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Please start each question on a new page. Full marks are not necessarily awarded for a correct answer

with no working. Answers must be supported by working and/or explanations. In particular, solutions

found from a graphic display calculator should be supported by suitable working. For example, if
graphs are used to find a solution, you should sketch these as part of your answer. Where an answer is

incorrect, some marks may be given for a correct method, provided this is shown by written working.

You are therefore advised to show all working.

1.

[Maximum mark: 7]

. . ) x—3’ x<3
The function f is defined by f(x)=9 x-5 .
In x—2), x>3

(@) Show that f is continuous at x = 3.

(b) Show that f is not differentiable at x =3.

[Maximum mark: 10]

Determine whether each of the following infinite series converges or diverges.

> 3
@ X

=
o

D) (2"?!

[Maximum mark: 11]

. 1 1
The function f is defined by f(x) = arcsin(2x), where 7 <x< LY

(a) By finding a suitable number of derivatives of £/, find the first two non-zero terms in the
Maclaurin series for f.

(b) Hence or otherwise, find lim aresin (2x3) 2
x—0 (2x)

[3]
[4]

[4]

[6]

[8]

[3]
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[Maximum mark: 22]

dy 4x*+y° -
Consider the differential equation ay = u with y=2 when x=1.
X

(@) Use Euler’s method, with step length # = 0.1, to find an approximate value of y
when x =1.4. [5]

(b) Sketch the isoclines for % =4. [3]

(c) (i) Express m>—2m+4 inthe form (m —a)’+ b, where a,beZ.
(i)  Solve the differential equation, for x > 0, giving your answer in the form y = f(x).
(iiiy  Sketch the graph of y = f(x) for 1 <x<1.4.
(iv)  With reference to the curvature of your sketch in part (c)(iii), and without further

calculation, explain whether you conjecture f(1.4) will be less than, equal to,
or greater than your answer in part (a). [14]
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Please start each question on a new page. Full marks are not necessarily awarded for a correct answer
with no working. Answers must be supported by working and/or explanations. In particular, solutions
found from a graphic display calculator should be supported by suitable working. For example, if
graphs are used to find a solution, you should sketch these as part of your answer. Where an answer is
incorrect, some marks may be given for a correct method, provided this is shown by written working.
You are therefore advised to show all working.

1. [Maximum mark: 7]
A simple model to predict the population of the world is set up as follows. At time ¢ years the

population of the world is x, which can be assumed to be a continuous variable. The rate of
increase of x due to births is 0.056x and the rate of decrease of x due to deaths is 0.035x.

(@) Show that % =0.021x. [1]

(b) Find a prediction for the number of years it will take for the population of the world
to double. [6]

2. [Maximum mark: 9]
1
(@) Show that 1—x2+x4—x6+...=1—2,where x| < 1. [1]
+x

1
(b) Hence write down the first four non-zero terms of the power series for f(x)= R [2]
+4x

(c) Using the result in (b), find the first four non-zero terms of the power series for
g (x) = arctan2x. [6]

3. [Maximum mark: 9]

_ _ = Ax 8"
Consider the series EUEN
n=1
: 1 , ,
(@) Giventhat A =—, use the comparison test to show that the series converges. [4]
n
(b) Given that 4 = n, determine whether the series diverges or converges. [5]

4. [Maximum mark: 9]

Using L’Hbpital’s rule, find lim

x—0

(tanSx—3tanxj. (9]

sin3x—3sinx
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[Maximum mark: 16]

d
Consider the differential equation 2xyay =y’ —x", where x> 0.

(@) Solve the differential equation and show that a general solution is x*+ ) = cx where ¢
is a positive constant. [11]

(b) Prove that there are two horizontal tangents to the general solution curve and state
their equations, in terms of c. [5]
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Please start each question on a new page. Full marks are not necessarily awarded for a correct answer
with no working. Answers must be supported by working and/or explanations. In particular, solutions
found from a graphic display calculator should be supported by suitable working. For example, if
graphs are used to find a solution, you should sketch these as part of your answer. Where an answer

is incorrect, some marks may be given for a correct method, provided this is shown by written working.
You are therefore advised to show all working.

1. [Maximum mark: 10]

S 2n+1
(@) Use the limit comparison test to determine whether the series Z 7~ converges or
n=1 n
diverges. [5]
o 2
(b)  Show that the series Zn—'(x—l)n converges for all xe R. [5]
n=1 .
2. [Maximum mark: 8]
(@) Use L'Hopital’s rule to determine the value of
—3);2
. 2x)—4
liml| € + 3003( X) _ [5]

x—0 3X

on(e3[ + 3cos(2t) — 4jdt
(b) Hence find lim

x—0 X 2 [3]
IO 3¢ dt
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[Maximum mark: 14]

Consider the differential equation
(x + 2)2% =(x+1)y,where x#-2

with initial condition y =2 when x=1.

3

dy 3x +7 dzy
(@) Showthat — =— T -
dx (x+2) dx

Taylor polynomials, about x = 1, are used to approximate y(x).
(b)  Find the Taylor polynomial of
(i)  degree 2;
(i) degree 3.
(c) Find the difference between the approximated values of y(1.05) that is obtained using

the two answers to part (b).

