later.

(i) from (c)(i) O, =2

M1

AG

(A1)

as the graph is symmetrical about the middle value x =3 = 0, =4 (A1)

so interquartile range is

4-2
=2

A1

[6 marks]

continued...



Question 10 continued

(d)

Ja
»

N = 0= [~

<4|Xx 23)

_PB<X<4)

P(X >3)

14—

M17/5/MATHL/HP1/ENG/TZ1/XXIM

(mM1)

A1
[2 marks]

Total [15 marks]
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2
1. (@) (i) x2+3x+2=(x+§j——l A1
2) 4
(i) X +3x+2=(x+2)(x+1 A1
[2 marks]
(b) |
Vertical Asymptote
x=-1
b% )/Intercept
Vertical Asymptote | - (0 =
=2 ! ' 5 Horizontal
E E 4 Asymptote
- -
D 4 4
E E \\\\\\\\\\\ Local Maximum
| -109 - —4
A1 for the shape
A1 for the equation y = 0
A1 for asymptotes x =—2 and x =1
_ 3
A1 for coordinates (— Ex —4)
A1 y-intercept (0 , l j
2
[5 marks]
©) 11 :(x+2)—(x+l) "
x+1 x+2 (x+D(x+2)
X2+ 3x 42
[1 mark]

continued...



Question 11 continued

1
1 1
d -
@ J‘x+1 x+2

0

=[In(x+1)~In(x+2)],

=In2-In3-Inl+1n2

o

N
) 3

(e)

(0,0.5)1

Ty

— 16 —

=

<

-5

symmetry about the y-axis
correct shape

Note: Allow FT from part (b).

2 j; f(x)dx

()

(f)

Note: Do not award FT from part (e).

M17/5/MATHL/HP1/ENG/TZ1/XXIM

A1

m1

M1A1

[4 marks]

M1
A1

[2 marks]

(M1)(A1)

A1

[3 marks]

Total [17 marks]



12.

- 17 —

(@) sum=0
product =6

b) PH=1-10+15-6=0
= (z — 1) is a factor of P(z)

Note: Accept use of division to show remainder is zero.

(¢) METHOD 1
(z —1)3(22+ bz + c) =2 -10z2°+15z2 - 6
by inspection ¢ = 6
(7-322+3z-1)(+ bz + 6) =2° = 1027+ 152 - 6
b=3

METHOD 2

o, B are two roots of the quadratic
b=—-(a+p),c=0ap
frompart(@) 1+1+1+a+B=0
=b=3

IxIxlxaf=6

=c=6

M17/5/MATHL/HP1/ENG/TZ1/XXIM

A1

A1
[2 marks]

M1A1
AG

[2 marks]

(mM1)

A1
(M1)(A1)
A1

(A1)
(mM1)
A1
(mM1)
A1

Note: Award FT if b = —7 following through from their sum = 10.

METHOD 3
(ZS—IOZZ+152—6)+(Z—1)=Z4+Z3+Zz—9Z+6

Note: This may have been seen in part (b).

24+Z3+22—92+6+(z—1)=z3+222+3z—6

z +2Zz+3Z—6+(Z—1):ZZ+3Z+6

(M1)A1

(M1)
A1A1
[5 marks]

continued...
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Question 12 continued

d zZ+3z+6=0 M1
~3+9-4-6
z =

: M1
_—3+4-15
-

3 15

z=——%
2 2

(or z=1)

A1

Notes: Award the second M7 for an attempt to use the quadratic formula
or to complete the square.

Do not award FT from (c).

[3 marks]
. dy 3
(e) (i) —5=20x-20 M1A1
for x>1, 20x° — 20 > 0 = concave up R1AG
(ii)
6/\y
X
- (1,0) .
(0,-06)
—A0 v
x-intercept at (1, 0) A1
y-intercept at (0, —6) A1
stationary point of inflexion at (1, 0) with correct curvature either side A1l
[6 marks]

Total [18 marks]
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Instructions to Examiners

Abbreviations

M

Marks awarded for attempting to use a valid Method; working must be seen.

(M) Marks awarded for Method; may be implied by correct subsequent working.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

(A)
R

N

AG

Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.

Marks awarded for clear Reasoning.

Marks awarded for correct answers if no working shown.

Answer given in the question and so no marks are awarded.

Using the markscheme

1

General

Mark according to RM™ Assessor instructions and the document “Mathematics HL: Guidance
for e-marking May 2017”. It is essential that you read this document before you start marking.
In particular, please note the following:

Marks must be recorded using the annotation stamps. Please check that you are entering
marks for the right question.

If a part is completely correct, (and gains all the “must be seen” marks), use the ticks with
numbers to stamp full marks.

If a part is completely wrong, stamp A0 by the final answer.

If a part gains anything else, it must be recorded using all the annotations.

All the marks will be added and recorded by RM™ Assessor.

Method and Answer/Accuracy marks

Do not automatically award full marks for a correct answer; all working must be checked,

and marks awarded according to the markscheme.

It is not possible to award MO followed by A1, as A mark(s) depend on the preceding M mark(s),
if any.

Where M and A marks are noted on the same line, eg M1A1, this usually means M1 for an
attempt to use an appropriate method (eg substitution into a formula) and A7 for using the
correct values.

Where the markscheme specifies (M2), N3, efc., do not split the marks.
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¢ Once a correct answer to a question or part-question is seen, ignore further correct working.
However, if further working indicates a lack of mathematical understanding do not award the final
A1. An exception to this may be in numerical answers, where a correct exact value is followed by
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part,
and correct FT working shown, award FT marks as appropriate but do not award the final A1 in
that part.

Examples
Correct answer seen | Further working seen Action
1. 82 5.65685... Award the final A1
(incorrect decimal value) (ignore the further working)

2, 1. .

Zsm 4x sin x Do not award the final A1
3. loga—logh log(a-b) Do not award the final A1

N marks

Award N marks for correct answers where there is no working.

¢ Do not award a mixture of N and other marks.
¢ There may be fewer N marks available than the total of M, A and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.

Implied marks

Implied marks appear in brackets eg (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

¢ Normally the correct work is seen or implied in the next line.
¢ Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s). To award FT marks, there must be working present and
not just a final answer based on an incorrect answer to a previous part.

¢ If the question becomes much simpler because of an error then use discretion to award fewer
FT marks.

e |If the error leads to an inappropriate value (eg sinf=1.5), do not award the mark(s) for the final
answer(s).

¢ Within a question part, once an error is made, no further dependent A marks can be awarded,
but M marks may be awarded if appropriate.

o Exceptions to this rule will be explicitly noted on the markscheme.
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Misread

If a candidate incorrectly copies information from the question, this is a misread (MR).

A candidate should be penalized only once for a particular misread. Use the MR stamp to indicate
that this has been a misread. Then deduct the first of the marks to be awarded, even if this is an
M mark, but award all others so that the candidate only loses [1 mark].

¢ If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

¢ If the MR leads to an inappropriate value (eg sind =1.5), do not award the mark(s) for the
final answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does
not cover the work seen. In such cases the annotation DM should be used and a brief note written
next to the mark explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
question specifies a method, other correct methods should be marked in line with the markscheme.
If in doubt, contact your team leader for advice.

¢ Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, efc.

¢ Alternative solutions for part-questions are indicated by EITHER . . . OR.

e Where possible, alignment will also be used to assist examiners in identifying where these
alternatives start and finish.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, simplified answers, (which candidates often do not write in examinations),
will generally appear in brackets. Marks should be awarded for either the form preceding the

bracket or the form in brackets (if it is seen).

Example: for differentiating 1 (x)=2sin(5x-3), the markscheme gives
f'(x)z(Zcos(Sx—3))5 (=1000s(5x—3)) A1

Award A1 for (2cos(5x—3))5, even if 10cos(5x—3) is not seen.
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11

12

13

14.
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Accuracy of Answers
Candidates should NO LONGER be penalized for an accuracy error (AP).

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to
the required accuracy. When this is not specified in the question, all numerical answers should be
given exactly or correct to three significant figures. Please check work carefully for FT.

Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way
crossed out their work, do not award any marks for that work.

Calculators

No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no
grade awarded. If you see work that suggests a candidate has used any calculator, please follow
the procedures for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner
should only mark the first response unless the candidate indicates otherwise.

Candidate work

Candidates are meant to write their answers to Section A on the question paper (QP), and
Section B on answer booklets. Sometimes, they need more room for Section A, and use the
booklet (and often comment to this effect on the QP), or write outside the box. This work should
be marked.

The instructions tell candidates not to write on Section B of the QP. Thus they may well have done
some rough work here which they assume will be ignored. If they have solutions on the answer
booklets, there is no need to look at the QP. However, if there are whole questions or whole part
solutions missing on answer booklets, please check to make sure that they are not on the QP,

and if they are, mark those whole questions or whole part solutions that have not been written on
answer booklets.
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Section A
attempt at binomial expansion, relevant row of Pascal’s triangle or use of
general term with binomial coefficient must be seen (M1)
10 1Y
term independent of x is ( 4 ](2x2 )6 (Fj (or equivalent) (A1)(A1)(A1)
X

Notes: x’s may be omitted.

10
Also accept ( 6 jor 210.

=840 A1
[5 marks]
(@) -11<f(x)<21 A1A1
Note: A1 for correct end points, A7 for correct inequalities.
[2 marks]
1 x—5
(b)y f (=3 (M1)A1
[2 marks]
(c) —-11<x<21, 2<7f'(x)<2 A1A1
[2 marks]

Total [6 marks]
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(a) EITHER
the first three terms of the geometric sequence are 9, 9 and 9r° (M1)
9+3d =97 (=3+d=3r) and 9 + 7d = 9+ (A1)
attempt to solve simultaneously (M1)

2
9+7d=9(3;dJ

OR
the 15, 4" and 8" terms of the arithmetic sequence are
9,9+4+3d,9+7d (M1)
9+7d=9+3d (A1)
9 +3d 9
attempt to solve (M1)
THEN
d=1 A1
[4 marks]
4
by r=-— A1
(b) 3
Note: Accept answers where a candidate obtains d by finding 7 first. The first two
marks in either method for part (a) are awarded for the same ideas and the third
mark is awarded for attempting to solve an equation in r.
[1 mark]

Total [56 marks]



5.

(@) s=t+cos2t

E =1-2sin2¢
dr
=0
) 1
= st =—
2

T 5n
t=—(s), t,="—
| 12(S) 2 12(S)

Note: Award AOAOQ if answers are given in degrees.

LT[ B
(b) S—12+COS6£S—12+ 2(m)}

C represents the complex number 1 — 2i
D represents the complex number 3 + 2i

M17/5/MATHL/HP1/ENG/TZ2/XXIM

M1A1
m1

A1A1

[5 marks]

A1A1

[2 marks]

Total [7 marks]

A2
A2

[4 marks]
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(a) let x=tand

= £= sec’ @
do

1 sec’ @
——dx = |————déb
J.(xz + 1)2 J.(tan2 0+ 1)2

M17/5/MATHL/HP1/ENG/TZ2/XXIM

(A1)

M1

| Note: The method mark is for an attempt to substitute for both x and dx. \

= J.;Zdﬁ (or equivalent)
sec” ¢

when x =0, 8§ =0 andwhenx =1, 92%

h
= J.cosz 6do
0

| 1 i
(b) J%dx:jcosz 0de =lj(1+cosze)d0
o(x -I-l) 0 20
:l[ﬁ N s1n2t9}4
2 2 |,
_r, 1
8 4

A1

m1

AG

[4 marks]

M1

A1

A1
[3 marks]

Total [7 marks]



(a)

(b)

- 11 -

PX >0)=1-P(X =0)
m_ 3 ,
=>1l-e¢"= 2 or equivalent

= m=In4

PY>1)=1-P(Y=0)-P(Y =1)
— 1_ e—21n4 _e—21n4 % 21114
recognition that 2In4 =1In16

P(Y >1)= 15 —lén16

M17/5/MATHL/HP1/ENG/TZ2/XXIM

(m1)
A1

A1
[3 marks]

(M1)

A1

(A1)

A1
[4 marks]

Total [7 marks]
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o GG ()

show true for n = (M1)

2 3
LHS =| " |=1RHS =|_ |=1 A1

hence true for n =3

2 3 4 k-1 k
assume true for n =k : + + +...+ = M1
) ()G 2)-0)

amsaton= +1:(2)+ (2o (e [£57): 1) w
45 .

k! k! k' 1 3 ,
= + or any correct expression
(k-3)!13!  (k—-2)!12! BT (k - 3)' (k-2)!
with a visible common factor (A1)
k' k—2+3 . . .
3' W or any correct expression with a common denominator (A1)

_ﬂ k+1
31| (k- 2)!

| Note: At least one of the above three lines or equivalent must be seen. |

C(k+ 1)
31k - 2)!

B k+1

3

Result is true for £ = 3. If result is true for k itis true for £k + 1. Hence result is true
for all £ > 3. Hence proved by induction. R1

or equivalent A1

Note: In order to award the R1 at least [5 marks] must have been awarded.

[9 marks]



(@)
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Section B

(i)
i

A1 for correct shape
A1 for correct x and y intercepts and minimum point

(ii)

X

A1 for correct shape

A1 for correct vertical asymptotes

A1 for correct implied horizontal asymptote
A1 for correct maximum point

continued...
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Question 9 continued

(b)

(iii)

Ya¥

g I
I |
| |
[

; I
| |
| |
| l
! i PR
| |

| |

| |

A1 for reflecting negative branch from (ii) in the x-axis
A1 for correctly labelled minimum point

EITHER

attempt at integration by parts
I(xz— az)cosxdx = (x2 - az)sinx - J.2xsinxdx

= (x2 - az)sinx . 2[—xcosx + Icosxdx}

= (xz— az)sinx + 2xcosx — 2sinx + ¢

OR
J‘( 2 2) _ J‘ 2 2
x“—a )cosxdx = | x cosxdx—J.a cos xdx
attempt at integration by parts
sz cosxdx = x*sinx — J2xsinxdx
= x’sinx — 2[—xcosx + J.cosxdx}
= x’sinx + 2xcosx — 2sin x
—Iaz cosxdx = —a’sinx

j(xz— az)cosxdx = (x2 - az)sinx + 2xcosx — 2sinx + ¢

[8 marks]

(mM1)
A1A1

A1
A1

(mM1)
A1A1

A1

A1

[5 marks]

continued...
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Question 9 continued

1

(c) gx)= )c(x2 -a’ )E

g'(x)= (x2 -a’ ); + %x(x2 - az); (2x) M1A1A1

Note: Method mark is for differentiating the product. Award A7 for each correct term.

1 1
g'(x)= (x2 - a2)2 +x° (x2 — az) 2
both parts of the expression are positive hence g'(x) is positive R1
and therefore g is an increasing function (for |x| >a) AG

[4 marks]

Total [17 marks]



10.

(a)

(i)

(ii)

— 16 —
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the width of the rectangle is 2r and let the height of the rectangle be %

P=2r+2h+ar

2
A=2h+ 2
2
h=P—2r—nr
2

_ _ 2
iy P-2r—mar +7tr
2 2

hence the width is
4+m

d*4
dr?
hence maximum

=—-4-n<0

2
=Pr-2r'-—
2

(A1)

(A1)

M1A1

A1

M1

(A1)

A1

R1
AG

[9 marks]

continued...
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Question 10 continued

(b) EITHER
h:P—2r—nr
2
3 2P 3 Pn
b= 4+ 44w
2
h_4P+nP—2P—nP
2(4+m)
h= P =r
(4+m)
OR
h:P—2r—nr
2
P=r(4+m)
h_r(4+7z)—2r—nr
B 2
Ar+7r — 2r —
h= 5 =r

M17/5/MATHL/HP1/ENG/TZ2/XXIM

m1

A1

AG

m1

A1

AG
[2 marks]

Total [11 marks]



11.

(a)

(b)

-18 - M17/5/MATHL/HP1/ENG/TZ2/XXIM

2sin(x + 60°) = cos(x + 30°)

2(sinxcos 60’ + cosx sin60°) = cosx cos30" — sin x sin30°

) 1 3 3 . 1
2sinx X —+ 2CO0SX X — = COSX X — — SIinXx X —
2 2 2 2
3. 3
= —sinx = — —Co0sXx
2 2

= tanx= - —
NE)

=x =150

EITHER

choosing two appropriate angles, for example 60° and 45°
sin105° = sin60° cos45° + cos 60° sin45° and

c0s105° = cos60° cos45° — sin 60° sin45°

NI

sin105°+ cos105° = — x $ !

1 1 1 1
—+—X—=+ —X—F—=——X—F—=
2 2 2 2 2 2 2

1
V2

OR
attempt to square the expression
(sin105° + coleS")2 =5sin’105° +25sin105° cos105° +cos*105°

(sin105° +<:0s105°)2 =1+sin210°

sin105° + cos105° =

€
NG

(M1)(A1)

A1

m1

A1
[5 marks]

M1

(A1)

A1

AG

m1

A1

A1

AG

[3 marks]

continued...
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Question 11 continued

(c)

(i)

EITHER
z=(1-cos26) —isin26

|z|= \/(1 —c0s26)’ + (sin2<9)2

|z|= \/1 — 2¢0820 + cos’ 26 + sin” 26

= \/5‘/(1 — c0s26)
=.[2 (2 sin’ 49)
=2sind
let arg(z) =

sin 26
1—cos260
— 2sinf@cos@

2sin’ 6

=—cotd

tano = —

arg(z) =a = —arctan(tan(g — 6’)}

—g-2
2

OR

z=(1-cos26) —isin2¢

=2sin* @ —2isinOcos b

=2sinf(sind—icos0)

=—2isin@(cosd+isinb)

=2sin 9(00s(0—£}+isin(9—£j)
2 2
|z| =2sind

arg(z)=6 - g

M17/5/MATHL/HP1/ENG/TZ2/XXIM

M1

A1
A1

A1

M1

(A1)
A1

A1

A1

M1A1
(A1)

M1A1
M1A1

A1

A1

continued
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Question 11 continued

(i) attempt to apply De Moivre’s theorem M1
11 | 0-" 1+ 2mn 0-"+ 2nn

(1 - cos26 — isin 26)° = 23 (sin §):3 | cos Qf +isin 5
A1A1A1

Note: A7 for modulus, A7 for dividing argument of z by 3 and A7 for 2um. |

Hence cube roots are the above expression when n=-1,0,1.

Equivalent forms are acceptable. A1
[14 marks]

Total [22 marks]
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Instructions to Examiners

Abbreviations

m

(M)

(A)

AG

Marks awarded for attempting to use a valid Method; working must be seen.

Marks awarded for Method; may be implied by correct subsequent working.

Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.
Marks awarded for clear Reasoning.

Marks awarded for correct answers if no working shown.

Answer given in the question and so no marks are awarded.

Using the markscheme

1

General

Mark according to RM™ Assessor instructions and the document “Mathematics HL: Guidance
for e-marking November 2016”. It is essential that you read this document before you start
marking. In particular, please note the following:

e Marks must be recorded using the annotation stamps. Please check that you are entering
marks for the right question.

¢ If a partis completely correct, (and gains all the “must be seen” marks), use the ticks with
numbers to stamp full marks.

e If a part is completely wrong, stamp A0 by the final answer.

¢ [f a part gains anything else, it must be recorded using all the annotations.

o All the marks will be added and recorded by RM™ Assessor.

Method and Answer/Accuracy marks

¢ Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

e Itis not possible to award MO followed by A1, as A mark(s) depend on the preceding M mark(s),
if any.

¢ Where M and A marks are noted on the same line, eg M1A1, this usually means M1 for an
attempt to use an appropriate method (eg substitution into a formula) and A7 for using the
correct values.

e Where the markscheme specifies (M2), N3, etc., do not split the marks.
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¢ Once a correct answer to a question or part-question is seen, ignore further correct working.
However, if further working indicates a lack of mathematical understanding do not award the final
A1. An exception to this may be in numerical answers, where a correct exact value is followed by
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part,
and correct FT working shown, award FT marks as appropriate but do not award the final A7 in
that part.

Examples
Correct answer seen Further working seen Action
1. 842 5.65685... Award the final A1
(incorrect decimal value) (ignore the further working)

2. 1.

—sin4x sin x Do not award the final A1
3. loga—logh log(a—b) Do not award the final A1

N marks

Award N marks for correct answers where there is no working.

¢ Do not award a mixture of N and other marks.
¢ There may be fewer N marks available than the total of M, A and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.

Implied marks

Implied marks appear in brackets eg (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

o Normally the correct work is seen or implied in the next line.
e Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s). To award FT marks, there must be working present and
not just a final answer based on an incorrect answer to a previous part.

¢ If the question becomes much simpler because of an error then use discretion to award fewer
FT marks.

¢ |[f the error leads to an inappropriate value (eg sin@ =1.5), do not award the mark(s) for the final
answer(s).

¢ Within a question part, once an error is made, no further dependent A marks can be awarded,
but M marks may be awarded if appropriate.

o Exceptions to this rule will be explicitly noted on the markscheme.
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Misread

If a candidate incorrectly copies information from the question, this is a misread (MR).

A candidate should be penalized only once for a particular misread. Use the MR stamp to indicate
that this has been a misread. Then deduct the first of the marks to be awarded, even if this is an
M mark, but award all others so that the candidate only loses one mark.

¢ If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

¢ If the MR leads to an inappropriate value (eg sin@ =1.5), do not award the mark(s) for the
final answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does
not cover the work seen. In such cases the annotation DM should be used and a brief note written
next to the mark explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
question specifies a method, other correct methods should be marked in line with the markscheme.
If in doubt, contact your team leader for advice.

¢ Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, efc.

¢ Alternative solutions for part-questions are indicated by EITHER . . . OR.

e Where possible, alignment will also be used to assist examiners in identifying where these
alternatives start and finish.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, simplified answers, (which candidates often do not write in examinations),
will generally appear in brackets. Marks should be awarded for either the form preceding the
bracket or the form in brackets (if it is seen).

Example: for differentiating f (x)=2sin(5x—3), the markscheme gives:
f'(x)=(2cos(5x-3))5 (=10cos(5x—3)) A1
Award A1 for (2cos(5x—3))5, even if 10cos(5x—3) is not seen.
Accuracy of Answers

Candidates should NO LONGER be penalized for an accuracy error (AP).

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to
the required accuracy. When this is not specified in the question, all numerical answers should be
given exactly or correct to three significant figures. Please check work carefully for FT.



11

12

13

14.

-6- N16/5/MATHL/HP1/ENG/TZ0/XX/M

Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way
crossed out their work, do not award any marks for that work.

Calculators

No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no
grade awarded. If you see work that suggests a candidate has used any calculator, please follow
the procedures for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner
should only mark the first response unless the candidate indicates otherwise.

Candidate work

Candidates are meant to write their answers to Section A on the question paper (QP), and
Section B on answer booklets. Sometimes, they need more room for Section A, and use the
booklet (and often comment to this effect on the QP), or write outside the box. This work should
be marked.

The instructions tell candidates not to write on Section B of the QP. Thus they may well have done
some rough work here which they assume will be ignored. If they have solutions on the answer
booklets, there is no need to look at the QP. However, if there are whole questions or whole part
solutions missing on answer booklets, please check to make sure that they are not on the QP,

and if they are, mark those whole questions or whole part solutions that have not been written on
answer booklets.
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Section A
METHOD 1
for eliminating one variable from two equations
(x +y+z= 3)

eg, 2x+2z=8
2x +3z=11
for finding correctly one coordinate
(x +y+z= 3)
eg. =1 (2x+2z=8)
z=3
for finding correctly the other two coordinates
x=1
=>y=-1
z=73
the intersection point has coordinates (1, —1, 3)

METHOD 2

for eliminating two variables from two equations or using row reduction
(x+y+z=3) 1 1 1/3

eg, -2y =2 or|0 -2 0|2

z=3 0 0 1/3

for finding correctly the other coordinates
x=1 1 0 0Of1
=qy=-lor|0 1 01
(z=3) 0 0 13

the intersection point has coordinates (1, —1, 3)

(mM1)

A1A1

A1

A1

(m1)

A1A1

A1A1

continued. ..



Question 1 continued

METHOD 3
1 1 1
I -1 1|=-2
I 1 2

3 1 1

5 -1 1

6 1 2| 2
X =" ) =_—2:1

1 3 1

I 51
pole2f 2

-2 -2

I 1 3

I -1 5
e

N16/5/MATHL/HP1/ENG/TZ0/XX/M

(A1)

m1

A1

A1

A1

using this method.

Note: Award M1 only if candidate attempts to determine at least one of the variables

(a)

X

1
P(X =x) 1
6

W | — N

W=

AN~

| Note: Award A1 for each correct row. |

b) E(X)=Ix—+2xiiaxliexl
6 T3 T3

:B(zglj
6 "6

[5 marks]

A1A1

[2 marks]

(M1)

A1

allow FT marks.

Note: If the probabilities in (a) are not values between 0 and 1 orlead to E(X) > 6
award M1A0 to correct method using the incorrect probabilities; otherwise

[2 marks]

Total [4 marks]



@ a=1

(b) use the coordinates of (1, 0) on the graph
f(l):0:>1+%=0:>b=2

(@ axb=-12i-2j-3k

(b) METHOD 1
-12x -2y -3z=d
-12x1-2x0-3(-1)=d
=d=-9
—12x -2y —-3z=-9 (or 12x+ 2y + 3z =9)

METHOD 2
x)(-12 1 -12

—12x -2y —-3z=-9 (or 12x +2y +3z=9)

a+ =2k

off =k -1

(a+ By =4k"= o’ + p*+ 2%:41‘2
k-1

a’+ B=4k-2k +2

&+ f=4=4K-2k-2=0

attempt to solve quadratic

o, L
2

N16/5/MATHL/HP1/ENG/TZ0/XX/M

A1
A1

M1
A1

[2 marks]

[2 marks]

Total [4 marks]

(M1)A1

M1
(m1)
A1

M1A1

A1

[2 marks]

[3 marks]

Total [5 marks]

A1
A1

(mM1)

A1
(mM1)

A1

[6 marks]
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6. (a) u=1 A1
[1 mark]

(b)  wu;=S,—S,=31 M1A1
[2 marks]

) u,=8-S5, M1

=(3n*=2n) - (3(n -1’ - 2(n - 1))
=(3n*=2n) - (3n* = 6n + 3 — 2n + 2)

n—->5 A1
d=u -u R1
=6n+6-5-6n+5
=(6(n+1)-5)-(6n-5)
=6 (constant) A1

Notes: Award R1 only if candidate provides a clear argument that proves that the difference
between ANY two consecutive terms of the sequence is constant. Do not accept examples
involving particular terms of the sequence nor circular reasoning arguments (eg use of
formulas of APs to prove that it is an AP). Last A7 is independent of R1.

[4 marks]
Total [7 marks]
7. attempt to form a quadratic in 2* M1
(27) +4-27-3=0 A1
-4+ /1 12
2" = 26+ (:—2iﬁ) M1
2"=-2 +/7 (as =2 -7 <0) R1
( ln(—2 + \/7)\
v=tog,[2447) [x-m a
In2

Note: Award RO A1 if final answer is x = 1og2(—2 + \/;)

[5 marks]
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(a) METHOD 1

-3 1 x=-3+p
Lir=|-2|+p|4|=>1y=-2+4p M1
a 2 z=a+2p
6—(-3+ —2+4p5)-2
( ﬂ):( 'B) :>4:ﬁ:>ﬁ:3 M1A1
3 4 3
6—(-3+
—(3 'B):l—(a+2ﬂ):>2:—5—a:>a:—7 A1
METHOD 2
-3+ p=6-31
2 +4B =421 +2 m1
a+2f=1-41
attempt to solve M1
A=2,p4=3 A1
a=1-1-28=-17 A1
[4 marks]
(3) (1)
(b) OP=| -2 [+3:] 4 (M1)
-7 2
(0 )
=| 10 A1
-1
.zP(O,lO,—l)
[2 marks]
Total [6 marks]
(a) attempt to differentiate implicitly M1
3—(4yd—y+2y2)ex_1:0 A1A1A1
dx
| Note: Award A1 for correctly differentiating each term. |
1-x 2
dy _ 3-e -2y A1
dx 4y
| Note: This final answer may be expressed in a number of different ways. |
[5 marks]

continued...
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Question 9 continued

(b) 3—2y2:2:>y2=—:>y:+%
1
3-2-—
Y _ 2 _ N2
CE
2

1 1 2
at|1,.,/— | thetangentis y — ,|— =—(x - 1) and
[ \E] gentis \fz ;@
1 1 2
at 1,—\/: the tangent is +\/::——x—1
[ 2] g Y43 2( )

Note: These equations simplifyto y =+

YIS
.

N16/5/MATHL/HP1/ENG/TZ0/XX/M

A1

m1

A1

A1

Note: Award AOM1A1AQ if just the positive value of y is considered and just
one tangent is found.

[4 marks]

Total [9 marks]
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(b)

- 13 -

METHOD 1
P(4UB) =P(4) + P(B) — P(4N B)
=P(4) + P(ANB) + P(A' " B)-P(4N B)
=P(4) + P(4' " B)

METHOD 2
P(AUB)=P(4) + P(B) - P(4nB)
=P(4) + P(B) - P(4|B)xP(B)
=P(4) + (1-P(4| B))xP(B)
=P(4) + P(4'| B)xP(B)
=P(4) + P(4' N B)

() use P(4 U B) = P(4)+P(4'"B) and P(4' " B) = P(B | A')P(4)

4 1
5 = P+ — (1= P(a)

8 = 18P(4) + 3(1 - P(4))

P(4) = %

(i) METHOD 1
P(B) = P(AN B) + P(4' " B)
=P(B | A)P(4) + P(B | A)P(4)

1 1 2 2

= — X =

1
373 6 3 9

METHOD 2

P(4 N B)=P(B| A)P(4) = P(4 N B) = — x

O | —

l
3

W | —

P(B)=P(4 U B) + P(4 " B) — P(4)

by tel 1 2
9 9 3 9

N16/5/MATHL/HP1/ENG/TZ0/XX/M

M1
M1A1
AG

M1
m1

A1
AG
[3 marks]

(mM1)
A1
M1

AG

M1
M1

A1

M1
M1

A1
[6 marks]

Total [9 marks]
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(a)

(b)

(c)

(d)

—14 —

Section B
dy X 1 X X :
— =¢'sinx +e¢ cosx(=e (s1nx+cosx))
dx
dzy_ X : X .
ﬁ—e (sinx + cosx) + e (cosx — sin x)
=2e" cosx

) 3n
hence maximum at x = T

2
%=0:>2e"cosx=0
T
= x=—=
2

| Note: Award M1A0 if extra zeros are seen.

(e)

A

y
Max
Poi
X
nom o
2 4

correct shape and correct domain

max at x = %T point of inflexion at x = g

zerosat x=0and x==

N16/5/MATHL/HP1/ENG/TZ0/XX/M

M1A1
[2 marks]

M1A1

AG
[2 marks]

R1

R1

AG
[2 marks]

m1

A1

[2 marks]

A1
A1

A1

Note: Penalize incorrect domain with first A mark; allow FT from (d) on extra

points of inflexion.

[3 marks]
continued...
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Question 11 continued

(f)

(9

(h)

EITHER
Iex sinx dx = [e s1nx .[e cosxdx M1A1
0 0
Iex sinx dx = e smx ([e cos x]Z + Iex sin x dxj A1
0 0
OR
jex sin x dx [—e cosx] +'[ex cos xdx M1A1
0 0
Ie“‘ sinx dx = [—e“‘ cosx]o+([ex sinx]}r— jex sin x de A1
0 0
THEN
T 1 _ n x
je" sinx dx = —([e" smx} - [ex cosx} ) M1A1
7 2 0 0
i .. 1/,
Ie’ smxdx=—(e +1) A1
o 2
dy
= -0 A1
. (A1)
d’y 2 3n 2

=2e* cos—=—\/§e4 A1
dx? 4 (A7)

3n

—/2e? 3n

K=1———1=+/2¢e* A1
1

x=0 A1
the graph is approximated by a straight line R1

[6 marks]

[3 marks]

[2 marks]

Total [22 marks]
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(a)

(b)

(c)

— 16 —

() METHOD 1

l+o+e' =122 _9
-

as w#1

METHOD 2

solutionsof | —@w’=0 are w=1, w =

verification that the sum of these roots is 0

iy 1+ +(a) =0

(a) - 30)2)(0)2 - 3a)) =-30'+ 100’ - 30°

EITHER
=30’ (@ + o+ 1) + 130’
=-30*'x0+13x1

OR

=-30+10-30’ =-3(&@"+w + 1) +13
=-3x0+13

OR

-1+ +/3i
substitution by @ = T\Bl in any form

numerical values of each term seen

THEN
=13

1P| =a] = 1P+ 32 = {x*+ Qx +1)’
5°+4x-9=0
(5x+9)(x-1)=0

9

x=1,x=—-—

5

N16/5/MATHL/HP1/ENG/TZ0/XX/M

A1

R1

A1
R1

A2
[4 marks]

M1A1

M1
A1

m1
A1

m1
A1

AG
[4 marks]
(M1)(A1)

A1
(mM1)

A1
[5 marks]

continued. ..



Question 12 continued

pq=(~1- 3i)(x + (2x + l)i) =Tx+3)+0—-x)i
Re(pq) + 8 < (Im(pg))’ = (7x +3) + 8 < (1 — x)?

=x*-9x-10>0
= (x+1)(x-10)>0
x<-1,x>10

. T . 3n . 5m . In )
sin— + sin— + sin— + sin— + sin
4 4 4 4

Award M1 for 5 equal terms with + or — signs. \

1 - cos2x 1—(1 - 2sin2x)

2sinx 2sin x

2sin? x

2sin x
=sinx

N16/5/MATHL/HP1/ENG/TZ0/XX/M

M1A1

M1

A1
M1

A1
[6 marks]

Total [19 marks]

(M1)A1

[2 marks]

M1

A1

AG
[2 marks]

continued. ..



