A-level
Topic : Integral Calculus
May 2013-May 2023

Answers

Question 1
(a) Carry out integration by parts and reach ax” In x + b J%xzdx M1*
Obtain 2x* Inx— J"; 2x7 dx Al
Obtain 2x” Inx—x> Al
Use limits, having integrated twice M1 (dep™)
Confirm given result 56In2-12 Al
(b) State or imply %“=4cos4x Bl
Carry out complete substitution except limits M1
Obtain I('I—%uz)du or equivalent Al
Integrate to obtain form ku +k,u” with non-zero constants &, k, M1
Use appropriate limits to obtain 3 Al

Question 2
(i) Use correct quotient or chain rule to differentiate sec x M1
Obtain given derivative, sec x tan x, correctly Al
Use chain rule to differentiate y M1
Obtain the given answer Al
(ii) Using dx\/?:secz ¢ dé& ., or equivalent, express integral in terms of @ and d & Ml
Obtain [sect d@ Al

| 1 . .

Use limits gﬂ' and 5” correctly in an integral form of the form & In(secé + tan &) M1
Obtain a correct exact final answer in the given form, e.g. ln[%} Al

Question 3
(i) StateR=2 Bl
Use trig formula to find « M1

. 1 .
Obtain a = g}r with no errors seen Al
(ii) Substitute denominator of integrand and state integral &k tan (x — ) M1*
) L 1 1

State correct indefinite integral Ztan[x - gﬂ') Al
Substitute limits M1 (dep*)
Obtain the given answer correctly Al

[3]

[3]

[4]

[4]

[3]

[4]



Question 4
1 1

5 5 1
‘Integrate by parts and reach kx? Inx—m |x?.—dx M1*
X
. 1
Obtain 2x? lnx—Z_[—]dx,or equivalent Al
x2
1 1
Integrate again and obtain 2x2 Inx—4x?, or equivalent Al
Substitute limits x = 1 and x = 4, having integrated twice M 1(dep*)
Obtain answer 4(In4 - 1), or exact equivalent Al
Question 5
(i) Use Pythagoras M1
Use the sin24 formula Ml
Obtain the given result Al 3]
(ii) Integrate and obtain a klInsin@ or mlncos@ term, or obtain integral of the form
plntané MI1*
Obtain indefinite integral %ln sin@ — %ln cos@ , or equivalent, or %ln tan@ Al
Substitute limits correctly M1(dep)*
Obtain the given answer correctly having shown appropriate working Al [4]
Question 6
. . du
Carry out complete substitution including the use of ar =3 Ml
. 1 1
Obtain || ——— [du Al
3 3u
Integrate to obtain form kju+ k,Inu or ku +k, In3u where kk, #0 M1
Obtain %(31 + 1) - 15 In(3x + 1) or equivalent, condoning absence of modulus signs and + ¢ Al [4]
Question 7
du 2 .
State — =3sec” x or equivalent Bl
dx
Express integral in terms of u and du (accept unsimplified and without limits) M1
1 L
Obtain [~u> du Al
3
1 2w 2
Integrate Cu? to obtain Tuz M1
14

Obtain —- Al [5]



Question 8

(i)

(i)

Use product rule
Obtain derivative in any correct form
Differentiate first derivative using the product rule

Obtain second derivative in any correct form, e.g. —3sinfx —4xcos3x—$sinx

Verify the given statement
Integrate and reach Arsin$x +/ |sin$xdx

Obtain 2xsin L x —2 [sin L.x dx , or equivalent

Obtain indefinite integral 2xsinix +4coslx

Use correct limits x = 0, x = 7z correctly
Obtain answer 27 — 4, or exact equivalent

Question 9

(@)

(i)

Use a correct method for finding a constant
Obtainoneof 4 =3,B=3,C=0

Obtain a second value

Obtain a third value

Integrate and obtain term —31n(2 —x)
Integrate and obtain term of the form & In(2 + x?)

Obtain term 3In(2+x?)

M1
Al
M1

Al
Al

M1*
Al

Al

M1(dep*)
Al

Ml
Al
Al
Al

B1Y

Ml
Al

Substitute limits correctly in an integral of the form aln(2 —x)+bIn(2+x?), where ab #0 M1

Obtain given answer after full and correct working

Question 10

(i)

Substitute for x and dx throughout using z = sinx and du = cos x dx, or equivalent
Obtain integrand e**

Obtain indefinite integral 1e*

Use limits # = 0, # = 1 correctly, or equivalent

Obtain answer %(e2 —1), or exact equivalent

(ii) Use chain rule or product rule

2sinx 2sinx

Obtain correct terms of the derivative in any form, e.g. 2cosxe cosx—e sinx
Equate derivative to zero and obtain a quadratic equation in sin x

Solve a 3-term quadratic and obtain a value of x

Obtain answer 0.896

Al

M1
Al
Al
M1
Al

Ml

Al +Al
M1
M1
Al



Question 11

(i) State or imply ordinates 2, 1.1547..., 1, 1.1547...

Use correct formula, or equivalent, with 4 = éﬂ' and four ordinates

Obtain answer 1.95

(ii) Make recognisable sketch of y = cosec x for the given interval
Justify a statement that the estimate will be an overestimate

Question 12

(i) State or imply correct ordinates 1, 0.94259...,0.79719..., 0.62000...
Use correct formula or equivalent with #=0.1 and four y values
Obtain 0.255 with no errors seen

(i) Obtain or imply a=-6
Obtain x* term including correct attempt at coefficient
Obtain or imply b =27

. } 27 ) .
Either  Integrate to obtain x —2x° + ?15 , following their values of @ and b

Obtain 0.259
Or Use correct trapezium rule with at least 3 ordinates
Obtain 0.259 (from 4)

Question 13

X

. du
State or imply —=¢’
ply &
Substitute throughout for x and dx
Obtain I du or equivalent (ignoring limits so far)

u> +3u+2

State or imply partial fractions of form

+
u+2 u+

Carry out a correct process to find at least one constant for their integrand
1

u+2 wu-+l

[’ following their integrand

Obtain correct

Integrate to obtain aln(u +2)+bIn(u +1)
Obtain 2 In(u +2)—In(u +1) or equivalent, follow their 4 and B
Apply appropriate limits and use at least one logarithm property correctly

L 8 ..
Obtain given answer Ing legitimately

Bl
M1

Al

Bl
Bl

Bl
M1
Al

Bl

M1
Al

Bl

Bl
Ml
Al

Bl
M1
Al

Bl
Ml
Al

Ml
Al
MI

Al

13]

2]

[10]