[Maximum mark: 18]

Consider the differential equation % =1+ X, where x #0.

X

(@) Giventhat y(1)=1, use Euler's method with step length 4 = 0.25 to find an
approximation for y(2). Give your answer to two significant figures.

(b) Solve the equation & =1+ for y(l)=1.
dx X
(c) Find the percentage error when y(2) is approximated by the final rounded value found

in part (a). Give your answer to two significant figures.

dy Y

Consider the family of curves which satisfy the differential equation a =1+ —,where x#0.

X

d
(d) (i) Find the equation of the isocline corresponding to ay =k ,where k#0,keR.

(i)  Show that such an isocline can never be a normal to any of the family of curves
that satisfy the differential equation.

[5]

[7]

(2]

[4]

[6]

[3]

[5]
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Please start each question on a new page. Full marks are not necessarily awarded for a correct answer
with no working. Answers must be supported by working and/or explanations. In particular, solutions
found from a graphic display calculator should be supported by suitable working. For example, if
graphs are used to find a solution, you should sketch these as part of your answer. Where an answer

is incorrect, some marks may be given for a correct method, provided this is shown by written working.
You are therefore advised to show all working.

1. [Maximum mark: 10]

(@) Giventhat n>1Inn for n> 0, use the comparison test to show that the series
% 1
Zm is divergent. [3]

n=0

(b) Find the interval of convergence for Z& [7]
g “in(n +2)°

2. [Maximum mark: 6]

The function f is defined by
X — 2| +1 x<2
ax’+ bx x>=2

f(x) = {'
where a and b are real constants.
Given that both f and its derivative are continuous at x = 2, find the value of a and the

value of 5.

3. [Maximum mark: 11]

(a) Find the value of JLS [3]

=1
Z—g- [4]

n=s 1

o0 1 00 1
(b) lllustrate graphically the inequality 2—3 I—3
4

0

(c) Hence write down a lower bound for 2—3 : 1
n=4 N

. 1
(d) Find an upper bound for 2—3 [3]
n=4 N
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[Maximum mark: 11]

The function f is defined by f(x) = (arcsinx)*, -1 <x<1.

(@) Show that f(0)=0.

The function f satisfies the equation (1 — xz)f”(x) -xf'(x)—2=0.
(b) By differentiating the above equation twice, show that

(1 =2) fOx) = 5xfOx) -4 f"(x) = 0

where /(x) and f“(x) denote the 3rd and 4th derivative of f'(x) respectively.

(c) Hence show that the Maclaurin series for f(x) up to and including the term in x* is

2 4
X+ —-Xx .

1
(d) Use this series approximation for f(x) with x = 5 to find an approximate value for *.

[Maximum mark: 12]

Consider the differential equation xay —y=x"+1 where xe R, x=0 and p is a positive

integer, p > 1.

(a) Solve the differential equation given that y=—1 when x = 1. Give your answer in the
form y = f(x).

(b) (i) Show that the x-coordinate(s) of the points on the curve y = f(x) where % =0

1
satisfy the equation ==
p

(i)  Deduce the set of values for p such that there are two points on the curve

d
y = f(x) where ay = 0. Give a reason for your answer.

(2]

[4]

[3]

[2]

[8]

[4]
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Please start each question on a new page. Full marks are not necessarily awarded for a correct answer
with no working. Answers must be supported by working and/or explanations. In particular, solutions
found from a graphic display calculator should be supported by suitable working. For example, if
graphs are used to find a solution, you should sketch these as part of your answer. Where an answer

is incorrect, some marks may be given for a correct method, provided this is shown by written working.
You are therefore advised to show all working.

1.

[Maximum mark: 5]

The function f is defined by
-2, x<l

-]

where a and b are real constants.

ax+b, x2>1

Given that both f and its derivative are continuous at x = 1, find the value of a and the
value of b.

[Maximum mark: 10]

Consider the differential equation % +

——y=x where y=1 when x=0.

x +1

(@) Show that v/x* +1 is an integrating factor for this differential equation. [4]

(b) Solve the differential equation giving your answer in the form y = f(x). [6]

[Maximum mark: 12]

S 1
(@) Use the limit comparison test to show that the series Z 7. 5 is convergent. [3]

n=1

2 (x—3)"

Let §= > )
= n +2

(b) Find the interval of convergence for S. [9]
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[Maximum mark: 10]
The mean value theorem states that if f is a continuous function on [a, b] and differentiable

on Ja, b[ then f'(c) = M for some ce€la, b[.
a

The function g, defined by g(x) = xcos(\/;), satisfies the conditions of the mean value

theorem on the interval [0, 5x].

(@) For a=0 and b =5m, use the mean value theorem to find all possible values of ¢ for
the function g. [6]

(b)  Sketch the graph of y = g(x) on the interval [0, 5t] and hence illustrate the
mean value theorem for the function g. [4]

[Maximum mark: 13]

Consider the function f(x) =sin(parcsinx), -1 <x <1 and peR.