-18 - N16/5/MATHL/HP1/ENG/TZ0/XX/M

Question 13 continued

. . . 1 —cos2
(c) let P(n):sinx +sin3x +...+sin(2n —1)x = M
2sinXx
if n=1
l-cos2x . N .
P(1): ——— =sinx which is true (as proved in part (b)) R1
2sinx
. . ) 1 — cos 2kx
assume P(k) true, sinx + sin3x +...+sin(2k — ) x = % m1
sin x

Notes: Only award M1 if the words “assume” and “true” appear. Do not award M1 for
“let n = k” only. Subsequent marks are independent of this M1.

consider P(k + 1) :
1 —cos2(k +1)x

P(k +1):sinx + sin3x +...+ sin(2k — ) x +sin(2k + ) x =

2sin x
LHS =sinx + sin3x +...+ sin(2k — 1) x + sin(2k + 1) x m1
_ 1082k | in 2k + D) A1
2sinx

_ 1 —cos2kx + 2sinxsin(2k + 1)x
B 2sinx
=1—cos2kx+2sinx cos x sin 2kx + 2sin’ x cos 2kx M1
B 2sinx

1- ((1 — 2sin? x) cos2kx — sin2x sin 2kx)
= , M1

2sinx

1 —(cos2x cos2kx — sin 2x sin 2kx) A1
B 2sin x

1 — cos(2kx + 2x)
- : A1

2sin x

_1—cos2(k +1)x
B 2sin x

so if true for n =k, then also true forn =k + 1
as true for n = 1 then true for all neZ" R1

Note: Accept answers using transformation formula for product of sines if steps are
shown clearly.

| Note: Award R1 only if candidate is awarded at least 5 marks in the previous steps. |

[9 marks]

continued. ..
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Question 13 continued

(d)

EITHER

) ) 1—cos4x
SInX + Sin3x = COSX = ————— = COSX
2sinx

= 1—cos4x =2sinx cosx, (sinx #0)

= 1 - (1 - 2sin’ 2x) = sin 2x

= sin2x(2sin2x —1) =0

= sin2x = 0 or sin2x :%

o 5w

2x =7, 2x =—and 2x = —
6 6

OR

sinx + sin3x = cosx = 2sin2xCOSX = COSX
= (2sin2x—1)cosx =0, (sinx # 0)

. 1
= sin2x = 5 or cosx=0

N16/5/MATHL/HP1/ENG/TZ0/XX/M

M1

A1
m1
m1

A1

M1A1
M1A1

A1

A1

| Note: Do not award the final A1 if extra solutions are seen.

[6 marks]

Total [19 marks]
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Instructions to Examiners

Abbreviations

M

(M)

(A)

AG

Marks awarded for attempting to use a valid Method; working must be seen.

Marks awarded for Method; may be implied by correct subsequent working.

Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.
Marks awarded for clear Reasoning.

Marks awarded for correct answers if no working shown.

Answer given in the question and so no marks are awarded.

Using the markscheme

1

General

Mark according to RM™ Assessor instructions and the document “Mathematics HL: Guidance
for e-marking May 2016”. It is essential that you read this document before you start marking.
In particular, please note the following:

e Marks must be recorded using the annotation stamps. Please check that you are entering
marks for the right question.

¢ If a partis completely correct, (and gains all the “must be seen” marks), use the ticks with
numbers to stamp full marks.

e If a part is completely wrong, stamp A0 by the final answer.

e If a part gains anything else, it must be recorded using all the annotations.

¢ All the marks will be added and recorded by RM™ Assessor.

Method and Answer/Accuracy marks

¢ Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

e ltis not possible to award MO followed by A1, as A mark(s) depend on the preceding M mark(s),

if any.

e Where M and A marks are noted on the same line, eg M1A1, this usually means M1 for an
attempt to use an appropriate method (eg substitution into a formula) and A7 for using the
correct values.

¢ Where the markscheme specifies (M2), N3, etc., do not split the marks.
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¢ Once a correct answer to a question or part-question is seen, ignore further correct working.
However, if further working indicates a lack of mathematical understanding do not award the final
A1. An exception to this may be in numerical answers, where a correct exact value is followed by
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part,
and correct FT working shown, award FT marks as appropriate but do not award the final A7 in
that part.

Examples
Correct answer seen | Further working seen Action
1. 842 5.65685... Award the final A1
(incorrect decimal value) (ignore the further working)

2, 1.

Zsm 4x sin x Do not award the final A1
3. loga—logh log(a—>b) Do not award the final A1

N marks

Award N marks for correct answers where there is no working.

¢ Do not award a mixture of N and other marks.
e There may be fewer N marks available than the total of M, A and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.

Implied marks

Implied marks appear in brackets eg (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

¢ Normally the correct work is seen or implied in the next line.
e Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s). To award FT marks, there must be working present and
not just a final answer based on an incorrect answer to a previous part.

¢ If the question becomes much simpler because of an error then use discretion to award fewer
FT marks.

e If the error leads to an inappropriate value (eg sin@=1.5), do not award the mark(s) for the final
answer(s).

¢ Within a question part, once an error is made, no further dependent A marks can be awarded,
but M marks may be awarded if appropriate.

e Exceptions to this rule will be explicitly noted on the markscheme.
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Misread

If a candidate incorrectly copies information from the question, this is a misread (MR).

A candidate should be penalized only once for a particular misread. Use the MR stamp to indicate
that this has been a misread. Then deduct the first of the marks to be awarded, even if this is an
M mark, but award all others so that the candidate only loses one mark.

¢ If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

¢ If the MR leads to an inappropriate value (eg sin@=1.5), do not award the mark(s) for the
final answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does
not cover the work seen. In such cases the annotation DM should be used and a brief note written
next to the mark explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
question specifies a method, other correct methods should be marked in line with the markscheme.
If in doubt, contact your team leader for advice.

¢ Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, efc.

¢ Alternative solutions for part-questions are indicated by EITHER . . . OR.

e Where possible, alignment will also be used to assist examiners in identifying where these
alternatives start and finish.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, simplified answers, (which candidates often do not write in examinations),
will generally appear in brackets. Marks should be awarded for either the form preceding the
bracket or the form in brackets (if it is seen).

Example: for differentiating f (x)=2sin(5x—3), the markscheme gives:
S (x)=(2cos(5x-3))5 (=10cos(5x—3)) A1
Award A1 for (2cos(5x—3))5, even if 10cos(5x—3) is not seen.
Accuracy of Answers

Candidates should NO LONGER be penalized for an accuracy error (AP).

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to
the required accuracy. When this is not specified in the question, all numerical answers should be
given exactly or correct to three significant figures. Please check work carefully for FT.
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Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way
crossed out their work, do not award any marks for that work.

Calculators

No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no
grade awarded. If you see work that suggests a candidate has used any calculator, please follow
the procedures for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner
should only mark the first response unless the candidate indicates otherwise.

Candidate work

Candidates are meant to write their answers to Section A on the question paper (QP), and
Section B on answer booklets. Sometimes, they need more room for Section A, and use the
booklet (and often comment to this effect on the QP), or write outside the box. This work should
be marked.

The instructions tell candidates not to write on Section B of the QP. Thus they may well have done
some rough work here which they assume will be ignored. If they have solutions on the answer
booklets, there is no need to look at the QP. However, if there are whole questions or whole part
solutions missing on answer booklets, please check to make sure that they are not on the QP,

and if they are, mark those whole questions or whole part solutions that have not been written on
answer booklets.
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Section A
use of either u, =u, +(n—1)d or S, :g(2ul +(n—-1)d) M1
u +4d =6 (A1)
12
?;(2u1+11d)::45 (A1)
= 4u, +22d =15
attempt to solve simultaneous equations M1
4(6—-4d)+22d =15
6d=-9=d=-1.5 A1
u, =12 A1
[6 marks]
total time of first 3 skiers = 34.1x3 =102.3 (M1)A1
total time of first 4 skiers = 35.0 x 4 =140.0 A1
time taken by fourth skier = 140.0 — 102.3 = 37.7 (seconds) A1
[4 marks]
(@) a=15d=2 A1A1
[2 marks]
2
b) b =7" =7 (M1)A1
[2 marks]
(c) attempt to solve an appropriate equation or apply a horizontal translation (M1)
c=1.5 A1
Note: Do not award a follow through mark for the final A1.
Award (M1)A0 for ¢ =—0.5.
[2 marks]
Total [6 marks]
(a)
A B
A1
[1 mark]

continued...



Question 4 continued

P(ANB)
P(B)

P(B’) =0.1+0.2=0.3

P(A’mB’) =0.1

P(4|B)=21 =

(b) P(4|B)=

1
3

W

5. (a) (1-v3)=4-23

Note: Award A0 for 1 — 2\/§+ 3.

(b) cos(60°—45") = cos(60°) cos(45°) + sin(607)sin (45°)

\/§x_

1 2 \/_ J— 11
2T TSN
\/§+\/801+\/_
4 22

(€) BC’=2+4-2x+2x2cos(15)

:6—6(6+J€)
=4—JE(=4—2J§)

BC=+(1-3)
BC=-1+3

Note: Accept BC = V3 -1,

Note: Award M1A0 for 1—+/3.

Note: Valid geometrical methods may be seen.

M16/5/MATHL/HP1/ENG/TZA/XXIM

(mM1)

(A1)
(A1)

A1
[4 marks]

Total [5 marks]

A1

[1 mark]
M1

(A1)

A1
[3 marks]

M1

A1
(mM1)
A1

[4 marks]

Total [8 marks]
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METHOD 1
m — nlog;2 =10log, 6

m —nlog,2 = 5log, 6 m1
m = log,(6°2") (M1)
3" =6 =3 %2’ (M1)
m=5n=-5 A1

Note: First M1 is for any correct change of base, second M1 for writing as a single logarithm,
third M1 is for writing 6 as 2 x 3.

METHOD 2

m — nlog,2 =10log, 6

m — nlog, 2 = 5log, 6 m1
m — nlog,2 = 5log, 3 + 5Slog, 2 (M1)
m —nlog,2 =15+ 5log, 2 (mM1)
m=5n=-5 A1

Note: First M1 is for any correct change of base, second M7 for writing 6 as 2x 3 and third M1 is for
forming an expression without log, 3.

[4 marks]
(a)
. , 7
A1 for vertical asymptote and for the y-intercept Z
A1 for general shape of y = including the x-axis as asymptote
x —

A1 for straight line with y-intercept 2 and x-intercept of -2 A1A1A1

[3 marks]

continued...
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Question 7 continued

(b) METHOD 1
for x > 4
(x+2)(x-4)=7 (M1)
¥ -2x—-8=7T=>x"-2x—-15=0
(x=5)(x+3)=0

(as x >4 then) x =5 A1
| Note: Award A0 if x = —3 is also given as a solution.

for x < 4

x+2)(x—-4)=-7 m1

=x'=2x-1=0

+
o 2_\/24+4 143

(M1)A1
| Note: Second M1 is dependent on first M1. |
[5 marks]
METHOD 2
(x+2) =2 m1
(x—4)
x*'—4x’ =12x* +32x+15=0 A1
(x+3)(x—5)(x2 —2x—1) =0
x=35 A1
| Note: Award A0 if x = —3 is also given as a solution.
+
L bl “24+4=14_r\/§ (M1)A1
[5 marks]

Total [8 marks]
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8. c¢(b-a)=0 m1

Note: Allow ¢ « AB = 0 or similar for M1.

ceb=cea A1
be(c—a)=0

bec=b-a A1
cea=bea M1
(c—=b)ea=0 A1
hence a is perpendicular to B_)C AG

Note: Only award the final A1 if a dot is used throughout to indicate scalar product.
Condone any lack of specific indication that the letters represent vectors.

9. % = — cos(mcos x) X msinx M1A1

| Note: Award follow through marks below if their answer is a multiple of the correct answer. |

considering either sin x = 0 or cos(mcosx) =0 (M1)

x=0,m7 A1
T T 1 1

MCOSX=—,—— | = cosx=—, —— m1
2 2 22

Note: Condone absence of —g.

T 271
> x=—,—

3°3
0,0), (g,lj,(n,m A1
(5 :

[5 marks]

[7 marks]
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dy

= =8x’+18x*+ 7x -5 A1
dx

when x=—1,d—y:—2 A1

dx

8x’+18x*+ 7Tx = 5=-2 m1
8x+18x*+7x -3=0

(x +1) is a factor A1
8x" + 18x” + 7x — 3 = (x + 1)(8x” + 10x — 3) (M1)

| Note: M1 is for attempting to find the quadratic factor. |
(x + )(4x —1)(2x + 3) = 0
(x=-1), x=025 x=—-1.5 (M1)A1

| Note: M1 is for an attempt to solve their quadratic factor. |

[7 marks]
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Section B

11.
| Note: Throughout the question condone vectors written horizontally. |

(@) angle between planes is equal to the angles between the normal to the

planes (M1)
4 4
1|e| 3 |=18 (A1)
1 -1

let & be the angle between the normal to the planes

cos@ __ 18 _ /18 or equivalent,for example 324 or E M1A1
Jisvae V26 V468 V13

[4 marks]
(b) () METHOD1
4 4 -4
1[x|3|=| 8 M1A1
1 -1
-1
which is a multiple of | 2 R1AG
2
—4 -1 —4 -1
Note: Allow any equivalent wordingor| 8 |=4| 2 |, donotallow| 8 |=| 2
8 2 8 2
METHOD 2
let z =1 (or equivalent)
solve simultaneously to get M1
y=t—4,x=3-0.5¢ A1
-0.5
hence direction vector is 1
1
-1
which is a multiple of | 2 R1AG

2

continued...
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Question 11 continued

METHOD 3

4 -1

lje| 2 |=—4+2+2=0
1 2

4 -1

3|2 |=—4+6-2=0
-1 2

M16/5/MATHL/HP1/ENG/TZA/XXIM

M1A1

A1

| Note: If only one scalar product is found award MOAOAO. |

(i) I1:4+0+4=8and IT,:4+0—-4=0

1 -1
(i) r=|0|+A4]2
4 2

R1

A1A1

correct direction vector.

Note: A1 for “r =" and a correct point on the line, A1 for a parameter and a

a 1 a-—1
© AB=|b|-|0|=| b
1 4 -3
a-—1 -1
b |e| 2]=0
-3 2
a -1
Note: Award MOfor | b |e| 2 |=0.
1 2

—-a+14+20-6=0=>a-2b=-5
lieson I1so 4a+b+1=8=4a+b=7
a=1,b=3

(d)  AB=0%+3+(=3)* =32

[6 marks]

(A1)

m1

A1
M1
A1
[5 marks]

M1AG
[1 mark]

continued...
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Question 11 continued

() METHOD 1

- -

AB|=|AP| =32 (M1)
-1

AP =1| 2 (A1)
2

3] =3vV2 = 1=%\2 (M1)A1

P(1-+2, 22, 4+2v2) and (1++2,-2V2, 4 - 242) A1

[5 marks]

METHOD 2

let P have coordinates (1-4, 24, 4+24) m1
0 -1

BA=|-3| BP=|21-3 A1
3 3+24

cos45’ :w M1

IBA|[BP|

| Note: Award M1 even if AB rather than BA is used in the scalar product. |
BAeBP =18
R 18
V2 ig\on’ +18
A=+2 A1
P(1-+2,2v2, 4+ 2v2) and (1++2,-2V2, 4 - 242) A1

| Note: Accept answers given as position vectors. |

[5 marks]

Total [21 marks]



-16 - M16/5/MATHL/HP1/ENG/TZA/XXIM

3
12. (a) (cos(gj + isin(%j) =COST + isinm M1
=-1 A1
[2 marks]
(b) show the expression is true forn =1 R1
assume true forn =4k  (cos@ —isin@) = cosk @ — isink & M1
| Note: Do not accept “let n = k" or “assume n = k”, assumption of truth must be present.
(cos@—isin 49)k+1 =(cos@—isin Q)k (cos@—isin @)
= (cosk @ —i1sink @)(cos @ — isinH) M1
= cosk@cosf —sink@sin@ —i(cosk @sin@ + sink 8 cosb) A1
| Note: Award A1 for any correct expansion. |
= cos((k + 1)) — isin((k + 1)6) A1
therefore if true for n = k true for n = k +1, true for n = 1, so true for all n(e Z+)R1
| Note: To award the final R mark the first 4 marks must be awarded. |
[6 marks]
(©) (2)'+(z") =(cos@ +isin@)" + (cos® — isin )"
= cosnf + isinnf + cosnf — isinn@ = 2 cos(nb) (M1)A1
[2 marks]
(d) () zz =(cos@ + isind)(cosd — isinh)
= cos’ @ +sin’ @ A1
=1 AG
‘ Note: Allow justification starting with |z| =1. ‘
(i) (Z + Z*)S =2 +32°2 + 32(2* )2 3 (Z* )3 (= 22+3z+32 + (Z* )3) A1
. 3 3
(iii) (z-+z ) =(2cos8) A1
24324327+ (27) =2c0s30 + 6c0s6 M1A1
c0s36 = 4cos’ @ — 3cos b AG
Note: M1 is for using zz =1 , this might be seen in d(ii).
[5 marks]

continued...
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Question 12 continued

(e) 4cos’@—2cos’@ —3cosf+1=0
4c0s8’ @ —3cosf = 2cos’ O — 1
cos(360) = cos(20)

| Note: A1 for cos(36)and A1 for cos(26). |
60=0
or 30 =2m — 26 (or 360 = 4n — 20)

M16/5/MATHL/HP1/ENG/TZA/XXIM

A1A1

A1
M1

A1A1

| Note: Do not accept solutions via factor theorem or other methods that do not follow “hence”. |

13. (@) a=1
du 1
&
_[ (lnx)zdx: 2 du
X
area = Buﬂo or B(lnx) l
_1
3
1 €
(c) () 10:{__:|
X
-1
e

(i) use of integration by parts

I = {_l(lnx) } '[ (lnx)
X

= _1 +nl
e

[6 marks]

Total [21 marks]

A1
[1 mark]

(A1)

M1A1

A1

A1
[5 marks]

(A7)

A1

m1

A1A1

AG

1
Note: If the substitution u =Inxis used ATA7 can be awarded for /, =[—e‘”u”1 + Jlone‘”u”_l du.

continued...
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Question 13 continued

(i) L:—l+le
€

2
=1-=
€
4
(d) volume = njl (lr;f) dx(=n1,)
EITHER
14:_1+413
(&
:—l+4(—l+3lzj
C €
:—§+1212:—§+12[—l+2]l)
€ (& c
OR

4 3
using parts L (lnf) dx:_é.|_4j'1 (lnf) S

X X

2
= —l+4(—l+3 Le (lnf) de
e

e X

THEN

:—1z+24}—3):24—9§
(§ (§

volume = n(24 — ﬁ)
€

M16/5/MATHL/HP1/ENG/TZA/XXIM

(mM1)

A1
[7 marks]

(A7)

M1A1

m1

M1A1

M1

A1

[5 marks]

Total [18 marks]
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Instructions to Examiners

Abbreviations

M

(M)

(A)

AG

Marks awarded for attempting to use a valid Method; working must be seen.

Marks awarded for Method; may be implied by correct subsequent working.

Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.
Marks awarded for clear Reasoning.

Marks awarded for correct answers if no working shown.

Answer given in the question and so no marks are awarded.

Using the markscheme

1

General

Mark according to RM™ Assessor instructions and the document “Mathematics HL: Guidance
for e-marking May 2016”. It is essential that you read this document before you start marking. In
particular, please note the following:

e Marks must be recorded using the annotation stamps. Please check that you are entering
marks for the right question.

e If a partis completely correct, (and gains all the “must be seen” marks), use the ticks with
numbers to stamp full marks.

o If a part is completely wrong, stamp A0 by the final answer.

¢ [f a part gains anything else, it must be recorded using all the annotations.

e All the marks will be added and recorded by RM™ Assessor.

Method and Answer/Accuracy marks

¢ Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

e It is not possible to award MO followed by A1, as A mark(s) depend on the preceding M mark(s),
if any.

e Where M and A marks are noted on the same line, eg M1A1, this usually means M1 for an
attempt to use an appropriate method (eg substitution into a formula) and A7 for using the
correct values.

¢ Where the markscheme specifies (M2), N3, etc., do not split the marks.
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¢ Once a correct answer to a question or part-question is seen, ignore further correct working.
However, if further working indicates a lack of mathematical understanding do not award the final
A1. An exception to this may be in numerical answers, where a correct exact value is followed by
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part,
and correct FT working shown, award FT marks as appropriate but do not award the final A7 in
that part.

Examples
Correct answer seen | Further working seen Action
1. N 5.65685... Award the final A1
(incorrect decimal value) (ignore the further working)

2, . .

%sm 4x sin x Do not award the final A1
3. loga—logh log (a —b) Do not award the final A1

N marks

Award N marks for correct answers where there is no working.

¢ Do not award a mixture of N and other marks.
e There may be fewer N marks available than the total of M, A and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.

Implied marks

Implied marks appear in brackets eg (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

e Normally the correct work is seen or implied in the next line.
e Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s). To award FT marks, there must be working present and
not just a final answer based on an incorrect answer to a previous part.

¢ If the question becomes much simpler because of an error then use discretion to award fewer
FT marks.

¢ |[f the error leads to an inappropriate value (eg sin@=1.5), do not award the mark(s) for the final
answer(s).

¢ Within a question part, once an error is made, no further dependent A marks can be awarded,
but M marks may be awarded if appropriate.

e Exceptions to this rule will be explicitly noted on the markscheme.
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Misread

If a candidate incorrectly copies information from the question, this is a misread (MR).

A candidate should be penalized only once for a particular misread. Use the MR stamp to indicate
that this has been a misread. Then deduct the first of the marks to be awarded, even if this is an
M mark, but award all others so that the candidate only loses one mark.

o If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

¢ If the MR leads to an inappropriate value (eg sind=1.5), do not award the mark(s) for the
final answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does
not cover the work seen. In such cases the annotation DM should be used and a brief note written
next to the mark explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
question specifies a method, other correct methods should be marked in line with the markscheme.
If in doubt, contact your team leader for advice.

¢ Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, efc.

¢ Alternative solutions for part-questions are indicated by EITHER . . . OR.

e Where possible, alignment will also be used to assist examiners in identifying where these
alternatives start and finish.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, simplified answers, (which candidates often do not write in examinations),
will generally appear in brackets. Marks should be awarded for either the form preceding the
bracket or the form in brackets (if it is seen).

Example: for differentiating f (x) =2sin(5x - 3), the markscheme gives
f'()=(2008(5x—3)) 5 (=10cos(5x-3)) A1

Award A1 for (2008(5x—3))5, even if 10cos(5x —3) is not seen.

Accuracy of Answers
Candidates should NO LONGER be penalized for an accuracy error (AP).
If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to

the required accuracy. When this is not specified in the question, all numerical answers should be
given exactly or correct to three significant figures. Please check work carefully for FT.
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Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way
crossed out their work, do not award any marks for that work.

Calculators

No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no
grade awarded. If you see work that suggests a candidate has used any calculator, please follow
the procedures for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner
should only mark the first response unless the candidate indicates otherwise.

Candidate work

Candidates are meant to write their answers to Section A on the question paper (QP), and
Section B on answer booklets. Sometimes, they need more room for Section A, and use the
booklet (and often comment to this effect on the QP), or write outside the box. This work should
be marked.

The instructions tell candidates not to write on Section B of the QP. Thus they may well have done
some rough work here which they assume will be ignored. If they have solutions on the answer
booklets, there is no need to look at the QP. However, if there are whole questions or whole part
solutions missing on answer booklets, please check to make sure that they are not on the QP,

and if they are, mark those whole questions or whole part solutions that have not been written on
answer booklets.
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Section A
1. EITHER
eliminating a variable, x, for example to obtain y + 3z =-16 and -5y — 3z =8 M1A1
attempting to find the value of one variable M1
point of intersection is (-1, 2, —6) A1A1A1
OR
2 1 -1|6
attempting row reduction of relevant matrix,eg. | 1 3 1 |-1 M1
1 2 =215
2 1 -1 6
correct matrix with two zeroes in a column, eg. |0 5 3 |-8 A1
0 1 3|-16
further attempt at reduction M1
point of intersection is (-1, 2, —6) A1A1A1
Note: Allow solution expressedas x=—1, y=2, z=—6 for final A marks.
[6 marks]
2 x=-1
|
ASL
|
8
%
| ¢
5 |
B 4
SmTe e e e q__,_/‘__ﬂ.___,_ﬁ_”: F _ﬁzi
' /Z'KQTL)
|
-3 -2 "” /g I 2= 3 >4
(3 ==

A1A1A1A1A1

Note: Award A1 for correct shape, A1 for x = —1 clearly stated and asymptote shown,

A1 for y =3 clearly stated and asymptote shown, A7 for (—%, Oj and A1 for (0, 2).

[5 marks]



(a)

EITHER
use of a diagram and trig ratios
eg,
A
T
0| ——«
2
o
A
A

o
tana:Z:cotaz

M16/5/MATHL/HP1/ENG/TZ2/XXIM

from diagram, tan Z—a :ﬁ R1
2 (0]
OR
. (T
- (2 - aj cosa
use of tan(E - 05} = = — R1
2 T sino
cos| - —«o
5
THEN
s
cota = tan(a - aj AG
[1 mark]
cotr
1 cota
(b) —dx = [arctan x| (A1)
tanal + x tano
| Note: Limits (or absence of such) may be ignored at this stage. |
= arctan(cot ¢¢) — arctan(tan ) (M1)
T
=——-o0-u A1
2 (A1)
=X _2¢a A1
2
[4 marks]

Total [5 marks]
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f(x)-f(x) ax22+bx2+c—(ax12+bxl+c)

X, = X X, =X
2 2
a(x2 - X )+b(x2— x)
Xy = X

a(xz—xl)(x2+ x) +b(x, - xl)

Xy = X

=a(x2+xl)+b (xlstxz)

f(x)+ (%) (2ax,+b) + (2ax, + b)
2 - 2
2a(x,+ x) +2b
2
=a(x,+x)+b
so Hayley’s conjecture is correct

(@) X ~BG, p)

P(X =4) = (i}p“(l — p) (or equivalent)

i d
b) (i) 5(5"4 —5p)=20p* - 25p*

Sp'(4-5p) = 0= p =

M16/5/MATHL/HP1/ENG/TZ2/XXIM

(mM1)

A1

(A1)

A1

M1

A1

AG
[6 marks]

(mM1)
A1

[2 marks]

M1A1

M1A1

‘ Note: Do not award the final A7 if p =0 is included in the answer. ‘

(i) E(X)=np= 5[%)
=4

(mM1)

A1
[6 marks]

Total [8 marks]
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@ 1. nx. nn—1) o nn =D =2) ;
2 6

| Note: Award A1 for the first two terms and A1 for the next two terms. |

n
Note: Accept( j notation.

r

| Note: Allow the terms seen in the context of an arithmetic sum. |

\ Note: Allow unsimplified terms, eg, those including powers of 1 if seen. \

(b) (i) EITHER
using u, — u, = u, — u,
n(n —1) = nn—1)n-2) nn-1
2 - 6 2

attempting to remove denominators and expanding (or vice versa)

A1A1

[2 marks]

(mM1)
A1
M1

3n° = 9n = n’ — 6n” + 5n (or equivalent, eg, 6n> —12n = n’ — 3n* + 2n) A1

OR
using u, +u, = 2u,

n+n(n—1)(n—2)=
6

n(n —1)

attempting to remove denominators and expanding (or vice versa)

6n+n’—3n’>+2n=6n"—6n (or equivalent)
THEN

=9’ +14n=0

(i) nn-2)(n-7)=0or(n—-2)(n—-7)=0
n=7only(as n=>3)

(mM1)
(A1)

m1
(A1)

AG

(A1)
A1
[6 marks]

Total [8 marks]
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7. (@ PAUB)=PA)+ PB)—-PANB)
= P(4) + P(B) — P(A)P(B)
=p+p-p’
=2p-p’
P(AN(AUB))
(b) P(4|AUB) =
P(4UB)
Note: Allow P(An AU B) if seen on the numerator.
__P@)
P(4UB)
__r
2p - p’
1
2-p
8. let P(n) be the proposition that n(n2 + 5) is divisible by 6 for ne Z"
consider P(1):
when n=1, n(n2+ 5) =1x (12+ 5) =6 and so P(1) is true
assume P(k) is true je, k(k2 + 5) = 6m where k, meZ"
‘ Note: Do not award M1 for statements such as “let n = k. ‘

consider P(k + 1):

(k +D((k +1)°+5)

= (k + 1) (K> + 2k + 6)
=k +3k°+ 8k + 6

= (K + 5k) + (3k* + 3k + 6)
= k(k*+5) +3k(k +1) + 6

k(k +1) is even hence all three terms are divisible by 6

P(k + 1) is true whenever P(k) is true and P(1) is true, so P(n) is true for ne Z*

| Note: To obtain the final R1, four of the previous marks must have been awarded. |

(mM1)
A1
AG

(mM1)

(A1)

A1

A1

[2 marks]

[4 marks]

Total [6 marks]

R1
m1

m1

(A1)
A1
A1

R1
R1

[8 marks]



(a)

—12 —

EITHER

V-1 .\ 3 +1
J6 -2 V6 +42

4 4
_ﬁ—1+J§+1
_«/5—1 3 +1

22 22
=22 +2\2

LHS = 4\/5 = x = % is a solution

LHS =

OR

3 -1 . 3 +1
J_—J_ J6 ++2

e )(Iw_j (}H)(f IJ
[@_ﬁ](@m]

LHS =

4 4
= 2«/& - 2\/5 (or equivalent)

LHS = 4\/5 = x= % is a solution

4 sin x COS X

. T T .
SIn —COSX + COS—Ssinx
1 2” " _,

Sin x cos x

. T T . .
SIN—COS X + cOS—sInx = 2SIn X COS X
. (m .
sin| — + x | = sin2x
12

A e x=m-2xorm—| X 4x|=2x
12 12

_ln
36

sin x COS X

. T T
Sin— COS—
Q(ﬁ_lﬁg”]:z: 12, _

M16/5/MATHL/HP1/ENG/TZ2/XXIM

m1

A1

A1

AG

M1

A1

A1
AG
[3 marks]

M1

m1

A1

(mM1)

A1
[5 marks]

Total [8 marks]
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(@)

(b)
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Section B

EITHER

1 p
n=|1l|andd=|2
3 1

and n # kd
OR
-5
nxd=|3p-1
2-p

the vector product is non-zero for pe R

THEN

L is not perpendicular to 77

METHOD 1

QR+ plH)+(@+20)+3(1+4)=9
(g+5+(p+51=9
p=-5and g =4

METHOD 2
direction vector of line is perpendicular to plane, so
p)(1
21-11]=0
1)13
p=-5
(2, g, 1) is common to both L and 77
2) (1
either | ¢ |-| 1 | =9 or by substitutinginto x + y + 3z =9
1)1\3
q=4

A1A1

R1

M1A1

R1

AG
[3 marks]

M1
(A1)
A1A1

M1

A1

m1

A1
[4 marks]

continued...
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Question 10 continued

(c)

(i)

(ii)

METHOD 1

« is the acute angle between n and L

) 1 1
if sin@ = — then cosa = —

Ji1 ]

—

attempting to use cos o = n-d or sing = - &
| ] ]
p+5 1
Jxp+5 1
(p+5°=p°+5
10p = —20 (or equivalent)
p=-2
METHOD 2
« is the angle between n and L
) 1
if SIN6 =—= then sina = @
Jil NI
, . |n X d|
attempting to use sina = | ||d|
n

JE+Gp-1’+2-p) 10
\/ﬁxw/p2+5 \/ﬁ

p’-p+3=p’+5
—p + 3 =35 (or equivalent)
p=-2

p=—2andz:—1:>x_2:y_q:_2
-2 2
x=6and y=¢q—4

this satisfies // so 6+ ¢ —-4-3=9

qg =10

M16/5/MATHL/HP1/ENG/TZ2/XXIM

(M1)(A1)
m1

A1A1

M1
A1
AG

(M1)A1

m1

A1A1

m1
A1
AG

(A1)

(A1)

M1

A1
[11 marks]

Total [18 marks]
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11. (a) use of nszdy (M1)
| Note: Condone any or missing limits. |
V:nj(3cos2y+4)2dy (A1)
0
= n[(9cos” 2y + 24cos2y + 16)dy A1
0
9cos’2y = %(1 + cos4y) (mM1)
9y 9 . . i
=7 7+§sm4y+1251n2y+16y M1A1
0
9
= n(—n + 16nj (A1)
2
41m
— 3
= > (cm ) A1
| Note: If the coefficient “n” is absent, or eg, “2n” is used, only M marks are available. |
(b) (i) attempting to use % = d—V X % with d—V =W M1
de dr dV dt
an_ 2 A A1
dt  m(Bcos2h +4)
(i) substituting 4 =~ into & (M1)
4 dt
dn_ 1 (cm min™") A1
dt 8m
| Note: Do not allow FT marks for (b)(ii). |
dh d(drh) dh_d(dh
c) () —S=—|—|=—"x—|— M1
Y dr’ dt(dtj dt dh(dz) 1)
_ 2 _x 24sin2h : M1A1
n(3cos2h + 4) n(3cos2h + 4)
Note: Award M1 for att t'tf'dddh
ote: Awar or attempting to find —| — |.
pting @
48sin2h A1

T 2(cos2h + 4)

[8 marks]

[4 marks]

continued...
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Question 11 continued

12.

(a)

(b)

(ii) sin2h:0:>h:0,g,n A1

2

Note: Award A1for sin2h=0=h =0, g, 7t from an incorrect el
t

(i) METHOD 1

(jl—h is a minimum at 2 = 0, © and the container is widest at these values
t
R1
dh . . T . . .
d_ is a maximum at 4 = E and the container is narrowest at this value
t
R1
[7 marks]
Total [19 marks]
EITHER
7
2 | Y/
w = (COS—TE + 1sm—n] (M1)
7 7
= CcoS2m + isin2x A1
=1 A1
so w is a root AG
OR
z' =1 = cos(2nk) + isin(2mk) (M1)
2 .
Z = COS (ij + isin (%j A1
7 7
kzlzzzcos(z—n]+isin(2—nJ A1
7 7
so w is a root AG
[3 marks]
(i) (w—l)(1+w+w2+w3+w4+w5+w6)
=w+w+w+w+w+ w4+ w—l—-w—-w—-w-w'-w-w M1
=w' —1(=0) A1
(i) w-1=0and w—-120 R1
sol+w+w+w+w+w+w'=0 AG
[3 marks]

continued...
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Question 12 continued

(c) therootsare 1, w, w’, w’, w', w and w° A1
In2
o
L
W
o
——
4
W
11111 rna
' fle &
Y |
U ! %
W
£ |
| ™
7 points equidistant from the origin A1
approximately correct angular positions for 1, w, w*, w’, w*, w’ and w° A1

| Note: Condone use of cis notation for the final two A marks. \

Note: For the final A mark there should be one root in the first quadrant, two in the
second, two in the third, one in the fourth, and one on the real axis.

[3 marks]

A () o'=(w+w+w')

=w*+(w2)*+(w4)* A1
since w'=w°, (wz)*z w’ and (w4)*= w’ R1
Sa=w4+ w+w AG

continued. ..
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Question 12 continued

(i) b= —(a + 0{*) (using sum of roots (or otherwise)) (M1)
b=—(w+w2+w3+w4+w5+w6) (A1)
=~(-1)
=1 A1
c=aa (using product of roots (or otherwise)) (M1)

c:(w+ w? + w4)(w6+ W+ w3)

EITHER

=W+ W+ wW+3w+ W+ +wt A1
=(w6+w5+w4+w3+w2+w)+3 m1
=3-1 (A1)
OR

=W w+ W+ 3w+ W+t (: w4(1+w+w3)(w3+ w2+1)) A1
:W4(W6+W5+W4+W2+W+1+3W3) M1

=w4(w6+w5+w4+w3+w2+w+1+2w3)

= w* (2w’ (A1)

THEN
) A1

[10 marks]
—1+1

(e) 22+Z+2=O:>Z=1_Tl\/7 M1A1
Im(w+w2+ w4)>0 R1
Ima:g A1

| Note: Final A mark is independent of previous R mark. |

[4 marks]

Total [23 marks]
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Instructions to Examiners

Abbreviations

M

(M)

(A)

AG

Marks awarded for attempting to use a valid Method; working must be seen.