Question 14

Attempt calculation of at least 3 ordinates
Obtain 9, 7, 1, 17
Use trapezium rule with h =1

Obtain ! (9+ 14+2 +l7) or equivalent and hence 21
2

Question 15

(a)

(b)

Use identity tan” 2x =sec’2x—1
Obtain integral of form ax + btan2x

. 1 .
Obtain correct 3x+ — tan 2x, condoning absence of + ¢
2

. 1 .1
State Sinxc0S — 7 +COS X SIN —TC
2 6
o 1 cosxsinirz _
Simplify integrand to ¢os — 7 + —————— or equivalent
6 sin x
Integrate to obtain at least term of form a In(sin x)

Apply limits and simplify to obtain two terms

Obtain - 3 - £ In( : ) or equivalent
8 2 7;

Question 16

(@)

(i)

Use product rule to find first derivative
Obtain 2xe® ™ —x?e’™
Confirm x=2 at M

Attempt integration by parts and reach +x%e*™* + Ierz"' dx

Obtain— x2e>™ + I2xez_" dx

Attempt integration by parts and reach + x?e”™ +2xe® ™ +2¢**

Obtain —x%e*™ —2xe? ™ —2e*™*
Use limits 0 and 2 having integrated twice
Obtain 2¢® —10

Question 17

State or imply ordinates 0, 0.405465..., 0.623810...,0.693147...

) . 1 .
Use correct formula, or equivalent, with 42 = — 7 and four ordinates

6

Obtain answer 0.72

M1
Al
M1

Al [4]

Bl
M1

Al [3]

Bl

Bl

*MI
M1 dep *M

Al [5]

M1
Al

Al [3]
*M]1
Al

*M1

Al
M1 dep *M
Al [6]

Bl
M1

Al [3]



Question 18

(@)

(i)

1
State or imply du = ———=dx ., or equivalent B1
ply 2dx q
Substitute for x and dx throughout M1
+ N2
Obtain integrand £202-u) , or equivalent Al
u

Show correct working to justify the change in limits and obtain the given answer with

No errors seen Al
Integrate and obtain at least two terms of the form alnu, bu,and cu’ MI1*
Obtain indefinite integral 8Inu —8u +u”, or equivalent Al
Substitute limits correctly M 1(dep*)
Obtain the given answer correctly having shown sufficient working Al

Question 19

. A B C
i) State or imply f(x)= + + Bl
® T L I
Use a relevant method to determine a constant M1
Obtain one of the values 4 =2, B=-1,C=3 Al
Obtain the remaining values Al + Al
A Dx+E .
[Apply an analogous scheme to the form + 5> the values being 4 =2,
2x-1 (x+2)
D=-1,E=1.]
(ii) Integrate and obtain terms l-2 In(2x—1)—In(x +2) | 45 5 B1Y +BIY + B1Y
2 X+

Use limits correctly, namely substitution must be seen in at least two of the partial fractions

to obtain M1 Integrate all 3 partial fractions and substitute in all three partial fractions

for Al since AG. M1
Obtain the given answer following full and exact working Al

(4]

(4]

5



Question 20

(i) Use the quotient rule
Obtain correct derivative in any form
Equate derivative to zero and solve for x

Obtain answer x = {E , or exact equivalent

(ii) State or imply indefinite integral is of the form k In(1+ x°)

State indefinite integral % In(1+ x*)

Substitute limits correctly in an integral of the form & In(1 + x3)

State or imply that the area of R is equal to %In(l +p)- % In2 , or equivalent

Use a correct method for finding p from an equation of the formIn(1+ p*)=a
or In((1+ p*)/2)=h
Obtain answer p =340

Question 21

State du=3sinxdx orequivalent
Use identity sin 2x =2sin x cos x
Carry out complete substitution, for x and dx

Obtain _[8 —2u

Ju

Integrate to obtain expression of form au® +bu®, ab#0
1 3

Obtain correct 16u2 — Euz

du , or equivalent

Apply correct limits correctly

Obtain 2—; or exact equivalent

M1
Al
M1

Al
M1
Al

M1
Al

M1
Al

B1
B1
M1

Al

Mi1*

Al

dep M1*
Al



Question 22

(i) Either Substitute x =—1 and evaluate
Obtain 0 and conclude x +1 is a factor
Or Divide by x+1 and obtain a constant remainder
Obtain remainder = 0 and conclude x +1 is a factor
(ii) Attempt division, or equivalent, at least as far as quotient 4x? + kx
Obtain complete quotient 4x* —5x -6
State form A + B + ¢
x+1 x-2 4x+3
Use relevant method for finding at least one constant
Obtainoneof 4=-2,B=1,C=8
Obtain all three values
Integrate to obtain three terms each involving natural logarithm of linear form
Obtain —2In(x+1) + In(x —2) + 2 In(4x + 3) , condoning no use of modulus signs
and absence of ... + ¢
Question 23
(i) State or imply dx=+/3sec* 8 d@

Substitute for x and dx throughout
Obtain the given answer correctly

(i) Replace integrand by +cos26 + %
Obtain integral sin26+ 36
Substitute limits correctly in an integral of the form ¢sin20 + b8 , where ¢b # 0
Obtain answer #\/5?1’ + % or exact equivalent
Question 24
(i) State or obtain 4 =3
Use a relevant method to find a constant
Obtainoneof B=—4, C=4and D=0
Obtain a second value
Obtain the third value
(ii) Integrate and obtain 3x—4Inx

Integrate and obtain term of the form & In(x* +2)
Obtain term 2In(x* +2)

Substitute limits in an integral of the form ax+blInx+cIn(x? +2) , where abc # 0
Obtain given answer 3 —In4 after full and correct working

M1
Al

M1
Al

M1
Al

Al

M1
Al

Al
M1

Al

B1

M1
Al

B1
B1Y
M1
Al

B1
M1
Al
Al
Al

B1Y
M1

Al

M1
Al

2]

8]



Question 25
Integrate by parts and reach axe ™ +b _[e‘z" dx
Obtain —Lxe™ +1 Ie‘z" dx , or equivalent
Complete the integration correctly, obtaining —1xe ™" —Le™", or equivalent
Use limits x = 0 and x = 5 correctly, having integrated twice

Obtain answer % —%e_] , or exact equivalent

Question 26

Integrate by parts and reach ax® cos2x +b |xcos2x dx

Obtain —'Exz cos2x + Jx cos2x, or equivalent

Complete the integration and obtain —1x* cos 2x + L xsin 2x + Lcos2x , or equivalent

Use limits correctly having integrated twice
Obtain answer %(ﬂz —4), or exact equivalent, with no errors seen