(@) Show that £(0)=p. (2]
The function f and its derivatives satisfy

(1=x) " 2@) = @n+ D) xf " ) + (p*= ) fP(x) =0, n e N

where 7"(x) denotes the nth derivative of £ (x) and f“(x) is f(x).
(b)  Show that £ *?(0) = ("~ p’) £*(0). [1]

() ForpeR\{£l,+3}, show that the Maclaurin series for f(x), up to and including
the x° term, is
p(i-p7) , PO-P)(1-1")

px+ 31 X+ 51 x. [4]

(d) Hence or otherwise, find lirrol—sm(p arcsmx).
X—> X

(2]

(e) If p is an odd integer, prove that the Maclaurin series for f(x) is a polynomial of
degree p. [4]
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Please start each question on a new page. Full marks are not necessarily awarded for a correct answer
with no working. Answers must be supported by working and/or explanations. In particular, solutions
found from a graphic display calculator should be supported by suitable working. For example, if
graphs are used to find a solution, you should sketch these as part of your answer. Where an answer
is incorrect, some marks may be given for a correct method, provided this is shown by written working.
You are therefore advised to show all working.
1. [Maximum mark: 7]
Use I'Hépital’s rule to determine the value of
sin® x
m-——--:.
=0 xIn(l + x)
2. [Maximum mark: 6]
Let the Maclaurin series for tan x be
tanx=a,x + a3x3+ a5x5+
where a,, a, and a; are constants.
(@) Find series for sec’x, in terms of a,, a, and as, up to and including the x* term
(i) by differentiating the above series for tan x;

(i) by using the relationship sec’x = 1 + tan’x. [3]

(b) Hence, by comparing your two series, determine the values of a,, a; and a;. [3]
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[Maximum mark: 9]

= 1
Use the integral test to determine whether the infinite series z is convergent or
n=2N+/IN N

z

divergent.

[Maximum mark: 13]

(@) Consider the differential equation

dy Y
—=f|=1,x>0.
dr f(xjx

Use the substitution y = vx to show that the general solution of this differential
equation is

dv
Im = Inx + Constant . (3]

(b) Hence, or otherwise, solve the differential equation

d_y_xz+3xy+y2

i 2 , x>0,

given that y=1 when x=1. Give your answer in the form y = g(x). [10]

Turn over
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[Maximum mark: 15]

1
Consider the curve y = —,x>0.
X
(a) By drawing a diagram and considering the area of a suitable region under the curve,

show that for » > 0,
1 < r+1 <l 4
r+1 r r 4]

(b) Hence, given that » is a positive integer greater than one, show that

n

(i) Zl > In(1 + n);

r=1 r
. 1 1
(II) ;;<1+ nn. [6]

Let Unzzn:l—lnn-

r=17

(c) Hence, given that n is a positive integer greater than one, show that
(i) U>0;

(i) U,

<U

nt

[4]

(d) Explain why these two results prove that {U,} is a convergent sequence. 1
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Please start each question on a new page. Full marks are not necessarily awarded for a correct answer
with no working. Answers must be supported by working and/or explanations. In particular, solutions
found from a graphic display calculator should be supported by suitable working. For example, if
graphs are used to find a solution, you should sketch these as part of your answer. Where an answer

is incorrect, some marks may be given for a correct method, provided this is shown by written working.
You are therefore advised to show all working.

1. [Maximum mark: 11]

d 2
Consider the differential equation A al > |y = x”, given that y=2 when x=0.

dx I+ x
(@) Show that 1 +x* is an integrating factor for this differential equation. [5]
(b) Hence solve this differential equation. Give the answer in the form y = f(x). [6]

2.  [Maximum mark: 18]

(@) By successive differentiation find the first four non-zero terms in the Maclaurin series
for f(x)=(x+ DIn(1 +x) —x. [11]

1

. 1
n(n —1) 1l

(b) Deduce that, for n>2, the coefficient of x" in this series is (-1)"

(c) By applying the ratio test, find the radius of convergence for this Maclaurin series. [6]



3.
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[Maximum mark: 15]

. 1
arcsin (m]
1
Jx

(a) Using I'Hopital’s rule, find lim

X —> 0

[6]

Consider the infinite spiral of right angle triangles as shown in the following diagram.

The nth triangle in the spiral has central angle 6 , hypotenuse of length @, and opposite side
of length 1, as shown in the diagram. The first right angle triangle is isosceles with the two
equal sides being of length 1.

(b) (i) Find g, and a, and hence write down an expression for a,,.

(i)  Show that 6, = arcsin;. [3]
(n+1

Consider the series » 0, .
n=1

(c) Using a suitable test, determine whether this series converges or diverges. [6]

Turn over



-4 - N16/5/MATHL/HP3/ENG/TZ0/SE

[Maximum mark: 16]

(a) State the mean value theorem for a function that is continuous on the closed interval
[a, b] and differentiable on the open interval Ja, b[ . [2]

Let f(x) be a function whose first and second derivatives both exist on the closed interval
[0, A].

(h—x)*

Let g(x) = f(h) = f(x) = (h = x) ['(x) = pE

———(/(h) = £(0) - Af'(0)).

(b) () Find g(0).
(i)  Find g(h).

(iii)  Apply the mean value theorem to the function g(x) on the closed interval [0, /]
to show that there exists ¢ in the open interval ]0, 4] such that g'(c) =0.