Marks awarded for Method; may be implied by correct subsequent working.

Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.
Marks awarded for clear Reasoning.

Marks awarded for correct answers if no working shown.

Answer given in the question and so no marks are awarded.

Using the markscheme

1

General

Mark according to RM™ Assessor instructions and the document “Mathematics HL: Guidance for
e-marking November 2015”. It is essential that you read this document before you start marking.
In particular, please note the following:

o Marks must be recorded using the annotation stamps. Please check that you are entering
marks for the right question.

o If a partis completely correct, (and gains all the “must be seen” marks), use the ticks with
numbers to stamp full marks.

e If a part is completely wrong, stamp A0 by the final answer.

¢ If a part gains anything else, it must be recorded using all the annotations.

e All the marks will be added and recorded by RM™ Assessor.

Method and Answer/Accuracy marks

¢ Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

e lItis not possible to award MO followed by A1, as A mark(s) depend on the preceding M mark(s),
if any.

e Where M and A marks are noted on the same line, eg M1A1, this usually means M1 for an
attempt to use an appropriate method (eg substitution into a formula) and A7 for using the
correct values.

¢ Where the markscheme specifies (M2), N3, etc., do not split the marks.

e Once a correct answer to a question or part-question is seen, ignore further correct
working. However, if further working indicates a lack of mathematical understanding do
not award the final A1. An exception to this may be in numerical answers, where a
correct exact value is followed by an incorrect decimal. However, if the incorrect decimal
is carried through to a subsequent part, and correct FT working shown, award FT marks
as appropriate but do not award the final A7 in that part.
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Examples
Correct answer seen Further working seen Action
1. 842 5.65685... Award the final A1
(incorrect decimal value) (ignore the further working)
2.1 . :
Zsm 4x sinx Do not award the final A1
3. | loga—logh log (a—b) Do not award the final A7
N marks

Award N marks for correct answers where there is no working.

¢ Do not award a mixture of N and other marks.
e There may be fewer N marks available than the total of M, A and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.

Implied marks

Implied marks appear in brackets eg (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

¢ Normally the correct work is seen or implied in the next line.
e Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s). To award FT marks, there must be working present and
not just a final answer based on an incorrect answer to a previous part.

¢ If the question becomes much simpler because of an error then use discretion to award fewer
FT marks.

e If the error leads to an inappropriate value (eg sin€ =1.5), do not award the mark(s) for the

final answer(s).

¢ Within a question part, once an error is made, no further dependent A marks can be awarded,
but M marks may be awarded if appropriate.

e Exceptions to this rule will be explicitly noted on the markscheme.

Mis-read

If a candidate incorrectly copies information from the question, this is a mis-read (MR).

A candidate should be penalized only once for a particular mis-read. Use the MR stamp to indicate
that this has been a misread. Then deduct the first of the marks to be awarded, even if this is an
M mark, but award all others so that the candidate only loses one mark.

¢ If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

o If the MR leads to an inappropriate value (eg sin6=1.5), do not award the mark(s) for the
final answer(s).
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Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does
not cover the work seen. In such cases the annotation DM should be used and a brief note written
next to the mark explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the

question specifies a method, other correct methods should be marked in line with the markscheme.
If in doubt, contact your team leader for advice.

¢ Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, efc.

¢ Alternative solutions for part-questions are indicated by EITHER . . . OR.

e Where possible, alignment will also be used to assist examiners in identifying where these
alternatives start and finish.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, simplified answers, (which candidates often do not write in examinations),
will generally appear in brackets. Marks should be awarded for either the form preceding the
bracket or the form in brackets (if it is seen).

Example: for differentiating f'(x) =2sin(5x—3), the markscheme gives:
S/ (x)=(2cos(5x—-3))5 (=10cos(5x—3)) A1
Award A1 for (2cos(5x—3))5, even if 10cos(5x—3) is not seen.

Accuracy of Answers

Candidates should NO LONGER be penalized for an accuracy error (AP).

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to
the required accuracy. When this is not specified in the question, all numerical answers should be
given exactly or correct to three significant figures. Please check work carefully for FT.

Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way
crossed out their work, do not award any marks for that work.

Calculators
No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no

grade awarded. If you see work that suggests a candidate has used any calculator, please follow
the procedures for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.
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More than one solution

Where a candidate offers two or more different answers to the same question, an examiner
should only mark the first response unless the candidate indicates otherwise.

Candidate work

Candidates are meant to write their answers to Section A on the question paper (QP), and
Section B on answer booklets. Sometimes, they need more room for Section A, and use the
booklet (and often comment to this effect on the QP), or write outside the box. This work should
be marked.

The instructions tell candidates not to write on Section B of the QP. Thus they may well have done
some rough work here which they assume will be ignored. If they have solutions on the answer
booklets, there is no need to look at the QP. However, if there are whole questions or whole part
solutions missing on answer booklets, please check to make sure that they are not on the QP,

and if they are, mark those whole questions or whole part solutions that have not been written on
answer booklets.
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Section A
2 2
1. arclength = —=rx (:> r= —zj M1
X X
2
16=l(%j x(:%zmj m1
2\ x X
| Note: Award M1s for attempts at the use of arc-length and sector-area formulae. |
1
X == A1
2
arc length = 4(cm) A1
[4 marks]
2.  attempt to integrate one factor and differentiate the other, leading to a sum of two
terms M1
jxsin xdx=x(—cosx)+jcosxdx (A1)(A1)
=—Xcosx +sinx +c A1
Note: Only award final A7 if + cis seen.
[4 marks]
3. @ @Q+x)'=2"+42x+62"x"+4-2x+x" M1(A1)
| Note: Award M1 for an expansion, by whatever method, giving five terms in any order. |
=16 + 32x + 24x* + 8x° + x* A1
Note: Award M1A1A0 for correct expansion not given in ascending powers of x.
[3 marks]
(b) let x =0.1 (in the binomial expansion) (M1)
2.1'=16 + 3.2 + 0.24 + 0.008 + 0.0001 (A1)
=19.4481 A1
| Note: At most one of the marks can be implied. |
[3 marks]
Total [6 marks]
dy 5 1
4. a) <Z=(1-x)?%= M1)A1
@ = )[(I_X)ZJ (M1)
[2 marks]

continued...
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Question 4 continued

(b) gradient of Tangent =% (A1)
gradient of Normal = —4 (M1)
y+%:—4(x—3) or attempt to find ciny =mx + ¢ m1
8x+2y—-23=0 A1

[4 marks]

Total [6 marks]

5. METHOD 1

[ & ] (M1)A1
¢ xlnx ¢
=In(In¢’) -~ In(lne) (= In2 - Inl) (A1)
=In2 A1
[4 marks]
METHOD 2
u=Inx, d—u = 1 M1
de  x
2
U
2 , : _
= [lnu]1 or equivalentinx (= In2 — Inl) (A1)
=In2 A1
[4 marks]
6. (a) probability that Darren wins P(W) + P(RRW) + P(RRRRW) (M1)
Note: Only award M1 if three terms are seen or are implied by the following numerical
equivalent.
Note: Accept equivalent tree diagram for method mark.
2 4
:_+_§%+f§zlz :l+l i A2
6 654 65432 3 5 15
| Note: A1 for two correct. |
3
=— A1
5
[4 marks]

continued...
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Question 6 continued
(b) METHOD 1
the probability that Darren wins is given by
P(W)+ P(RRW) + P(RRRRW) + ... (M1)
Note: Accept equivalent tree diagram with correctly indicated path for method mark.

7. (a)

221 22221
+--——— e — e — +

1
3333 33333

2
or:ll+i+(ij+... A1
3 9 9

P (Darren Win) =

_1 % A1
3 1 _
9
3
=— AG
5
[3 marks]
METHOD 2
P (Darren wins) = P
P= l + iP M1A2
3 9
5
ZP=-
9 3
3
P=2= AG
5
[3 marks]
Total [7 marks]
dy dy
= +y=2yp-—= M1A1
& T
a horizontal tangent occurs if % =0soy=0 M1
we can see from the equation of the curve that this solution is not
possible (0 = 4) and so there is not a horizontal tangent R1
[4 marks]

continued...
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Question 7 continued

d dx
(b) g__J or equivalent with —
dx 2y-x dy
the tangent is vertical when 2y = x M1
substitute into the equation to give 2y” = y* + 4 m1
y=x2 A1
coordinates are (4, 2), (4, —2) A1
[4 marks]
Total [8 marks]
8. (a) sin(& + Ej = sin@ cos= + cos@ sin = M1
2 2 2
=cosf AG
| Note: Accept a transformation/graphical based approach. |
[1 mark]
(b) consider n =1, f'(x) = a cos(ax) m1
since sin(ax + gj = cosax then the proposition is true for n =1 R1
. . . (k) k - kTC
assume that the proposition is true for n =k so [ (x) = a" sin| ax + > M1
d(f“ (x)
f(k“)(x)zg =a akcos(ax+EJ m1
dx 2
. km
= g"" sm(ax + 5 + gj (using part (a)) A1
. k+1
=g sm(ax + %) A1
given that the proposition is true for n =k then we have shown that the
proposition is true for n = k + 1. Since we have shown that the proposition
is true for n =1 then the proposition is true for all ne Z* R1
Note: Award final R7 only if all prior M and R marks have been awarded.
[7 marks]

Total [8 marks]
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9. (sin2x —sinx) — (cos2x — cosx) =1
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attempt to use both double-angle formulae, in whatever form M1
(2sinx cosx — sinx) — (2cos’x —1 — cosx) =1
or (2sinx cosx — sinx) — (2 cos’ x — cosx) = ( for example A1
Note: Allow any rearrangement of the above equations.
sinx(2cosx —1) —cosx(2cosx —1) =0
(sinx — cosx) (2cosx —1) =0 (M1)
1
tanx =1 and cosx:E A1A1
| Note: These A marks are dependent on the M mark awarded for factorisation. |
3
__ 3 mzmm A2
4 3 3 4
Note: Award A1 for two correct answers, which could be for both tan or both
cos solutions, for example.
[7 marks]
. 63
10. (a) the sum of the roots of the polynomial = 16 (A1)
- Gj 63
2] ———= |=— M1A1
|- 1 16
2
Note: The formula for the sum of a geometric sequence must be equated to a value for
the M1 to be awarded.
1) _ 63 1y 1
l-|=-|=—=|-|=—
2 64 2 64
n==6 A1
[4 marks]
I 1 1 1
(b) L =2xIx=x—x=-x—,(a,=16) m1
a, 2 4 8 16
I 1 1 1
Ay =16X2XIX=X—=X—=X—
2 4 8 16
1
a,=2" (: —) A1
32
[2 marks]

Total [6 marks]
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Section B
3 T .. (T
11. (@) =z’ = 8(cos(5 + 2nkj + 1s1n(5 + 2nkD (A1)
attempt the use of De Moivre’s Theorem in reverse M1

el A3
{2 o=(2] .

| Note: Accept cis form. |
z=23+1,-2i1 A2

Note: Award A1 for two correct solutions in each of the two lines above.

(b)y (i) z= ﬁ(cos(%} + isin (%D A1A1
(il (22= (3 + 1))
25, = (1+1) (V3 + i) M1
:(\/5—1)+i(1+\/§) A1
T m .. (m m

iii =2+2|cos| —+ — |+ isin| — + — M1A1

W [( (6 4J (6 4D

12 3-1
=2+3 M1A1
Note: Award final M1 for an attempt to rationalise the fraction.

(iv) z,/=27 (cis(%njj (M1)
z,” is a positive real number when p =12 A1
Total

[6 marks]

[11 marks]

[17 marks]
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@  f(=x) = (=041~ (=)’
=—x41—x7

=~ /()
hence f is odd

1 1

(b) f’(x):x-%(l—xz) 2-—2x+(1—x2)2

' =./1= 2_-)(:—2 :1—2)62
© [0=y1-x pri ¢—f}

Note: This may be seen in part (b).

f'(x)=0=>1-2x"=0
+

1
X=*t—
2

1
(d)  y-coordinates of the Max Min Points are y = iE

I 1
f is | ——,
so range of f(x) is { > }

Note: Allow FT from (c) if values of x, within the domain, are used. \

M1

R1
AG
[2 marks]

M1A1A1
[3 marks]

A1

M1
A1

[3 marks]

M1A1

A1

[3 marks]

continued...
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Question 12 continued

(e)

(' '}
V272
0.5
~ 0
Il -0.5 0 0.5 1
-0.5
(_1 ,l}
272

Shape: The graph of an odd function, on the given domain, s-shaped,

where the max(min) is the right(left) of 0.5(-0.5)
x-intercepts
turning points

(f) area :J:x 1-x" dx

attempt at “backwards chain rule” or substitution

@ [, |x1-¥
“_lxmdx‘—
l—x dx>J‘ \/:dx‘

N15/5/MATHL/HP1/ENG/TZ0/XX/M

A1
A1
A1
[3 marks]

(mM1)
m1

A1

A1

[4 marks]
R1
R1

AG
[2 marks]

Total [20 marks]
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(a)

(b)

-

BR =
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— - - 1 -

BA+ AR (=BA +_AC)

:(a—b)+%(c—a)

1

1

=—a-b+—c
2

(i)

rBR=b+/1(la—b+lcj(=ia+(l—/1)b+icJ
2 2 2 2

(mM1)

A1
[2 marks]

A1A1

| Note: Award A1AQ if the r = is omitted in an otherwise correct expression/equation. ‘

(ii)

(iif)

- 1,1
AQ=-a+—b+—c
Q 202

rAQ=a+,u[—a+%b+%cj(:(l—,u)a+§b+%cj

- -

when AQ and BP intersect we will have 1, = 1,

§a+a—@b+§c:a—ma+§b+§c

attempt to equate the coefficients of the vectors a, b and ¢

A
Z-1-
> H
1-1=£
2
A_u
2 2
2oy
3 3
substituting parameters back into one of the equations
OGzl-ga+ 1—g b +l-zc:l(a+b+c)
2 3 3 2 3 3

(A1)

A1

(mM1)

M1
(A1)

A1
M1
AG

[9 marks]

continued...
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Question 13 continued

(c)

CP = la + lb -c (M1)A1

2
so we have that 1, = ¢ + ﬂ(%a + %b - cj and when 8 = 3 the line

passes through

1
the point G (ie, with position vector g(a + b + ¢)) R1

hence [AQ], [BR] and [CP] all intersect in G AG
[3 marks]

continued...
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Question 13 continued

3 2
T1+(2]|=| 4 A1
1

1
30+
1 -5

Note: This independent mark for the vector may be awarded wherever the
vector is calculated.

2Y (1) (-6
ABXAC=| 4 |x|-1]|=|-6 M1A1
) o] |6
1
GX = a1 (M1)

1

1
volume of Tetrahedron given by 3 X Area ABC x GX

_1ft
302

Note: Accept alternative methods, for example the use of a scalar triple product.

A_)BXAC

J X GX =12 (M1)(A1)

= %\/(_6)2"' (_6)2+ (_6)2 X \/0(2+ ag+at=12 (A1)
=6 3[al\3 =12
=|a|=4 A1

Note: Condone absence of absolute value.

2 4
this gives us the positionof X as | 4 |+ | 4
-1 4
X(6,8,3) or (-2,0,-5) A1

Note: Award A1 for either result.

[9 marks]

Total [23 marks]
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Instructions to Examiners

Abbreviations

M  Marks awarded for attempting to use a valid Method; working must be seen.

(M) Marks awarded for Method; may be implied by correct subsequent working.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

(A) Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.
R Marks awarded for clear Reasoning.

N  Marks awarded for correct answers if no working shown.

AG Answer given in the question and so no marks are awarded.

Using the markscheme
1 General

Mark according to RM™ Assessor instructions and the document “Mathematics HL: Guidance
for e-marking May 2015”. It is essential that you read this document before you start marking. In
particular, please note the following:

o Marks must be recorded using the annotation stamps. Please check that you are entering
marks for the right question.

o If a partis completely correct, (and gains all the “must be seen” marks), use the ticks with
numbers to stamp full marks.

o If a part is completely wrong, stamp A0 by the final answer.

¢ If a part gains anything else, it must be recorded using all the annotations.

¢ All the marks will be added and recorded by RM™ Assessor.

2 Method and Answer/Accuracy marks

¢ Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

¢ Itis not possible to award MO followed by A1, as A mark(s) depend on the preceding M mark(s),
if any.

e Where M and A marks are noted on the same line, eg M1A1, this usually means M1 for an
attempt to use an appropriate method (eg substitution into a formula) and A7 for using the
correct values.

¢ Where the markscheme specifies (M2), N3, etc., do not split the marks.
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¢ Once a correct answer to a question or part-question is seen, ignore further correct working.
However, if further working indicates a lack of mathematical understanding do not award the final
A1. An exception to this may be in numerical answers, where a correct exact value is followed by
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part,
and correct FT working shown, award FT marks as appropriate but do not award the final A7 in
that part.

Examples
Correct answer seen Further working seen Action
1. 8x/§ 5.65685... Award the final A1
(incorrect decimal value) (ignore the further working)

2 1. .

Zsm 4x sin x Do not award the final A1
3. loga—logh log(a—>) Do not award the final A1

N marks

Award N marks for correct answers where there is no working.

¢ Do not award a mixture of N and other marks.
¢ There may be fewer N marks available than the total of M, A and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.

Implied marks

Implied marks appear in brackets eg (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

¢ Normally the correct work is seen or implied in the next line.
e Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s). To award FT marks, there must be working present and
not just a final answer based on an incorrect answer to a previous part.

¢ If the question becomes much simpler because of an error then use discretion to award fewer
FT marks.

¢ If the error leads to an inappropriate value (eg sind =1.5), do not award the mark(s) for the final
answer(s).

¢ Within a question part, once an error is made, no further dependent A marks can be awarded,
but M marks may be awarded if appropriate.

e Exceptions to this rule will be explicitly noted on the markscheme.
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Mis-read

If a candidate incorrectly copies information from the question, this is a mis-read (MR).

A candidate should be penalized only once for a particular mis-read. Use the MR stamp to indicate
that this has been a misread. Then deduct the first of the marks to be awarded, even if this is an
M mark, but award all others so that the candidate only loses one mark.

¢ If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

¢ If the MR leads to an inappropriate value (eg sin@=1.5), do not award the mark(s) for the
final answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does
not cover the work seen. In such cases the annotation DM should be used and a brief note written
next to the mark explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
question specifies a method, other correct methods should be marked in line with the markscheme.
If in doubt, contact your team leader for advice.

¢ Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, efc.

¢ Alternative solutions for part-questions are indicated by EITHER . . . OR.

e Where possible, alignment will also be used to assist examiners in identifying where these
alternatives start and finish.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, simplified answers, (which candidates often do not write in examinations),
will generally appear in brackets. Marks should be awarded for either the form preceding the
bracket or the form in brackets (if it is seen).

Example: for differentiating f'(x)=2sin(5x-3), the markscheme gives:
f'(x)=(2cos(5x-3))5 (=10cos(5x-3)) A1
Award A1 for (2cos(5x—3))5, even if 10cos(5x—3) is not seen.
Accuracy of Answers

Candidates should NO LONGER be penalized for an accuracy error (AP).

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to
the required accuracy. When this is not specified in the question, all numerical answers should be
given exactly or correct to three significant figures. Please check work carefully for FT.
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Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way
crossed out their work, do not award any marks for that work.

Calculators

No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no
grade awarded. If you see work that suggests a candidate has used any calculator, please follow
the procedures for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner
should only mark the first response unless the candidate indicates otherwise.

Candidate work

Candidates are meant to write their answers to Section A on the question paper (QP), and
Section B on answer booklets. Sometimes, they need more room for Section A, and use the
booklet (and often comment to this effect on the QP), or write outside the box. This work should
be marked.

The instructions tell candidates not to write on Section B of the QP. Thus they may well have done
some rough work here which they assume will be ignored. If they have solutions on the answer
booklets, there is no need to look at the QP. However, if there are whole questions or whole part
solutions missing on answer booklets, please check to make sure that they are not on the QP,

and if they are, mark those whole questions or whole part solutions that have not been written on
answer booklets.



(@)

METHOD 1

area =12’ —%220(: 3n)

i

Section A

Note: Award M1 for using area formula.

:>26’=7::>6’=§

Note: Degrees loses final A1

(b)

METHOD 2
let x=2n-6

area =—2°x(=3n)
=x==n

= 0=

Nl?—] lel\.) —

METHOD 3

Area of circle is 4n

Shaded area is % of the circle
=0= r
2
arc length = 237“

perimeter = 2%+ 2x2

=3n+4

M15/5/MATHL/HP1/ENG/TZ1/XXIM

M1A1

A1

M1
A1

A1

A1
(R1)

A1
[3 marks]

A1

A1
[2 marks]

Total [5 marks]



Ix0+19%x10

2. (a) x= 20

9.5

(b) medianis 10

() () 19
Gy 1

3. (a) I(l +tan’ x)dx = J.seczxdx = tan x (+¢)

(b) J‘sinzxdxzj‘%dx

X sin2x
=_— +c
2 4 (o)

Note: Allow integration by parts followed by trig identity.
Award M1 for parts, A1 for trig identity, A1 final answer.

4., (@) (x+h)’=x+3xh+3xh’+h’

O )=l

h—0 h
X +3xh+ 3k + R =X
=lim
h—0 h

=1hi£r01(3x2+3xh+h2)

=3x’

Note: Do not award final A1 on FT if = 3x”is not obtained

Note: Final A1 can only be obtained if previous A1 is given

M15/5/MATHL/HP1/ENG/TZ1/XXIM

(M1)A1
[2 marks]

A1
[1 mark]

A1

A1
[2 marks]

Total [56 marks]

M1A1
[2 marks]

M1A1

A1

[3 marks]

Total [5 marks]

(M1)A1
[2 marks]

(mM1)

A1
A1

[3 marks]

Total [5 marks]



(a) EITHER
f(=x)=f(x)

=ax’—bx+c=ax’+bx+c=>2bx=0, (Vx € R)

OR
y-axis is egn of symmetry

SO _—b:0
2a

THEN
=b=0

(b) g(—x)=-g(x)= psin(-x)—gx+r=—psinx—gx—r
= -—psinx—gx+r=—psinx—gx—r

M15/5/MATHL/HP1/ENG/TZ1/XXIM

m1
A1

M1
A1

AG
[2 marks]

M1

Note: M1 is for knowing properties of sin.

=2r=0=>r=0

A1

Note: In (a) and (b) allow substitution of a particular value of x

©)  h(=x)=h(x)=—h(x)=> 2h(x)=0=> h(x)=0, (Vx)

[2 marks]

M1A1

Note: Accept geometrical explanations.

[2 marks]

Total [6 marks]



- 10 -

3x-2
(a) f:x—)y:—flzy—nc
2x—1

_3x-12

M15/5/MATHL/HP1/ENG/TZA/XXIM

y= =>3x-2=2xy—y M1
2x-1
=3x-2xy=—y+2 m1
x(3-2y)=2-y
2—
x==2"r A1
3-2y
4 _ 2-y
(/" =7= > )
2—x 3
(x)= X #— A1
S 3-2x ( 2)
Note: x and y might be interchanged earlier.
Note: First M1 is for interchange of variables second M1 for
manipulation
Note: Final answer must be a function of x
[4 marks]
b) X244 =3x-2=A4(2x-1)+B
2x-1 2x—1
equating coefficients 3=24 and -2=-4+ B (M1)
A= é and B = —l A1
2 2
Note: Could also be done by division or substitution of values.
[2 marks]
() jf(x)dx=3x—11n|2x—1|+c A1
2 4
Note: accept equivalent e.g. In |[4x—2|
[1 mark]

Total [7 marks]



(a)

(b)
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a, 1
0 (-]
a 36
i -1)" 2 =|-—=(-18 A1A1
o[-y
Note: First A1 is for the negative sign.
[3 marks]
METHOD 1
if 1 satisfies p(1)=0 then g(1-4)=0
so the roots of g (x) are each 4 less than the roots of p(x) (R1)
1
so sum of roots is —E—4x5:—20.5 A1
METHOD 2
p(x+4)=2x"+2x5x4x* .. +x*.. =2x"+41x" ... (M1)
41
so sum of roots is i =-20.5 A1
[2 marks]

Total [56 marks]
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du
—_— = ex A1
™ (A1)
EITHER
integral is [ —————dx M1A1
(e"+3) +2°
1
= [—du M1A1
u +2
Note: Award M1 only if the integral has completely changed
to one in u.

Note: du needed for final A1

OR

e'=u-3

, . 1

integral is I 5 du M1A1
(u-3)y+6(u—-3)+13

Note: Award M1 only if the integral has completely changed

to one in u.
1
= [—du M1A1
u +2
Note: In both solutions the two method marks are independent.

THEN

—larctan L (+¢) (A1)
2 2

:larctan e +3 (+c) A1
2 2

Total [7 marks]
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@ gef()=g(f(x)
i
—g(2x+gj

= 3sin(2x+g)+4

(b) since —1<sin@<+1, rangeis [1, 7]

(© 3sin|2x+ % |+4=72 20+ E =T dnm o x =T 4ir
5 5 2 20

so next biggest value is %

Note: Allow use of period.

(d) | Note: Transformations can be in any order but see notes below.

stretch scale factor 3 parallel to y axis (vertically)
vertical translation of 4 up

Note: Vertical translation is % up if it occurs before stretch

parallel to y axis.

1 . ,
stretch scale factor > parallel to x axis (horizontally)

horizontal translation of %to the left

Note: Horizontal translation is % to the left if it occurs before

stretch parallel to x axis.

Note: Award A7 for magnitude and direction in each case.
Accept any correct terminology provided that the
meaning is clear eg shift for translation.

M1

AG

[1 mark]

(R1)A1
[2 marks]

(mM1)

A1

[2 marks]

A1
A1

A1

A1

[4 marks]

Total [9 marks]
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METHOD 1
to have 3 consecutive losses there must be exactly 5, 4 or 3 losses
5
1
the probability of exactly 5 losses (must be 3 consecutive) is (gj A1
12
the probability of exactly 4 losses (with 3 consecutive) is 4(§j (5) A1A1

Note: First A1 is for the factor 4 and second A1 for the other 2 factors.

3 2
1Y(2
the probability of exactly 3 losses (with 3 consecutive) is 3(;) [Ej A1A1

Note: First A1 is for the factor 3 and second A1 for the other 2 factors.

(Since the events are mutually exclusive)

the total probability is 1+85+12 = - (: lj A1
3 243\ 81

[6 marks]

METHOD 2

Roy loses his job if

A —first 3 games are all lost (so the last 2 games can be any result)

B — first 3 games are not all lost, but middle 3 games are all lost (so the first game
is not a loss and the last game can be any result)

or C — first 3 games are not all lost, middle 3 games are not all lost but last 3 games
are all lost, (so the first game can be any result but the second game is not a loss)

for A 4t & 5" games can be anything

1Y 1
P(4)=| - | =— A1
) (3) 27
for B 15t game not a loss & 5" game can be anything (R1)
2 (1) 2
P(B):-x(—j == A1
3 \3 81
for C 15t game anything, 2" game not a loss (R1)
2 (1) 2
P(C)=1x=x|—-| =— A1
3 \3 81

(Since the events are mutually exclusive)

total probability is L+£+£ :l A1
27 81 81 81

continued. ..
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Question 10 continued.

Note:

In both methods all the A marks are independent.

Note:

If the candidate misunderstands the question and thinks
that it is asking for exactly 3 losses award

A1 A1 and A1 for an answer of % as in the last lines of

Method 1.

[6 marks]

Total [6 marks]
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Section B
dy 3x 3x 3x 3x
(a) —=1xe"+xx3e :(e +3xe )
dx

n

d _
y _ n3n le3x+x3n63x

n

(b) let P(n) be the statement
prove for n=1
LHS of P(1) is % which is 1xe™ +xx3e’ and RHS is 3°¢’™ +x3'e™

as LHS=RHS, P(1) is true
assume P (k) is true and attempt to prove P(k+1) is true

k
assuming d—{ = k3 e+ x3Fe™
dx
ay_afdy
dxk+l - dx dxk

= k3 x3e* +1x3Fe* + x3F x3e*

= (k+1)3*e™ +x3""e’ (as required)

Note: Can award the A marks independent of the M marks

since P(1) istrue and P (k) istrue = P(k+1) is true
then (by PMI), P(n) istrue (Vne Z")

Note: To gain last R1 at least four of the above marks must have been gained.

M1A1

[2 marks]

m1
R1

M1

(M1)

A1
A1

R1

[7 marks]

continued. ..
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Question 11 continued

(c)

(d)

1
eS"+xxSe3"=0:>1+3x=0:>x=—§

EITHER

2
%:2x3e3x +xx3%e*

2
when x = —%, (cilx—); > 0 therefore the point is a minimum
OR
1
x —_——
3
d_y —-ve 0 +ve
dx

nature table shows point is a minimum

2
jx—{:2x363x+xx3ze3x

2
2><3e3"+x><3ze3x=0:>2+3x=O:>x=—§

2
x [ —
3
2
jx); -ve 0 +ve

M15/5/MATHL/HP1/ENG/TZA/XXIM

M1A1

A1

M1A1

M1A1
[5 marks]

A1

M1A1

A1

since the curvature does change (concave down to concave up) itis a

point of inflection

R1

Note: Allow 3™ derivative is not zero at — %

[5 marks]

continued. ..
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Question 11 continued

(e)
Y4

-

point of inflection T

minimum

(general shape including asymptote and through origin)
showing minimum and point of inflection

Note: Only indication of position of answers to (c) and (d) required, not
coordinates.

A1
A1

[2 marks]

Total [21 marks]
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12. (a) () METHOD1

v

n+l __

2”n+l
vy Dl

n

L L

METHOD 2

v 2a+nd

n+l

v - 2a+(n—l)d

n

=21

Gy 2

Note: Accept 2.

(i) EITHER

v, is a GP with first term 2° and common ratio 2

v, =24 "

OR

u,=a+(n-1)d asitis an AP
THEN

_ ~a+(n-1)d
v, =2

_2(@")-1) o (2" -1)

©) @ 8= =

Note: Accept either expression.

(i)  for sum to infinity to exist need —1<2¢ <1

=log2’ <0=dlog2<0=d <0

Note: Also allow graph of 2.

2(1
iii S, =
(i) S, ="

M15/5/MATHL/HP1/ENG/TZA/XXIM

m1

A1

m1
A1

A1

A1
[4 marks]

M1A1

R1

(M1)A1

A1

continued...
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Question 12 continued

2 — 2a+1 = 1

=2 M1
1-2¢ 1-2¢

(iv)

=1=2-2"" =291 =]

[8 marks]
(c) METHOD 1
w, =pq"", z, =In pg"" (A1)
z =lnp+(n-1)lng M1A1
z ., ,—z,=(Inp+nlng)-(Inp+(n-1)lng)=Ing
which is a constant so this is an AP
(with first term In p and common difference Ing)
3 zg(anp+(n—l)lnq) m1
i=1
n-1 n—1
:n[lnp+lnq(2j]:nln(pq(2]] (M1)
n(n-1)

=In| p"q ? A1
METHOD 2
Zzi=lnp+1npq+lnpq2+...+1npq"’1 (M1)A1
i=1
—1In (p,,q(1+2+3+...+(n—1)) ) (M1)A1

n(n—l)
=In| p"q ? (M1)A1
[6 marks]

Total [18 marks]
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(a)

(b)

(c)

(d)
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OP=i+2j+3k+A3i+j+k)
0Q =2+ j—k+u(i—j+2k)

PQ = 0Q-OP
PQ=i—j—dk—A(i+j+k)+ui—j+2k)
=(1-A+p)i+(-1-A-pwj+(-4-1+2u)k

METHOD 1

use of scalar product
perpendicular to i + j+ k gives

(1-A+w)+(1-A-w)+(-4-A1+21)=0
= -31+2u=4

perpendicular to i — j+ 2k gives
A=-A+u)—(-1-A—)+2(-4-A+2u)=0
= 2A+6u=6

. . . , 6 5
solving simultaneous equations gives A = — 7, U= 7

METHOD 2
vxw=3i—j-2k
PQ=a(3i—j—2k)

l1-A+u=3a
~1-A-pu=-a
—4-A+2u=-2a

: : . . 6 5
solving simultaneous equations gives 4 = — 7, U= 7

4)

6\/32+( 1) +(=2) = J_

shortest distance =

METHOD 1

vector perpendicular to /7 is given by vector product of v and w
vxw=3i—j-2k

so equation of /7 is 3x—y—-2z+d =0

through (1,2,3)=>d =5

so equationis 3x—y—2z+5=0

(mM1)

A1
[2 marks]

M1

A1

A1
A1A1

M1A1

A1

A1A1

[5 marks]

A1

M1A1

[3 marks]

(R1)
(M1)A1

m1
A1

continued...



- 22 - M15/5/MATHL/HP1/ENG/TZA/XXIM

Question 13 continued

METHOD 2
> 18, 6., 12 . ,
from part (b) PQ :71—7]—7k is a vector perpendicular to 77 R1A2
so equation of /] is ﬁx—éy—22+c:0
7 7 7
30

through (l,2,3):c=7 M1
SO equation is gx_gy_%H%:O (3x—y—2z4+5=0) A1

Note: Allow other methods je via vector parametric equation.

[5 marks]

(€) OT=2i+j—k+nQGi-j—2k)
T=2+3n,1-n,—1-2n) lies on II implies
32 +37)—(1-7)=2(=1-27)+5=0 M1

:>l2+1477:0:>77:—§ A1

Note: If no marks awarded in (d) but correct vector product calculated
in (e) award M1A17 in (d).

[2 marks]

—

f |BT

=SV = S m1AT
[2 marks]

(g) they agree A1

Note: FT is inappropriate here.

BT is perpendicular to both 77 and /,
so its length is the shortest distance between /7 and /, which is the

shortest distance between /, and /, R1
[2 marks]

Total [21 marks]
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Instructions to Examiners

Abbreviations

M  Marks awarded for attempting to use a valid Method; working must be seen.

(M) Marks awarded for Method; may be implied by correct subsequent working.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

(A) Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.
R Marks awarded for clear Reasoning.

N  Marks awarded for correct answers if no working shown.

AG Answer given in the question and so no marks are awarded.

Using the markscheme

1 General

Mark according to RM™ Assessor instructions and the document “Mathematics HL: Guidance
for e-marking May 2015”. It is essential that you read this document before you start marking. In
particular, please note the following:

e Marks must be recorded using the annotation stamps. Please check that you are entering
marks for the right question.