Question 27

C

(i) State or imply the form A+
2x+1 x+2

State or obtain 4 =2

Use a correct method for finding a constant
Obtainoneof B=1,C=-2

Obtain the other value

(i) Integrate and obtain terms 2x +LIn(2x+1)—2In(x +2)
Substitute correct limits correctly in an integral with terms aln(2x +1)
and bIn(x + 2) , where ab #0
Obtain the given answer after full and correct working

M1*
Al

Al
DM1*
Al

B1

B1
M1
Al
Al

B3¢

M1
Al

M1

Al

Al
M1
Al



Question 28

(i) State or imply du = 2x dx , or equivalent
Substitute for x and dx throughout
Reduce to the given form and justify the change in limits

(ii) Convert integrand to a sum of integrable terms and attempt integration
. 1 1 .
Obtain integral 3Inu+—— —, or equivalent
u 4u
(deduct Al for each error or omission)

Substitute limits in an integral containing two terms of the form g Inu and bu™>

Obtain answer $In2—-%. exact simplified equivalent

Question 29

(i) | EITHER: Uese tan 24 formula to express LHS in terms of tané&
Express as a single fraction in any correct form

Use Pythagoras or cos 24 formula

Obtain the given result correctly

OR: Express LHS in terms of sin 26, cos 26, sin & and cos &
Express as a single fraction in any correct form
Use Pythagoras or cos 24 formula or sin(4 — B) formula
Obtain the given result correctly

(ii) | Integrate and obtain a term of the form aln(cos28) or bln(cos &) (or secant equivalents)

Obtain integral —<In(cos26) + In(cos &) , Or equivalent

Substitute limits correctly (expect to see use of both limits)
Obtain the given answer following full and correct working

Question 30
(i) | Use the correct product rule
Obtain correct derivative in any form. e.g. (2— 2x)e%x +3(2x -x? )e_?r
Equate derivative to zero and solve for x
Obtain x =+/5 1 only

(i) | Integrate by parts and reach a(2x - xz)eé)r + bI (2- 2.1r)e%Jr dx
Obtain 2e™* (2x - x*) — 2_[ (2—2x)e*"dx, or equivalent

- - .. L .
Complete the integration correctly, obtaining (12x —2x* —24)e*”  or equivalent

Use limits x = 0, x = 2 correctly having integrated by parts twice
Obtain answer 24 — 8e, or exact simplified equivalent

B1
M1
Al
[3]
M1
Al + Al
M1
Al
[5]
M1
Al
M1
Al
M1
Al
M1
Al [4]
M1=
Al
DM1
Al [4]
M1
Al
M1
Al [4]
M1=*
Al
Al
DM1
Al [5]




Question 31

. 1
i State or imply du = dx B1
® 2
Substitute for x and dx throughout M1
Justify the change in limits and obtain the given answer Al [3]
(i) Convert integrand into the form 4 + I M1*
u+
Obtain integrand 4 =1, B = -2 Al
Integrate and obtain u —21In(u +1) AlY + A1V
Substitute limits correctly in an integral containing terms au and bln(u + 1),
where ab =0 DM1
Obtain the given answer following full and correct working Al [6]
Question 32
(i : ... Ins B1
@ State or imply derivative is 2—>
x
State or imply gradient of the normal at x =e is —3e , or equivalent Bl
Carry out a complete method for finding the x-coordinate of O M1
. 2 . Al
Obtain answer x =e+—, or exact equivalent
e
Total: 4
(i1) Justify the given statement by integration or by differentiation B1
Total: 1
1ii) 2 In x M1*
Integrate by parts and reach ax(Inx)™ + bI.r.— dx
x
Complete the integration and obtain x(Inx)* —2xInx + 2x, or equivalent Al
Use limits x = 1 and x = e correctly, having integrated twice DM1
Obtain exact value e — 2 Al
- - . - 1 B 1 ‘IL_
Use x- coordinate of O found in part (i) and obtain final answer e -2+ —
e




Question 33

i . : -y B1
@ Remove logarithms correctly and obtaine™ = =r
y
. e . . Bl
Obtain the given answer y=—— following full working
l+e
Total: 2
(i1) State integral AIn(1+e™) where k =+ 1 *Ml1
State correct integral —In(1+e™) Al
Use limits correctly DM1
) ] 2e ) ) . Al
Obtain the given answer In I following full working
e+1)
Total: 4




Question 34

State or imply du = —sinx dx B1
Using correct double angle formula. express the integral in terms of # and du M1
Obtain integrand +(2u* —1)* Al
1 Al
Change limits and obtain correct integral I (2u* —1)*du with no errors seen
&
Substitute limits in an integral of the form au’ +bu’ +cu M1
Obtain answer % (7- 42 ) . or exact simplified equivalent Al
Total: 6
I(ii) Use product rule and chain rule at least once M1
Obtain correct derivative in any form Al
Equate derivative to zero and use trig formulae to obtain an equation in M1
cosx and sinx
Use correct methods to obtain an equation in cos x or sin x only M1
Obtain 10cos” x=9or 10sin® x =1, or equivalent Al
Obtain answer 0.32 Al
Total: 6




Question 35

Q) Use quotient or chain rule M1
Obtain given answer correctly Al
Total: 2
(ii) EITHER: (M1
Multiply numerator and denominator of LHS by 1+sin&
Use Pythagoras and express LHS in terms of sec @and tané M1
Complete the proof Al)
ORI: (M1
Express RHS in terms of cos #and sin &
Use Pythagoras and express RHS in terms of sin € M1
Complete the proof Al)
(iii) Use the identity and obtain integral 2tan 8 + 2sec6— 6 B2
Use correct limits correctly in an integral containing terms a tanfand b sec @ M1
Obtain answer 2+/2 — % T Al
Total: 4
Question 36
*
Integrate by parts and reach afcosl6 + bj cos36 dé M1
Complete integration and obtain indefinite integral —26cos 6+ 4si11% 7 Al
Substitute limits correctly, having integrated twice DM1
Obtain final answer (4—7)/ V2. or exact equivalent Al
Total: 4




Question 37

State or imply ordinates 1.6487..., 1.3591..., 1.4938...