(iv) Find g'(x).

(v) Hence show that — (4 — ¢) f"(c) + 2(hh )(f(h) — £(0) — Af'(0)) =
(vi) Deduce that f(h) = f(0) + Af'(0) + %2f”(c) : [9]

(c) Hence show that, for 42> 0

2

h
1 —cos(h) < ES (5]
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Please start each question on a new page. Full marks are not necessarily awarded for a correct answer
with no working. Answers must be supported by working and/or explanations. In particular, solutions
found from a graphic display calculator should be supported by suitable working. For example, if
graphs are used to find a solution, you should sketch these as part of your answer. Where an answer

is incorrect, some marks may be given for a correct method, provided this is shown by written working.
You are therefore advised to show all working.

1. [Maximum mark: 17]
The function f is defined by f(x) =¢"sinx, x € R.

(@) By finding a suitable number of derivatives of f, determine the Maclaurin series for
f(x) as far as the term in x°. [7]

X 3 _ _ 2
(b) Hence, or otherwise, determine the exact value of lin% c smx 5 rox [3]
X —> X

(c) The Maclaurin series is to be used to find an approximate value for f(0.5).

(i)  Use the Lagrange form of the error term to find an upper bound for the absolute
value of the error in this approximation.

(i) Deduce from the Lagrange error term whether the approximation will be greater
than or less than the actual value of f(0.5). [7]

2. [Maximum mark: 7]
A function f is given by f(x) = Iln (2 + sint)dr .
0

(@) Write down f(x). [1]

2

(b) By differentiating f(xz), obtain an expression for the derivative of _[ln (2 + sint)dt
0
with respect to x. [3]

2

(c) Hence obtain an expression for the derivative of Iln (2 + sint)dr with respect to x. [3]

X
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[Maximum mark: 9]

(@) Giventhat f(x)=Inx, use the mean value theorem to show that, for 0 <a < b,

b—a b b-a
<ln—«< )
a a

(b) Hence show that In(1.2) lies between % and % where m, n are consecutive
positive integers to be determined.

[Maximum mark: 13]

d
Consider the differential equation ay =X_ xy where y>0 and y=2 when x=0.

y

(@) Show that putting z = y* transforms the differential equation into % + 2xz = 2x.

(b) By solving this differential equation in z, obtain an expression for y in terms of x.

[Maximum mark: 14]

0 (n+hHm .
. P , sint
Consider the infinite series .S = Zun where u, = J. —dr.
t
n=0 nn

(a) Explain why the series is alternating.
(b) (i) Use the substitution 7= — = in the expression for u, .,

(i)  Show that the series is convergent.

(c) Showthat S<1.65.

to show that |u, ., | <|u

[7]

(2]

[4]

9]

[1]

9]
[4]
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Please start each question on a new page. Full marks are not necessarily awarded for a correct answer
with no working. Answers must be supported by working and/or explanations. In particular, solutions
found from a graphic display calculator should be supported by suitable working. For example, if
graphs are used to find a solution, you should sketch these as part of your answer. Where an answer

is incorrect, some marks may be given for a correct method, provided this is shown by written working.
You are therefore advised to show all working.

1.

[Maximum mark: 5]

. ) i 1 ,x<0
The function /: R — R isdefinedas f :x —

By considering limits, prove that f is
(@) continuous at x=0;

(b) not differentiable at x =0.

[Maximum mark: 10]

Let f(x) =¢" sinx.

l-x, x>0

(2]

[3]

(@) Show that /"(x) =2(/f"(x) = f(x)). [4]
(b) By further differentiation of the result in part (a) , find the Maclaurin expansion of f(x),

as far as the term in x°. [6]
[Maximum mark: 11]
(a) Prove by induction that n! >3",forn>7,neZ. [5]
(b) Hence use the comparison test to prove that the series Z — converges. [6]

r=1 r:
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[Maximum mark: 14]

Consider the function f(x) = s

(a)

(b)

(c)

(d)

! xeR.

9
+ x?

5 4
lllustrate graphically the inequality, %Z f (gj < J.Ol f(x)dx < %Z f (gj
r=1 r=0

Use the inequality in part (a) to find a lower and upper bound for =.

n—-1 1+(_1)n—1x2n
Show that N AT W A
2. (D s
Hence show that = = 4 nz_:] =D ( 1)""]1 x2 0
= _(_ -
r=0 2r +1 01 + x2

[Maximum mark: 20]

The curves y =f(x) and y = g(x) both pass through the point (1, 0) and are defined by the

dy

differential equations » 4 4 y* and % = y — x° respectively.

(@)

(b)
(c)
(d)

(e)

Show that the tangent to the curve y = f'(x) at the point (1, 0) is normal to the curve
y =g(x) at the paint (1, 0).

Find g(x).

Use Euler’'s method with steps of 0.2 to estimate f(2) to 5 decimal places.
Explain why y = f(x) cannot cross the isocline x —1°=0, for x> 1.

(i)  Sketch the isoclines x —3°=-2,0, 1.

(i)  On the same set of axes, sketch the graph of f.