¢ If a partis completely correct, (and gains all the “must be seen” marks), use the ticks with
numbers to stamp full marks.

o If a part is completely wrong, stamp A0 by the final answer.

¢ If a part gains anything else, it must be recorded using all the annotations.

o All the marks will be added and recorded by RM™ Assessor.

2 Method and Answer/Accuracy marks

¢ Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

¢ lItis not possible to award MO followed by A1, as A mark(s) depend on the preceding M mark(s),
if any.

o Where M and A marks are noted on the same line, eg M1A1, this usually means M1 for an
attempt to use an appropriate method (eg substitution into a formula) and A7 for using the
correct values.

¢ Where the markscheme specifies (M2), N3, etc., do not split the marks.
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¢ Once a correct answer to a question or part-question is seen, ignore further correct working.
However, if further working indicates a lack of mathematical understanding do not award the final
A1. An exception to this may be in numerical answers, where a correct exact value is followed by
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part,
and correct FT working shown, award FT marks as appropriate but do not award the final A7 in
that part.

Examples
Correct answer seen Further working seen Action
1. 8x/§ 5.65685... Award the final A1
(incorrect decimal value) (ignore the further working)

2 1. .

—sin4x sin x Do not award the final A1
3. loga—logh log(a—>) Do not award the final A1

N marks

Award N marks for correct answers where there is no working.

¢ Do not award a mixture of N and other marks.
¢ There may be fewer N marks available than the total of M, A and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.

Implied marks

Implied marks appear in brackets eg (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

o Normally the correct work is seen or implied in the next line.
e Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s). To award FT marks, there must be working present and
not just a final answer based on an incorrect answer to a previous part.

¢ If the question becomes much simpler because of an error then use discretion to award fewer
FT marks.

o If the error leads to an inappropriate value (eg sind=1.5), do not award the mark(s) for the final
answer(s).

¢ Within a question part, once an error is made, no further dependent A marks can be awarded,
but M marks may be awarded if appropriate.

e Exceptions to this rule will be explicitly noted on the markscheme.
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Mis-read

If a candidate incorrectly copies information from the question, this is a mis-read (MR).

A candidate should be penalized only once for a particular mis-read. Use the MR stamp to indicate
that this has been a misread. Then deduct the first of the marks to be awarded, even if this is an
M mark, but award all others so that the candidate only loses one mark.

¢ If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

¢ If the MR leads to an inappropriate value (eg sin@=1.5), do not award the mark(s) for the
final answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does
not cover the work seen. In such cases the annotation DM should be used and a brief note written
next to the mark explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the
question specifies a method, other correct methods should be marked in line with the markscheme.
If in doubt, contact your team leader for advice.

¢ Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, efc.

¢ Alternative solutions for part-questions are indicated by EITHER . . . OR.

e Where possible, alignment will also be used to assist examiners in identifying where these
alternatives start and finish.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, simplified answers, (which candidates often do not write in examinations),
will generally appear in brackets. Marks should be awarded for either the form preceding the
bracket or the form in brackets (if it is seen).

Example: for differentiating f'(x)=2sin(5x-3), the markscheme gives:
f’(x)=(2cos(5x—3))5 (=10c0s(5x—3)) A1
Award A1 for (2cos(5x—3))5, even if 10cos(5x—3) is not seen.

Accuracy of Answers
Candidates should NO LONGER be penalized for an accuracy error (AP).
If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to

the required accuracy. When this is not specified in the question, all numerical answers should be
given exactly or correct to three significant figures. Please check work carefully for FT.
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Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way
crossed out their work, do not award any marks for that work.

Calculators

No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no
grade awarded. If you see work that suggests a candidate has used any calculator, please follow
the procedures for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner
should only mark the first response unless the candidate indicates otherwise.

Candidate work

Candidates are meant to write their answers to Section A on the question paper (QP), and
Section B on answer booklets. Sometimes, they need more room for Section A, and use the
booklet (and often comment to this effect on the QP), or write outside the box. This work should
be marked.

The instructions tell candidates not to write on Section B of the QP. Thus they may well have done
some rough work here which they assume will be ignored. If they have solutions on the answer
booklets, there is no need to look at the QP. However, if there are whole questions or whole part
solutions missing on answer booklets, please check to make sure that they are not on the QP,

and if they are, mark those whole questions or whole part solutions that have not been written on
answer booklets.
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Section A

(@) PAUB)=P(4)+P(B)-P(ANB)
P(ANB)=0.25+0.6—0.7
=0.15

(b) EITHER

P(4)P(B)(=0.25%x0.6) =0.15
=P(4N B) so independent

P(4B)=2 (;(;)B ). %‘165 = 0.25

= P(A4) so independent

Note: Allow follow through for incorrect answer to (a) that will result in
events being dependent in (b).

3-x)"=13"+4.3(—x)+6.3° (—x)* +4.3(-=x)’ +1(—x)* or equivalent
=81-108x +54x* —12x° + x*

Note: A7 for ascending powers, A7 for correct coefficients including signs.

tanx+tan2x =0
2tanx
tanx+—2=0
1—tan” x
tanx —tan’ x+2tanx =0
tanx(3—tan2 x) =0

tanx=0=>x=0, x=180°

Note: If x =360" seen anywhere award A0

tan x = /3 = x = 60", 240°
tan x = —/3 = x =120°, 300°

m1
A1

A1
R1

A1

R1

[2 marks]

[2 marks]

Total [4 marks]

(M1)(A1)
A1A1

M1

A1
(M1)

A1

A1
A1

[4 marks]

[6 marks]



-8-—

(a) attempt to differentiate f(x)=x’-3x"+4
f'(x)=3x"—6x
=3x(x—-2)
(Critical values occurat) x=0, x=2
so f decreasingon x €0, 2[ (or 0<x<2)

(b)  f'(x)=6x-6
setting /" (x)=0
=>x=1
coordinate is (1, 2)

any attempt at integration by parts

du 1
u=Ihx=>—=—
X

dv x*
— =X Dv=—
dx 4

4 2 3
= x| - [ dx
4 1 4

1

Note: Condone absence of limits at this stage.

=|—Inx| —| —
4 L L6,
Note: Condone absence of limits at this stage.

:41n2—(1—ij
16

= 4ln2—E
16

M15/5/MATHL/HP1/ENG/TZ2/XXIM

m1
A1

(A1)
A1

[4 marks]

(A1)
M1

A1
[3 marks]

Total [7 marks]

M1
(A1)

(A1)

A1

A1

A1

AG
[6 marks]



(a) any attempt to use sine rule

AB B
sin ~ sin(zn—ﬁj
3 3
NE)

sin23ncos 0— cosz3nsin 0

Note: Condone use of degrees.

B
B

—cos@—i—lsinﬁ
2 2
AB V3
\/5 £c0s9+lsin0
2 2 2

3

SLAB=
\/§COS 0 +sind

(b) METHOD 1
—3(—\/§sin9+cos 6’)

!

(AB) = 3
(\/5 cos @ +sin 6)
setting (AB) =0
1
tand = —
3

0=l

6
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M1

A1

A1

A1

AG

[4 marks]

M1A1

M1

A1

continued. ..



—10 -

Question 6 continued

METHOD 2

\/gsing

sin (2% - 6’]
3

AB minimum when sin(%—@} is maximum

sin(z—n—ej =1
3

AB =

m o
3 2
o=l
6
METHOD 3
shortest distance from B to AC is perpendicular to AC
_rI_rT g
2 3 6

M15/5/MATHL/HP1/ENG/TZ2/XXIM

m1

(A1)

m1

A1

R1
M1A2
[4 marks]

Total [8 marks]



(@)

—-11 -

METHOD 1

; 27 27 ..
7z =——=—/(cosm+isinm)
8 8

N
oo |3

(cos(m+2nm)+isin(m+2nm))

n’+2nnj .. (TH—Znnj
S +1sin
3 3

T .. T
cos—+isin— |,
3 3

N
Il
o | W
TN
o
o
TN

N
Il

z, ==(cosm+isinn),

N
w
|

C

NR|W W N|Ww
o
w2
3
+
—
“.
=
9}

w |4

N

M15/5/MATHL/HP1/ENG/TZ2/XXIM

M1(A1)
(A1)

M1

A2

Note:

Accept —% as the argument for z;.

Note: Award A1 for 2 correct roots.
Note: Allow solutions expressed in Eulerian (reig) form.
Note: Allow use of degrees in mod-arg (r-cis) form only.

[6 marks]

continued. ..
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Question 7 continued

METHOD 2

8z°+27=0
=z= —% so (2z+3) is a factor
Attempt to use long division or factor theorem: M1

= 82°+27=(22+3)(4z° —62+9)

A1
M1

=4z ~6z+9=0
Attempt to solve quadratic:

A
=—3‘1‘/§1 A1

3 T o
z, = cos§+1s1n 3

==—(cosm+isint),

( os—+1sm—j A2

le N|w

Note: Accept —g as the argument for z;.

Note: Award A1 for 2 correct roots.

Note: Allow solutions expressed in Eulerian (re”) form.

Note: Allow use of degrees in mod-arg (r-cis) form only.

[6 marks]

continued...
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Question 7 continued

METHOD 3

8z°+27=0
Substitute z=x+1iy

8(x3 +3ix’y —3xp° —iy3)+27 =0

= 8x° —24xy” +27=0 and 24x’y -8y’ =0
Attempt to solve simultaneously:

8)/(3)c2 —yz) =0

y:O’y:x\/g’y:—x\/g

3 3
=>|x=——,y=0|,x=—,y=2—+—
( 2 j i

T .. T
z, =—| cos—+1sin— |,
3 3

z, ==(cosm+isinm),

[ St .. Snj
z, =—| coOs— +1isin— |.
3 3

w N | W

W N

[\9)

M15/5/MATHL/HP1/ENG/TZ2/XXIM

M1

A1
M1

A1

A2

Note: Accept —g as the argument for z;.

Note: Award A1 for 2 correct roots.

Note: Allow solutions expressed in Eulerian (re“g) form.

Note: Allow use of degrees in mod-arg (r-cis) form only.

[6 marks]

continued...
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Question 7 continued

(b) EITHER

1 :
Valid attempt to use area= 3(Eab sin CJ

1 3 3 B3

=3x—X—X=—Xx—

Note: Award A1 for correct sides, A1 for correct sin C.

OR

1
Valid attempt to use area:E base x height

3 3}(@

area:lx —+=
2 (4 2)" 4

Note: A1 for correct height, A1 for correct base.

THEN

2743

16

M15/5/MATHL/HP1/ENG/TZ2/XXIM

M1

A1A1

M1

A1A1

AG
[3 marks]

Total [9 marks]
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EITHER
X = arctant (M1)
& _ 1 : A1
dr 1+¢
OR
t=tanx
ﬂ=sec2x (M1)
dx
=1+tan’ x A1
=1+7
THEN
sin x = —— (A1)
V1+£
Note: This A7 is independent of the first two marks
dr
2
[ dx - e M1A1
l+sin” x ( P J
I+ —
N1+
Note: Award M1 for attempting to obtain integral in terms of # and d¢
dt dr
= j = j . A1
(1+2)+7 1+
1 1 1
:—j dz =—x arctan N A1
271 , 2 1 1
2 V2 2
:garctan<x/§tanx)(+c) A1

[8 marks]
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(@ a>0 A1

a#l A1
[2 marks]

(b) METHOD 1

logxy:il:l—i: and logylen—x M1A1

Iny

Note: Use of any base is permissible here, not just “e”.

Iny ?
— | =4 A1
Inx
Iny=+2Inx A1
2 1
y=x"or — A1A1
X
METHOD 2
log, x = 108:% _ 1 M1A1
© log,y log.y
(log, y)zz 4 A1
log y=+2 A1
y=xor y=- A1A1
X

Note: The final two A marks are independent of the one
coming before.

[6 marks]

Total [8 marks]
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Section B

10. (a)

Note: In the diagram, points marked A and B refer to part (d) and
do not need to be seen in part (a).

shape of curve A1

Note: This mark can only be awarded if there appear to be both
horizontal and vertical asymptotes.

intersection at (0, 0) A1
horizontal asymptote at y =3 A1
vertical asymptote at x =2 A1
[4 marks]
3x
(b) »y=
x —
xy—2y=3x M1A1
xy—=3x=2y
_ 2y
y-3
2
(' @)=—" M1A1
x —

Note: Final M1 is for interchanging of x and y, which may be seen
at any stage.

[4 marks]

continued...
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Question 10 continued

(c)

METHOD 1

2
attempt to solve Al
x-3 x-2

2x(x-2)=3x(x-3)
x[2(x—2)—3(x—3)]:0
x(5-x)=0
x=0orx=5

METHOD 2

xX= or x=
x=2 x-3

x=0orx=5

METHOD 1

at A:—X —3 ANDat B: X =3
x=2 2 x—2 2

6x=3x-6

x=-2

6x=6—3x

xX==
3

solutionis -2 < x < %

METHOD 2
) <G)
< —
x—=2 2

9x* < %(x —2)2

3x*+4x-4<0
(3x-2)(x+2)<0
x=-2

2

3

X =

solutionis -2 < x < %

M15/5/MATHL/HP1/ENG/TZ2/XXIM

(M1)

A1A1

(M1)

A1A1
[3 marks]

M1

A1

A1

A1

[4 marks]

M1

(A7)
(A1)

A1

[4 marks]

continued. ..
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Question 10 continued

(e) —2<x<2 A1A1

Note: A7 for correct end points, A7 for correct inequalities.

Note: If working is shown, then A marks may only be awarded
following correct working.

[2 marks]

Total [17 marks]



1. (a)

(b)
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tanx +1
ge f(x)= A1
tanx —1
X # r , 0<x< I A1
4 2
[2 marks]
sin x
tanx+1 *1
= 08X M1A1
tanx—1 Smnx 1
COS X
_ s%nx+ COS X AG
sin x —COS X
[2 marks]
METHOD 1
dy _ (sinx — cos x)(cosx — 51.n x) — (sin x2+ cos x)(cos x + sin x) M1(A1)
dx (sinx — cosx)
dy (2sinxcosx — cos” x — sin’ x) - (2sinxcosx + cos’ x + sin’ x)
dx cos’ x + sin” x — 2sin xcos x
2
I —sin2x
Substitute Einto any formula for d_y M1
6 dx
2
l-sin%
-2
= - % A1
4
2-3
m1

4 (2443
2-3(2+43

:—8—14\/52_8_4\/5 A1

continued. ..
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Question 11 continued

METHOD 2
2 2
dy _ (tanx — 1)sec” x (talzx + I)sec” x M1AT
dx (tanx — 1)
2
_ 2sec x2 A1
(tanx — 1)
4
—2sec’ r —2()
2 2 2
i ] (Lo 09
6 NE)
Note: Award M1 for substitution of %
_ y 4+2:3
LI 5| )=—8—4\/§ M1A1

(1-+3) (4-2V3)(4+243)

[6 marks]

continued...
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Question 11 continued
z
¢ sinx + cosx

M15/5/MATHL/HP1/ENG/TZ2/XXIM

(d) Area = |[—————dx M1
, SINX — COS X
= [ln|sinx - costg A1
0
Note: Condone absence of limits and absence of modulus signs at
this stage.
— |InfsinZ - cosz‘ — In|sin0 — cosO) m1
6 6
=|In 1_ ﬁ -0
= 1n£‘/§ — 1] A1
2
=-1In Bt In| -2 A1
2 V3 -1
=In 2 X \/g b M1
B-1 B+
= In(3 +1) AG
[6 marks]

Total [16 marks]



12.

(a)

(b)

— 23—

(i)—(iii) given the three roots «, A, y , we have
X+ pxtrgx+e=(x—a)(x—LB)(x-y)

=(¥" - (a+p)x+af)(x-7)

=X —(a+B+y)x’ +(af + By +ya)x—afy

comparing coefficients:
p=—(a+p+y)
q=(ap+pr+ra)
c=-afy

METHOD 1

)

Given —a—f -y =—-6
And aoff + By +yor =18
Let the three roots be «, 3,y .

So f-a=y-p
or2f=a+y

Attempt to solve simultaneous equations:

L+20=06
p=2

a+y=4

20+2y +ay =18
=y -4y +10=0

4+i24
=>y=—"

2

Therefore ¢ =—-afly = —( 5

4+1@J[4—i\/ﬁ

M15/5/MATHL/HP1/ENG/TZ2/XXIM

M1
A1

A1

AG
AG
AG
[3 marks]

m1

M1

A1
AG

(A1)

J2=—20 A1

[5 marks]

continued. ..
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Question 12 continued

METHOD 2

(i) letthethreerootsbe a, a—d, a+d M1
adding roots M1
to give 3a =6 A1
a=2 AG

(i) o« isaroot,s0 2°—6x2*+18x2+c=0 M1
8—24+36+c=0
c=-20 A1

[5 marks]

METHOD 3

(i) letthethreerootsbe a, a—d, a+d M1
adding roots M1
to give 3a =6 A1
a=2 AG

(i) ¢g=18=2Q2-d)+2-d)2+d)+22+4d) M1

d*=-6=d =+/6i
=c=-20 A1
[5 marks]

continued...
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Question 12 continued

(c)

METHOD 1

Given —a—-f -y =—-6
And aff + By + yar =18

Let the three roots be «, 3,y .

M15/5/MATHL/HP1/ENG/TZ2/XXIM

so -7 M1
a p
or fZ=ay
Attempt to solve simultaneous equations: M1
af+yB+ B =18
Bla+p+y)=18
64 =18
£ =3 A1
a+y=3,a= g
v

=y -37y+9=0

4
. :3—17 vl (A1)(A1)
Therefore c:—aﬂy:—£3+12 27}(3_1 27 A1

[6 marks]
METHOD 2
let the three roots be a, ar, ar’ M1
attempt at substitution of a, ar, ar* and p and g into equations from (a) M1
6:a+ar+ar2(:a(l+r+r2)) A1
18=a2r+a2r3+a2r2(: azr(1+r+r2)) A1
therefore 3 =ar A1
therefore ¢ = —a’r’=-3"=-27 A1
[6 marks]

Total [14 marks]
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(a)

(b)

(c)
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1 B 1 ><\/n+1— n w1
J;+Vn+l d;+Vn+l Vn+1—J;
_\/n+1—\/; A1

(n+1)—n
=Jn+1-+/n AG
[2 marks]
N/ L A2
V2441
1
<— AG
V2
[2 marks]
consider the case n =2 : required to prove that 1+% > \/5 M1
1
from part (b) —>\/§—1
V2
1
hence 1+ —=>+/2 istruefor n=2 A1l
2
r=k
now assume true for n =k : L>\/% M1
r:l\/;
RN
N JE
1 1

attempt to prove true for n=k+1: ——+...+ =+ —> M1

mep N o

1
from assumption, we have that +...+— >I+ M1
f N G e
so attempt to showthat\/%+ >k+1 M1
P m W

continued. ..
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Question 13 continued

EITHER
1
>Vk+1-+k A1
Jk+1
1 1
> , (from part a), which is true A1
Jik+1 7 ik ++Jk+1
OR
it :\/k+1\/E+1_ A1
Vk+1 Vk+1
ik +1
>———=4k+1 A1
Vk+1
THEN

sotruefor n=2 and n=k true = n=k+1 true. Hence true forall n>2 R1

Note: Award R1 only if all previous M marks have been awarded.

[9 marks]

Total [13 marks]
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Instructions to Examiners

Abbreviations

M Marks awarded for attempting to use a correct Method; working must be seen.

(M) Marks awarded for Method; may be implied by correct subsequent working.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

(A) Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.
R Marks awarded for clear Reasoning.

N Marks awarded for correct answers if no working shown.

AG  Answer given in the question and so no marks are awarded.

Using the markscheme

1

General

Mark according to RM™ Assessor instructions and the document “Mathematics HL: Guidance for e-
marking November 2014”. It is essential that you read this document before you start marking. In
particular, please note the following:

e Marks must be recorded using the annotation stamps. Please check that you are entering marks for the
right question.

e [f a part is completely correct, (and gains all the “must be seen” marks), use the ticks with numbers to
stamp full marks.

e Ifa part is completely wrong, stamp A0 by the final answer.

e If a part gains anything else, it must be recorded using all the annotations.

o All the marks will be added and recorded by RM™ Assessor.

Method and Answer/Accuracy marks

e Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

e [t is not possible to award M0 followed by A1, as A mark(s) depend on the preceding M mark(s),
if any.

e Where M and 4 marks are noted on the same line, eg M1A1, this usually means M1 for an attempt to use
an appropriate method (eg substitution into a formula) and A1 for using the correct values.

e Where the markscheme specifies (M2), N3, etc., do net split the marks.

e Once a correct answer to a question or part-question is seen, ignore further working.

N marks
Award N marks for correct answers where there is no working.
e Do not award a mixture of NV and other marks.

e There may be fewer N marks available than the total of M, 4 and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.
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Implied marks

Implied marks appear in brackets eg (M1), and can only be awarded if correct work is seen or if implied in
subsequent working.

e Normally the correct work is seen or implied in the next line.
e Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is used
correctly in subsequent part(s). To award FT marks, there must be working present and not just a final
answer based on an incorrect answer to a previous part.

e If'the question becomes much simpler because of an error then use discretion to award fewer FT marks.

e If the error leads to an inappropriate value (eg sind=1.5), do not award the mark(s) for the final
answer(s).

e Within a question part, once an error is made, no further dependent 4 marks can be awarded, but M
marks may be awarded if appropriate.

e Exceptions to this rule will be explicitly noted on the markscheme.

Mis-read

If a candidate incorrectly copies information from the question, this is a mis-read (MR). A candidate should
be penalized only once for a particular mis-read. Use the MR stamp to indicate that this has been a
misread.  Then deduct the first of the marks to be awarded, even if this is an M mark,
but award all others so that the candidate only loses one mark.

e If'the question becomes much simpler because of the MR, then use discretion to award fewer marks.
e If the MR leads to an inappropriate value (eg sin€=1.5), do not award the mark(s) for the final
answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does not cover the
work seen. In such cases the annotation DM should be used and a brief note written next to the mark
explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question specifies a
method, other correct methods should be marked in line with the markscheme. If in doubt, contact your team
leader for advice.

e Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, etc.

e Alternative solutions for part-questions are indicated by EITHER . . . OR.

e Where possible, alignment will also be used to assist examiners in identifying where these alternatives
start and finish.
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Alternative forms
Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation.

e In the markscheme, equivalent numerical and algebraic forms will generally be written in brackets
immediately following the answer.

e In the markscheme, simplified answers, (which candidates often do not write in examinations), will
generally appear in brackets. Marks should be awarded for either the form preceding the bracket or the
form in brackets (if it is seen).

Example: for differentiating f (x)=2sin(5x—3), the markscheme gives:
f'(x)=(2cos(5x-3))5 (=10cos(5x-3)) Al
Award A1 for (2 cos(5x— 3)) 5, even if 10cos(5x —3) is not seen.

Accuracy of Answers
Candidates should NO LONGER be penalized for an accuracy error (AP).

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to the
required accuracy. When this is not specified in the question, all numerical answers should be given exactly
or correct to three significant figures. Please check work carefully for FT.

Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way crossed out
their work, do not award any marks for that work.

Calculators

No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no grade
awarded. If you see work that suggests a candidate has used any calculator, please follow the procedures
for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner should only mark
the first response unless the candidate indicates otherwise.

Candidate work

Candidates are meant to write their answers to Section A on the question paper (QP), and Section B on
answer booklets. Sometimes, they need more room for Section A, and use the booklet (and often comment
to this effect on the QP), or write outside the box. This work should be marked.

The instructions tell candidates not to write on Section B of the QP. Thus they may well have done some
rough work here which they assume will be ignored. If they have solutions on the answer booklets, there is
no need to look at the QP. However, if there are whole questions or whole part solutions missing on answer
booklets, please check to make sure that they are not on the QP, and if they are, mark those whole questions
or whole part solutions that have not been written on answer booklets.
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SECTION A

1. @A g)= L+1 AlAl
x+3

Note: Award A1 for x +3 in the denominator and A1 for the “+1.

[2 marks]
(b) x=-3 Al
y= 1 Al
[2 marks]
Total [4 marks]
2. (a) using the formulae for the sum and product of roots:
i) a+p=4 Al
. 1
(i) oaf=- Al
2
Note: Award A0A40 if the above results are obtained by solving the original
equation (except for the purpose of checking).
[2 marks]
(b) METHOD 1
. . Q , (22 2\ 2
required quadratic is of the form x* —| —+— [x+| — || = M1)
a p a)\ p
_4
q B
(2.2
p o B
__2Aa+p) M1
afp
_ 2x4
1
2
=-16 Al

Note: Accept the use of exact roots

continued ...
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Question 2 continued

METHOD 2

replacing x with 2 Ml
x

2
z(Zj —8(3j+120
X X
%—§+1=0 (A1)
X X

x> —16x+8=0
p=-16 and g =8 AlAl

Note: Award A140 for x> —16x+8=0 ie, if p=-16 and g=38
are not explicitly stated.

[4 marks]

Total [6 marks]
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3. METHOD 1
= JA+5P+B+25) +(1—s)* (=+6s> +12s5+11) Al

Note: Award A1 if the square of the distance is found.

N

0]

EITHER
dl > f
attempt to differentiate: = P| (=125 +12) Ml
s
dl = f
attempting to solve e P| =0 fors M1)
s=-1 (A41)
OR
attempt to differentiate: ¢ _>P = 65+ 6 Ml
ds (657 + 125 + 11
attempting to solve di P|=0 fors M1)
s
s=-1 (A41)
OR
T
attempt at completing the square: U OP| =6(s +1)°+ 5] Ml
minimum value (M1)
occurs at s = —1 (A1)
THEN
the minimum length of 6P is /5 Al
METHOD 2
1
the length of OP is a minimum when OP is perpendicular to | 2 (R1)
-1

I+s 1

3+2s|s] 2|=0 Al

l-=s -1
attempting to solve 1+s5+6+4s—-1+5s=0(65s+6=0) fors M1)
s=-1 (A41)

OP|=+5 Al

Total [5 marks]
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4. (a) (i) wuseof P(AUB)=P(A)+P(B) M1)
P(4uB)=0.2+0.5
=0.7 Al
(i) useof P(4UB)=P(A)+P(B)—P(A)P(B) (M1)
P(AUB)=02+0.5-0.1
=0.6 Al
[4 marks]
P(AnB
® PB)="U08
P(B)
P(A4]|B) is a maximum when P(AN B)=P(4)
P(A4]|B) is a minimum when P(ANB)=0
0<P(A4|B)<0.4 AlAIAL
Note: A1 for each endpoint and 41 for the correct inequalities.
[3 marks]
Total [7 marks]
use of the quotient rule or the product rule Ml
34+17)x2—2tx2t _ 2 2
C'(t):( ) : L k. S [P B AIAl
(3+t2) (3+t2) 3+1¢ (3+t2)

Note: Award A1 for a correct numerator and 41 for a correct denominator
in the quotient rule, and A1 for each correct term in the product rule.

attempting to solve C'(¢) =0 for ¢ (M1)
t=++3 (minutes) Al
C(\/g) = ? (mg I ) or equivalent. Al

Total [6 marks]
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du = ! Al
dr  2x
dx=2wu—-1)du
Note: Award the A1 for any correct relationship between dx and du.
_ 2
[ Jx dr = 2f W=D, (MDA
1+ x u
Note: Award the M1 for an attempt at substitution resulting in an integral only
involving u.
=2ju—2+ldu (A1)
u
=u’ —4u+2mnu(+C) Al
:x—2x/;—3+2ln(1+\/;)(+C) Al
Note: Award the A1 for a correct expression in x, but not necessarily fully
expanded/simplified.
Total [6 marks]
7. @ p'B)=/03)gB)+gB)fB) (M1)
Note: Award M1 if the derivative is in terms of x or 3.
=2x4+3x1
=11 Al
[2 marks]
(b) K (x)=g'(f(x)/"(x) (M1)(A1)
h(2)=g'1)f'(2) Al
=4x4
=16 Al
[4 marks]

Total [6 marks]
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let P(n) be the proposition that (2n)!>2"(n!)*, neZ*
consider P(1):

2!=2 and 21(1!)2:2 so P(1) is true R1
assume P (k) is true ie (2k)!>2"(k")*, ke Z' MI

Note: Do not award M1 for statements such as “let n=£k".

consider P(k+1):

(2(k+1))! = (2k +2) (2k + 1) (2Kk)! Ml
(2(k +1))1> (2k +2) 2k +1) (k!)*2* Al

=2(k+1) 2k +1)(k!)>2*
> 2 (k+1)(k+1)(k!)” since 2k +1 >k + 1 R1
=25 ((k+1)1)’ Al

P(k +1) is true whenever P (k) is true and P (1) is true, so P(n) is true for neZ"™ RI

Note: To obtain the final R1, four of the previous marks must have been awarded.

Total [7 marks]
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9. (@ IA
' -
7
! 3
z t
|2—1| correct for [1, 2] Al
|2 —t| correct for [2, 3] Al
[2 marks]
(b) EITHER

let g, be the lower quartile and let g, be the upper quartile
let d =2-¢, (=g,—2) and so IQR =2d by symmetry
use of area formulae to obtain %d : :i
(or equivalent) MIAl

1
d = —= or the value of at least one g. Al

V2
OR
let g, be the lower quartile
9
consider I(Z —t)dt = A, MIAl
1 4
1
obtain ¢, =2—— Al
L2
THEN
IQR =2 Al
Note: Only accept this final answer for the A1.
[4 marks]

Total [6 marks]
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(2)

(b)
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use of the addition principle with 3 terms M1)
to obtain ‘C;+ *C, + °C; (= 4+ 10 + 20) Al
number of possible selections is 34 Al
[3 marks]
EITHER
recognition of three cases: (2 odd and 2 even or 1 odd and 3 even or 0
odd and 4 even) (M1)
(°C,x*Cy) + (PG x ') + (°C,x*C, ) (= 60 + 20 + 1) (M1)Al
OR
recognition to subtract the sum of 4 odd and 3 odd and 1 even from
the total (MI)
°C,—*C,—(°C,x'C) (=126-5-40) (M)Al
THEN
number of possible selections is 81 Al
[4 marks]

Total [7 marks]
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SECTION B
(@) (i) x=e& M1
Note: The M1 is for switching variables and can be awarded at any stage.
Further marks do not rely on this mark being awarded.

taking the natural logarithm of both sides and attempting to transpose Ml

(/@) zé(lnx —1) Al

(i) xeR"or equivalent, for example x > 0. Al
[4 marks]

1 1 1 .
(b) Inx= E(ln x—-1)=Inx- gln N -3 (or equivalent) MIAI
Inx = —% (or equivalent) Al
1
x=e? Al
L |

coordinates of P are (e 2,—EJ Al
[5 marks]

(¢) coordinates of Q are (1, 0) seen anywhere Al

y_1 MI

dx x
dy
at Q, —=1 Al
Q dx

y=x - 1 AG

[3 marks]

continued ...
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Question 11 continued

(d) let the required area be 4

A= x—1dv—["tnxdx Mi
1 1
Note: The M1 is for a difference of integrals. Condone absence of limits here.
attempting to use integration by parts to find J-ln xdx M1)
x° )
:{7—)6} —[xInx—x] AlAl
1

2

Note: Award A1 for %—x and A1 for xInx—x.

Note: The second M1 and second A1 are independent of the first M1 and the first A1.

2 2 -
_E _l{_ea#P2] Al
2 2 2
(¢) () METHOD 1
consider for example 2 (x)=x—-1-Inx
h(1)=0 and A'(x) =1- 1 (A1)
X
as h'(x)>0 for x>1, then 2(x)>0 for x>1 R1
as h'(x)<0 for 0<x<1,then A(x)>0 for 0<x<1 RI
so g(x)<x-1, xeR" AG
METHOD 2
14 1
gx)=—— Al
X
g"(x) <0 (concave down) for xe R" R1
the graph of y =g(x) is below its tangent (y =x—1 at x=1) R1
so g(x)<x-1, xeR" AG

Note: The reasoning may be supported by drawn graphical arguments.

[5 marks]

continued ...
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Question 11 continued

METHOD 3
y
X
Q

7

clear correct graphs of y = x —1 and Inx for x > 0 AlAl

statement to the effect that the graph of Inx is below the graph of

its tangent at x =1 RIAG
(i) replacing x by ! to obtain In [l) Sl—1(= I_—XJ Ml

X x) x X
_1nxgl_1(=1‘—xj (A1)
X X
lanl—l(:x—_lJ Al
X X
sox—_lﬁg(x),xeR+ AG
X

[6 marks]

Total [23 marks]
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(a)

(b)

(©)

—17-

- 1 ~

()  AM=_AC

|
=—(c—a
2( )
(i) BM=BA+AM
1
=a-b+—(c—
a 2(c a)

BR/I =la—b+lc
2 2

- 1~

() RA=1BA

~(a-b)

— 2—)

ii T=—RS
(i) 3
:E(R_A+A_>Sj
3
2
383
2 4
=—(a-b)+—(c—a
e e Y

—>T :—ga—%b+ic
9 9 9

- -

BT =BR+R

3 3 9 9
B%T=§ la—b+lc
9\2

point B is common to BT and BM and BT = SBM

so T lies on [BM]

— _(l (a—b)+ % (c— a)) or equivalent.

N14/5/MATHL/HP1/ENG/TZ0/XX/M

(M1)
Al

Ml
Al

AG
[4 marks]

Al

(M1I)

AlIAl

Al

AG
[5 marks]

(M1)
Al

Al

RIRI

AG
[5 marks]

Total [14 marks]
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(2)
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() METHOD 1

(+itand) + (1 —itand)y = (1 + i32%y 4 q — iSOy Ml
cos @ cos@
=(cost9+zsm9) +(cos9—1sm0) o
cos @ cos@
by de Moivre’s theorem (M1)
(cos@+isin9jnzcosn0+isinn(9 Al
cosd cos" @
recognition that cos@—isin @ is the complex conjugate
of cos@+isin@ (R1)

use of the fact that the operation of complex conjugation commutes
with the operation of raising to an integer power:

[cos@—isinﬁjnzcosnﬁ—isinnﬁ Al
cosé cos” @
: " ) . 2cosnf
(1+itanf)" + (1 —itanH)" = . AG
cos” @
METHOD 2
(1+itané)" + (1 —itand)" = (1 + itan8)" + (1 + i tan (-60))" M1)
_ (cos@ + isin )" N (COS (—60) + isin (—9))n MiAdl
cos” @ cos” @
Note: Award M1 for converting to cosine and sine terms.
use of de Moivre’s theorem (M1)
_ (cosn@ + isinnd + cos(-nb) + isin(-nb)) Al
cos” @
2cosné ) .
= —— as cos(—nd) = cosnf and sin(-nf) = —sinnd RIAG
cos

continued ...