B1

Use correct formula, or equivalent, with # =1 and three ordinates

M1

Obtain answer 2.93 only

Al

Total:

Explain why the estimate would be less than £

Question 38

()

(i)

. A B C
State or imply the form —+—-+
x x° 3x+2

B1

B1

Use a relevant method to determine a constant

M1

Obtain one of the values 4=3, B=-2, C=-6

Al

Obtain a second value

Al

Obtain the third value

Ax+ B C
[Mark the form Y;r -

x 3x+2

using same pattern of marks. |

Al

Total:

. 2
Integrate and obtain terms 3lnx==-2In(3x+2)
X

[The FT is on 4, B and (]

3x : € by parts should obtain
x”

Note: Candidates who integrate the partial fraction

2 .
3lnx+—-3 or equivalent
X

h

B3FT

Use limits correctly, having integrated all the partial fractions, in a solution
containing terms alnx+2+cln(3x+2)

M1

Obtain the given answer following full and exact working

Al

Total:




Question 39

(1) Use a relevant method to determine a constant M1
Obtain one of the values 4 =2, B=2, C=-1 Al
Obtain a second value Al
Obtain the third value Al
4
) Integrate and obtain terms 2 x + 2In(x + 2) — %ln(Zx —1) (deduct B1 for each error or B2 T
omission) [The FT is on 4, B and C]
Substitute limits correctly in an integral containing terms a In(x + 2) and bIn(2x —1), *M1
where ab =0
Use at least one law of logarithms correctly DM1
Obtain the given answer after full and correct working Al
5
Question 40
(1) Use correct product or quotient rule M1
Obtain correct derivative in any form Al
Equate derivative to zero and obtain a 3 term quadratic equation in x M1
Obtain answers x =2++/3 Al
4
i) Integrate by parts and reach k(1+ xz)e_%x + !j ve ™ dx *M1
Obtain —2(1 + x* )e_%x + 4I xe ¥ dx. or equivalent Al
Complete the integration and obtain (18 — 8x — 2x” }e_%’r . or equivalent Al
Use limits x = 0 and x = 2 correctly, having fully integrated twice by parts DM1
Obtain the given answer Al
5




Question 41

6] State or imply ordinates 0.915929.... 1, 1.112485... B1
Use correct formula, or equivalent, with # = 1.2 and three ordinates M1
Obtain answer 2.42 only Al
3
i) Justify the given statement B1
| 1
Question 42
(1) Use a relevant method to determine a constant M1
Obtain one of the values 4 =2, B=2, C=-1 Al
Obtain a second value Al
Obtain the third value Al
4
) Integrate and obtain terms 2 x + 2In(x + 2) — %ln(z.r —1) (deduct B1 for each error or B2 KT
omission) [The FT is on 4, B and C]
Substitute limits correctly in an integral containing terms a In(x + 2) and bIn(2x-1), *M1
where ab = 0
Use at least one law of logarithms correctly DM1
Obtain the given answer after full and correct working Al




Question 43

(1) Use correct product or quotient rule M1
Obtain correct derivative in any form Al
Equate derivative to zero and obtain a 3 term quadratic equation in x M1
Obtain answers x =2 £+/3 Al
4
(11) Integrate by parts and reach k(1+ xz)e_%x +1 I xe ™ dy *M1
Obtain —2(1 + x* )e_%x + 4] xe ¥ dy . or equivalent Al
Complete the integration and obtain (18 — 8x — 2x* )e_%x , or equivalent Al
Use limits x = 0 and x = 2 correctly, having fully integrated twice by parts DM1
Obtain the given answer Al
5

Question 44
State or imply ordinates 1, 0.8556..., 0.6501.... 0 B1
Use correct formula, or equivalent, with 4 = %;r and four ordinates Ml
Obtain answer 0.525 Al




Question 45

3(1) State correct expansion of cos(3x+x) or cos(3x—x) B1
. . M1
Substitute in %(cos 4x + cos2x)
Obtain the given identity correctly AG Al
3
. o B1
(i) Obtain integral ésin 4x+ %sin 2x
Substitute limits correctly M1
Obtain the given answer following full, correct and exact working AG Al
3
Question 46
(@ , 4  Bx+C B1
® State or imply the form - \, i
2x+1 x"+9
Use a correct method for finding a constant M1
Obtain oneof 4 =3, B=1land C=0 Al
Obtain a second value Al
Obtain the third value Al
5




ii , BI1FT
@) Integrate and obtain term %ln (2x+1)
(FT on 4 value)
Integrate and obtain term of the form kIn(x* +9) M1
. A1FT
Obtain term %ln(x2 +9)
(FT on B value)
Substitute limits correctly in an integral of the form aln(2x+1)+bln ( x*+ 9). M1
where ab=0
Obtain answer In 45 after full and correct working Al
5
Question 47
() State or imply dx = —2cos @ sinf d&, or equivalent B1
Substitute for x and dx, and use Pythagoras M1
Obtain integrand +2cos”8 Al
Justify change of limits and obtain given answer correctly Al
4
(i1) Obtain indefinite integral of the form a8+ bsin28 M1*
. 1. Al
Obtain 6+ > sin26
Use correct limits correctly MIl(dep*)
1 Al

Obtain answer gﬁ' with no errors seen




Question 48

(6] Use correct double angle formulae and express LHS in terms of M1 | 2smnx—2sinxcosx
cos x and s x l—(2c052x—l)
Obtain a correct expression Al
Complete method to get correct denominator e.g. by factorising M1
to remove a factor of 1—cosx
Obtain the given RHS correctly Al
OR (working R to L):
sinx l—cosx sinx—sinxcosx Given answer so check working carefully
x = 3 MI1Al
l+cosx l-cosx l-cos™ x
_ 2sinx—2sinxcosx
2-2cos’ x
=25mx—sm2x MIAL
1—-cos2x
4
i) State integral of the form a In(l+ cosx) M1~ | If they use the substitution & =1+ cosx
allow M1A1 for —Ilnu
Obtain integral —In(1+ cosx) Al
Substitute correct limits i correct order MIl(dep)*
Obtain answerln (%} , or equivalent al
4
Question 49
: Us t product tient rul M1 | dy - Al
(1) se correct product or quotient rule —}=—1(x+]}e el o
dx
Ly 1 3
dy = - (x+ 1}3 e’
of —=—— =
2
&3
Obtain complete correct derivative in any form Al
Equate derivative to zero and solve for x M1
Obtain answer x = 2 with no errors seen Al
4
(1) 2, 1, M1+
Integrate by parts and reach a(x+1)e * + ble3 dx
. . Al —%x —%x —%Tx
Obiain —3(x+1)e > + 3fe 3 dx, or equivalent —3xe ® +[3e ¥ dr-3e
—11 —lX 2&1
Complete integration and obtain —3(x+1)e 3 -9 ¥ _or
equivalent
Use correct limits x =— 1 and x = 0 in the correct order, MIl(dep®)
having integrated twice
1 Al