[3]

[5]

[2]

[4]

[2]

[6]

[5]

[3]

[4]
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Please start each question on a new page. Full marks are not necessarily awarded for a correct answer
with no working. Answers must be supported by working and/or explanations. In particular, solutions
found from a graphic display calculator should be supported by suitable working. For example, if
graphs are used to find a solution, you should sketch these as part of your answer. Where an answer

is incorrect, some marks may be given for a correct method, provided this is shown by written working.
You are therefore advised to show all working.

1. [Maximum mark: 7]

The function f is defined by f(x)=¢“cosx+x—1.

By finding a suitable number of derivatives of ', determine the first non-zero term in its
Maclaurin series.

2. [Maximum mark: 8]

1
(@) Showthat y= —If(x)dx is a solution of the differential equation
X

dy
x—+y=f(x),x>0. 3
w7 /(x) [3]
dy -2 .
(b) Hence solve xa+y:x 2, x>0, giventhat y=2 when x=4. [5]

3. [Maximum mark: 17]

a Show that the series
@ ,,Z:;nz Inn

converges. [3]

(b) (i) Show that ln(n)+ln(1+lj: In(n+1).
n

(i)  Using this result, show that an application of the ratio test fails to determine

whether or not
,,Z:;‘ nlnn

converges. [6]

(c) (i) State why the integral test can be used to determine the convergence or

divergence of .
g ,,Z:;‘ ninn

(i)  Hence determine the convergence or divergence of Z —
‘= nlnn

[8]
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[Maximum mark: 12]

(@) Use I'Hépital’s rule to find limx’e™ . [4]

X—>0

(b)  Show that the improper integral " XPedx converges, and state its value. [8]
0

[Maximum mark: 16]

(@) The mean value theorem states that if f is a continuous function on [a, b] and

differentiable on Ja, b[ then f'(c) :M for some ce]a, b|.
-a

(i)  Find the two possible values of ¢ for the function defined by f(x) =x"+ 3x*—2
on the interval [-3, 1].

(i)  lNlustrate this result graphically. [71

(b) (i) The function f is continuous on [a, b], differentiable on ]a, [ and f'(x) =0 for
all xela,b[. Show that f(x) is constant on [a, b].

(i)  Hence, prove that for x [0, 1], 2arccosx + arccos(l — 2x2) =T. [9]
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Please start each question on a new page. Full marks are not necessarily awarded for a correct answer
with no working. Answers must be supported by working and/or explanations. In particular, solutions
found from a graphic display calculator should be supported by suitable working. For example, if graphs
are used to find a solution, you should sketch these as part of your answer. Where an answer is incorrect,
some marks may be given for a correct method, provided this is shown by written working. You are therefore
advised to show all working.

1.

[Maximum mark: 14]

(a) Use the integral test to determine the convergence or divergence of

=01
> . [3]

n=1 N

00

(b) Let S:Zéf”)n .

% n0.5

n=1

(1)  Use the ratio test to show that S is convergent for -3 <x<1.

(i1)) Hence find the interval of convergence for S. [11]

8814-7208
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2.  [Maximum mark: 14]

: : . dx x .
(a) Use an integrating factor to show that the general solution for w7 =——,1t>0 is
t t t

x =2+ct,where c is a constant. [4]

The weight in kilograms of a dog, ¢+ weeks after being bought from a pet shop, can be
modelled by the following function:

2+ct 0<Lt<L5

wi(t)=
® 16—3—5 t>5
t

(b) Given that w(z) is continuous, find the value of c. [2]
(c) Write down

(1)  the weight of the dog when bought from the pet shop;

(i1)) an upper bound for the weight of the dog. [2]

(d) Prove from first principles that w(¢) is differentiable at t =5. [6]

3.  [Maximum mark: 10]

Consider the differential equation % = f(x,y) where f(x,y)=y—-2x.

(a) Sketch, on one diagram, the four isoclines corresponding to f(x, y) =k where k takes
the values —1,—-0.5,0 and 1. Indicate clearly where each isocline crosses the y axis. [2]

A curve, C, passes through the point (0, 1) and satisfies the differential equation above.

(b) Sketch C on your diagram. [3]

(c) State a particular relationship between the isocline f(x, y)=-0.5 and the curve C,
at their point of intersection. [1]

(d) Use Euler’s method with a step interval of 0.1 to find an approximate value for y on C,
when x=0.5. [4]

8814-7208 Turn over
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[Maximum mark: 22]

In this question you may assume that arctan x is continuous and differentiable for x e R.

(a)

(b)

(©)

(d)

(e)

®

Consider the infinite geometric series

1-x"+x*—x"+... |x|<1.
o1
Show that the sum of the series is 5.
I+x
3 5 7
. . XX
Hence show that an expansion of arctan x is arctan x = x — 3 + ray +

[ is a continuous function defined on [a, b] and differentiable on ]a, b[ with f'(x)>0
on Ja, bJ.

Use the mean value theorem to prove that for any x, y € [a,b], if y>x

then f(y)> 7 (x).

(i) Given g(x)=x—arctan x, prove that g’'(x)>0, for x>0.

(i1))  Use the result from part (c) to prove that arctan x < x, for x> 0.