-19- N14/5/MATHL/HP1/ENG/TZ0/XX/M

Question 13 continued

3 4 3 4 2cos(4x3§)
) |1+itan2| +[1-itanZ]| =~ S/ (Al)
8 8 4 3m
cos’ —
8
2cos32n
= Al
437
cos’ —
8
=0 as cos%rzo R1

Note: The above working could involve theta and the solution of cos(46) = 0.

.. 3m . .
SO 1tan§ is a root of the equation AG

oy ., 3m ., W .. W
(iii) either —i tan§ or —1 tang or 1tan§ Al

Note: Accept itan% or itan%[.

Accept —(1+\/§)i or (l—ﬁ)i or(—l+\/§)i.

[10 marks]
- 2tan ~
b) () tan—=— 8 (M1)
1—tan® ~
tan’ =+ 2tan——1=0 Al
8 8
T
let # =tan—
8
attempting to solve ¢* +2¢—1=0 for ¢ M1
t=-1+2 Al
g is a first quadrant angle and tan is positive in this quadrant, so
tan = > 0 R1
8
tang =2-1 AG

continued ...
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Question 13 continued

(i) cos4x =2cos’2x —1
:2(2coszx—1)2—1
:2(4cos4x—4coszx+1)—1

=8cos* x—8cos’ x+1

Note: Accept equivalent complex number derivation.

T

(iii) jf

dx:2jg8COS4x_8coszx+ldx
0 cos® x

2cos4x

cos® x

= 2J‘0§8cos2 x—8+sec’ xdx

Note: The M1 is for an integrand involving no fractions.

use of cos’ x = %(cos 2x+1)

= 2If4cos2x—4+seczxdx

=[4sin2x—8x+2tan x]og

=42 -n-2 (or equivalent)

N14/5/MATHL/HP1/ENG/TZ0/XX/M

Al
Ml
Al
AG

Ml

M1

Al

Al

Al
[13 marks]

Total [23 marks]
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Instructions to Examiners

Abbreviations

M  Marks awarded for attempting to use a correct Method; working must be seen.

(M) Marks awarded for Method; may be implied by correct subsequent working.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

(A) Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.
R Marks awarded for clear Reasoning.

N Marks awarded for correct answers if no working shown.

AG  Answer given in the question and so no marks are awarded.

Using the markscheme

1

General

Mark according to Scoris instructions and the document “Mathematics HL: Guidance for e-marking
May 2014”. It is essential that you read this document before you start marking. In particular, please note
the following:

e Marks must be recorded using the annotation stamps. Please check that you are entering marks for the
right question.

e [f a part is completely correct, (and gains all the “must be seen” marks), use the ticks with numbers to
stamp full marks.

e [Ifapartis completely wrong, stamp A0 by the final answer.

e [f a part gains anything else, it must be recorded using all the annotations.

e All the marks will be added and recorded by Scoris.

Method and Answer/Accuracy marks

e Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

e It is not possible to award M0 followed by AI, as A mark(s) depend on the preceding M mark(s),
if any.

e Where M and 4 marks are noted on the same line, eg M1A41, this usually means M1 for an attempt to use
an appropriate method (eg substitution into a formula) and A7 for using the correct values.

e  Where the markscheme specifies (M2), N3, etc., do not split the marks.

e Once a correct answer to a question or part-question is seen, ignore further working.

N marks
Award N marks for correct answers where there is no working.
e Do not award a mixture of NV and other marks.

e There may be fewer N marks available than the total of M, 4 and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.
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Implied marks

Implied marks appear in brackets eg (M1), and can only be awarded if correct work is seen or if implied in
subsequent working.

e Normally the correct work is seen or implied in the next line.
e Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is used
correctly in subsequent part(s). To award FT marks, there must be working present and not just a final
answer based on an incorrect answer to a previous part.

e [f the question becomes much simpler because of an error then use discretion to award fewer FT marks.

e If the error leads to an inappropriate value (eg sinf=1.5), do not award the mark(s) for the final
answer(s).

e Within a question part, once an error is made, no further dependent 4 marks can be awarded, but M
marks may be awarded if appropriate.

e Exceptions to this rule will be explicitly noted on the markscheme.

Mis-read

If a candidate incorrectly copies information from the question, this is a mis-read (MR). A candidate should
be penalized only once for a particular mis-read. Use the MR stamp to indicate that this has been a
misread.  Then deduct the first of the marks to be awarded, even if this is an M mark,
but award all others so that the candidate only loses one mark.

e If the question becomes much simpler because of the MR, then use discretion to award fewer marks.
e [If the MR leads to an inappropriate value (eg sin@=1.5), do not award the mark(s) for the final
answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does not cover the
work seen. In such cases the annotation DM should be used and a brief note written next to the mark
explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question specifies a
method, other correct methods should be marked in line with the markscheme. If in doubt, contact your team
leader for advice.

e Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, efc.

e Alternative solutions for part-questions are indicated by EITHER . .. OR.

e Where possible, alignment will also be used to assist examiners in identifying where these alternatives
start and finish.
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Alternative forms
Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation.

e In the markscheme, equivalent numerical and algebraic forms will generally be written in brackets
immediately following the answer.

e In the markscheme, simplified answers, (which candidates often do not write in examinations), will
generally appear in brackets. Marks should be awarded for either the form preceding the bracket or the
form in brackets (if it is seen).

Example: for differentiating f'(x)=2sin(5x—3), the markscheme gives:
S (x)=(2cos(5x—3))5 (=10cos(5x—3)) Al
Award A1 for (2cos(5x—3)) 5, even if 10cos(5x—3) is not seen.

Accuracy of Answers
Candidates should NO LONGER be penalized for an accuracy error (AP).

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to the
required accuracy. When this is not specified in the question, all numerical answers should be given exactly
or correct to three significant figures. Please check work carefully for FT.

Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way crossed out
their work, do not award any marks for that work.

Calculators

No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no grade
awarded. If you see work that suggests a candidate has used any calculator, please follow the procedures
for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner should only mark
the first response unless the candidate indicates otherwise.

Candidate work

Candidates are meant to write their answers to Section A on the question paper (QP), and Section B on
answer booklets. Sometimes, they need more room for Section A, and use the booklet (and often comment to
this effect on the QP), or write outside the box. This work should be marked.

The instructions tell candidates not to write on Section B of the QP. Thus they may well have done some
rough work here which they assume will be ignored. If they have solutions on the answer booklets, there is
no need to look at the QP. However, if there are whole questions or whole part solutions missing on answer
booklets, please check to make sure that they are not on the QP, and if they are, mark those whole questions
or whole part solutions that have not been written on answer booklets.
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SECTION A

P(2)=24+2a+b=2, P(-1)=-3-a+b=5 MI1A1Al
(2a+b=-22,—a+b=38)

Note: Award M1 for substitution of 2 or —1 and equating to remainder,
A1 for each correct equation.

attempt to solve simultaneously Ml
a=-10 ,b=-2 Al
using the sum divided by 4 is 13 Ml
two of the numbers are 15 Al
(as median is 14) we need a 13 Al
fourth number is 9 Al

numbers are 9, 13, 15, 15

log3 ><10g4>< o log32

MIAl
log2 log3 log31
_ log32 Al
log2
_ Slog?2 M)
log2
=5 Al
hence a =5
Note: Accept the above if done in a specific base eg log, x .
P ? (MD)(AD)
Ry = “;2 (MD(AD)
“8,a-2_, MI
5 5
a=50 Al

2—a

Note: Award MIAOMIAOMI1AI if answer of 50 is found using % and

[5 marks]

N4
[4 marks]

[5 marks]

[6 marks]



(a)

(b)

(c)

cosx:2coszéx—l

1 1+cosx
cos—x ==
2 2

positiveas 0<x<m

1 1+cosx
COS—X =
2

cos20 =1-2sin* 6

) 1—cosx
sin—x =
2 2
z 1 1
\/Ejzcos—ansm—xdx
0 2 2

=\/§[2sinlx—200slx}2
2 2

=72(0)-v2(0-2)
=2\2

M14/5/MATHL/HP1/ENG/TZ1/XX/M

Ml

R1

AG
[2 marks]

(M)

Al
[2 marks]

Al

Al

(AD)

Al
[4 marks]

Total [8 marks]
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(@ x=1 Al
[1 mark]
(b) A1 for point (-4, 0)
Al for (0, —4)
Al for min at x =1 in approximately the correct place
Al for (4, 0)
A1 for shape including continuity at x =0
|
[5 marks]

Total [6 marks]
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METHOD 1
AD?*=2?+3*—2x2x%x3xcos60°

(orAD2=f+32—2x1x3xam60ﬂ

Note: M1 for use of cosine rule with 60° angle.

AD*=7
9+7-4

cosDAC=2""""
2x3x7

Note: M1 for use of cosine rule involving DAC.

2

7

METHOD 2

let point E be the foot of the perpendicular from D to AC
EC =1 (by similar triangles, or triangle properties)
(or AE=2)

DE =+/3 and AD =+/7 (by Pythagoras)

cos DAC = l

J7

Note: If first M1 not awarded but remainder of the question is correct
award MOAOMIAIAL.

@ =25

ds

Note: Award M1 for 25— and A1 for the whole expression.

dv
a=v—
ds
I 2 2
TS
1 2 5
when s=—, a=— - (=—64) (ms™)
2 (0.5)

Note: M1 is for the substitution of 0.5 into their equation for acceleration.
Award M1A0 if s =50 is substituted into the correct equation.

Ml

Al

MIAI

Al

MIAI

(M1)Al
Al

MIAI

(M1)

(A1)

MIAI

[5 marks]

[6 marks]



-10- M14/5/MATHL/HP1/ENG/TZ1/XX/M

(a METHOD 1

SN MiAlAl
I+x" 1+y" dx

Note: Award M1 for implicit differentiation, A1 for LHS and 41 for RHS.

d_y__x(1+y4) 1
dx y(l+x4)
METHOD 2

2 n 2
y :tan(z—arctanx ]

tan = — tan (arctan x° )
- 4 (M1)

1+ [‘[an;t ]( tan (arctan X ))

zl—xz Al
1+x?
_ 2 A _ 2
yd—yz 2x(l+x) ch(l x) e
dx (1+x2)
dy —4x

YT ey

v 2x Al
dr

_ 2xm
M(l-%xz )2

[4 marks]

continued ...
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Question 9 continued

1
b 2 tan| X arctan—
b vy (4 2]

i 1
tan — —tan| arctan —

B o 1
14| tan— || tan| arctan —

Note: The two M1s may be awarded for working in part (a).

-1
:—2:
1+l

2

1
3

o d
substitution into S
dx

_ 46

9

83
Note: Accept —= efc.
V2

(M1)

(M1)

Al

Al

Al

[5 marks]

Total [9 marks]
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. ) 4
sm2x+coszx+2s1nxcosx:§ (M1)(A1)

using sin” x+cos* x =1
2sinxcosx =——
using 2sin x cos x =sin2x

sin2x=——

cosdx=1-2sin’ 2x

Note: Award this M1 for decomposition of cos4x using double angle formula
anywhere in the solution.

:1—2><Zé
81
_3
81

(M1)

(M1)

Ml

Al

[6 marks]
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SECTION B
x><l —Inx
1. (@ fi(x)=—35— MIiAl
X
_ 1- 1;1 X AG
X
I-Inx )
(b) =0 has solution x=¢ MIAI
X
y=1 Al
e
hence maximum at the point (e ) l)
e
2 1
x| —— |-2x(1-Inx)
” X

©)  f(x)= - MIAl

_ 2Inx-3

x3
Note: The M1A1 should be awarded if the correct working appears in part (b).
point of inflexion where f”(x)=0 M1
3 =3
SO x:ez,y=562 AlAl
E) N

C has coordinates [62 , Ee 2 ]

@ f()=0 Al
=1 (AI)
y=x+c (M1)
through (1, 0)
equationis y=x-1 Al

[2 marks]

[3 marks]

[5 marks]

[4 marks]

continued ...



Question 11 continued

METHOD 1

area :fx—l—ln—xdx
X

— 14—

M14/5/MATHL/HP1/ENG/TZ1/XX/M

MIAIAL

Note: Award M1 for integration of difference between line and curve,
ATl for correct limits, A1 for correct expressions in either order.

lnxdx _ (Inx)’
x

(+¢)

METHOD 2

. e
area = area of triangle —J‘
1

(M1)Al

Al

Al

MIAI

Note: AI is for correct integral with limits and is dependent on the M1.

Inx dre (Inx)
x

(+¢)

area of triangle = %(e -1 (e-1)

%(e—l)(e—l) - (%]=§e -e

(M1)Al

MIAI

Al

[7 marks]

Total [21 marks]
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12. (a) |OA|=|CB|=|0C|=|A4B| =6 (therefore a rhombus) AlAl
Note: Award A1 for two correct lengths, 42 for all four.
6 0
Note: Award A140 forOA=CB=|0 | or OC = AB=| —24 |ifno
0 V12
magnitudes are shown.
6 0
O_A gO%C =0 |d 24 |=0 (therefore a square) Al
0)| V12
Note: Other arguments are possible with a minimum of three conditions.
[3 marks]
iz
(b) M[3———(( II)) Al
[1 mark]
(c) METHOD 1
6 0 0 0
OAXOC=|0 x| 24 |=| 6412 || =| 123 MiAl
0) | V12 | [-6v24 || |-12V6
Note: Candidates may use other pairs of vectors.
equation of plane is —6J12 y— 624z =d
any valid method showing that d =0 Ml
I1:y+ V2z=0 AG
METHOD 2
equation of plane is ax+by+cz=d
substituting O to find d =0 (M1)
substituting two points (A, B, C or M) Ml
eg
6a=0, —/24b++/12¢=0 Al
I71:y+ V2z=0 AG
[3 marks]

continued ...
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Question 12 continued

3 0
@ r=|-J6 |+ 1 AlAIAT
Gz
Note: Award A1 for r =, A1AI for two correct vectors.
[3 marks]
(¢) Using y=0tofind A Ml
Substitute their A into their equation from part (d) Ml
D has coordinates (3 ,0,3 NE) ) Al
[3 marks]
(f) A for point E is the negative of the A for point D (M1)
Note: Other possible methods may be seen.
E has coordinates (3 ,— 2\/5 , — \/5 ) AlAl
Note: Award A1 for each of the y and z coordinates.
[3 marks]
3 -3
(g (1) DAghDO=| O 0 |=18 MIAI
=343 || -343
A 18 1
cosODA =————=— Ml
V36436 2
hence ODA = 6(0° Al
Note: Accept method showing OAD is equilateral.
(i) OABCDE is a regular octahedron (accept equivalent description) A2
Note: A2 for saying it is made up of 8 equilateral triangles
Award A1 for two pyramids, A1 for equilateral triangles.
(can be either stated or shown in a sketch — but there must be clear
indication the triangles are equilateral)
[6 marks]

Total [22 marks]
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13. (@) r=1+i
u4=3(l+i)3
=—6+6i1

(b) Szo = M
1

3((21')10 —1)

i

Note: Only one of the two M1s can be implied. Other algebraic methods
may be seen.

3(-2""-1)
i

=3i(21°+1)

(¢) () METHOD 1

v,=(301+1)"")(31+i)™)
9(1+i) (1+1)"

—9(1+1) (1+i)°)" (= 9(1+i)t (2i)”‘1)

this is the general term of a geometrical sequence

Notes: Do not accept the statement that the product of terms in a geometric
sequence is also geometric unless justified further.

If the final expression for v, is 9(1+i)* (1+i)™" award M1A1RO0.

METHOD 2

Vn+1

vn unun+k

=(1+1)(1+1)
this is a constant, hence sequence is geometric

— un+1un+k+l

Note: Do not allow methods that do not consider the general term.

(i) 9(1+i)

(iii) common ratio is (1+i)’(=2i) (which is independent of k)

(AD)
Ml

Al
[3 marks]

(M1)

(M1)

(AD)

Al
[4 marks]

Ml
Al

RIAG

Ml

Al
RIAG

Al

Al
[5 marks]

continued ...
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Question 13 continued

(d)

(@

METHOD 1

w, =[3(1+iy" =3(1+i)’

n-1
=ﬂuﬂ p-a+m

n-1

=$+i

47

this is the general term for a geometric sequence

METHOD 2

u,—(1+1)u,

w, =

= —i|

un

u

n

=[a+iy”

n-1
=ﬂa+m

447

this is the general term for a geometric sequence

Note:

Do not allow methods that do not consider the general term.

(ii)

distance between successive points representing u, in the complex

plane forms a geometric sequence

Ml
Ml

Al

RIAG

Ml

Al

Al

RIAG

R1

Note: Various possibilities but must mention distance between successive points.

[5 marks]

Total [17 marks]
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Instructions to Examiners

Abbreviations

M  Marks awarded for attempting to use a correct Method; working must be seen.

(M) Marks awarded for Method; may be implied by correct subsequent working.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

(A) Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.
R Marks awarded for clear Reasoning.

N Marks awarded for correct answers if no working shown.

AG  Answer given in the question and so no marks are awarded.

Using the markscheme

1

General

Mark according to Scoris instructions and the document “Mathematics HL: Guidance for e-marking
May 2014”. It is essential that you read this document before you start marking. In particular, please note
the following:

e Marks must be recorded using the annotation stamps. Please check that you are entering marks for the
right question.

e [f a part is completely correct, (and gains all the “must be seen” marks), use the ticks with numbers to
stamp full marks.

e [Ifapartis completely wrong, stamp A0 by the final answer.

e [f a part gains anything else, it must be recorded using all the annotations.

e All the marks will be added and recorded by Scoris.

Method and Answer/Accuracy marks

e Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

e It is not possible to award M0 followed by AI, as A4 mark(s) depend on the preceding M mark(s),
if any.

e Where M and 4 marks are noted on the same line, eg M1A41, this usually means M1 for an attempt to use
an appropriate method (eg substitution into a formula) and A7 for using the correct values.

e  Where the markscheme specifies (M2), N3, etc., do not split the marks.

e Once a correct answer to a question or part-question is seen, ignore further working.

N marks
Award N marks for correct answers where there is no working.
e Do not award a mixture of NV and other marks.

e There may be fewer N marks available than the total of M, A and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.
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Implied marks

Implied marks appear in brackets eg (M1), and can only be awarded if correct work is seen or if implied in
subsequent working.

e Normally the correct work is seen or implied in the next line.
e Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is used
correctly in subsequent part(s). To award FT marks, there must be working present and not just a final
answer based on an incorrect answer to a previous part.

e [f the question becomes much simpler because of an error then use discretion to award fewer FT marks.

e [f the error leads to an inappropriate value (eg sin€=1.5), do not award the mark(s) for the final
answer(s).

e Within a question part, once an error is made, no further dependent 4 marks can be awarded, but M
marks may be awarded if appropriate.

e Exceptions to this rule will be explicitly noted on the markscheme.

Mis-read

If a candidate incorrectly copies information from the question, this is a mis-read (MR). A candidate should
be penalized only once for a particular mis-read. Use the MR stamp to indicate that this has been a
misread.  Then deduct the first of the marks to be awarded, even if this is an M mark,
but award all others so that the candidate only loses one mark.

e If the question becomes much simpler because of the MR, then use discretion to award fewer marks.
e If the MR leads to an inappropriate value (eg sin@=1.5), do not award the mark(s) for the final
answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does not cover the
work seen. In such cases the annotation DM should be used and a brief note written next to the mark
explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question specifies a
method, other correct methods should be marked in line with the markscheme. If in doubt, contact your team
leader for advice.

e Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, efc.

e Alternative solutions for part-questions are indicated by EITHER . .. OR.

e Where possible, alignment will also be used to assist examiners in identifying where these alternatives
start and finish.
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Alternative forms
Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation.

e In the markscheme, equivalent numerical and algebraic forms will generally be written in brackets
immediately following the answer.

e In the markscheme, simplified answers, (which candidates often do not write in examinations), will
generally appear in brackets. Marks should be awarded for either the form preceding the bracket or the
form in brackets (if it is seen).

Example: for differentiating f'(x)=2sin(5x—3), the markscheme gives:
S (x)=(2cos(5x—3))5 (=10cos(5x—3)) Al
Award A1 for (2cos(5x—3)) 5, even if 10cos(5x—3) is not seen.

Accuracy of Answers
Candidates should NO LONGER be penalized for an accuracy error (AP).

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to the
required accuracy. When this is not specified in the question, all numerical answers should be given exactly
or correct to three significant figures. Please check work carefully for FT.

Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way crossed out
their work, do not award any marks for that work.

Calculators

No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no grade
awarded. If you see work that suggests a candidate has used any calculator, please follow the procedures
for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner should only mark
the first response unless the candidate indicates otherwise.

Candidate work

Candidates are meant to write their answers to Section A on the question paper (QP), and Section B on
answer booklets. Sometimes, they need more room for Section A, and use the booklet (and often comment to
this effect on the QP), or write outside the box. This work should be marked.

The instructions tell candidates not to write on Section B of the QP. Thus they may well have done some
rough work here which they assume will be ignored. If they have solutions on the answer booklets, there is
no need to look at the QP. However, if there are whole questions or whole part solutions missing on answer
booklets, please check to make sure that they are not on the QP, and if they are, mark those whole questions
or whole part solutions that have not been written on answer booklets.



(a)

(b)

(c)

—6—

SECTION A

P(ANnB)=P(4|B)XP(B)
P(AmB):gxﬂ
11 20

1

10

P(AUB)=P(A4)+P(B)—P(4NB)

pauB)=2+1L_1
520 10
17
20

No — events 4 and B are not independent

EITHER
P(A4|B)#P(4)

2 2
_¢_
[+3)

OR
P(A)xP(B)#P(4ANB)
2 11 11 1

X =
5720 50 10

M14/5/MATHL/HP1/ENG/TZ2/XX/M

(M1)

Al

[2 marks]

(M1)

Al

[2 marks]

Al

R1

R1

Note: The numbers are required to gain R in the ‘OR’ method only.

Note: Do not award AIR0 in either method.

[2 marks]

Total [6 marks]



2. METHOD 1
23(x—l) — (2 X3)3x

Note: Award M1 for writing in terms of 2 and 3.

23x X2—3 — 23x X33x
2—3 :33x
ln(2‘3) = ln(33x)
—3In2=3xIn3
In2
X=——
In3

METHOD 2

In8"' =In6™

(x=1)In2* =3xIn(2x3)

3xIn2-3In2=3xIn2+3xIn3
In2

X=—
In3

METHOD 3

In8 ' =In6>
(x=1)In8=3x1In6
In&

X=————
In8—31In6
3In2

M14/5/MATHL/HP1/ENG/TZ2/XX/M

Ml

Al
(M1)
Al

Al

(M1)
MIAI1
Al

Al

(M1)

Al

Ml

Al

Total [5 marks]
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EITHER
1 1 2|2 1 1 22
3 -1 14/6 |[—»|0 1 -2|-3 Ml
1 2 0[5 0 0 00

row of zeroes implies infinite solutions, (or equivalent). R1

Note: Award M1 for any attempt at row reduction.

OR

-1 14|=0 M1

—1 14| =0 with one valid point R1

—_— ) = = )

OR
X+y+2z=-2
3x—y+14z=6
x+2y=-5 =>x=-5-2y

substitute x =—5—2y into the first two equations:
—S5-2y+y+2z=-2
3(-5-2y)—y+14z=6

Ml

-y+2z=3

=Ty+14z=21

the latter two equations are equivalent (by multiplying by 7) therefore an
infinite number of solutions. R1
OR

for example, 7xR, =R, gives 4x+8y =-20 Ml

this equation is a multiple of the third equation, therefore an infinite
number of solutions. RI

continued...



Question 3 continued

(b)

let y=t

then x=-5-2¢
t+3
z=—

2

OR

let z=t¢

then x =1-4¢
y==-3+2¢

OR

attempt to find cross product of two normal vectors:

Q

oQ
—_ =~
N =
S N

x=1-4t
y==-3+2¢
z=t

(or equivalent)

=—4i+2j+k

M14/5/MATHL/HP1/ENG/TZ2/XX/M

Ml
Al
Al

Ml
Al

Al

Ml
Al
Al

MIAl

Al

Total [5 marks]
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(a) using the formulae for the sum and product of roots:
o+ f=-2

1
0(,3 = —5
o+ B =(a+ B -208

Y
r(

Note: Award M0 for attempt to solve quadratic equation.

b)) (-a)x-p)=x (& +f)x+a’f

1 2
x2—5x+[——) =0
2

x2—5x+l=0
4

Note: Final answer must be an equation. Accept alternative correct forms.

(a) Y

Note: Award A1 for correct shape and A1 for correct domain and range.

Al
Al
Ml
Al
[4 marks]
Ml
Al
[2 marks]
Total [6 marks]
AIAI
[2 marks]

continued...
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Question 5 continued

1
b L
(b) cos(4] 5
4
xX=—
3

attempting to find any other solutions

Note: Award (M1) if at least one of the other solutions is correct
(in radians or degrees) or clear use of symmetry is seen.

4t 20w
X=8m—-—="
3 3
)c=4Tt—4—Tc:8—Tt
3 3
4 167
x=4n+ —=—
3 3

Note: Award A1 for all other three solutions correct and no extra solutions.

Note: If working in degrees, then max 40M1A40.

P_li:a+b
QS=b-a

(b) PR-QS=(a+b)-(b—a)
=b[" ~af’
for a rhombus |a| = |b|

hence |b|2 —|a|2 =0

Note: Do not award the final 47 unless R1 is awarded.

hence the diagonals intersect at right angles

M14/5/MATHL/HP1/ENG/TZ2/XX/M

Al

Ml

Al

[3 marks]

Total [5 marks]

Al

Al
[2 marks]

Ml
Al
R1

Al

AG
[4 marks]

Total [6 marks]
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(a) METHOD 1
1 1 2-31 3-2i
+ = +
2431 3+21 4+9 9+4
Q_S—Si
w 13
130
w= -
5-51
_130x5%x(1+1)
50
w=13+13i

METHOD 2

1 N 1 3+2i+2+3i
2+31 3+21 (2+3i)(3+20)
10 _5+5i

w 131
w 131

10 5+5i
130i  (5-5i)
w= — X '
(5+51) (5-51)
_ 650+650i

50
=13+13i

(b)  w =13—13i
z=1/338¢ * [: 1342 e4i]

Note: Accept 8= %

Do not accept answers for @ given in degrees.

M14/5/MATHL/HP1/ENG/TZ2/XX/M

MIAl

Al

Al
[4 marks]

MIAl

Al

Al
[4 marks]

Al
AlIAl

[3 marks]

Total [7 marks]
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(@) 1-2(2)=-3and %(2—2)2 ~3=-3

both answers are the same, hence f is continuous (at x=2)

Note: RI may be awarded for justification using a graph or referring

to limits. Do not award AOR1.

(b) reflection in the y-axis
1+2x, x=-2

J=0)= %(x+2)2—3, X< -2

Note: Award M1 for evidence of reflecting a graph in y-axis.

2
translation [ ]
0

2x-=3, x20

x)=
g(x) %x2—3, x<0

Note: Award (M1) for attempting to substitute (x —2) for x, or

translating a graph along positive x-axis.

Award A1 for the correct domains (this mark can be awarded
independent of the M1).

Award A1 for the correct expressions.

Al
RI
[2 marks]
(M1)
(M1)A1AI
[4 marks]

Total [6 marks]
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(a) sinx,sin2x and 4sinxcos’ x
e 2sin xcos x

- =2c0sx
sinx
Note: Accept 51%12x .
sin x
(b) EITHER

|r|<1:>|2<:osx|<1

OR

—l<r<l=-1<2cosx<l1
THEN
O<cosx<%for —E<x<E

T T T T
——<x<—-—O0r —<x<—
2 3 3 2

sin x
c S =——M—
© “ 1-2cosx

sin [arccos [i D
S = {
1-2cos [arccos [ D
4

N»—‘LS'
()]

M14/5/MATHL/HP1/ENG/TZ2/XX/M

Al

[1 mark]

Ml

Ml

AlAl
[3 marks]

Ml

AlIAl

Note: Award A1 for correct numerator and A1 for correct denominator.

AG
[3 marks]

Total [7marks]
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x=asecl

% =asec@tanl
de

new limits:

x=aﬁ:>9=§ and x=2a:>¢9=§

jg asecOtan @ 10

T

T dPsec® OaPsec? O—a

L
:J-Tgcos39d6
2 a

using cos’ 6 = %(cos 20+1)

% [l sin26 + 0} ’ or equivalent
a n

:% £+2—n—1—E or equivalent
4a’| 2 3 2

_ ! (3v3+m-6)

244’

M14/5/MATHL/HP1/ENG/TZ2/XX/M

(A1)

(A1)

Ml

Al

Ml

Al

Al

AG
[7 marks]

Total [7 marks]
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SECTION B

A . o002 ¥
Lo/ <
o-

0.9g x1

1. (@) (@)

o.olF

O 141

Note: Award A1 for a correctly labelled tree diagram and A1 for correct

probabilities.

(i) P(F)=0.6x0.02+0.4x0.01 (M1)
=0.016 Al

(i) P(4|F)=TUCE)

P(F)

_0.6x0.02(_0.012 M

0.016 0.016
=0.75 Al

[6 marks]

continued...
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Question 11 continued
(b) (i) METHOD 1
3 4
P(X=2)= % (M1)
3
_12 Al
35
METHOD 2
g><%><ﬂ><3 (M1)
7 6 5
_12 Al
35
(i) x 0 1 2 3
ERN T TR
PX=x)| 35 35 35 35
A2
Note: Award A1 if i, E or 1 is obtained.
35 35 35
(i) E(X)=) xP(X =x)
E(X):0><i+1><§+2><£+3><L Ml
35 35 35 35
Al

_H5_(2
35 |7

[6 marks]

Total [12 marks]
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1 -1
12. (a) direction vector KB =| 3 |or B_:A; =|-3 Al
-5 5
1 1 2 1
r=|0 |+¢| 3 |orr=| 3 |+¢| 3 |orequivalent Al
4 -5 -1 -5

Note: Do not award final A7 unless ‘7 =K ’ (or equivalent) seen.
Allow FT on direction vector for final A1.

[2 marks]
(b) both lines expressed in parametric form:
L:
x=1+t¢
y=3t
z=4-5¢
L,:
x=1+3s
y=-2+s MIAI
z=-2s+1
Notes: Award M1 for an attempt to convert L, from Cartesian to
parametric form.
Award A1 for correct parametric equations for L, and L, .
Allow M1AI at this stage if same parameter is used in both lines.
attempt to solve simultaneously for x and y: Ml
I+t=1+3s
3t=-2+s
1= —E , §= —l Al
4 4
substituting both values back into z values respectively gives z :2
4
and z :% so a contradiction R1
therefore L, and L, are skew lines AG
[5 marks]

continued...
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Question 12 continued

(c) finding the cross product:
1 3

3 x| 1
-5 -2
=—i—13j-8k

Note: Accept i+13j+8k

-1(0)-13(1)-8(-2)=3
= —x—13y —8z =3 or equivalent

k 1
1 |1
) -1 0
@ (cosez)\/k2+1+l><\/m

M14/5/MATHL/HP1/ENG/TZ2/XX/M

(M1)

Al

(M1)
Al
[4 marks]

Ml

Note: Award M1 for an attempt to use angle between two vectors formula.

\/§ k+1

2 2k +2)

obtaining the quadratic equation
A(k+1)Y =6(k* +2)

k> —4k+4=0

(k—=2)"=0

k=2

Al

Ml

Al

Note: Award MIAOMIAOQ if cos60° is used (k=0 or k=-4).

continued...
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Question 12 continued

13.

(a)

(b)

3 2
) r=|0 |+ 1
1 1

substituting into the equation of the plane /7,:

3424+4=12

A=3

point P has the coordinates:
9,3,-2)

9
Notes: Accept 9i+3j—2k and | 3
-2

Do not allow FT if two values found for k.

(x2+1)—2x(x+1) =" =2x+1

(%)=

(x2 -+-l)2

—x*=2x+1 0
(xz+1)2

x=—1+2

(x2 +1)2

M14/5/MATHL/HP1/ENG/TZ2/XX/M

Ml
Al
Al

[7 marks]

Total [18 marks]
MIAI

[2 marks]
Al

[1 mark]

continued...



—-21 -

Question 13 continued

(2x=2)(x*+1)> =2(2x) (x> +1)(=x" =2x +1)

M14/5/MATHL/HP1/ENG/TZ2/XX/M

© f(x)= - AlAl
(x2 + 1)
Note: Award AI for (—2x—2) (x2 + 1)2 or equivalent.
Note: Award A1 for -2 (Zx)(x2 + 1)(—x2 —2x+ 1) or equivalent.
(—2x=2)(x” +1)—4x(—x* —2x +1)
(x +1)
3 2 _ _
_ 2x +6x 63x 2 Al
(x2 + 1)
2(x +3x" —3x —1)
(x2 + 1)3
[3 marks]
(d) recognition that (x—1) is a factor (R1)
(x—l)(x2+bx+c)=(x3+3x2—3x—1) M1
=x +4x+1=0 Al
x==2%3 Al
Note: Allow long division / synthetic division.
[4 marks]
0 x+1
e dx Ml
©) J‘*l x+1
x+1 X 1
dx = dx + dx MI
'[x2+1 -[x2+1 J.x2+1
= %ln (x2 + 1) +arctan (x) AlAl
1., , o 1
= Eln(x +1)+arctan(x) = Elnl+arctan0—51n2—arctan(—1) Ml
-1
- g— In2 Al
[6 marks]

Total [16 marks]
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14. (a) ~ Y

- ’IT/L

Note: A1 for correct shape, A1 for asymptotic behaviour at y = ig.

(b) hog(x)= arctan(l
X

domain of #og is equal to the domainof g : xe® , x#0

() () f(x)=arctan(x)+ arctan(l]
X

=t x
1+x* 1 x?
1+—
X
1
F)=— 2
1+x* x*+1
x2
1 B 1
I+x* 1+x7

AlAl

Al
Al

MIAI

(A1)

Al

[2 marks]

[2 marks]

continued...
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Question 14 continued

(ii)

METHOD 1

f is a constant
when x>0

_r.r
SW=7+7

METHOD 2

from diagram
1

@ =arctan—
X

a=arctanx

O+o="
2

hence f(x)= g

METHOD 3

tan( f (x)) = tan (arctan (x)+arctan (l j]
x

1
X+—
_ X

Tm

denominator =0, so f(x) :g (for x>0)

M14/5/MATHL/HP1/ENG/TZ2/XX/M

R1

MIAl

AG

Al
Al
R1

AG

Ml

Al

RI
[7 marks]

continued...
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Question 14 continued

(d)

(1)  Nigel is correct. Al
METHOD 1
arctan(x) is an odd function and 1 is an odd function
composition of two odd functio)rcls is an odd function and sum
of two odd functions is an odd function R1
METHOD 2
f (=x) =arctan(—x) + arctan(—ijz —arctan (x)—arctan (%jz —f(x)
therefore f is an odd function. R1
(i) f()=-7 Al

[3 marks]

Total [14 marks]
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Instructions to Examiners

Abbreviations

M Marks awarded for attempting to use a correct Method; working must be seen.