Obtain answer 9¢’ —12 . or equivalent

N




Question 50

Integrate by parts and reach axsin3x +b|sin 3xdx M1+
N 1, . . Al
Obtain 3 xsin3x— 3 [sin3xdx . or equivalent
: : N 1 . Al
Complete the integration and obtain gxsm 3x+ ECDS 3x, or equivalent
Substitute limits correctly having integrated twice and obtained ax sin 3x + b cos 3x Mi1(dep*)
: 1 Al
Obtain answer 2 (z—2) OE
Total: 5
Question 51
(1) State answer R = \/g Bl
Use trig formulae to find tan « M1
Obtain tana =2 Al
Total: 3
(i1) State that the integrand is 3sec’ (6-a) BIFT
State correct indefinite integral 3tan(6—a) BIFT
Substitute limits correctly M1
Use tan(4 + B) formula M1
Obtain the given exact answer correctly Al
Total: 5




Question 52

@)

(1)

Use product rule M1*
Obtain correct derivative in any form Al
Equate denvative to zero and obtain an equation mn a single tnig function depM1*
Obtain a comrect equation. e.g. 3tan x =2 Al
Obtain answer x = 0.685 Al
5
Use the given substitution and reach a (uz —ut }dra M1
Obtam correct mtegral with a = 5 and limats 0 and 1 Al
Use correct limits 1n an integral of the form a{%ui - %uﬂ M1
: J
Obtam answer % Al




Question 53

[§ Bl
® State or imply the form 4 + B + ¢ 5
2—-x  3+42x (3+2x)
Use a correct method to find a constant M1
Obtam one of A=1_ B=—-1,C=3 Al
Obtamn a second value Al
Obtain the third value Al
[Mark the form 4 + DI+E, ,Where 4 =1 D=-2and E=0, BIM1A1A1Al
2-x  (3+2x)
as above.]
5
(11) Integrate and obtain terms B3t
—In(2-x) 4 In(3+2x) — NS
2 2(3+2x)
Substitute correctly in an integral with terms a In (2 —x), M1
bln(3+2x)and ¢/ (3 + 2x) where abc =0
Obtain the given answer after full and correct working Al
[Correct integration of the A, D, E form gives an extra constant term if mtegration by
parts 1s used for the second partial fraction ]
5
Question 54
1 In 11 M1~
@ Integrate by parts and reach a _Z:r +b j—_T dx
X X x
. 1In: 1 1 . Al
Obtamn = — f + | —.— dx, or equivalent
2 x x 2x
Inx 1 Al

2 7 - 9T
2x- 4x

Complete integration comrectly and obtain —

equivalent




(@) Substitute limits correctly in an expression of the form a% + % Ml(dep?)
or equivalent
Obtain the given answer following full and exact working Al
2
Question 55
(1) Use correct quotient or product rule Ml
Obtain correct dentvative 1 any form Al
Equate numerator to zero M1
Use cos’x+sin’x =1 and solve for sin x Ml
Al +Al

Obtain coordinates x=—7/6 and y=+/3 ISW




1) State indefinite integral of the form k In (2 + sin x) MI1=
Substitute limats correctly, equate result to 1 and obtain Al
3n(2+sina)-3In2=1
Use correct method to solve for a Ml(dep™)
Obtam answer a = 0.913 or better Al

4
Question 56
(1) Use product rule M1+
Obtain correct denivative in any form Al
Equate derivative to zero and obtain an equation in a single trig function depM1~
Obtain a correct equation, e.g. 3tan"x =2 Al
Obtain answer x = 0.685 Al
5
(1) Use the given substitution and reach a (ug —ut :}du Ml
Obtain correct integral with a = 5 and limits 0 and 1 Al
C . 15 15 M1
Use correct limits 1n an mtegral of the form a EHJ —Eu’
Al
Obtain answer %
4




Question 57

1 Bl
® State or imply the form A + B + ¢ 5
2—x  3+2x (3+2x)
Use a correct method to find a constant M1
Obtamone of A=1,B=-1,C=3 Al
Obtain a second value Al
Obtain the third value Al
[Mark the form —— + 22 Ghered=1.D=—2and
2-x  (3+2x)
E=0 BIMIAIATA1 as above ]
5
(11} Integrate and obtain terms B3fi
—In(2-x) 1 In(3+2x) - -
2 2(3+2x)
Substitute comrectly in an integral with terms a In (2 —x), M1
bln(3+2x)and ¢ /(3 + 2x) where abec £ 0
Obtain the given answer after full and correct working Al
[Comrect integration of the 4. D, E form gives an extra constant term if integration by
parts 15 used for the second partial fraction. ]
5
Question 58
1 19 MI1*
Integrate by parts and reach ax 2Inx+b[x 2. —dx
x
1 19 Al
Obtain —2x lnx+2Jx 2 Zdx.or equivalent
x
1 1 Al
Complete the integration, obtaiming —2x ?lnx—4x ?, or equivalent
Substrtute linits correctly, having integrated twice Ml (dep”)
Obtain the given answer following full and cormrect working Al




Question 59

1) State or imply du =—sin x dx Bl
Using Pythagoras express the integral in terms of & M1
Obtain integrand ++/u (1-27) Al
7 2 7 Al
Integrate and obtain —Ezﬂ + ?uz . or equivalent
3 ? M1
Change limits comrectly and substitute correctly in an integral of the form au? + bu?
Al
Obtain answer —
21
6
(11) Use product rule and chain rule at least once Ml
Obtain comrect derivative 1 any form Al +Al
Equate derivative to zero and obtain a horizontal equation in integral powers of sin x and cos x M1
Use correct methods to obtain an equation in one trig function Ml
Obtain tan’x=6_. Tcosx=1 or Tsin°x =6 or equivalent, and obtain answer 1.183 Al
6
Question 60
State or imply ordmates 3, 2_ 0, 4 Bl
Use comrect formula, or equivalent, with = 1 and four ordinates M1
Obtain answer 5.5 Al




Question 61

(1) State correct expansion of sin(2x+ x) Bl
Use trig formulae and Pythagoras to express sin3x in terms of sin x M1
Obtain a comrect expression 1 any form Al
Obtain sin3x =3sinx —4sin’ x correctly AG Al
4
Bl Bl
1 Use identity, integrate and obtain —%{:{rs x+ écﬂs 3x
Use limits correctly i an integral of the form M1
acosx + b cos 3x, where ab£0
Al

Obtain answer i
24

Fab




Question 62

@

State or imply the form 4 + 5 + ¢

2x+1  2x+3  (2x+ 3)9

Bl

Use a correct method to find a constant

Ml

Obtain the values A =1, B=—1.C=3

Al Al Al

A Dx+E
+

2x+1 (2x+3)
E=0,BIMIAlAIA]I as above. ]