3
X
Use the result from part (c) to prove that arctan x > x — 3 for x>0.

N
5

Hence show that i <M<
33

[1]

[4]

[4]

[4]

[3]

[4]

8814-7208
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Please start each question on a new page. Full marks are not necessarily awarded for a correct answer
with no working. Answers must be supported by working and/or explanations. In particular, solutions
found from a graphic display calculator should be supported by suitable working. For example, if graphs
are used to find a solution, you should sketch these as part of your answer. Where an answer is incorrect,
some marks may be given for a correct method, provided this is shown by written working. You are therefore
advised to show all working.

1.  [Maximum mark: 16]

Consider the functions f and g given by f(x)= ¢ *e and g(x)= © _26
(a) Show that f'(x)=g(x) and g'(x)= f(x). [2]
(b) Find the first three non-zero terms in the Maclaurin expansion of £ (x). [5]
(c) Hence find the value of lirr(}w. [3]
=D x
(d) Find the value of the improper integral I : g(x) > [6]
[/ ()]
2.  [Maximum mark: 17]

(a) Consider the functions f(x)=(Inx)*, x>1 and g(x)= ln(f(x)) , x>1.

(1) Find f'(x).

(i) Find g'(x).

(iii) Hence, show that g(x) is increasing on |1, oo . [5]
(b) Consider the differential equation

(lnx)d—y+zy: 2x—1’ x>1.
dx x (Inx)
(1)  Find the general solution of the differential equation in the form y =#4(x).
(i1))  Show that the particular solution passing through the point with coordinates (e , ez)
is given b _¥oxte
SV YT vy
(i11)) Sketch the graph of your solution for x > 1, clearly indicating any asymptotes and
any maximum or minimum points. [12]

2214-7208
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3.  [Maximum mark: 12]

1 1 1, 1 3

+ X+ x°+ x”+... has the form
1x2 4x5 Tx8 10x11

Each term of the power series

mx" , Wwhere b(n) and c(n) are linear functions of .

(a) Find the functions b(n) and c(n). [2]
(b) Find the radius of convergence. [4]
(c) Find the interval of convergence. [6]

4.  [Maximum mark: 15]

—x? 3 2
—Xx" +2x +x), x<1

The function f isdefinedby f (x)= {e ( ,where a and b are constants.

ax+b, x>1

(a) Find the exact values of ¢ and b if f is continuous and differentiable at x =1. [8]

(b) (i) Use Rolle’s theorem, applied to f, to prove that 2x*—4x’—5x*+4x+1=0
has a root in the interval ] -1,1 [ :

(i) Hence prove that 2x* —4x3— 5x2 + 4x + 1 = 0 has at least two roots
in the interval | -1, 1]. [7]

2214-7208
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Please start each question on a new page. Full marks are not necessarily awarded for a correct answer
with no working. Answers must be supported by working and/or explanations. In particular, solutions
found from a graphic display calculator should be supported by suitable working. For example, if graphs
are used to find a solution, you should sketch these as part of your answer. Where an answer is incorrect,
some marks may be given for a correct method, provided this is shown by written working. You are therefore
advised to show all working.

1.  [Maximum mark: 10]

2
Consider the infinite series Z
~nt3n’
(a) Use a comparison test to show that the series converges. [2]

(b) (1) Express

5 in partial fractions.

n - +3n

(i1)) Hence find the value of Z [8]
parl /] 243n’
2.  [Maximum mark: 9]
. e"+2" .
The general term of a sequence {a,} is given by the formula a, = TE nel" .
e
(a) Determine whether the sequence {a,} is decreasing or increasing. [3]
(b) Show that the sequence {a,} is convergent and find the limit L. [2]
(c) Find the smallest value of N € Z" such that |a, —L| < 0.001, forall n> N . [4]
3.  [Maximum mark: 19]
dy
Consider the differential equatlon —= for x, y>0.
s

(a) Use Euler’s method starting at the point (x, y)=(1, 2), with interval 2 =0.2, to find an

approximate value of y when x=1.6. [7]

dv
(b)  Use the substitution y =vx to show that x— = [3]
1+ f
(c) (1) Hence find the solution of the differential equation in the form f(x, y)=0, given
that y =2 when x=1.
(i1))  Find the value of y when x=1.6. [9]

8813-7208
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4.  [Maximum mark: 13]

Let g(x)=sinx’, where xeR.

: . sl . . 2x)—
(a) Using the result hnoant =1, or otherwise, calculate hngw. [4]
> 14 xX—> X
) x4n+2
(b)  Use the Maclaurin series of sinx to show that g(x)= Z(—l)” . [2]
= 2n+1)!
(c) Hence determine the minimum number of terms of the expansion of g(x) required to
1
approximate the value of IO g(x)dx to four decimal places. [7]
5.  [Maximum mark: 9]
A function £ is defined in the interval ]—k, k[, where £ > 0. The gradient function f” exists
at each point of the domain of f.
The following diagram shows the graph of y = f(x), its asymptotes and its vertical symmetry
axis.
y
|
|
|
—k k X
(a) Sketch the graph of y= f"(x). [2]
Let p(x)=a+bx+cx’+dx’ +... be the Maclaurin expansion of f(x).
(b) (1) Justify that @ >0.
(i1)) Write down a condition for the largest set of possible values for each of the
parameters b, ¢ and d. [5]
(c) State, with a reason, an upper bound for the radius of convergence. [2]

8813-7208
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Please start each question on a new page. Full marks are not necessarily awarded for a correct answer
with no working. Answers must be supported by working and/or explanations. In particular, solutions
found from a graphic display calculator should be supported by suitable working. For example, if graphs
are used to find a solution, you should sketch these as part of your answer. Where an answer is incorrect,
some marks may be given for a correct method, provided this is shown by written working. You are therefore
advised to show all working.