(M) Marks awarded for Method; may be implied by correct subsequent working.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

(A) Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.
R Marks awarded for clear Reasoning.

N Marks awarded for correct answers if no working shown.

AG  Answer given in the question and so no marks are awarded.

Using the markscheme

1

General

Mark according to Scoris instructions and the document “Mathematics HL: Guidance for e-marking
November 2013”. It is essential that you read this document before you start marking. In particular, please
note the following:

e Marks must be recorded using the annotation stamps. Please check that you are entering marks for the
right question.

e If a part is completely correct, (and gains all the “must be seen” marks), use the ticks with numbers to
stamp full marks.

e Ifa part is completely wrong, stamp A0 by the final answer.

e [fa part gains anything else, it must be recorded using all the annotations.

e All the marks will be added and recorded by Scoris.

Method and Answer/Accuracy marks

e Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

e It is not possible to award M0 followed by AI, as A mark(s) depend on the preceding M mark(s),
if any.

e Where M and A marks are noted on the same line, for example, M1A1, this usually means M1 for an
attempt to use an appropriate method (for example, substitution into a formula) and A1 for using the
correct values.

e Where the markscheme specifies (M2), N3, etc, do not split the marks.

e Once a correct answer to a question or part-question is seen, ignore further working.
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N marks
Award N marks for correct answers where there is no working.

e Do not award a mixture of NV and other marks.
e There may be fewer N marks available than the total of M, 4 and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.

Implied marks

Implied marks appear in brackets, for example, (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

e Normally the correct work is seen or implied in the next line.
e Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is used
correctly in subsequent part(s). To award FT marks, there must be working present and not just a final
answer based on an incorrect answer to a previous part.

e If the question becomes much simpler because of an error then use discretion to award fewer FT marks.

e If the error leads to an inappropriate value (for example, sin&=1.5), do not award the mark(s) for the
final answer(s).

e Within a question part, once an error is made, no further dependent 4 marks can be awarded, but M
marks may be awarded if appropriate.

e Exceptions to this rule will be explicitly noted on the markscheme.

Mis-read

If a candidate incorrectly copies information from the question, this is a mis-read (MR). A candidate should
be penalized only once for a particular mis-read. Use the MR stamp to indicate that this has been a
misread. Then deduct the first of the marks to be awarded, even if this is an M mark, but award all others so
that the candidate only loses one mark.

e [f the question becomes much simpler because of the MR, then use discretion to award fewer marks.
e Ifthe MR leads to an inappropriate value (for example, sind =1.5), do not award the mark(s) for the final
answer(s).

Discretionary marks (d)
An examiner uses discretion to award a mark on the rare occasions when the markscheme does not cover the

work seen. In such cases the annotation DM should be used and a brief note written next to the mark
explaining this decision.
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Alternative methods
Candidates will sometimes use methods other than those in the markscheme. Unless the question specifies a
method, other correct methods should be marked in line with the markscheme. If in doubt, contact your team

leader for advice.

e Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, etc.

e Alternative solutions for part-questions are indicated by EITHER . . . OR.

e Where possible, alignment will also be used to assist examiners in identifying where these alternatives
start and finish.

Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation.

e In the markscheme, equivalent numerical and algebraic forms will generally be written in brackets
immediately following the answer.

e In the markscheme, simplified answers, (which candidates often do not write in examinations), will
generally appear in brackets. Marks should be awarded for either the form preceding the bracket or the

form in brackets (if it is seen).

Example: for differentiating f (x) = 2sin(5x —3), the markscheme gives:
f'(x)=(2cos(5x=3))5 (=10cos(5x-3)) Al
Award A1 for (2005 (5x - 3)) 5, even if 10cos(5x —3) is not seen.

Accuracy of answers

Candidates should NO LONGER be penalized for an accuracy error (AP).

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to the
required accuracy. When this is not specified in the question, all numerical answers should be given exactly
or correct to three significant figures. Please check work carefully for FT.

Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way crossed out
their work, do not award any marks for that work.

Calculators
No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no grade

awarded. If you see work that suggests a candidate has used any calculator, please follow the procedures
for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner should only mark
the first response unless the candidate indicates otherwise.
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Candidate work

Candidates are meant to write their answers to Section A on the question paper (QP), and Section B on
answer booklets. Sometimes, they need more room for Section A, and use the booklet (and often comment to
this effect on the QP), or write outside the box. This work should be marked.

The instructions tell candidates not to write on Section B of the QP. Thus they may well have done some
rough work here which they assume will be ignored. If they have solutions on the answer booklets, there is
no need to look at the QP. However, if there are whole questions or whole part solutions missing on answer
booklets, please check to make sure that they are not on the QP, and if they are, mark those whole questions
or whole part solutions that have not been written on answer booklets.
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SECTION A

f(=2)=0 (= 24+4p-2¢—2=0)
f(=)=4 (=-3+p—-q-2=4)

N13/5/MATHL/HP1/ENG/TZ0/XX/M

M1
M1

Note: In each case award the M marks if correct substitution attempted and right-hand

side correct.

attempt to solve simultaneously (2p—-¢g =13, p—qg=9)

p=4

q=-5

(a) l+1+i+a:1:>a=i
6 2 10 30

1 3 1
b E(X)=—+2x—+3x—
®) (%) 2 10 30

Note: Do not award FT marks if « is outside [0, 1].

1 3 1
) EXH)=—+22x—+3¥x—=2
© (X0 2 10 30

attempt to apply Var(X)=E (X2 ) —(E (X))2

_, 36y _14
25) 25

Ml
Al
Al

Total [5 marks]

Al
[1 mark]

M1

Al

[2 marks]

(A1)
M1

Al

[3 marks]

Total [6 marks]
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(a) y

—5

shape with y-axis intercept (0, 4)

Note: Accept curve with an asymptote at x =1 suggested.

correct asymptote y =1

(b) rangeis f'(x)>1 (or ]1, [)

Note: Also accept |1,10]or ]I, 10[ .

Note: Do not allow follow through from incorrect asymptote in (a).

© (4,0)=In(4a+b)=0

=4a+b=1
asymptote at x=1=>a+b=0
:>a:l, b:—l

3 3

Al

Al
[2 marks]

Al

[1 mark]

Ml

Al
M1

Al
[4 marks]

Total [7 marks]
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(if A4 is singular then) det 4 =0 (seen anywhere ) R1
detA=b(b+1)—a(a+]1) Ml

b+b*—a—-a*=0

EITHER
b-—a+(b+a)b—a)=0 (M1)
(b-a)(l+b+a)=0 Al
OR
b—a=a>-b M1)
b—a=(a+b)a—-b) or -(a—b)=(a+b)a—>) Al
THEN
a+b=-1 Al
Total [5 marks]
3x2y2+2x3yd—y+3x2—3y2d—y+9d—y:O MIMI1Al
dx dx  dx
Note: First M1 for attempt at implicit differentiation, second M1 for use of
product rule.
dy _ 3x°y* +3x7
dx 3y°-2xy-9
=3x* +3x*y° =0 (Al)
= 3x*(1+y%)=0
x=0 Al
Note: Do not award A1 if extra solutions given eg y ==1.
substituting x = 0 into original equation M1)
y’'=9y=0
y(y+3)(y-3)=0
y=0,y=413
coordinates (0, 0), (0, 3), (0, —3) Al

Total [7 marks]
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n=1:1°+11=12
=3x4 or amultiple of 3
assume the proposition is true for n =k (ie k®+11k =3m)

Note: Do not award M1 for statements with “Let n =k .

consider n=k +1: (k+1)°+11(k +2)

=k3+3k?>+3k +1+11k +11
=k®+11k + (3k?* + 3k +12)

=3(m+k*+k+4)

Note: Accept k®+11k +3(k® +k +4) or statement that k®+11k + (3k? + 3k +12) is
a multiple of 3.

true for n=1,and n=k true = n=k +1 true
hence true forall ne Z*

Note: Only award the final R1 if at least 4 of the previous marks have
been achieved.

(a) METHOD1

Al
M1

M1

Al
M1

Al

R1

Total [7 marks]

a+ar=10 Al
a+ar+ar’+ar’=30 Al
a+ar=10=ar*+ar*=10r’or ar’+ar®=20 M1
10+10r? =30 or r’(a+ar)=20 Al
=r’=2 AG
METHOD 2
a(1-r?) a(1-r")
—  7=-10and ———~=30 M1A1l
1-r 1-r
_ 4
L M1
1-r
leading to either 1+r*=3 (or r* —-3r*>+2=0) Al
=r’=2 AG

[4 marks]

continued
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Question 7 continued

() () a+av2=10
10
=a= or a=10(~2-1 Al
1++2 ( )
10
Gi) S,= 10_(¥2 -1 (=10x31) Ml
1+42| V2-1
=310 Al
[3 marks]
Total [7 marks]
8. (@) sin(x+y)sin(x—y)
= (sin x cos y + cos x sin y)(sin x cos y —cos xsin ) MIAI
=sin’ xcos’ y +sin xsin y cos x cos y — sin xsin y cos x cos y —cos’ xsin” y
=sin’ xcos’ y —cos’ xsin’ y Al
:sinzx(l—sin2 y)—sinzy(l—sin2 x) Al
=sin’ x —sin® xsin’ y —sin® y +sin’ xsin’ y
=sin’ x —sin’ y AG
[4 marks]
. ) 1
(b) f(x)=sin"x A 1
range is f € N AlIAl
8 4’ 4
Note: Award A1 for each end point. Condone incorrect brackets.
[2 marks]
1
() g)=
sin® x — —
4
. 4
range is g e]—oo,—4]u{§,oo{ AIAI
Note: Award A1 for each part of range. Condone incorrect brackets.
[2 marks]

Total [8 marks]



(2)

(b)

—12 —

log,(x—2) =log, (x2 —6x+ 12)

EITHER

log, (x* - 6x +12)
log, 4

2log, (x —2) =log, (x* - 6x +12)

log,(x—-2) =

OR

M=10g4(x2 ~6x+12)
log, 2

2log, (x-2) =log, (x* —6x+12)

THEN

(x=2)Y=x>—6x+12
¥ —4x+4=x"—6x+12
x=4

Inx (In x)3

x'=e
taking In of both sides or writing x =e""
(Inx)* = (Inx)’

(Inx)*(Inx—1)=0

x=1,x=¢e

N13/5/MATHL/HP1/ENG/TZ0/XX/M

Note: Award second (A1) only if factorisation seen or if two correct

solutions are seen.

Ml
Ml
Al
Al N1
[3 marks]
Ml
Al
(41)
AlAI N2
[5 marks]

Total [8 marks]
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(2)

(b)

(©)

(d)
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SECTION B
i S=e—xe”

() f(x)=0 =>x=1

coordinates (1 ,e! )

f'(x)=—e"—e " +xe " (=—e"(2-x))
substituting x =1 into f"(x)

f" (1)(= - e_]) < 0 hence maximum

f"(x)=0 (:>x:2)

coordinates (2 ,2¢ )

() g=Te

(i) coordinates of maximum (2, e‘l)

X

(i) equating f (x) = g(x) and attempting to solve xe " = %ej

:x(2e2 —eX]:O

=x=0
x
or 2e? =¢"
x
=e?=2

—x=2In2  (Ind)

Note: Award first (41) only if factorisation seen or if two correct

solutions are seen.

MIAI

Al
[3 marks]

Al

Ml

RIAG
[3 marks]

M1

Al
[2 marks]

Al

Al

(A1)

Al

Al
[5 marks]

continued ...
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Question 10 continued

(e) A

A4

Note: Award A1 for shape of f, including domain extending beyond x=2.
Ignore any graph shown for x <O0.
Award A1 for A and B correctly identified.
Award A1 for shape of g, including domain extending beyond x=2.
Ignore any graph shown for x < 0. Allow follow through from f .

Award A1 for C, D and E correctly identified (D and E are
interchangeable).

[4 marks]
f) A=j0‘§e"2dx MI

X 1 X
= {—xe_z} —J: —e 2dx Al

0

Note: Condone absence of limits or incorrect limits.

1 1 1
:—ez—(262—2j:2—3e2 Al
[3 marks]

Total [20 marks]
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Note: If ACand B_>C found correctly award (41) (A0).

ik
CAxCB=[1 -2 -l
2 0 1
2
-3
4
(b) METHOD 1
Llcaxcn
2
%\/( 2) +(=3)* + 42
29
2
METHOD 2

attempt to apply %|CA| |CB| sinC

1 ) V29

CA.CB =+/5+/6cosC = cosC = —— =>sinC = Y22
30 30

V29
area= ——

N13/5/MATHL/HP1/ENG/TZ0/XX/M

(A1)

(A1)

(M1)

Al

[4 marks]

(M1)

(A1)

Al

(MI)

(A1)

Al
[3 marks]

continued ...
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Question 11 continued

(¢ METHOD 1

-2 1) (-2
r.|-3|=0].]-3 MIAI
4 0)\ 4
= -2x-3y+4z=-2 Al
=2x+3y—-4z=2 AG
METHOD 2
—2x-3y+4z=d
substituting a point in the plane MIAI
d=-2 Al
= -2x-3y+4z=-2
=>2x+3y—-4z=2 AG

Note: Accept verification that all 3 vertices of the triangle lie on the
given plane.

[3 marks]

continued ...
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Question 11 continued

(d) METHOD 1

i j k -7
2 3 —4|=|-14 MIAI
4 -1 -1 -14
1
n=|2
2
z=0=>y=0,x=1 (M1)(Al)
1 1
L:r={0+1|2 Al
0 2

Note: Do not award the final A7 if r = is not seen.

METHOD 2
eliminate 1 of the variables, eg x Ml
~Ty+7z=0 (A1)
introduce a parameter Ml
=z=A4,
A
y=,1,x:1+5 (A1)
1 1
r=|0|+A|2| orequivalent Al
0 2

Note: Do not award the final A7 if r = is not seen.

METHOD 3
z=t Ml
write x and y in terms of t = 4x—y=4+1¢, 2x+3y =244t or equivalent Al
attempt to eliminate x or y Ml
X, v, z expressed in parameters
=z =1,
t
=t, x=1+— Al
g 2
1 1
r=|0 |+¢| 2 | or equivalent Al
0 2

Note: Do not award the final A1 if r = is not seen.

[5 marks]

continued ...
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Question 11 continued

(e)

(H

METHOD 1

N13/5/MATHL/HP1/ENG/TZ0/XX/M

direction of the line is perpendicular to the normal of the plane

16) (1

a |.|2=0

-3)1\2
16+20-6=0=>a=-5

METHOD 2

solving line/plane simultaneously
16(1+A)+2a0A-64=p
16+(104+2a)A =4

=>a=-5

METHOD 3

2 3 4

4 -1 -1|=0

16 o -3
2B3+a)-3(-12+16)-4(4a+16)=0
>a=-5

METHOD 4

attempt to use row reduction on augmented matrix
2 3 4| 2

toobtain | 0 -1 1 0
0 0 a+5|p-16

=>a=-5

a=-5
p#16

MIAI

Al

MIAI

Al

M1

Al
Al

Ml

Al

Al
[3 marks]

Al
Al

[2 marks]

Total [20 marks]
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(a)

(b)

(©)

— 19—

z"+z7" =cosnf +isinnb +cos(—nd) +isin(—nb)
= cosnb + cosn@ +isin nd —isin nf

=2cosnd

R
z z zZ zZ

) 4
Note: Accept (z+z ) =16cos” 6.

METHOD 1

(z+z’1)4 =[Z4+L4]+4(22+L2j+6

z z
(2cos )" =2cos46+8c0s20+6

N13/5/MATHL/HP1/ENG/TZ0/XX/M

M1
Al

AG
[2 marks]

Al

[1 mark]

Ml

AlIAl

Note: Award A1 for RHS, 41 for LHS independent of the M1.

cos* @ =1cos40+1cos26+2

METHOD 2

cos49—(00529+1]2
2

= %(cos2 20+2c0s20+1)

4
cos' @ =1cos40 +Lcos26+32

[or L1 r—ij
P 8’q 27 8

—l(w%chosZ@JrlJ

Al

Ml

Al

Al

Al

[4 marks]

continued ...
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Question 12 continued

) (z+27) =2 +62 (% +152* (izj +202° (%J +152° [%) +62 (isj +i6M1
z z z z z z
(zdrz’l)6 = (26 +i6j+6(z4 +i4j+15(22 +in+2O
z z z

(2cos8)° =2cos 66 +12cos48 + 30cos 26 + 20 AlAl

Note: Award A1 for RHS, A1 for LHS, independent of the M1.

c0s69:Lcos69+icos4t9+£c0s29+i AG
32 16 32 16

Note: Accept a purely trigonometric solution as for (c).

[3 marks]
(e) FCOSG 0do = J.Z(L cos 60 + e’ cos40 + 15 cos 20 + <) do
0 0132 16 32 16
= Lsin60+isin40+£sin20+i0 MIAI
192 64 64 16 |,
_on Al
32
[3 marks]
() V= nJ.; sin® x cos* xdx Ml
:nﬁcos“xdx—nﬁcos‘sxdx M1
0 0
J.%cos‘* xdx =28 Al
0 16
2 2 2
37 s Al
16 32 32
Note: Follow through from an incorrect » in (c) provided the
final answer is positive.
[4 marks]

continued ...



Question 12 continued

(g (i) constant term=

(i) 2% cos™ 0d0=

If cos* 0do =

—-21 -

[21«) _ (2R (2K)!

(accept C;*)

k| klk! (k)
k) n
(k1)* 2
2k
Y
(k) k
22k+1 (k !)2 or 22k+1

N13/5/MATHL/HP1/ENG/TZ0/XX/M

Al

Al

[3 marks]

Total [20 marks]
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Instructions to Examiners

Abbreviations

M

(M)

(A)

AG

Marks awarded for attempting to use a correct Method; working must be seen.

Marks awarded for Method; may be implied by correct subsequent working.

Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.
Marks awarded for clear Reasoning.

Marks awarded for correct answers if no working shown.

Answer given in the question and so no marks are awarded.

Using the markscheme

1

General

Mark according to Scoris instructions and the document “Mathematics HL: Guidance for
e-marking May 2013”. It is essential that you read this document before you start marking.
In particular, please note the following:

e Marks must be recorded using the annotation stamps. Please check that you are entering marks for
the right question.

e If a part is completely correct, (and gains all the “must be seen” marks), use the ticks with
numbers to stamp full marks.

e [fa partis completely wrong, stamp AO by the final answer.

e [f a part gains anything else, it must be recorded using all the annotations.

e All the marks will be added and recorded by Scoris.

Method and Answer/Accuracy marks

e Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

o |t is not possible to award MO followed by Al, as A mark(s) depend on the preceding M mark(s),
if any.

o Where M and A marks are noted on the same line, eg M1A1, this usually means M1 for an attempt
to use an appropriate method (eg substitution into a formula) and Al for using the correct values.

e Where the markscheme specifies (M2), N3, etc., do not split the marks.

e Once a correct answer to a question or part-question is seen, ignore further working.

N marks
Award N marks for correct answers where there is no working.
e Do not award a mixture of N and other marks.

e There may be fewer N marks available than the total of M, A and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.
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Implied marks

Implied marks appear in brackets eg (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

¢ Normally the correct work is seen or implied in the next line.
o Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s). To award FT marks, there must be working present and not
just a final answer based on an incorrect answer to a previous part.

o |f the question becomes much simpler because of an error then use discretion to award fewer FT
marks.

o |f the error leads to an inappropriate value (eg sin@=1.5), do not award the mark(s) for the final
answer(s).

e Within a question part, once an error is made, no further dependent A marks can be awarded, but
M marks may be awarded if appropriate.

e Exceptions to this rule will be explicitly noted on the markscheme.

Mis-read

If a candidate incorrectly copies information from the question, this is a mis-read (MR). A candidate
should be penalized only once for a particular mis-read. Use the MR stamp to indicate that this has
been a misread. Then deduct the first of the marks to be awarded, even if this is an M mark,
but award all others so that the candidate only loses one mark.

o |f the question becomes much simpler because of the MR, then use discretion to award fewer
marks.

o If the MR leads to an inappropriate value (eg sin@=1.5), do not award the mark(s) for the final
answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does not
cover the work seen. In such cases the annotation DM should be used and a brief note written next to
the mark explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question
specifies a method, other correct methods should be marked in line with the markscheme. If in doubt,
contact your team leader for advice.

o Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, etc.
Alternative solutions for part-questions are indicated by EITHER . .. OR.

e Where possible, alignment will also be used to assist examiners in identifying where these
alternatives start and finish.
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Alternative forms
Unless the question specifies otherwise, accept equivalent forms.
e Asthis is an international examination, accept all alternative forms of notation.

In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, simplified answers, (which candidates often do not write in examinations), will
generally appear in brackets. Marks should be awarded for either the form preceding the bracket or
the form in brackets (if it is seen).

Example: for differentiating f (x) = 2sin (5x —3), the markscheme gives:
f'(x)=(2cos(5x—3))5 (=10cos(5x—3)) Al
Award Al for (2cos(5x—3))5, even if 10cos(5x—3) is not seen.

Accuracy of Answers

Candidates should NO LONGER be penalized for an accuracy error (AP).

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to
the required accuracy. When this is not specified in the question, all numerical answers should be
given exactly or correct to three significant figures. Please check work carefully for FT.

Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way
crossed out their work, do not award any marks for that work.

Calculators
No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no

grade awarded. If you see work that suggests a candidate has used any calculator, please follow the
procedures for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner should only
mark the first response unless the candidate indicates otherwise.
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SECTION A
(@  modulus =8
argument =% (accept 45°)
| Note: AO if extra values given.|
(o) METHOD1
W4ZG — 64eni ><e5ni
| Note: Allow alternative notation.
= 64e°"
=64
METHOD 2
w' =64
2°=-1
w'z® =64
1) (1 0 2 1 1
(@@ AB=|0|-|2|=|-2|, AC=|-1|-|2|=|-3
5) (3 2 4 3 1

Note: Award the above marks if the components are seen in the line below.

i j k| (4
ABxAC=[0 -2 2|=|2
1 -3 1| |2

(b) area = %‘(AHB x ATC)

=%\/42 +2% 422 :%\/ﬂ(zﬁ)

Note: Award MOAO for attempts that do not involve the answer to (a). |

Al
Al

[2 marks]

(AL)(AL)

(M1)
Al

(MI)(A1)

(A1)
Al
[4 marks]

Total [6 marks]

AlAl

(M1)A1

[4 marks]

(M1)

Al

[2 marks]

Total [6 marks]



3.

2\(4
XABA( ]

|

:

_l_

-2
3

METHOD 1

Al

s

!

: o

Note: Accept the answer il(

-3
1

!

METHOD 2

(2 3]

AX =BA

1 2
11

|

It o 2

a+2c b+2d

(15
a+c b+d ) (2 3

a+2c=1

b+2d=5

a+c=2

b+d=3
a=3,b=1,c=-1,d=2

METHOD 3

Al =

X

|

12
11

< i O

(- 3

o oy 5H

a=3,b=1,c=-1,d

q

3

4 -3
11

=2

)

3
-1

1
2

|

M13/5/MATHL/HP1/ENG/TZ1/XX/M

(M1)A1

M1

(M1)A1

M1

(M1)(AL)

(M1)Al
[5 marks]

(M1)AL

(M1)(M1)A1
[5 marks]
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4, szin xdx M1
0

=[-xcos x]og + J? cos xdx M1(A1)

| Note: Condone the absence of limits or wrong limits to this point. |

=[-xcos x+sin x]og Al
=1 Al
[5 marks]
5. V =0.5xr’ (A1)
EITHER
v _ . Al
dr
dv
gy | Al
o (A1)
applying chain rule M1
dr dv dr
for example — =—x—
dt dt dv
OR
v = rcrﬂ M1A1l
dt dt
dv
—~ -4 Al
v (A1)
THEN
ar_,. 1 Al
dt wr
when r =20, ﬂziori(cm ) Al
dt 20n 5=

| Note: Allow h instead of 0.5 up until the final AL |

[6 marks]
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6. when n=1, (A+ 1) =2°(A+1) (or Ix(A+1)) Al
so true for n=1
assume the statement is true for n=k M1

(A+ D*=2""(A+1)

| Note: Award M1 only if assumption of truth is clear.

(A+ D" =(A+ D*(A+1)

=21 (A+ 1) (A+1) M1
=2Y(A*+ 1A+ AL +17) M1
=2T2A+21) Al
=2(A+1)

therefore if true for N =k then true for n =k +1; as true for n=1 so true forall n(e Z") R1

Note: Only award R1 if all three M marks have been awarded. |

[6 marks]

! +8ﬂlnx—4x+8yﬂ= M1A1A1

7. 8y x— 0
X dx dx

Note: M1 for attempt at implicit differentiation. Al for differentiating
8yInx, Al for differentiating the rest.

when X=1, 8yx0-2x1+4y* =7 (M1)
, 9 3
=—=y=—(asy>0 Al
y 1 y 2( y>0)
at (1,§jd_y:_3 Al
2 ) dx 3
3 2 2 13
—=—=——(x=1) or y=—X+— Al
y=3 3( ) y Tl

[7 marks]
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8. METHOD 1

_ 1 1 (M1)
logy x log, x

_ log,8 1 (M1)
log, x log, x

Note: Award this M1 for a correct change of base anywhere in the question.|

2

= (A1)
log, x
20 2% ! +19x 2 M1
2 log, x log, x
_ 400 (A1)
log, x
100 — 400
log, x
log, x=4=x=2"=16 Al
METHOD 2
20" term = Al
log_, X
100= 200 _1 + L M1
2 |{ log, x Iogzsg X
39
100=29[ L 1092 M1(AL)
2 {log,x log, x
| Note: Award this M1 for a correct change of base anywhere in the question.|
100= 400 (AL)
log, x
log,x=4=x=2"=16 Al

continued ...
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Question 8 continued

METHOD 3
1 1 1 1
+ + + +
log, x loggx log,, X log,,, X
1 N log, 8 N Iogz32+ Iog2128+

(M1)(AL)
log,x log,x log,x log, X
| Note: Award this M1 for a correct change of base anywhere in the question.|
1
= 1+3+5+..) Al
0g, X
_ 1 (@(2+38)j (M1)(A1)
log, x\ 2
100 — 400
log, x
log,x=4=x=2"=16 Al

[6 marks]
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Note: Be aware that an unjustified assumption of independence will also lead to P(B)=0.25,
but is an invalid method.

METHOD 1
P(A|B)=1-P(A|B)=1-0.6=0.4 M1A1
P(A|B) = P(A'nB")
P(B")
P(AnB)=P((AUB))=1-0.7=0.3 Al
0423 _ P(B")=0.75 (M1)A1
P(B")
P(B)=0.25 Al
(this method can be illustrated using a tree diagram)
[6 marks]
METHOD 2
P((AUB))=1-0.7=03 Al
A B
0.3
P(A|B)=—2—=06 M1A1
x+0.3
x=0.6x+0.18
0.4x=0.18
x=0.45 Al
P(AUB)=x+Yy+z
P(B)=y+z=0.7-0.45 (M1)
=0.25 Al
[6 marks]
METHOD 3
PACB) _ 6 (or P(AB) = 0.6P(B)) M1
P(B")
P(ANB')=P(AUB)—P(B) M1A1
P(B")=1-P(B)
0.7-P(B)=0.6—0.6P(B) M1(A1)
0.1=0.4P(B)
1
P(B)== Al
(B) 2

[6 marks]



10. (a)

(b)

(©)

~ 13—

[cos(nx‘l)]rl‘l

n+1
=cos(mn)—cos(m(n+1))
=2 whennisevenand =-2 when nis odd

J.ol.l‘nx_z sin(nx‘l) ‘dX =2+2+..+2=18

M13/5/MATHL/HP1/ENG/TZ1/XX/M

(Al)

Al
[2 marks]

M1

Al

Al
[3 marks]

(M1)Al
[2 marks]

Total [7 marks]



11.

(a)

(b)

(ii)

_ 14—
SECTION B

T . T .

cos| — [cosx —sin| = [sin X
[§)eoon-a(§)

ﬁcosx—lsinx

2
J3

1. 1
——COSX——SinX=—
2 2 2

METHOD 1
substitute x =1

p1)=0
hence x=1 isa zero

METHOD 2
Correct result when dividing by x -1

Statement that remainder is zero
hence x=1 isa zero

M13/5/MATHL/HP1/ENG/TZ1/XX/M

M1

Al

(M1)
M1
(AD)(AD)
Al

[7 marks]

M1
Al

AG

Al
R1
AG

continued ...
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Question 11 continued

(i)  x=1lisaroot Al
valid method, for example, dividing or comparing coefficients (M1)
(may be seen in (b)(i))
other roots are —1 and % Al1Al
(iii) 2sin@cosPcosd +sin® @ M1
2sin(1-sin’ ) +sin’ @ (A1)

(23in 0 —2sin® @ +sin? 9)

(iv) 2sin@-2sin*@+sin*H =1 (A1)
sin0:—1,%,1 Al
gzg, %‘g%" ALAL

Note: Award A1 for two correct solutions, A2 for four correct solutions. |

[12 marks]

Total [19 marks]
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12.  (a) 4(x—05)*+4 AlAl
| Note: Al for two correct parameters, A2 for all three correct.
[2 marks]
i 0.5 .
(b) translation 9 (allow “0.5 to the right”) Al
stretch parallel to y-axis, scale factor 4 (allow vertical stretch or similar) Al
0
translation (4) (allow “4 up”) Al
Note: All transformations must state magnitude and direction. |
Note: First two transformations can be in either order.
It could be a stretch followed by a single translation
0.5 . . .. (0
of s If the vertical translation is before the stretch it is e
[3 marks]
(©)
[ )
02
\\‘
\N"“"“'-«--.--
general shape (including asymptote and single maximum in first quadrant), Al
intercept | 0, l or maximum l l shown Al
5 2 4
[2 marks]

continued ...
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Question 12 continued

M13/5/MATHL/HP1/ENG/TZ1/XX/M

@ o< f(x)s% ALAL
1
Note: Al for < 7 Al for O<.
[2 marks]
1
(e) Ietu=x—§ Al
du
—=1 (or du=dx) Al
dx
I 5 L dx:j L —dx Al
4x°—4x+5 1
4 x—=| +4
2
j %du :E_[ 21 du AG
4qu°+4 47 u +1
Note: If following through an incorrect answer to part (a), do not award final
Al mark.
[3 marks]
35 1 1 ¢3 1
f —dx== Al
® L 4x* —4x+5 4705y% +1
Note: Al for correct change of limits. Award also if they do not change limits
but go back to x values when substituting the limit (even if there is an
error in the integral).
1 3
Z[arctan(u)]o_5 (M1)
1 [arctan (3) —arctan (EJJ Al
4 2
let the integral = |
tan4l =tan (arctan (3) —arctan (%D M1
3-05 _ 25 (M1)A1
1+3x05 25
41 = 1= A1AG
4 16
[7 marks]

Total [19 marks]



13.

(a)

(b)

(©
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w)
o3 :
- :

4
:15x2_6:ﬂ AG
3 243

(i) 2 outcomes for each of the 6 games or 2° = 64 R1

o oo (oo

Note: Accept "C, notation or 1+ 6x +15x* +20x° +15x* + 6x° + x°

setting x =1in both sides of the expression R1

Note: Do not award R1 if the right hand side is not in the correct form.

6 6 6 6 6 6 6
64 = + + + + + + AG
0) \1 2 3 4 5 6
(iii)  the total number of outcomes = number of ways Alfred can win
no games, plus the number of ways he can win one game etc. R1

(i) Let P(x,y) be the probability that Alfred wins x games on the first day
and y on the second.

ol
HERERGE .

r=2o0r4,s=t=6

[3 marks]

[4 marks]

continued ...
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Question 13 continued

(i) P(Total=6)=
P0,6)+P(1,5+P(2,4)+P(3,3)+P(4,2)+P(5,1)+P(6, 0)

T ST E6S
-0-0-6-0-00)

| Note: Accept any valid sum of 7 probabilities. |

w el {2

(can be used either here or in (c)(ii))
P (wins 6 out of 12) :(lzjx(gj x(l) =ZTZ(1ZJ
6 3 3 3“6

2°((6Y () (B) (6) (6) (6 (6| 2°(12
S (HEHRHEHEHEHEHIE

BESEHEHEHEREREE
therefore + + + + + + s

0 1 2 3 4 5 6 6

) o n2Y 1) & (n)2"
o o0 g0 0

(a=2,b=23)

| Note: MOAO for a=2, b=3 without any method. |

() n+x)™ = zm Xt

r=1
(sigma notation not necessary)
(if sigma notation used also allow lower limitto be r=0)
let x=2
n3"* = Z":(nj r2m
r=1 r

multiply by 2 and divide by 3"

=5z (-50)2)

(MI)

A2

(MI)

Al

Al

AG

M1Al

AlAl

M1

(M1)

[9 marks]

[6 marks]
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Instructions to Examiners

Abbreviations

M

(M)

(A)

AG

Marks awarded for attempting to use a correct Method; working must be seen.

Marks awarded for Method; may be implied by correct subsequent working.

Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.
Marks awarded for clear Reasoning.

Marks awarded for correct answers if no working shown.

Answer given in the question and so no marks are awarded.

Using the markscheme

1

General

Mark according to Scoris instructions and the document “Mathematics HL: Guidance for e-marking May
20137, It is essential that you read this document before you start marking. In particular, please note the
following:

e Marks must be recorded using the annotation stamps. Please check that you are entering marks for the
right question.

e If a part is completely correct, (and gains all the “must be seen” marks), use the ticks with numbers to
stamp full marks.

o |f a part is completely wrong, stamp AO by the final answer.

¢ |f a part gains anything else, it must be recorded using all the annotations.

o All the marks will be added and recorded by Scoris.

Method and Answer/Accuracy marks

e Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

e |t is not possible to award MO followed by Al, as A mark(s) depend on the preceding M mark(s),
if any.

o Where M and A marks are noted on the same line, eg M1A1, this usually means M1 for an attempt to use
an appropriate method (eg substitution into a formula) and Al for using the correct values.

o Where the markscheme specifies (M2), N3, etc., do not split the marks.

e Once a correct answer to a question or part-question is seen, ignore further working.

N marks
Award N marks for correct answers where there is no working.
e Do not award a mixture of N and other marks.

e There may be fewer N marks available than the total of M, A and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.
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Implied marks

Implied marks appear in brackets eg (M1), and can only be awarded if correct work is seen or if implied in
subsequent working.