[Mark the form .Where A =1, D=-2and

5

(11)

Integrate and obtain terms

1 1 3
—In(2x+1)-—In(2x+3)-———

2 2 2(2x+3)

[Correct integration of the 4, D, E form of fractions gives

1 X 1 o - :
E]ﬂ(21+ 1)+m —E]II(EI+3) if integration by parts 1s used
for the second partial fraction ]

El1 BE1 Bl

Substitute limits correctly in an integral with terms aln (EI + ]) .
bln(2x+3) and ¢ /(2x+3), where abc 0

If using alternative form: cx/ (lx + 3]

Ml

Obtain the given answer following full and correct working

Al




Question 63

@ State correct expansion of Sinl (3_17 + x) or sin(3x— x) B1 | BO If their formula retains * in the middle
. N . M1
Substitute expansions in 5 (sin4x+5s1n2x)
L 1,. - Al | Must see the sin 4x and sin 2x or reference to LHS and
Obtain sin3xcosx = > (sin4x+sin2x) correctly RHS for Al
AG
3
@) 1 1 B1B1
Integrate and obtain —Ecos 4x— 1 cos2x
) . o 1 M1 | In their expression
Substitute linits x = 0 and x = g T correctly
) 9 Al | From correct working seen.
Obtain answer —
16
4
W) State correct derivative 2 cos 4x +cos2x Bl
Using correct double angle formula, express derivative in terms of M1
cos2x and equate the result to zero
Obtain 4c0s’2x +c0s2x—2=0 Al
Solve for x or 2x (could be labelled x) M1 | Must see working if solving an incorrect quadratic
1+ Jﬁ The roots of the correct quadratic are -0.843 and 0.593
cos2x=———— Need to getas faras x=___
8 The wrong value of x 15 0.468 and can mmply M1 if comrect
quadratic seen
Could be working from a quartic in cosx:
16cos* x—14cos’ x+1=0
Obtain answer x = 1.29 only Al




Question 64

Commence integration and reach MI1*
ax®sin2x + b xsin 2xdx
N U . : Al
Obtain EI‘ sin2x — [ xsin2xdx . or equivalent
Complete the integration and obtain Al
1 . 1 1. .
;.\:2 simn2x +§xc0ﬁ 2x—1 sin 2x , or equivalent
Use limits correctly, having integrated twice DM1
Obtain given answer correctly Al
5
Question 65
(1) Use double angle formulae and express entire fraction in terms of sné and cos & M1
Obtain a correct expression Al
Obtain the given answer Al
3
(i1) State integral of the form *Incosé MI®
Use comrect limits comrectly and msert exact values for the tnig ratios DMI1
Al
Obtain a comrect expression, e.g_—]ni + ].t1ﬁ
J2 2
Obtain the given answer following full and exact working Al




Question 66

i(1) Use correct quotient mle M1
Obtain ﬂ =—cosec'x correctly Al
dx

2
(u1) Inteprate by parts and reach axcotx +b[cotxdx *M1
Obtain —xcotx + [cot xdx Al
State +lnsinx as integral of cotx M1
Obtain complete integral —xcotx + Insinx Al
Use correct limits correctly DM1
Obtain i( n+In4) following full and exact working Al
6

Question 67
(1) Use cos(4 + B) formula to express cos3x in terms of tnig functions of 2x and x WiNl
Use double angle formulae and Pythagoras to obtain an expression m terms of cos x M1

only
Obtain a correct expression in terms of cos x m any form Al
Obtain cos3x = 4cos” x —3cosx Al
4
(1) Use identity and solve cubic 4cos’x =—1 forx Ml
Obtan answer 2.23 and no other in the mnterval Al
2




Question 68

1 Bl
® State or imply the form A + Ber+ ¢
2x—-1 x " +2

Use a comrect method for finding a constant Ml

Obtamn one of 4 =4, B=—-1,C=0 Al

Obtain a second value Al

Obtain the third value Al

5

(11) Integrate and obtain term 2In(2x—1) BIFT
Integrate and obtain term of the form kln(x” + 2) Ml

Obtain term —%lﬂ{':vc2 + 2} ALFT
Substitute limits correctly 1n an integral of the form DM1

aln(2x-1) +bIn(x* +2), where ab#0

Obtamn answer In 27 after full and correct exact working Al

h



Question 69

(1) State or imply ordmates 1, 1.2116._.. 2.7597... Bl
Use correct formmla, or equuivalent, with 7 =0.6 M1

Obtain answer 1.85 Al

3

(11) Explain why the rule gives an overestimate Bl
1

111) Differentiate using quotient or chain rule M1
Obtain correct derivative in terms of sin x and cos x Al

Equate dertvative to 2_ use Pythagoras and obtain an equation in sin x M1

Obtain 2sin’x +sinx—2=0 Al

Solve a 3-term quadratic for x M1

Obtain answer x = (.896 only Al




Question 70

(1) Use product rule and chain rule at least once M1

Obtain correct derivative in any form Al

Equate denivative to zero, use Pythagoras and obtain an equation mn cos x M1

Obtain cos’x+3cosx—1=0_ or 3-term equivalent Al

Obtain answer x = 1.26 Al

5

(11) Using du = t sin x dv express mntegrand in terms of u and du M1

Obtain integrand e* (u* —1) Al

Commence integration by parts and reach ae” [uz - 1} +bfue" du "Ml

Obtain " (fug —1)—2fue” du Al

Complete integration. obtaining e {u2 —2u+ 1} Al

Substitute limits ¥ = 1 and w =— 1 (or x =0 and x = n ), having integrated DM1
completely

Al

! 4 .
Obtain answer — . or exact equuvalent
e




Question 71

Integrate by parts and reach axtan x + b tan xdx M1
Obtain xtan x — | tan xdx Al
Complete the integration, obtaiming a term £lncosx | or equivalent M1
Obtain integral xtanx+Incosx . or equivalent Al
Substitute limits correctly, having integrated twice DM1
Use a law of loganthms M1
. 5 1 - . . Al
Obtain answer —+/37——In3. or exact simplified equivalent
18 2
Question 72
(a) Commence division and reach quotient of the form 2x + & M1
Obtain quotient 2x—1 Al
Obtain remainder 6 Al
3
() | Obtain terms x*—x BIFT
(FT on quotient of the form 2x + k)
Obtain term of the formatan™ [%] Ml
Obtain term %ml{%] AIFT
(FT on a constant remainder)
Use x=1 and x =3 as limits in a solution containing a term of the form atan™ (5x) Ml
Obtain final answer %)r + 6, or exact equivalent Al