1.  [Maximum mark: 9]

The Taylor series of Jx about x=1 is given by
a,+a(x—)+a,(x=1) +a,(x=1) +...

(a) Find the values of q,, a,, a, and a;. [6 marks]

\/5—1.

(b) Hence, or otherwise, find the value of linll 0 [3 marks]
X X —
2.  [Maximum mark: 15]
Consider the differential equation % + ytanx = cos’ x, given that y=2 when x=0.
(a) Use Euler’s method with a step length of 0.1 to find an approximation to the
value of y when x=0.3. [5 marks]
(b) (1) Show that the integrating factor for solving the differential equation is
secx.
(i1)) Hence solve the differential equation, giving your answer in the form
yv=f(x). [10 marks]
3.  [Maximum mark: 11]
0 nZ
Consider the infinite series Z—nx”.
n=1
(a) Find the radius of convergence. [4 marks]
(b) Find the interval of convergence. [3 marks]
(c) Giventhat x =-0.1, find the sum of the series correct to three significant figures. [4 marks]

2213-7208
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4.  [Maximum mark: 11]

(a)

(b)

Express in partial fractions. [3 marks]
r(r+2
Let S, = ! .
r=1 l"(}" + 2)
) an’ +bn e
(1)  Show that §, = ——————, where a and b are positive integers whose
4(n+1)(n+2)
values should be determined.
(i)  Write down the value of lim S, . [8 marks]

n—>0

5.  [Maximum mark: 14]

(a)

2213-7208

a—1 a a+1 X

Figure 1

Figure 1 shows part of the graph of y = 1 together with line segments parallel
X

to the coordinate axes.

(1) By considering the areas of appropriate rectangles, show that

2a+1 a+l1 2a-1
<In < )
a(a+1) a(a—1)

a—1
(i1)) Hence find lower and upper bounds for In(1.2). [9 marks]

(This question continues on the following page)

Turn over
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(Question 5 continued)

(b)

a—1 a
Figure 2

An improved upper bound can be found by considering Figure 2 which again

shows part of the graph of y = = .
X

(i) By considering the areas of appropriate regions, show that
a 2a-1
In < .
a=1) 2a(a-1)

(i1)) Hence find an upper bound for In(1.2). [5 marks]
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Please start each question on a new page. Full marks are not necessarily awarded for a correct answer
with no working. Answers must be supported by working and/or explanations. In particular, solutions
found from a graphic display calculator should be supported by suitable working, e.g. if graphs are used to
find a solution, you should sketch these as part of your answer. Where an answer is incorrect, some marks
may be given for a correct method, provided this is shown by written working. You are therefore advised
to show all working.

1.  [Maximum mark: 13]

A differential equation is given by % p4 ,where x>0 and y>0.
X

(a) Solve this differential equation by separating the variables, giving your answer
in the form y = f(x). [3 marks]

(b) Solve the same differential equation by using the standard homogeneous

substitution y=vx. [4 marks]
(¢) Solve the same differential equation by the use of an integrating factor. [5 marks]
(d) If y=20 when x=2, find y when x=5. [1 mark]

2.  [Maximum mark: 12]

Let the differential equation % =,x+y, (x+y=0) satisfying the initial conditions

y=1when x=1. Alsolet y=c when x=2.

(a) Use Euler’s method to find an approximation for the value of ¢, using a step
length of 2 =0.1. Give your answer to four decimal places. [6 marks]

You are told that if Euler’s method is used with 2 =0.05 then ¢ =2.7921, if it is used
with 2 =0.01 then ¢ =2.8099 and if it is used with 2 =0.005 then ¢ =2.8121.

(b) Plot on graph paper, with 4 on the horizontal axis and the approximation for ¢
on the vertical axis, the four points (one of which you have calculated and three
of which have been given). Use a scale of 1 cm =0.01 on both axes. Take the
horizontal axis from 0 to 0.12 and the vertical axis from 2.76 to 2.82. [3 marks]

(c) Draw, by eye, the straight line that best fits these four points, using a ruler. [1 mark]
(d) Use your graph to give the best possible estimate for ¢, giving your answer to

three decimal places. [2 marks]

8812-7208



-3- N12/5/MATHL/HP3/ENG/TZ0/SE

3.  [Maximum mark: 17]

(a) Prove that Lim I Hizdx exists and find its value in terms of a (where ae R"). [3 marks]
—0 v d x
(b)  Use the integral test to prove that Ziz converges. [3 marks]
n=l
<
Let Z_Z =L.
n=l1 n

(c) The diagram below shows the graph of y = LZ .
X

Y

\\ diagram
\ not to scale

1 2) 3 k=1 k  k+1 k+2 k+3 X

(i)  Shade suitable regions on a copy of the diagram above and show that
51 o 1
z—+J‘k+17dx <L.