¢ Normally the correct work is seen or implied in the next line.
o Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is used
correctly in subsequent part(s). To award FT marks, there must be working present and not just a final
answer based on an incorrect answer to a previous part.

o |f the question becomes much simpler because of an error then use discretion to award fewer FT marks.

e If the error leads to an inappropriate value (eg sin@=1.5), do not award the mark(s) for the final
answer(s).

e Within a question part, once an error is made, no further dependent A marks can be awarded, but M
marks may be awarded if appropriate.

e Exceptions to this rule will be explicitly noted on the markscheme.

Mis-read

If a candidate incorrectly copies information from the question, this is a mis-read (MR). A candidate should
be penalized only once for a particular mis-read. Use the MR stamp to indicate that this has been a
misread.  Then deduct the first of the marks to be awarded, even if this is an M mark,
but award all others so that the candidate only loses one mark.

o If the question becomes much simpler because of the MR, then use discretion to award fewer marks.
e If the MR leads to an inappropriate value (eg sin@=1.5), do not award the mark(s) for the final
answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does not cover the
work seen. In such cases the annotation DM should be used and a brief note written next to the mark
explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question specifies a
method, other correct methods should be marked in line with the markscheme. If in doubt, contact your team
leader for advice.

o Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, etc.

¢ Alternative solutions for part-questions are indicated by EITHER . .. OR.

e Where possible, alignment will also be used to assist examiners in identifying where these alternatives
start and finish.
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Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

¢ As this is an international examination, accept all alternative forms of notation.

¢ In the markscheme, equivalent numerical and algebraic forms will generally be written in brackets
immediately following the answer.

¢ In the markscheme, simplified answers, (which candidates often do not write in examinations), will
generally appear in brackets. Marks should be awarded for either the form preceding the bracket or the
form in brackets (if it is seen).

Example: for differentiating f (x) = 2sin (5x —3), the markscheme gives:
f'(x)=(2cos(5x—3))5 (=10cos(5x—3)) Al
Award Al for (2cos(5x—3))5, even if 10cos(5x—3) is not seen.

Accuracy of Answers

Candidates should NO LONGER be penalized for an accuracy error (AP).

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to the
required accuracy. When this is not specified in the question, all numerical answers should be given exactly
or correct to three significant figures. Please check work carefully for FT.

Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way crossed out
their work, do not award any marks for that work.

Calculators
No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no grade

awarded. If you see work that suggests a candidate has used any calculator, please follow the procedures
for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner should only mark
the first response unless the candidate indicates otherwise.



-6 M13/5/MATHL/HP1/ENG/TZ2/XX/M

SECTION A

1. [—(x—z)3 +|nX——COSnX} AlA1A1
3 T o

Note:  Accept %x3 —2x? +4x in place of %(x—2)3.

:(O+In2—1c032nj—(—1+ln1—1c03nj (M1)

i 3 T

=1+In2—z AlAl
3 b4

Note:  Award Al for any two terms correct, Al for the third correct.

Total [6 marks]

2. (@) detA=(5x2-3x3)=1 (A1)
5
A= Al
-3 5
[2 marks]
2 -3)(3 -5
o [573: 3
:(2x3+(—3)><2 2><(—5)+(—3)><(—3)] (M)
(-3)x3+5%x2 (-3)x(-5)+5x(-3)
i
— A2
1 0
[3 marks]

Note:  Award A2 for all correct, Al for one error, AO otherwise.

Total [5 marks]
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clear attempt at binomial expansion for exponent 5 M1
25 4 5% 2% x (=3X) + 5;4 x 2% x (=3x)% + 5X2X3x22 x (~3x)?
L 2AXBX2 e (23X) + (=3X)° (A1)
24
Note:  Only award M1 if binomial coefficients are seen.

=32-240x + 720x*> —1080x> + 810x* — 243x° A2

Note:

Award Al for correct moduli of coefficients and powers. Al for correct signs.

(@)

Total [4 marks]

AlAl1Al
[3 marks]
Note:  Award Al for the initial level probabilities, Al for each of the second
level branch probabilities.
b ©,9,8,5 (M1)
16 15 16 15
_120 (0 1 Al
240 2
[2 marks]

Total [5 marks]
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dy _ (x+cosx)(cosx —xsinx) —xcos x(1—sinx)

(@) > M1A1A1
dx (X +cosx)
Note:  Award M1 for attempt at differentiation of a quotient and a product
condoning sign errors in the quotient formula and the trig
differentiations, Al for correct derivative of “u”, Al for correct
derivative of “v”.
_ XCOSX+C€0S” X — X’ $iN X — XCOS XSiN X — XCOS X + X COS XSin X Al
(x+cosx)*
2y y2ai
_ C0s”X—X STX AG
(x+cosx)
[4 marks]
(b) the derivative has value -1 (AL)
the equation of the tangent line is (y—0) = (—1)(x—gj (y = g - xj M1A1
[3 marks]
Total [7 marks]
. ) a
for the first series —— =76 Al
for the second series — 5 =36 Al
attempt to eliminate a e.g. 73(1;;) =36 M1
simplify and obtain 9r®+9r -10=0 (M1)A1
Note:  Only award the M1 if a quadratic is seen.
obtain r :E and _30 (A1)
18 18
r=g =g=0.666... Al
18\ 3

Note:  Award AOQ if the extra value of r is given in the final answer.

Total [7 marks]
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7. @ |z|=+10;arg(z,) :—%ﬂ (accept %nj AlA1
[2 marks]
(b) |z, +az,|= \/(1—05)2 +(3—a)? or the squared modulus (M1)(A1)
attempt to minimise 2a® —8a +10 or their quadratic or its half or its square root M1
obtain =2 at minimum (AL)
state /2 as final answer Al
[5 marks]

Total [7 marks]

8. (a) attempt at implicit differentiation M1

EITHER
2x X% dy ,_Ldy

——— 2= AlAl

y y°dx y dx
Note:  Award Al for each side.

LA

dy _y ( 2xy—2y2}

—== > | === Al

dx 1 x X“+y

y y

OR

after multiplication by y

2x—2y—2xd—y=O|—ylny+yld—y AlAl

dx dx y dx

Note:  Award Al for each side.

dy __2(x-y) AL

dx 1+2x+Iny

[4 marks]

(b) for y=1, xX*-2x=0

x=(0or) 2 Al

for x=2, d_y:g Al

dx 5
[2 marks]

Total [6 marks]
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9. (@ EITHER

1+3™
3)( _37X
> 0 as both numerator and denominator are positive

f(x)-1=

OR
F+1>3F >3 -3

Note:  Accept a convincing valid argument the numerator is greater
than the denominator.

numerator and denominator are positive
hence f(x)>1

(b) one line equation to solve, for example, 4(3—37")=3"+1, or equivalent

(3y*~y-4=0)
attempt to solve a three-term equation

. 4
obtain y=—
y 3

X= Iog{%) or equivalent

Note:  Award AO if an extra solution for x is given.

tan (A) +tan(B)
1-tan(A)tan(B)

10. (a) attempt at use of tan(A+B) =

Note:  the value of p needs to be stated for the final mark.

1 1 1 273
(b) tan| arctan| — |+arctan| — |+arctan| = | | = =1
2 5 8)) .11

1 1 1) =
arctan| = |+arctan| = |+arctan| = |=—
(Zj (5j (SJ 4

M1Al
R1

M1Al

R1
AG

[3 marks]

Al

M1
Al

Al

[4 marks]

Total [7 marks]

M1
Al
Al

[3 marks]
M1Al
Al

[3 marks]

Total [6 marks]



-11- M13/5/MATHL/HP1/ENG/TZ2/XX/M

SECTION B

11. (@ (i) ATB = CTB— OTA =5i— j—2k (or in column vector form) (A1)

Note: Award Al if any one of the vectors, or its negative,
representing the sides of the triangle is seen.

|AB|=|5i— j—2k|=+/30

IBC|=|—i—3j+k|=+11
ICA|=|-4i+4]+k|=+/33 A2

Note:  Award Al for two correct and AO for one correct.

(i) METHOD1

cosBAC = M M1A1

V/304/33

Note:  Award M1 for an attempt at the use of the scalar product for
two vectors representing the sides AB and AC, or their
negatives, Al for the correct computation using their vectors.

26 ( _ 26 j Al
J990 3110
Note:  Candidates who use the modulus need to justify it — the angle
is not stated in the question to be acute.

METHOD 2
using the cosine rule
30+33-11
CoOSBAC=———— M1Al
24/304/33
_ 26 ( _ 26 j Al
\/990 3110
[6 marks]
i j k
() () BCxCA=|-1 -3 1 Al
-4 4 1
=((-3)x1-1x4)i+(1x(—4) = (-D) x1) j+ ((-D) x4 - (-3) x(-4) )k M1A1l
=—7i—-3j-16k AG
(if)  the area of AABC =% BCxCA (M1)
%\/(—7)2 +(=3)% +(~16)? Al
=%\/314 AG

[5 marks]
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(c) attempt at the use of “(r—a)sn=0" (M1)
using r=xi+yj+zk,a=O%A and n=-7i-3j-16k (A1)
TX+3y+16z =47 Al

Note:  Candidates who adopt a 2-parameter approach should be awarded, Al for
correct 2-parameter equations for x, y and z; M1 for a serious attempt at
elimination of the parameters; Al for the final Cartesian equation.

[3 marks]
(d r= OTA +tATB (or equivalent) M1
r=(-i+2j+3k)+t(5i—j-2k) Al
Note:  Award M1AO if “r =" is missing.
Note:  Accept forms of the equation starting with B or with the direction reversed.
[2 marks]
e () oD - (=1+2j+3K)+t(5i— j—2Kk)
statement that O%D- B%C =0 (M1)
-1+5t) (-1
2—-t |+ -3|=0 Al
3-2t 1
i
—2-4t=0 ort:—E Al
. 75
coordinates of D are 55 4 Al
Note:  Different forms of O%D give different values of t, but the same final answer.
(i)  t<0=>D isnotbetween A and B R1
[5 marks]

Total [21 marks]
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12.  (a) Dby division or otherwise

5
=272
oy 9

b)) f'(x= (X12)

>0 as (x+2)°>0 (on D)

M13/5/MATHL/HP1/ENG/TZ2/XX/M

compute its derivative.

Note: Do not penalise candidates who use the original form of the function to

3
(C) S= |:—3, E:l

Note:  Award A1AO for the correct endpoints and an open interval.

AlAl
[2 marks]

Al

R1AG
[2 marks]

A2
[2 marks]

continued ...
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Question 12 continued

(d) () EITHER

rearrange y = f (x) to make x the subject M1
obtain one-line equation, e.g. 2x—-1=xy+2y Al
x=2y+1 Al
2-y
OR
interchange x and y M1
obtain one-line equation, e.g. 2y —1=xy +2x Al
_ 2x+1 Al
2—X
THEN
f,1()():2x+1 Al
2—X

Note:  Accept _Z 4 2
2—-X

(i), (i)

3

AlAl1A1Al

[8 marks]

Note:  Award Al for correct shape of y = f (X).
Award A1l for x intercept % seen. Award Al for y intercept —% seen.

Award A1 for the graph of y = f *(x) being the reflection of y = f (x)
in the line y=x. Candidates are not required to indicate the full
domain, but y= f(x) should not be shown approaching x=-2 .
Candidates, in answering (iii), can FT on their sketch in (ii).

continued ...
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Question 12 continued

© (@

-t AlAl1Al

Note: Al for correct sketch x>0, Al for symmetry, Al for
correct domain (from -1 to +8).

Note:  Candidates can FT on their sketch in (d)(ii).

(if)  attempt to solve f(x)= —% (M1)
obtain x = é Al
use of symmetry or valid algebraic approach (M1)
obtain x = —é Al

[7 marks]

Total [21 marks]
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T

13. (@ () Z, = 2cis(gj, Z,= Zcis(%nj, Z,= 2cis[—5j or 2cis[37nj AlAlAl

Note:  Accept modulus and argument given separately, or the use of
exponential (Euler) form.

Note:  Accept arguments given in rational degrees, except where
exponential form is used.

(i)  the points lie on a circle of radius 2 centre the origin Al
differences are all %n (mod 2m) Al
= points equally spaced = triangle is equilateral R1AG

Note:  Accept an approach based on a clearly marked diagram.

(i) 242, = 23"cis(@j 7 23”cis[5£j M1
2 2
= 2x23”cis(ﬁj Al
2
22, =2x 23”cis(9%) =2x 23“cis(n—2nj ALAG
[9 marks]

(b) (i) attempt to obtain seven solutions in modulus argument form M1
z:cis(%nj,kzo,lnﬁ Al

(i)  w has argument %and 1+w has argument ¢,

. (ZRJ
sin| —
then tan (¢) T M1

1+ cos(znj
7
Zsin(;jcos(;)
= Al
2cos’ (nj
7

=tan(fj:¢=E Al
7 7

Note:  Accept alternative approaches.

continued ...
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Question 13 continued

(iii)  since roots occur in conjugate pairs, (R1)
z" -1 has a quadratic factor (z - cis(%n x [z - cis(—27—n)j Al
) 2n
=12 —2zcos(7j+1 AG
other quadratic factors are z* —2z cos(%)ﬂ Al
) 67
and z°—2zcos - +1 Al

[9 marks]

Total [18 marks]
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Instructions to Examiners

Abbreviations

M Marks awarded for attempting to use a correct Method; working must be seen.

(M) Marks awarded for Method; may be implied by correct subsequent working.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

(A) Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.
R Marks awarded for clear Reasoning.

N Marks awarded for correct answers if no working shown.

AG Answer given in the question and so no marks are awarded.

Using the markscheme

1

General

Mark according to scoris instructions and the document “Mathematics HL: Guidance for e-marking
Nov 2012”. It is essential that you read this document before you start marking. In particular, please
note the following:

* Marks must be recorded using the annotation stamps. Please check that you are entering marks for
the right question.

e If a part is completely correct, (and gains all the “must be seen” marks), use the ticks with
numbers to stamp full marks.

* Ifa part is completely wrong, stamp A0 by the final answer.

* Ifa part gains anything else, it must be recorded using all the annotations.

* All the marks will be added and recorded by scoris.

Method and Answer/Accuracy marks

* Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

* It is not possible to award M0 followed by A1, as A mark(s) depend on the preceding M mark(s),
if any.

* Where M and A marks are noted on the same line, e.g. MI1AI, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and 41 for using the
correct values.

*  Where the markscheme specifies (M2), N3, etc., do not split the marks.

* Once a correct answer to a question or part-question is seen, ignore further working.

N marks
Award N marks for correct answers where there is no working.
* Do not award a mixture of /V and other marks.

* There may be fewer /N marks available than the total of M, A and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.
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Implied marks

Implied marks appear in brackets e.g. (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

* Normally the correct work is seen or implied in the next line.
* Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s). To award FT marks, there must be working present and not
just a final answer based on an incorrect answer to a previous part.

* If the question becomes much simpler because of an error then use discretion to award fewer FT
marks.

* If the error leads to an inappropriate value (e.g. sind =1.5), do not award the mark(s) for the final
answer(s).

* Within a question part, once an error is made, no further dependent 4 marks can be awarded, but
M marks may be awarded if appropriate.

* Exceptions to this rule will be explicitly noted on the markscheme.

Mis-read

If a candidate incorrectly copies information from the question, this is a mis-read (MR). A candidate
should be penalized only once for a particular mis-read. Use the MR stamp to indicate that this has
been a misread. Then deduct the first of the marks to be awarded, even if this is an M mark,
but award all others so that the candidate only loses one mark.

* If the question becomes much simpler because of the MR, then use discretion to award fewer
marks.

* If the MR leads to an inappropriate value (e.g. sind =1.5), do not award the mark(s) for the final
answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does not
cover the work seen. In such cases the annotation DM should be used and a brief note written next to
the mark explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question
specifies a method, other correct methods should be marked in line with the markscheme. If in doubt,
contact your team leader for advice.

* Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, etc.

* Alternative solutions for part-questions are indicated by EITHER . .. OR.

* Where possible, alignment will also be used to assist examiners in identifying where these
alternatives start and finish.
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Alternative forms

Unless the question specifies otherwise, accept equivalent forms.

* As this is an international examination, accept all alternative forms of notation.

* In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

* In the markscheme, simplified answers, (which candidates often do not write in examinations), will
generally appear in brackets. Marks should be awarded for either the form preceding the bracket or

the form in brackets (if it is seen).

Example: for differentiating f'(x) =2sin(5x - 3), the markscheme gives:
f'(x)=(2cos(5x-3))5 (=10cos(5x -3)) Al
Award A1 for (2cos(5x - 3)) 5, even if 10cos(5x —3) is not seen.

Accuracy of Answers

Candidates should NO LONGER be penalized for an accuracy error (AP).

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to
the required accuracy. When this is not specified in the question, all numerical answers should be
given exactly or correct to three significant figures. Please check work carefully for FT.

Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way
crossed out their work, do not award any marks for that work.

Calculators
No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no

grade awarded. If you see work that suggests a candidate has used any calculator, please follow the
procedures for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner should only
mark the first response unless the candidate indicates otherwise.
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SECTION A
2
sina=,/1- 23 =ﬁ MDAI
4 4
attempt to use double angle formula Ml
sin2a=2ﬁ _3 =—£ Al
4 4 8
Note: NT seen would normally be awarded M1A1.
[4 marks]
4 4 3 2 2 3 4
ol oo B ol e e R M
y X y y X y X y x X
Note: Award M1 for attempt to expand and A1 for correct unsimplified expansion.
4 2 2 4 8 6_2 4. 4 2.6 8
SRR S ( SAxy e 6xy —dry +y) AlLAI
y y X x X'y
| Note: Award A1 for powers, A1 for coefficients and signs. |
| Note: Final two 4 marks are independent of first 4 mark. |
[4 marks]
(a) METHOD 1
f)=(x+D)(x-1)(x-2) Ml
=x'=2x"—x+2 Al41A41
a=-2,b=-1and c=2
METHOD 2
from the graph or using f'(0) =2
c=2 Al
setting up linear equations using f(1)=0 and f(-1)=0 (or f(2)=0) MI
obtain a=-2, b=-1 AlAl
[4 marks]
d) () (1,0), (3,0) and (4, 0) Al
(1)  g(0) occurs at 31 (-2) M1)
=-36 Al
[3 marks]

Total [7 marks]
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(a) f'(x)=(lnx)2+m(=(lnx)2+2lnx=lnx(lnx+2))
x

['(0)=0(=x=1x=¢")
| Note: Award M1 for an attempt to solve f'(x) = 0.|

A(e?, 4¢) and B(1,0)

| Note: The final A7 is independent of prior working.|

) f'(x)=2(nx+1)
X
f"(x)=0 (=>x=e’1)

inflexion point (e, e

| Note: M1 for attempt to solve /" (x)=0. ]|

(@ 0

®) [ f()de=1
1

1

ﬁ) e dx

== d =

=a= Ll (or equivalent)
e —

Note: Award first A1 for correct integration of f e "dx.

This A1 is independent of previous M mark.

1 (N
() EX) =ﬁ)xf(x)dx(=aﬁ)xe dx)

attempt to integrate by parts

=a [—xe"x - ];

e-2
=a
)
e-2

e-1

(or equivalent)

MIAI

M1

AlAl

[5 marks]

Al

(M1)
Al

[3 marks]

Total [8 marks]

Al
[1 mark]

(M1)

Al

Al

[3 marks]

Ml

M1
(A1)

Al
[4 marks]

Total [8 marks]
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METHOD 1
1 3 a-1
(a det|2 2 a-2 MI
3 1 a-3
=1(2(a-3)-(a-2))-3(2(a-3)-3(a-2))+(a-1)(2-6)
(or equivalent) Al
=0 (therefore there is no unique solution) Al
[3 marks]
1 3 a-1 |1 1 3 a-1 1
(b) 2 2 a-2 |1 0 -4 -a -1 MIAI
3 1 a-3 |b 0 -8 —2a |b-3
1 3 a-1 1
10 -4 -a -1 Al
0 0 0 b-1
b=1 Al N2
| Note: Award M1 for an attempt to use row operations.
[4 marks]
METHOD 2
1 3 a-1 |1 1 3 a-1 1
(a) 2 2 a-2 |1]:10 -4 -a -1 MIAI
3 1 a-3 |b 0 -8 —2a |b-3
1 3 a-1 1
0 -4 -a —1 | (and 3 zeros imply no unique solution) Al
0 0 0 b-1
[3 marks]
b)) b=1 A4
| Note: Award A4 only if “h—1" seen in (a). |
[4 marks]

Total [7 marks]
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(a)  attempt to apply cosine rule Ml
4 =6"+QR* -2-QR-6c0s30° (or QR2—6\/§ QR+20=0) Al
QR =33 ++/7 or QR =33 -7 AlAl
[4 marks]
(b) METHOD 1
k=6 Al
k =6sin30° =3 MIAl
Note: The M1 in (b) is for recognizing the right-angled triangle case.
METHOD 2
k=6 Al
use of discriminant: 108 — 4(36 ~k ) =0 MI
k=3 Al
Note: k==3 is M1A40.
[3 marks]
Total [7 marks]
(a) attempt to differentiate implicitly Ml
2x+cosyd—y—y—xd—y=0 AIAl
dx dx
| Note: Al for differentiating x* and sin y; A1 for differentiating xy.
substitute x and y by & Ml
D P 2 MIAl
dx dx dx l+m
| Note: M1 for attempt to make dy/dx the subject. This could be seen earlier.
[6 marks]
(b) T arctanl (or seen the other way) Ml
4 l+x:
[T
tan @ = tan T arctan T\ l4m MIAI
4 +7 1 T
+ J—
l+m
tanf = AG
1+2m
[3 marks]

Total [9 marks]
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METHOD 1
(@ 9t,=7-4¢t, and
3-6t,=-6+T7t,
solve simultaneously
1
t, = 3’ ty =1

Note: Only need to see one time for the A1.

therefore meet at (3, 1)
(b)  Dboats do not collide because the two times (t = %, ty = 1)

are different

METHOD 2

(a) path of A is a straight line: y = —%x +3

| Note: Award M1 for an attempt at simultaneous equations.

path of B is a straight line: y = —%x + 23

4

—%x+3=—1x+£(:x=3)
3 4 4

so the common point is (3, 1)

(b) forboat A, 9t=3:t=% and forboatB, 7-4t=3=1¢=1

times are different so boats do not collide

MIAl
Al
Al

[4 marks]
(A1)
R1

[2 marks]

Total [6 marks]
MIAl
Al
Al

[4 marks]
Al
RIAG

[2 marks]

Total [6 marks]
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(a)

(b)

(c)
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SECTION B

(i) z =23 cis%” =z, =-23i

(i)  z,+z,=-23i-1+3i==-1-1/3i
(z,+2,) =—1+3i

(i) |z]=2
tand = —/3
z, lies on the second quadrant

0 =argz, =2?n

.2
z, = 2015%C

(i1)  attempt to use De Moivre’s theorem

2l+2k7t

z=3/§cis3T,k=0,land2

z= %Ecis%“, %cisgjn, iﬁcisMTTE (= i/zcis(?

| Note: Award A7 for modulus, A7 for arguments. |

| Note: Allow equivalent forms for z |

(i) METHOD 1
z? =(1—1+\/§i)2 =—3(=>z=i\/§i)
z =\/§cis§ or z, =\/§cis37n (=\/§cis(_7n))

so r=+/3 and <9=E or 49=3_n T
2 2 2

Note: Accept rcis(6) form. |

METHOD 2
2 =(1-143i) =32 =3cis((2n + )
r =3:>r=\/§
n 3n
2(9=(2n+1)n=>49=5 or ¢9=7 (as 0= O <2m)

Note: Accept rcis(6)form. |

Al

Al

Al
[3 marks]

(M1)

AlAl

Ml

AlAl

[6 marks]

M1

AlAl

Ml
Al
Al

continued ...
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Question 10 continued

(i) METHOD 1

s 1 e cisT
2cis2—7E 2cis2—n
3 3
1 . =xm
=z =—cCis—
2 3
s0r=land¢9=E
2 3
METHOD 2
B e G £
LB (L1 Bi)(-1- B
1+\/§i 1 .=
z= =z =—CiS—
4 3

d - \Bcis%“

Z
' 5
z n . Snm
L =43 cis—
z, 6
equating imaginary part to zero and attempting to solve
obtain n =12

| Note: Working which only includes the argument is valid. |

Ml

AlAl

Ml

AlAl
[6 marks]

(4D

Al
M1
Al
[4 marks]

Total [19 marks]



11. (a)

(b)

(ii)

— 13—
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21 , (53
= A" = Al
1 3 2
: 34 63 41
= =
33
-1 0y
(A* -3A4) = Al
0 -1
AG
[3 marks]
a a-1\/1 0 a+3a-3=0
= = MI1(41)
PR Y o e
a= 3 and b = L Al
4 2
METHOD 1
41 0 0 1
A = = A = Ml
3 -2 -2 3
a a-1\(/0 1 -2a+2=1
b b ) -2 3 -2b=3
a= 1 and b = 3 Al
2
METHOD 2
serious attempt at finding 4™ Ml
PE _1 b 1-a
b\-b a
obtain b+3—-3a =0and —b+3a =- 2b or equivalent linear equations A1
a= 1 and b = % Al
2
[6 marks]

continued ...
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Question 11 continued

(c)

(@)

(i)

METHOD 1

[ 5 M)
~[J-( 50

A-l_l(b —a+1)

METHOD 2
ax+(a-1)y=0and bx+by =1

attempt to solve

obtain l—_a’g
b b

—-a

gradient of / is and gradient of /, is -1

a-1

. . - 1
the lines are perpendicular = _al =l=a= 5
a -_—

. 1 1
so they intersect at | —, —
( 2b 2b )

M1

(41)

Al

Al

Al

Ml

AlAl

AlAl

MIAI

Al

[9 marks]

Total [18 marks]
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(a)

(b)
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X
(fOf)(x)=f( - )= 2-x MIAT
2-x 7_ X
2-x
X
= Al
(f o) )= 175
[3 marks]
P(n):(fefo...o f)(x)=F,(x)
times
P(): f(x)=F(x)
X X
= = d = = = AlAI
LHS = f(x) > s and RHS = F|(x) T2 x 2-x
- P(1) true
assume that P(k)is true, i.e., (fo fo...o f)(x)=F, (x) M1
k times
consider P(k +1)
EITHER
(fof oo N =| fofof oo f )= 1 (F, () M1)
k+1 times k times
. N
x 28— (2" - 1x
= = Al
f(2"—(2"—1)x 7 x
25— (2 - x
X X
= = Al
2(28- 2" -Dx)-x 2 -2 -2)x-x
OR
(f°f°--.°f)(X)=(f°f°f°---°f (x)=F,(f(x)) (M1)
k+1 times k times
x
=Fk(2x ): 2-x " Al
ERTARVAR VAR
@ -1
X
= Al
272 -2f x4 x
THEN
“ oy e ® Al
P(k) true implies P(k +1) true, P(1) true so P(n) true forall n € Z* RI
[8 marks]

continued ...
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Question 12 continued
(c) METHOD 1
y n n
x=—>+— " =2x-2"=Dxy = MIiAl
(D) 2" =Dxy=y
2"x
=2"x=(2"-Dx+1l)y=>y=——"—— Al
(@ -Dx+1)y=y " —Dx+1
B ()=t Al
2"-Dx+1
F! = _x M1
n (x) 2;1 _1 1
X+ —
2" 2"
)= Al
(1-2")yx+2™
0= AG
27" —(27" =1)x
METHOD 2
attempt f{n(}Z(x)) M1
n S
=F,|o—— = 2 - (2" -Dx AlAT
2"-2"-Dx 27 (27 1) X
271 _ (27! 4
- al AlAl
272" -(2"-DHx)-(27" -Dx
Note: Award 41 marks for numerators and denominators.
- % —x AIAG
METHOD 3
attempt [Q(l{n(x)) M1
X
=Fn( - )= 27 - @27 -Dx AlAl
2 n _(2 n _ x
- i AlAI
2" (27 -2 - x) - (2" - D)x
Note: Award 41 marks for numerators and denominators.
AIAG

x
=—=x
1

[6 marks]

continued ...
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Question 12 continued
@ () F(©0)=0.F1)=1 Al

(i) METHOD 1

2"=2"=-Dx-1=2"-D(1-x) (M)
>0 if0<x<1 and nEZ" Al
X X
so 2" —-(2" -1 1 and F =< — R1
@' -Dx> =< (<Y
Fn(x)=+<xfor0<x<landnEZ* AG
2" (2" -1)x
METHOD 2
X
—_— < 2"'-(2"-1 1 M1
< (2"-Dx<2"-1 Al
2" -1 : .
< x< > 1=1 true in the interval ]O, l[ R1
(iii) Bn=2(An—%) (=24, -1) M1)A1

[6 marks]

Total [23 marks]
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Instructions to Examiners

Abbreviations

M

(M)

(A)

AG

Marks awarded for attempting to use a correct Method; working must be seen.

Marks awarded for Method; may be implied by correct subsequent working.

Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.
Marks awarded for clear Reasoning.

Marks awarded for correct answers if no working shown.

Answer given in the question and so no marks are awarded.

Using the markscheme

1

General

Mark according to scoris instructions and the document “Mathematics HL: Guidance for e-marking
May 2012”. It is essential that you read this document before you start marking. In particular, please
note the following:

e Marks must be recorded using the annotation stamps. Please check that you are entering marks for
the right question.

e If a part is completely correct, (and gains all the “must be seen” marks), use the ticks with
numbers to stamp full marks.

e If a part is completely wrong, stamp AO by the final answer.
If a part gains anything else, it must be recorded using all the annotations.

o All the marks will be added and recorded by scoris.

Method and Answer/Accuracy marks

e Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

o |t is not possible to award MO followed by Al, as A mark(s) depend on the preceding M mark(s),
if any.

e Where M and A marks are noted on the same line, e.g. M1Al, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and Al for using the
correct values.

o Where the markscheme specifies (M2), N3, etc., do not split the marks.

e Once a correct answer to a question or part-question is seen, ignore further working.

N marks
Award N marks for correct answers where there is no working.
e Do not award a mixture of N and other marks.

o There may be fewer N marks available than the total of M, A and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.
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Implied marks

Implied marks appear in brackets e.g. (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

¢ Normally the correct work is seen or implied in the next line.
o Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s). To award FT marks, there must be working present and not
just a final answer based on an incorrect answer to a previous part.

o |f the gquestion becomes much simpler because of an error then use discretion to award fewer FT
marks.

o If the error leads to an inappropriate value (e.g. sin@=1.5), do not award the mark(s) for the final
answer(s).

e Within a question part, once an error is made, no further dependent A marks can be awarded, but
M marks may be awarded if appropriate.

e Exceptions to this rule will be explicitly noted on the markscheme.

Mis-read

If a candidate incorrectly copies information from the question, this is a mis-read (MR). A candidate
should be penalized only once for a particular mis-read. Use the MR stamp to indicate that this has
been a misread. Then deduct the first of the marks to be awarded, even if this is an M mark,
but award all others so that the candidate only loses one mark.

o |f the question becomes much simpler because of the MR, then use discretion to award fewer
marks.

o If the MR leads to an inappropriate value (e.g. sin@=1.5), do not award the mark(s) for the final
answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does not
cover the work seen. In such cases the annotation DM should be used and a brief note written next to
the mark explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question
specifies a method, other correct methods should be marked in line with the markscheme. If in doubt,
contact your team leader for advice.

o Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, etc.
Alternative solutions for part-questions are indicated by EITHER . .. OR.

e Where possible, alignment will also be used to assist examiners in identifying where these
alternatives start and finish.
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Alternative forms
Unless the question specifies otherwise, accept equivalent forms.
e Asthis is an international examination, accept all alternative forms of notation.

In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, simplified answers, (which candidates often do not write in examinations), will
generally appear in brackets. Marks should be awarded for either the form preceding the bracket or
the form in brackets (if it is seen).

Example: for differentiating f (x) =2sin(5x—3), the markscheme gives:
f'(x)=(2cos(5x—3))5 (=10cos(5x—3)) Al
Award Al for (2cos (5x —3)) 5, even if 10cos(5x—3) is not seen.

Accuracy of Answers

Candidates should NO LONGER be penalized for an accuracy error (AP).

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to
the required accuracy. When this is not specified in the question, all numerical answers should be
given exactly or correct to three significant figures. Please check work carefully for FT.

Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way
crossed out their work, do not award any marks for that work.

Calculators
No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no

grade awarded. If you see work that suggests a candidate has used any calculator, please follow the
procedures for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner should only
mark the first response unless the candidate indicates otherwise.



—6— M12/5/MATHL/HP1/ENG/TZ1/XX/M

SECTION A
1 1
u ==k, r== Al)(Al
1 =3 3 (A1)(AL)
=D
7-_3 : M1
1-=
3
k=14 Al
[4 marks]
(@) y
% 4 43 x
M1A1A1A1
Note: Award M1 for any of the three sections completely correct,
Al for each correct segment of the graph.
[4 marks]
(b)y (@ O Al
@iy 2 Al
(iii)  finding area of rectangle (M1)
-4 Al
| Note: Award M1AQ for the answer 4.
[4 marks]

Total [8 marks]
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3. zlzzacis(gj, zzzﬁcis(—g) M1A1A1
EITHER
6 .
(ij _ 2rais(0) [:Baﬁcis(—ED MI1A1AL
% x/EGCis(nj 2
2
OR
* (2 77\
CR . —acis(—nJ M1A1
Z, J2 12
:8a6cis(—£j Al
2
THEN
=-8a° Al

Note: Accept equivalent angles, in radians or degrees.
6

Accept alternate answers without cis e.g. = 8+a
i

[7 marks]
4 (a) y
-
AlAl
| Note: Award Al for correct asymptote with correct behaviour and Al for shape. |
[2 marks]
(b) intersecton y=x (M1)
X+Inx=x=Inx=0 (A1)
intersect at (1, 1) AlAl
[4 marks]

Total [6 marks]
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(b)
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[2 marks]

[5 marks]

Total [7 marks]

cosx=0,sinx=0 (M1)
T
— ne=x
2 Al
EITHER
sm3xco_sx—cos3xsmx M1AL
sin Xcos x
=sm(3x—x) ALAL
1.
—sin2x
2
=2 Al
OR
sin2xcosx+c052xsinx_coszxcosx—sin2xsinx M1
sin X COS X
- 2 2 - - 3 - 2
ZZSmxcos x+2_cos xsmx—smx_ZCOS X —CO0S X —2SIN“ XCOS X A1AL
sin x COS X
=4c0s? x—1—2¢c0s® X +1+ 2sin® X Al
=2c0s? X+ 2sin® x
=2 Al
[+ &~ Lox—ge-nonxt M1A1
6 X X 6

Note: Award M1 for J‘——ldx or JE—de and Al for (k-1)Inx
X X X

k
X

seen in part (a) or later in part (b).