Question 73

(a) Use quotient or product mle M1
L . Al
Obtain denivative in any correct form e g sin x(1+ sinx) ct:sx(cosx]
(1+sinx)
Use Pythagoras to simplify the derivative M1
Justify the given statement Al
4
(b) State integral of the form aln (1 +sinx) *M1
State correct integral In (1 + sin x) Al
Use limts correctly DM1
Al
Obtain answer ]11%
4
Question 74
‘ . 3 3 Mi1*
Commence integration and reach ax? Inx +bj)(2 —dx
X
.22 2021 Al
Obtain —x?Inx—=|x2.—dx
5 5- X
23 4 2 Al
Complete the integration and obtain gxz Inx —ExE . or equivalent
Use limits correctly, having integrated twice DM1
2 4 (2 4
e.g =X32In4-—x32-| —x0]+—
5 25 5 25
2 Al
Obtain answer E].n 2 —%. or exact equivalent
5
Question 75
(a) Use quotient or product rule M1
Obtain correct derivative in any form Al
(1+3x") —xx124’
eg T — 5 —
(1+3:%)
Equate derivative to zero and solve for x M1
Obtain answer 0.577 Al




(b) State or imply du = 2+/3x dx, or equivalent B1
Substitute for x and dx M1
Al
Obtain integrand ; or equivalent
23(1+4)
State integral of the form a tan™ u and use limits u=0 and u = /3 (orx =0 and x=1) correctly M1
. 3 . Al
Obtain answer STk exact equivalent
5
Question 76
Commence integration and reach Mi*
a(2-x) e +b [e_zx dx, or equivalent
| T . Al
_Z(2— I ’
Obtain 5 (2—-x)e 5 Je dx ., or equivalent
. . .1 T R . Al
Complete integration and obtain —E( 2-x)e = +Ze = or equivalent
Use limits correctly, having integrated twice DM1
Al
Obtain answer %[3 —e? ) . or exact equivalent
5
Question 77
M1
@ State or imply the form + and use a relevant method to find 4 or B
2x—1 2x+1
Obtan4=1,B=-1 Al
2
(b) Square the result of part (a) and substitute the fractions of part (a) M1
Obtain the given answer correctly Al
2
. 1 1 1 1 . B3,2,1,0
© Integrate and obtain ———————In(2x—1)+=In(2x+1)—————— or equivalent e
2(2x-1) 2 2 2(2x+1)
Substitute limits correctly M1
Obtain the given answer correctly Al




Question 78

'(a)

)(b)

Use correct product or quotient rule *M1
Obtain correct derivative in any form Al
Equate derivative to zero and solve for x DM1
Obtain x =4 Al
Obtain y =27, or exact equivalent Al
5
Commence integration and reach *M1
x s
a(2-x)e 2 +bj.e 2 dx
1 1 Al
. —x A —X
Obtain —2(2—x)e 2 —2| e 2 dx
_ . . ! Al
Complete integration and obtain 2xe 2
Use correct limits, x = 0 and x = 2, correctly. having integrated DM1
twice
Obtain answer 4¢ ™, or exact equivalent Al




Question 79

@

Bl
State or imply the form £+£;+i
x x x+2
Use a comrect method for finding a constant M1
Obtamn one of A =—1.B=3.C=2 Al
Obtain a second value Al
Obtain the third value Al
5
) 3 BI1FT +
Integrate and obtain terms lnx——+ Zln[x+2] BIFT +
. BIFT
. ) .. . ) : b M1
Substitute limits correctly in an integral with terms alnx . — and ch(x + 2] . Where
x
abc=0
Al

9
Obtain P following full and exact working




Question 80

i(a) State or imply du = cos x dx B1
Using double angle formula for sin2x and Pythagoras, express integral in M1
terms of # and du.

Obtain integral |2 (u — )du Al

Use limits 2 =0 and # = 1 in an integral of the form au”® +5u* | where M1

ab#0

Obtain answer % Al
5

(b) Use product rule M1
Obtain correct derivative in any form Al
Equate derivative to zero and use a double angle formula *M1
Obtain an equation in one trig variable DM1
Obtain 4sin’x=1_ 4cos’x=3 or 3tan’x=1 Al

Al

; 1
Obtain answer x = gi"[




Question 81

(a) Carry out a relevant method to determine constants A4 and B such that M1
Sa A B
== +
(2x—a)(3a-x) 2x-a 3a-x
Obtain 4 =2 Al
Obtain B =1 Al
3
(b) Integrate and obtain terms In(2x—a)—1In (3a —x) B1FT
B1FT
Substitute limits correctly in a solution containing terms of the form M1
bln(2x—a) and cln(3a—x), where bc#0
Obtain the given answer showing full and correct working Al
4
Question 82
(a) Use quotient or product rule M1
Obtain correct derivative in any form Al
Equate derivative to zero and solve for x M1
Al

. 1 .
Obtain x = % and y = < , or exact equivalents
e




(b *M1
®) Commence integration and reach ax"lnx+b[x>. l dx
X
Al
Obtain —%x_g Inx+ ;_fx—}. l dx
B | | X
: : : ' Al
Complete integration and obtain —%x‘3 Inx— éx_3
3
Substitute limits correctly, having integrated twice DM1
Al
Obtain answer L a’lna- e e
9 3 9
Justify the given statement Al
6
Question 83
(a M1
@ State or imply the form 2 + 2 and use a correct method to
1+2x0 4%
find a constant
Obtain one of 4 =4and B=-1 Al
Obtain the second value Al
3
(b) Integrate and obtain terms 2In(1+2x)+1In(4—x) BIFT
+B1FT
Substitute limits correctly in an integral of the form M1
aln(1+2x)+bln(4—x), where ab #0
Al

Obtain final answer In ( % ]




Question 84

(a) Express the LHS in terms of cos 26 and sin 26 B1
Use correct double angle formulae to express the LHS in terms of cos #and M1
sin @

Obtain tan € from correct working Al

(b) State integral of the form Flncosé@ or tlnsecé *M1
Use correct limits correctly and insert exact values for the trigonometric DM1
ratios

. . Al
Obtain a correct expression, e.g. —111l + 111L
2 2
Obtain %hﬁ from correct working Al
4
Question 85
- . s *
Commence integration and reach ax tan 1%1' +bf x%dr Ll
< chx
: a1 2 Al
Obtain xtan™ [—x] ~Jx. ; dx
2 44+ x
: . . 501 ; Al
Complete integration and obtain xtan Ex —In (4 +x )
Substitute limits correctly in an expression of the form DM1
pxtan™ x+¢gln (c +x° )
Al