2
n=l n

(i)  Similarly shade suitable regions on another copy of the diagram above and

k o0
show that L<Z%+J.k %dx. [6 marks]
n=1
L1 1 L1001
(d) Hence show that 2?+E<L< ?+; [2 marks]
n=l1 n=1

2
You are given that L = % .

(e) By taking k=4, use the upper bound and lower bound for L to find an upper
bound and lower bound for . Give your bounds to three significant figures. [3 marks]

8812-7208 Turn over
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(b)

(©)

(d)

(e)

®
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[Maximum mark: 18]

Use the limit comparison test to prove that Z converges.
mnn+1
. : . < 1
Express in partial fractions and hence find the value of Z .
n(n+1) o n(n+l)

Using the Maclaurin series for In(1+x), show that the Maclaurin series for
1)n+1 n+l

(=
I+x)In(1+x) is x+
(1+x)In(1+x) le nntl)
Hence find lir{ll(l+x)ln(l+x).

Write down linolx In(x).

Hence find limx™.
x—0

[5 marks]

[4 marks]

[3 marks]

[2 marks]

[1 mark]

[3 marks]
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Please start each question on a new page. Full marks are not necessarily awarded for a correct answer
with no working. Answers must be supported by working and/or explanations. In particular, solutions
found from a graphic display calculator should be supported by suitable working, e.g. if graphs are used to
find a solution, you should sketch these as part of your answer. Where an answer is incorrect, some marks
may be given for a correct method, provided this is shown by written working. You are therefore advised
to show all working.

1.  [Maximum mark: 6]

e'—1—xcosx
2

Use L’Hopital’s Rule to find lim

x>0 sin” x
2.  [Maximum mark: 21]
) . . . dy
Consider the differential equation i = p— where x>—1 and y=1 when x=0.
+X

(a) Use Euler’s method, with a step length of 0.1, to find an approximate value of y
when x=0.5. [7 marks]

2 3.2
(b) (i) Show that Y27 ="
& (1+v)

(ii) Hence find the Maclaurin series for y, up to and including the term in x°. [8 marks]
(c) (1) Solve the differential equation.

(11) Find the value of a for which y > as x > a. [6 marks]

3.  [Maximum mark: 7]

Find the general solution of the differential equation t% =cost—2y,for t>0.
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4.  [Maximum mark: 15]

3n+2

The sequence {u } is defined by u, = 5 , for ne Z".

(a) Show that the sequence converges to a limit L, the value of which should
be stated. [3 marks]

(b) Find the least value of the integer N such that |u, —L|<¢g, for all n> N where
(i) &=0.1;

(i) &=0.00001. [4 marks]

2u —2

n

(c) For each of the sequences {u—"}, { } and {(—l)” un}, determine whether
n

or not it converges. [6 marks]

(d) Prove that the series Z(un — L) diverges. [2 marks]

n=l1

5.  [Maximum mark: 11]

0

converges. [6 marks]

(a) Findthe set of values of k& for which the improper integral I A

2 x(Inx)

(b) Show that the series Z Ef_ln)r is convergent but not absolutely convergent. [5 marks]
r=2

2212-7208
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Please start each question on a new page. Full marks are not necessarily awarded for a correct answer
with no working. Answers must be supported by working and/or explanations. In particular, solutions
found from a graphic display calculator should be supported by suitable working, e.g. if graphs are used to
find a solution, you should sketch these as part of your answer. Where an answer is incorrect, some marks
may be given for a correct method, provided this is shown by written working. You are therefore advised

to show all working.

1.  [Maximum mark: 5]

1 5,
Find lim| { 4 I

1
2\ cotmx

2.  [Maximum mark: 5]

(a) Show that n!>2"" for n>1.

(b) Hence use the comparison test to determine whether the series Z— converges

or diverges.

3.  [Maximum mark: 11]

n

Consider the series 1 >
nz:‘ b nx2"

(a) Find the radius of convergence of the series.

(b) Hence deduce the interval of convergence.

4.  [Maximum mark: 8]

(a) Using the integral test, show that z is convergent.

4n +1

n=1

- 1

1
b 1 Show, by means of a diagram, that
® O Y 8 ;{4;1 +1 4><12+1

(ii)) Hence find an upper bound for Z

4n +1

8811-7208
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5.  [Maximum mark: 16]

, show that b - 1. [5 marks]
dx 2

(2) Given that y= 111(1Jre

(b) Hence, by repeated differentiation of the above differential equation, find the
Maclaurin series for y as far as the term in x°, showing that two of the terms
are zero. [11 marks]

6. [Maximum mark: 15]

The real and imaginary parts of a complex number x +1y are related by the differential

equation (x+ y)%+ (x—y)=0.

By solving the differential equation, given that y = V3 when x=1 , show that the

relationship between the modulus » and the argument 6 of the complex number
g
T o

is r=2e?
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