(b)

1
=1-k)In= Al
( )6

J-%k 1

——=dx=(k-1[Inx];* (A1)
I x X

| Note:  Award A1 for correct change of limits. |

=(k-DIn6 Al

[3 marks]

[2 marks]

continued ...
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Question 6 continued

©) (1—k)|n%=(k—1)ln6 Al

(k—l)lnf:%(k—l)lnG Al

| Note:  This simplification could have occurred earlier, and marks should still be awarded. |
ratio is 2 (or 2:1) Al

[3 marks]

Total [8 marks]

7. X +y?4x+yi=6-2i (A1)

equating real and imaginary parts M1
VX +4+x=6 Al
X’ +4=(6-x)° M1
—32=—12x:>x=§ Al
[6 marks]
9 1
8. log,| —— |=log,— M1M1A1l
Y ( X+ 7] 95 0%
Note: Award M1 for changing to single base, M1 for incorporating the 2 into a log
and Al for a correct equation with maximum one log expression each side.
X+7=18x M1
x=t Al
17
[5 marks]
9. 4x+2yﬂ=0:>ﬂ=—% M1A1
dx dx y
Note: Allow follow through on incorrect g—y from this point.
X
gradient of normal at (a, b) is 21
a
Note: No further A marks are available if a general point is
not used
. . b b b
equation of normal at (a,b) is y—-b=—(x-a) | 2 y=—x+— M1A1l
2a 2a 2
substituting (1, 0) M1
b=0ora=-1 AlAl
four points are (3, 0),(-3,0),(-1,4),(-1, —-4) AlAl

Note: Award A1AO for any two points correct. |

[9 marks]



10.

_10—
SECTION B
(a) cos A=A
NA)
. . BC
SINA=—=
L2
cosA—sinA:M
2
_ 1
2

(b) coszA—ZcosAsinA+sin2A=%
L -1
1—25|nAcosA=E
sin2A=E
2

2A=30
angles in the triangle are 15°and 75°

| Note: Accept answers in radians.

(c) BC*+(BC+1)*=2
2BC*+2BC-1=0

BC_—2+J1_2 _\B3-1
o4 2
. BC 3-1
smA_ﬁ_m
B2
4

M12/5/MATHL/HP1/ENG/TZ1/XX/M

Al
Al
R1

AG
[3 marks]

M1Al
M1Al
M1

Al
AlAl

[8 marks]

M1Al
Al

M1A1l

Al

AG
[6 marks]

continued ...
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Question 10 continued

Al

[4 marks]

Total [21 marks]

(d EITHER
h=ABsin A M1
= (BC+1)sin A Al
V31 62 V2 M1A1
2 4 4
OR
1 AB.BC =1 ACh M1
Va-143+1 AL

;T Y 2

2 _ Joh M1

4
1

h=—= Al

22
11. (@) ifn=1

X*=U"A'U which is given, so true for n=1 Al

Assume true for n=k

X*=U"AU M1

Note: Only award M1 if the word “true” or equivalent appears.

if n=k+1

Xt = XXX M1
=UAUU AU Al
=UAIA*U =UAAU (A1)
=UA"Y Al

As true for n=1, and true for n=k =true for n=k +1, then by the
+
principle of mathematical induction the statement is true for all n(ELT) Ry

Note: Do not award R1 if both M marks have not been awarded in this part.
For R1 to be awarded evidence of implication should be seen in the statement.

[7 marks]

continued ...
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~12 —
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() () METHOD1
AU =UD=D=U"AU M1
1 -1
U’1=1 (A1)
2\-1 3
4 1(1 -1y2 -3)3 1 1 0
D=U"AU== = M1A1
2l-1 3 )it -2){1 1) (0 -1
METHOD 2
2 -3)3 1) (3 1l)a b
= M1
1 -2)\1 1) (1 1){c d
3 -1 3a+c 3b+d
= Al
1 -1 a+c b+d
solving simultaneously M1
a=1,¢=0,b=0,d=-1
1 0
D= Al
o
10

ii D’ = Al

@ o=y )

(iii) D*"=U"A"U = A" =UD*"U™" M1A1
=UIu™ Al
=UUu*=1 AG

(iv) A"=1=A"A"=1 M1

= (A= A" R1AG
[10 marks]

Total [17 marks]
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12. (a) EITHER

derivative of —— is (1_X)_X2(_1)
1-x @-x)

=X )it
f(x)_2(1—xj 1-x)?

1 -2 23
=—Xx?({1-x)?
> X d=x)

f'(x) >0 (forall 0<x<1) so the function is increasing

OR

1 -1
=3X 2(1-x) 2[1-x+X]
1 - 3
—Zx2(l-x) 2
> (1-x)

f'(x)>0 (forall 0<x<1) so the function is increasing

1 3

b)  f(x)= % X2(1-x) 2

1 3 3 1 5
= f"(x):—zx 2(1-x) 2 +ZX 2(1—x) 2

1
-Zx
4

1
f'"(X)=0 =>x==
()=0=x=

g 1- x)’g[1—4x]

f"(x) changes sign at x :% hence there is a point of inflexion

el ot
4 3
. 11
the coordinates are (—, —J
4" 3

M1Al

M1Al

AG
R1

M1Al

Al

M1

AG

R1
[5 marks]

M1A1l

M1Al
R1

Al

[6 marks]

continued ...
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Question 12 continued

(c) x=sin® 0:% =2sin@cosd

de
L2
_[ /de=.|',’M 2sin@cos@do
1-x 1-sin“ @
:j25in29d9

:jl—coszade

=0—%sin2<9+c

6 = arcsin/x

%sinzazsinacosale;\/l— =Jx=x2
hence j % dx=arcsinx/;—x/x—x2 +C
\j —X

M12/5/MATHL/HP1/ENG/TZ1/XX/M

M1Al

M1Al

Al
M1Al

Al

Al
M1Al

AG
[11 marks]

Total [22 marks]
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Instructions to Examiners

Abbreviations

M

(M)

(A)

AG

Marks awarded for attempting to use a correct Method; working must be seen.

Marks awarded for Method; may be implied by correct subsequent working.

Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.
Marks awarded for clear Reasoning.

Marks awarded for correct answers if no working shown.

Answer given in the question and so no marks are awarded.

Using the markscheme

1

General

Mark according to scoris instructions and the document “Mathematics HL: Guidance for e-marking
May 2012”. It is essential that you read this document before you start marking. In particular, please
note the following:

e Marks must be recorded using the annotation stamps. Please check that you are entering marks for
the right question.

e If a part is completely correct, (and gains all the “must be seen” marks), use the ticks with
numbers to stamp full marks.

e If a part is completely wrong, stamp AO by the final answer.
If a part gains anything else, it must be recorded using all the annotations.

o All the marks will be added and recorded by scoris.

Method and Answer/Accuracy marks

e Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

o |t is not possible to award MO followed by Al, as A mark(s) depend on the preceding M mark(s),
if any.

e Where M and A marks are noted on the same line, e.g. M1Al, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and Al for using the
correct values.

o Where the markscheme specifies (M2), N3, etc., do not split the marks.

e Once a correct answer to a question or part-question is seen, ignore further working.

N marks
Award N marks for correct answers where there is no working.
e Do not award a mixture of N and other marks.

o There may be fewer N marks available than the total of M, A and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.
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Implied marks

Implied marks appear in brackets e.g. (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

¢ Normally the correct work is seen or implied in the next line.
o Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s). To award FT marks, there must be working present and not
just a final answer based on an incorrect answer to a previous part.

o |f the gquestion becomes much simpler because of an error then use discretion to award fewer FT
marks.

o If the error leads to an inappropriate value (e.g. sin@=1.5), do not award the mark(s) for the final
answer(s).

e Within a question part, once an error is made, no further dependent A marks can be awarded, but
M marks may be awarded if appropriate.

e Exceptions to this rule will be explicitly noted on the markscheme.

Mis-read

If a candidate incorrectly copies information from the question, this is a mis-read (MR). A candidate
should be penalized only once for a particular mis-read. Use the MR stamp to indicate that this has
been a misread. Then deduct the first of the marks to be awarded, even if this is an M mark,
but award all others so that the candidate only loses one mark.

o |f the question becomes much simpler because of the MR, then use discretion to award fewer
marks.

o If the MR leads to an inappropriate value (e.g. sin@=1.5), do not award the mark(s) for the final
answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does not
cover the work seen. In such cases the annotation DM should be used and a brief note written next to
the mark explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question
specifies a method, other correct methods should be marked in line with the markscheme. If in doubt,
contact your team leader for advice.

o Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, etc.
Alternative solutions for part-questions are indicated by EITHER . .. OR.

e Where possible, alignment will also be used to assist examiners in identifying where these
alternatives start and finish.
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Alternative forms
Unless the question specifies otherwise, accept equivalent forms.
e Asthis is an international examination, accept all alternative forms of notation.

In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, simplified answers, (which candidates often do not write in examinations), will
generally appear in brackets. Marks should be awarded for either the form preceding the bracket or
the form in brackets (if it is seen).

Example: for differentiating f (x) =2sin(5x—3), the markscheme gives:
f'(x)=(2cos(5x—3))5 (=10cos(5x—3)) Al
Award Al for (2cos (5x —3)) 5, even if 10cos(5x—3) is not seen.

Accuracy of Answers

Candidates should NO LONGER be penalized for an accuracy error (AP).

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to
the required accuracy. When this is not specified in the question, all numerical answers should be
given exactly or correct to three significant figures. Please check work carefully for FT.

Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way
crossed out their work, do not award any marks for that work.

Calculators
No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no

grade awarded. If you see work that suggests a candidate has used any calculator, please follow the
procedures for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner should only
mark the first response unless the candidate indicates otherwise.
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SECTION A

let f(X)=2x%+kx*+6x+32

let g(x)=x*—-6x>—k*x+9
f(-D)=-2+k-6+32(=24+Kk)
g(-1)=1-6+k*+9(=4+k?
=24+k=4+Kk?
=k?-k-20=0
=(k-5)(k+4)=0
=k=5,-4

1 -1
perpendicular when | 2cosx |e| 2sinX |=0

0 1
=-1+4sinxcosx=0

=sin2x =

=2X =

ola
~{E4 |y NIe

T
=>X=—,
12

Note: Accept answers in degrees.

M12/5/MATHL/HP1/ENG/TZ2/XXIM

Al
Al
M1

(M1)
AlAl
[6 marks]

(MI)

Al

M1

AlAl

[5 marks]
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3. (@ letR be “it rains” and W be “the ‘Tigers’ soccer team win”

</ w
< | o
-

i

(/ N
T —ran, i
kel
Al
[1 mark]
2 2 3 4
:é_g Al
[2 marks]
2 2
7X7
© PRIW)=3" (1)
35
2% Al
[2 marks]

Total [5 marks]

4. (a) (x —ET =x* +4x° (_E] +6x° (—EJZ + 4x[—gj3 +(—gj4 (A2)
X X X X X

| Note: Award (A1) for 3 or 4 correct terms. |

4
Note: Accept combinatorial expressions, e.g. (2] for 6.

32 16

=x'—8x° +24-=+ Al
X* X
[3 marks]
2 4
(b)  constant term from expansion of (2x* +1) [x - —J =—-64+24=-40 A2
X
| Note:  Award A1 for — 64 or 24 seen. |
[2 marks]

Total [5 marks]
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(b)
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4A-5BX =B

= BX :EA—EB
5 5

— X -1B'4A-B) :fBlA—llj
5 5 5

if A=2B then B*A=2I

:>X=§I—EI
5

o

=X =

o~

Il
o g
o~

attempt to equate real and imaginary parts
equate real parts: 4m+4n=16; equate imaginary parts: —-5m=15
=m=-3,n=7

let m=Xx+iy, n=x—iy

= (4-51)(x+iy) +4(x—1y) =16 +15i

= 4X —5ix+4iy + 5y + 4x —4iy =16 +15i
attempt to equate real and imaginary parts
8x+5y=16, -5x =15

=x=-3,y=8

(=m=-3+8i, n=-3-8i)

M1

Al

[2 marks]

M1

A2

[3 marks]
Total [5 marks]
M1

Al
Al

[3 marks]

M1

M1
Al

Al

[4 marks]

Total [7 marks]



-9- M12/5/MATHL/HP1/ENG/TZ2/XXIM

(a)
b‘ s ,,
46D
‘\
o -
|
5 g
!
|- o 3
x=l ALA1AL
Note: Award Al for correct shape.
Award Al for two correct asymptotes, x=1 and x=3.
Award Al for correct coordinates, A’(—l, %j B'(O, %) and D’(Z, —%J
[3 marks]
A
(b) |
/ J= 4+ (X)
— Al ///’
S | \ 3
. X /’/]f:}/' ?
| AlAlAl
Note: Award Al for correct general shape including the horizontal asymptote.
Award Al for recognition of 1 maximum point and 1 minimum point.
Award Al for correct coordinates, A”"(-1, 0) and D"(2, 0) .
[3 marks]

Total [6 marks]



8.

-10- M12/5/MATHL/HP1/ENG/TZ2/XXIM

x’y =asinnx

attempt to differentiate implicitly

= 3x°y + X

d
3D _ ancosnx

Note:

Award Al for two out of three correct, AO otherwise.

= 6Xy + 3X
dx

2
2ﬂ+3x2d—y+x3u

5 e =—an’sinnx
X X

Note:

Award A1l for three or four out of five correct, AO otherwise.

:>6xy+6x2ﬂ+x3

=X

2
d—g =—an’sinnx

dx dx

d’y

d’y

6x° %+6xy+ n’x’y =0

= X3W+6x2%+(n2x2+6)xy=0

cos A+sin A

METHOD 1

=sec2A+tan2A

cosA—sin A
consider right hand side

sec2A+tan2A=

C0s2A Ccos2A
cos® A+ 2sin Acos A+sin? A
cos? A—sin’ A

Note:

Award Al for recognizing the need for single angles and Al for recognizing
cos® A+sin® A=1.

(cos A+sin A)®
(cos A+sin A)(cos A—sin A)
cosA+sinA

cosA-sin A

METHOD 2

cosA+sinA (cos A +sin A)®

cosA—sinA (cos A—sin A) (cos A+sin A)

cos® A+ 2sin Acos A+sin® A
cos? A—sin? A

Note:

Award A1l for correct numerator and Al for correct denominator.

1+sin2A
COS2A

=sec2A+tan2A

M1
A2

A2

Al

AG

M1Al

AlAl

M1Al

AG

M1Al

AlAl

M1A1l
AG

[6 marks]

[6 marks]
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10, (@ e*cosx=0

x=T 3" Al
2 2
[1 mark]
(b)
L
Al
Note: Accept any form of concavity for X € [0,%] .
| Note: Do not penalize unmarked zeros if given in part (a). |
Note: Zeros written on diagram can be used to allow the mark in part (2) to be
awarded retrospectively.
[1 mark]

continued ...
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Question 10 continued

(c) attempt at integration by parts M1
EITHER
| = I e *cos xdx =—-e* cos xdx—.[e‘X sin xdx Al
= | =—e"cos xdx—[—e’X SinX+ f e *cos xdx] Al
:>I=e2 (sinx—cosx)+C Al
Note: Do not penalize absence of C. |
OR
I = .[e’x cosxdx =e *sin x+j‘e’X sin xdx Al
=l=e" sinx—e’xcosx—_"e’X cos xdx Al
=1 :e2 (sinx—cosx)+C Al
| Note: Do not penalize absence of C. |
THEN
L - 2 'g
jze‘xcosxdx= 5 (sin x —cos x) :e—+l Al
0 2 s 2 2
3 S B _T
on B 2 2 2
jnz e cos xdx =| = (sin X —cos x) . € Al
5 2 n 2 2
e? 1
7_’_*
ratio of A:B is %
e77 e72
+7
2 2
3nf m
e? [e 2 +1J
EYSE I M1
e? [e 2 +e Zj
e (ez +1J
_ AG
e"+1

[7 marks]

Total [9 marks]
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SECTION B

1. () H@z%

glx) ER g(x) =0

2
2(3284j +3
b fog(X)=———F——
(b) g(x) =5
2(9x*—24x +16) .
100
75

 9x*—24x+166
B 3750

3

(¢ () METHOD1

2% +3
75
X2:75y—3

2

L [15y-3
2

= f(x)=

75x -3
2

Award the Al only if written in the form f *(x) =.

Note: Accept * in line 3 for the (A1) but not in line 4 for the Al.

METHOD 2

2% +3
75
2
x=2y +3
75

y= ’75x—3
2

= fi(x)=

75x-3

Award the A1 only if written in the form f ™(x) =.

Note: Accept + in line 3 for the (A1) but not in line 4 for the Al.

(i)  domain: xz%; range: f*(x)>0

Al

Al
[2 marks]

M1Al

(Al)

Al
[4 marks]

M1

(A1)

Al

M1
(Al)

Al

Al

[4 marks]
continued ...
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Question 11 continued

(d) probabilities from f (x):

X 0 1 2 3 4
PX=x [ 3 [5 1 fa [35
75 75 75 75 75
A2
| Note: Award Al for one error, AO otherwise.
probabilities from g (x):
X 0 1 2 3 4
PXx=x 4 1 2 |5 |8
10 10 10 10 10
A2
Note: Award Al for one error, AO otherwise.
only in the case of f (x) does ZP(X =x)=1, hence only f (x) can be used
as a probability mass function A2
[6 marks]
(e)
Elx)= Zx -P(X = x
(x) (x = x) i
5 22 63 140 230( 46)
=—t—t—t—=—|=— Al
7% 75 75 75 75 15
[2 marks]

Total [18 marks]
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12. PartA

(a)

(b)

(©

(i)  (x+iy)’ =-5+12i
X2 + 2ixy +i’y® =-5+12i

(i)  equating real and imaginary parts
XZ _ y2 — _5
Xy =6

substituting

EITHER

, 36

X2 -2 =5
X2

x* +5x*-36=0
x*=4,-9

Xx=%2 and y=13
OR
ﬁ_yz =-5

y

y* —5y*-36=0
y?=9,-4

y=13 and x=12

M12/5/MATHL/HP1/ENG/TZ2/XXIM

Al

M1
AG
AG
[2 marks]

M1

Al
Al
(A1)

Al

Al
(Al)

Note: Accept solution by inspection if completely correct.

THEN

the square roots are (2+3i) and (—2—3i)

EITHER

consider z=x+iy

7" =x—iy

(%)% = x* — y* = 2ixy
(2%) = x*—y?® + 2ixy
(2°) =x*—y® —2ixy
() =%

OR

" =re’

(Z*)Z — r2e—2i€

2 2,2i0

Z"=re

Al
[5 marks]

Al
Al
Al
AG

Al

Al
continued ...
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Question 12 continued

(d)

PartB

(a)

(b)

(©

(2°) =r%e?" Al
(2)* = (2% AG
(2-3i) and (-2 +3i) AlAl
the graph crosses the x-axis twice, indicating two real roots R1
since the quartic equation has four roots and only two are real, the other
two roots must be complex R1
f(X)=(X+4)(x=2)(x* +cx+d) AlA1
f(0)=-32=d=4 Al
Since the curve passes through (- 1, — 18),
-18=3x(-3)(5-c¢) M1
c=3 Al

Hence f(X)=(x+4)(x—2)(x* +3x+4)

_ -3++/9-16 (M1)
2
:>x=—§iiﬁ Al
2 2

[3 marks]

[2 marks]

[2 marks]

[5 marks]

[2 marks]

continued ...
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Question 12 continued

(d)

(-%:-s)/

Note:

Accept points or vectors on complex plane.
Award Al for two real roots and Al for two complex roots.

(e) real roots are 4e™ and 2e"

considering—Eii—
2 2

finding @ using arctanK?

J7
r= fg+zz2
4 4
ﬁj

6 =arctan [g]+n or @ =arctan (—g}+n

== Ze‘[am‘a”(?]w] or=>z= Ze{aman[?}n]

Note:

Accept arguments in the range —m to © or 0 to 2x.
Accept answers in degrees.

AlAl

[2 marks]

AlAl

Al

M1

Al

Al

[6 marks]

Total [29 marks]
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(@ let f(x)=

1 and using the result f'(x):lim[wj
+1 h—0 h

1 1
2(x+h)+1 2x+1
h

f'(x)=1lim

[2x+1]—[2(x+h)+1]j

= 00= h»o( h[2(x+h) + T[2X +1]

= f'(x) =li ( -2 J
h-o| [2(x+h) +1][2x +1]
-2
(2x+1)°

= f'(x)=

(b) et y=

2x+1
n na
we want to prove that M =(-1" 2—n1
dx" 2x+D"™
111
let n=1 :>d—y=(—1)1i11
dx (2x+1)™

dy -
e
dx  (2x+1)°
hence the result is true for n=1

which is the same result as part (a)

k k 1
assume the result is true for n=k: i =(-D* 2 k!

dx* (2x + 1)
dk+1y 2k k'
dx<t [( D’ (2x+1)k+1

k+1
3 Y =i[(—1)k2kk!(2x +1)*]
X
dk+1
= = (D 2Kk =D e+
dk+ly
= T = (D2 (k +)!1(2x +1)
dk+l . 2k+l k+1'
S8 (g2 D!
dx (2x+1)

hence if the result is true for n=k , it is true for n=k +1

M1Al

Al

Al

AG

[4 marks]

M1

R1
M1

M1

(A1)
Al
(Al)

Al

since the result is true for n=1, the result is proved by mathematical induction R1

Note: Only award final R1 if all the M marks have been gained.

[9 marks]

Total [13 marks]
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Instructions to Examiners

Abbreviations

M Marks awarded for attempting to use a correct Method; working must be seen.

(M) Marks awarded for Method; may be implied by correct subsequent working.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

(A) Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.
R Marks awarded for clear Reasoning.

N Marks awarded for correct answers if no working shown.

AG Answer given in the question and so no marks are awarded.

Using the markscheme

1

General
Write the marks in red on candidates’ scripts, in the right hand margin.

e Show the breakdown of individual marks awarded using the abbreviations M1, A1, efc.
e Write down the total for each question (at the end of the question) and circle it.

Method and Answer/Accuracy marks

® Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

e [t is not possible to award M0 followed by A1, as A mark(s) depend on the preceding M mark(s), if
any.

e Where M and A marks are noted on the same line, e.g. MIAI, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and AI for using the
correct values.

e Where the markscheme specifies (M2), N3, etc., do not split the marks.

Once a correct answer to a question or part-question is seen, ignore further working.

N marks
Award N marks for correct answers where there is no working.
¢ Do not award a mixture of N and other marks.

e There may be fewer N marks available than the total of M, A and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.
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Implied marks

Implied marks appear in brackets e.g. (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

e Normally the correct work is seen or implied in the next line.
e Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s). To award FT marks, there must be working present and not
Jjust a final answer based on an incorrect answer to a previous part.

e [f the question becomes much simpler because of an error then use discretion to award fewer FT
marks.

e If the error leads to an inappropriate value (e.g. sin@=1.5), do not award the mark(s) for the final
answer(s).

e Within a question part, once an error is made, no further dependent A marks can be awarded, but
M marks may be awarded if appropriate.

e Exceptions to this rule will be explicitly noted on the markscheme.

Mis-read

If a candidate incorrectly copies information from the question, this is a mis-read (MR). Apply a MR
penalty of 1 mark to that question. Award the marks as usual and then write —1(MR) next to the total.
Subtract 1 mark from the total for the question. A candidate should be penalized only once for a
particular mis-read.

e If the question becomes much simpler because of the MR, then use discretion to award fewer
marks.

e If the MR leads to an inappropriate value (e.g. sin@=1.5), do not award the mark(s) for the final
answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does not
cover the work seen. The mark should be labelled (d) and a brief note written next to the mark
explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question
specifies a method, other correct methods should be marked in line with the markscheme. If in doubt,
contact your team leader for advice.

e Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, ezc.
Alternative solutions for part-questions are indicated by EITHER . . . OR.

e Where possible, alignment will also be used to assist examiners in identifying where these
alternatives start and finish.
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Alternative forms
Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation.

® In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

¢ In the markscheme, simplified answers, (which candidates often do not write in examinations), will
generally appear in brackets. Marks should be awarded for either the form preceding the bracket or
the form in brackets (if it is seen).

Example: for differentiating f (x) =2sin (5x—3), the markscheme gives:
f'(x)=(2cos(5x-3))5 (=10cos(5x—3)) Al

Award A1 for (200s 5x— 3)) 5, even if 10cos (5x—3) is not seen.

Accuracy of Answers

The method of dealing with accuracy errors on a whole paper basis by means of the Accuracy Penalty
(AP) no longer applies.

Instructions to examiners about such numerical issues will be provided on a question by question
basis within the framework of mathematical correctness, numerical understanding and contextual
appropriateness.

The rubric on the front page of each question paper is given for the guidance of candidates. The
markscheme (MS) may contain instructions to examiners in the form of “Accept answers which round
to n significant figures (sf)”. Where candidates state answers, required by the question, to fewer
than n sf, award AO. Some intermediate numerical answers may be required by the MS but not by the
question. In these cases only award the mark(s) if the candidate states the answer exactly or to
at least 2sf.

Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way
crossed out their work, do not award any marks for that work.

Calculators
No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no

grade awarded. If you see work that suggests a candidate has used any calculator, please follow the
procedures for malpractice. Examples: finding an angle, given a trig ratio of 0.4235.

More than one solution

Where a candidate offers two or more different answers to the same question, an examiner should only
mark the first response unless the candidate indicates otherwise.
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SECTION A
. 1 , . T
1. area of triangle = E(Zx) s1n§ (M1)
=3 Al
Note: A 0.5 x base x height calculation is acceptable.
area of sector = g r =%r2 (MI1)Al
area of triangle is twice the area of the sector
:sz(gr?j:xzﬁ M1
==X, /ﬁ or equivalent Al
T
[6 marks]
2. i=cosZ+isinZ (Al)
2 2
1 3
7, =1 = cosE+isinZ || =cosZ+isin~ =£+li MIAI
2 2 6 6 2 2
Z, =coss—n+isin5—n =—£+li (M1)Al
6 6 2 2

2, =CO0S [—EJ +isin(—£j =-i Al
2 2

Note: Accept exponential and cis forms for intermediate results, but not the
final roots.

Note: Accept the method based on expanding (a+b)’. MI for attempt,
M1 for equating real and imaginary parts, Al for finding a=0 and

b =% , then AIAIA]I for the roots.

[6 marks]
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3. tree diagram (M1)
P(“D):P(DII)XP(I) M)
P(D)
_ 0.1x0.2 AIAIAL
0.1x0.2+0.8x0.75
_ 0.02 _ 1 Al
0.62) 31

Note: Alternative presentation of results: M1 for labelled tree; A1 for initial

branching probabilities, 0.2 and 0.8; Al for at least the relevant

second branching probabilities, 0.1 and 0.75; AI for the ‘infected’

end-point probabilities, 0.02 and 0.6; M1A1 for the final conditional

probability calculation.
[6 marks]
4 (a) A
Al
g’
(b)  (1+sinx)* =1+2sinx+sin” x
:1+2sinx+%(1—cos2x) Al
3 . 1
=—+2sinx——cos2x AG
2 2

continued ...



Question 4 continued

3n
¢ V= n.[02 (1+sin x)? dx

3n

=7t.|‘7 é+2sinx—lcos2x dx
0\2 2

T
251
ka3

5. P(A)= -

X

1 1
250
P(B)= xl_4
25t 2 25
6w 1 8

225

P(C)=—x
© 257

Note: The M1 is for the use of 3 areas

106

E(X)=(0.5><0)+i><10+ix6+i><3:— (=2.12)
50 25 25 50

N11/5/MATHL/HP1/ENG/TZ0/XX/M

(M1)

Al

AlAl
[6 marks]

(M1)A1
Al

Al

MIAI

Note: The final M1 is available if the probabilities are incorrect

but sum to 1 or

[6 marks]
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6. mnmmﬁbnmnnemrnzlshwegzz ! > MI
dx (d-x)
!
(1-x)
Note: Must see the 1! for the AI.
k !
assume true for n=k, ke Z", i.e. d fzk—“ Ml
dx*  d-x)"
dk
d+! d(deJ
consider dx’”): = & (M1I)
= (k+Dk!1—x) ! Al
!
ey, a
(I=x)
hence, P,,,is true whenever P, is true, and P, is true, and therefore the proposition is
true for all positive integers R1
Note: The final RI is only available if at least 4 of the previous
marks have been awarded.
[7 marks]
7. to find the points of intersection of the two curves
X +2=x—x"—bx+2 M1
X —bx=x(x*-b)=0
=x=0; x=+J/b AIAI
A=[" [(x3—x2—bx+2)—(—x2+2)]dx(—j° (xs—bx)dx) MI
R BN NG
[x4 bxz}0
4 2],
_ 4 _ 2 2 2 2
_ (&) by v b b Al
4 2 4 2 4
Vb 2 3 2
A= [ [ +2) = (= —bx+2) |dx M1

continued ...
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Question 7 continued

R

\/; 3
=j0 (—x* + bx) dx

4 2 4

0

x* bxz}ﬁ b*

b2

therefore A = A, =—

8. (a)

4

angle APB is a right angle

2COSQ=%2AP=4COSQ

Note: Allow correct use of cosine rule.

arc PB=2x20=46
AP PB
t=—+—
3 6

Note: Allow use of their AP and their PB for the M1.

(b)

(c)

4cos6 +4_6’: 40036+2_9=E(2cos9+6’)

ﬁz£(—25in9+l)
de 3

%(—25in6’+l) =0= siné’:% = G:g (or 30 degrees)

d’t
de?

=—icos6<0 (at 6:£j
3 6
. . T
=t is maximized at 8 =—
6
: . 2n
time needed to walk along arc AB is ? (=1 hour)

time needed to row from A to B is g (=1.33 hour)

hence, time is minimized in walking from A to B

Al

AG

Al

Al

M1

AG

Al

Al

M1

R1

R1

[7 marks]

[8 marks]
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(a)  for the equation to have real roots
(y=1)7=4y(y-120

=3y’ -2y-1<0
(by sign diagram, or algebraic method)

1
——<y<l
35V

N11/5/MATHL/HP1/ENG/TZ0/XX/M

M1

M1
AIAl

These are independent marks.

Note: Award first AI for —% and 1, and second A1 for inequalities.

x+1 )
=>x+l=yx"+yx+y

b fixo—
x +x+1
=0=yw +(y-Dx+(y-1

hence, from (a) range is —% <y<l1

(c) avalue for y would lead to 2 values for x from (a)

(M1)
Al
Al

R1

Note: Do not award RI1 if (b) has not been tackled.

[8 marks]



10.

(a)

(b)

(c)

kjfsinxdxﬂ

k[—cosx]og =1

k=1

E(X)= j(fxsinxdx
integration by parts
[-xcosx]z + Ifcos xdx

=1

M 1
j sinxdx=—
0 2
v 1
[—cosx]o =E
cosM:l
2
Mm=T
3

1
Note: acceptarccos b

12—

SECTION B

N11/5/MATHL/HP1/ENG/TZ0/XX/M

M1

Al

[2 marks]

M1
M1

AIAl

Al
[5 marks]

M1

Al

Al

[3 marks]

Total [10 marks]
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(a)

Jo~tot

]

Jot

s =(201)" + (20— 40r)

5% =2000¢> —1600¢ + 400

to minimize s it is enough to minimize s’
f(®) = 4000t —1600

setting f’(¢) equal to O

4000t —-1600=0=1¢ =§ or 24 minutes
£7(t)=4000>0
= at tz%, f(t) is minimized

hence, the ships are closest at 12:24

Note: accept solution based on s.

(b) f@:@

since /80 <9, the captains can see one another

N11/5/MATHL/HP1/ENG/TZ0/XX/M

(MI)

M1
Al

Al
M1

Al
M1

Al

[8 marks]

MIAI

R1
[3 marks]

Total [11 marks]
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(a)

(b)
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(i) |a-b|=|a+b]
=(@—-b)s(a—b)=(a+b)+(a+b)
=|al ~2a-b+|b|’ =|a| +2a-b+|b|
=4ab=0=a-b=0
therefore a and b are perpendicular

Note: Allow use of 2-d components.

Note: Do not condone sloppy vector notation, so we must see
something to the effect that lcI* = c.c is clearly being used for
the M1.

Note: Allow a correct geometric argument, for example that the
diagonals of a parallelogram have the same length only if it
is a rectangle.

Gi) |axb[ =(a||b|sin6) =|a||b| sin’6
(a |bf ~@-b)* =|al'[8] ~|af |5 cos*o
:|a|2|b|2(1—cos26’)
=|a[’|b] sin*@

:>|a><b|2:|a|2|b|2—(a-b)2

(i)  area of triangle = % |AB X AC]|
1
=E| (b—a)x(c —a)|

1
:E|b><c+b><—a+—a><c+—a><—a|
bx—a=axb;cxa=—axc; -ax—a=0

. .1
hence, area of triangle is E| axb+bxc+cxa |

(i) D is the foot of the perpendicular from B to AC
area of triangle ABC= %IACIIBDI
therefore
LiaciBDi=LiAB x ACI
2 2
hence, IBBI =|AB—>_<>AC|
IACI

_|a><b+b><c+c><a|

|c~al

(MI)
Al

Al
R1

MIAI
M1
Al

AG
[8 marks]

(MI)

Al

Al
M1
AG

Al

M1

Al

AG
[7 marks]

Total [15 marks]



13. (a)

(b)

—15-

Y_® 242)=de
dx Ine

at (2, e) the tangent line is y—e=4e(x—2)
hence y=4ex—7e

YV (=4 — (4 2)dr
dx Iny y

ln—ydy=j(x+2)dx
y

: o 1
using substitution ¥ =Iny; du=—dy
Yy

= Ithydy =Iudu =%u2

2

2
- (Iny) X

=—+2x+c
2 2
2
at 2,0), 1 _gy
2
11
=>c=——
2
2 2
N (In y) =%+2x—1—21:>(lny)2 =x"+4x-11
lny:im: y:ei\/x2+4x—ll

since y>1, f(x)=el¥ !

Note: M1 for attempt to make y the subject.

(c)

EITHER

X +4x—-11>0

using the quadratic formula

4+
critical values are 4_7@ (: -2+ \/E )

using a sign diagram or algebraic solution

x<—2—\/E; x>—2+\/E
OR

x*+4x—-11>0
by methods of completing the square

(x+2)*>15
= x+2<—J/15 or x+2>\/B

x<—2—\/E; x>—2+x/E

N11/5/MATHL/HP1/ENG/TZ0/XX/M

Al

M
Al
[3 marks]

M1

(MI)(AI)

(AD)

AIAl

M1

Al

MIAI

R1
[11 marks]

Al
M1

Al

M1
AIAl

Al
M1
Al

(MI)

AIAI
[6 marks]

continued ...
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Question 13 continued

(d)

F=r = fa=—L2 (42 MI
In f(x)

SIn(f0)=x+2 (= x+2=r +4x-11) Al

=S x+2)’ =x"+4x-11=x" +4x+4=x"+4x-11 Al

=4=-11,hence f(x)# f'(x) RIAG

[4 marks]

Total [24 marks]