Obtain final answer %Tf —In2




. . . *
Use the substitution 8 = tan™ % to obtain AI 20sec’ 6d6O and reach M1
pltand + qI tangdé
Obtain 26 tan g 2 tan6de i
Complete integration and obtain 26 tan & +21n(cosé) Al
Substitute correct limits correctly in an expression of the form DM1
r@tan6+ sln(cosb)
: 1 Al
Obtain final answer b n—In2
5
Question 86
(a) Use correct product rule or correct quotient rule M1
Obtain correct derivative in any form Al
Equate 2 term derivative to zero and solve for x M1
3 Al
Obtain answer x =e?
Al

- 3
Obtain answer y= —
e




'(b)

Question 87

Ha)

(b)

. 1 *M1
Commence integration and reach ax?* Inx+5b [x3 . —dx
X
L % Al
Obtain 3x3Inx—3[x3 —dx
X
X 3 Al
Complete the integration and obtain 3x3 Inx —9x3
o _ _ 3 1 DM1
Use limits correctly in an expression of the form px3 Inx+gx3 (pg#0)
Obtain 18In2 -9 from full and correct working Al
5
Use correct double angle formula or 7-substitution twice M1
. 1-cos26 . Al
Obtain —2>~Y _ tan® @ from correct working
I+cos26
2
Express tan’8 in terms of sec’@ M1
Integrate and obtain terms tan& — & Al
Substitute limits correctly in an integral of the form M1
atan @+ b6 , where ab # 0
Al

. 2 1
Obtain answer E\E ~e T




Question 88

'(a) Use quotient or product rule M1
Obtain correct derivative in any form Al
Equate derivative to zero and solve for x M1
Obtain answer x = 3 Al
4
! d Bl
®) State — = L Lor dx=2fxdu or 2u du = dx
dc 2%
’ o Bl
Substitute and obtain integrand -
—u
Use given formula for the integral or integrate relevant partial fractions M1
. L3 Al | OE
Obtain integral — ]11{ Sl ]
3 3-u
Use limits # = 0 and « = 2 correctly M1
Obtain the given answer correctly Al
6
Question 89
. . 1 Ii *M1
Commence integration and reach m—cosg x+b] cosgx dx
Al | OE
Obtzin —2xcos—x+2fcos L 2l
2 2
s ; 5 1 . 1 Al | OE
Complete integration obtaining —2xcos 3 x+4 sma X
Use limits correctly, having integrated twice DM1
) NE) ‘ Al
Obtain answer 2 + —— 7, or exact equivalent
2
5




Question 90

@ State correct expansion of sin(3x+2x) or sin(3x—2x)

B1

- T . .
Substitute expansions in 3 (sin5x+sinx), or equivalent

M1

Simplify and obtain %(sin S5x +sinx ) =sin3xcos 2x

A1l | Obtain the given identity correctly.

®)

= = 1 1 .
Obtain integral —BCOSSJ«: - Ecos x, or equivalent

B1

Substitute limits correctly in an expression of the form pcosSx+gcosx

M1 | Correct limits and subtracted the right way around.
Do not need values of trig functions for M1.
Maximum one slip.

Obtain 1(3-+2)

A1 | Substitute values and obtain the given answer following
full, correct and exact working.

Question 91

B1
State that &_.1 ordu= v dx
2/x 2
Substitute throughout for x and dx M1
Al

Obtain a correct integral with integrand — :
u® +

Integrate and obtain term of the form ktan™ u

M (2 tan™ u)

Use limits \/5 and e for u or equivalent and evaluate trig.

Al L o .
eg. 2 7 » Must be working in radians.

: 1
Obtain answer gn

A1 | Or equivalent single term.




Question 92

(@) Use correct product rule or chain rule M1
Obtain correct derivative in any form A1l | cos x.cos 2x —sin x.2sin 2x
Equate derivative to zero and use a correct double angle formula *M1 | If chain rule used then derivative set to 0 gains M1 since
correct double angle formula has already been used.
Obtain an equation in one trigonometric variable DM1 | Allow following from coefficient errors in
differentiation only
Obtain 6sin’x =1, 6cos’x =5 or Stan’x =1 A1l | One of these 3 expressions
Obtain final answer x = 0.421 A1l | Must be 3s.f.
6
(b) State or imply du = —sinx dx B1
Using double angle formula, express integral in terms of « and du M1 | Use cos2x = 2cos’x — 1

4 3 Al
Integrate and obtain+ | # — gu

M1 | Require both limits substituted twice in au + bu*> for

1
Use limits # = 1, = — in an integral of the form au +bu’ , where ab # 0 .
" " 2 au-rou a MI1. Do not condone decimals.

2

1 1 2 1 \T Al | ISW
Obtain l ( \/5 — 1) or — \/5 — or—| ——= |— or simplified equivalent
3 3773 3(W2)3
5
Question 93
i(a) Commence division and reach quotient of the form 2x + 1 M1 | Or by inspection 8x* + 4x? +2x + 7= (4> + 1)(2x £ 1)
t T
Obtain (quotient) 2x + 1 Al
Obtain (remainder) 6 Al
3
(®) Obtain terms x* + x B1 | OE
Obtain term of the form « tan™ 2x M1
Obtain term 3tan™ 2x Al 1OE
1 g . -~ Mi 1V 1 T s
Usex=0and x = 5 as limits 1n a solution containing a term of the form [_J +—+4a—,need — seen or implied
2] T2 Ta 4
atan™ 2x
. 3 X A1l | ISW, Answers in degrees score AQ.
Obtain final answer " (1+m), or exact equivalent
5




Question 94

@ State or imply the form - + ‘i; ig B1
Use a correct method for finding a constant M1
Obtain one of 4 =1, B=0and C=3 from correct working Al | A maximum of M1 Al is available after BO.
Obtain a second value from correct working Al
Obtain the third value from correct working Al
5
b) B1FT

: 1
Integrate and obtain term ;in(3x - 1)

OEe.g. %ln(x—%) . The FT is on the value of 4.

Obtain term of the form Atan™ [i

5)

M1

Obtain term +/3tan™ (i]

V3,

A1 FT | OE. The FT is on the value of C.

Substitute correct limits in an integral of the form

aln(3x = 1) +ktan™ (LJ , where ak # 0, and evaluate trigonometry

3

M1 | Must be subtracted the right way round.
(smns-im2+y3x3-V3x3)

Angles should be in radians. Condone angles as
decimals.

3n

Al

2 1 T
Obtain answer %in 2+ T from correct working in part 8(b) Or exact 2-term equivalent e.g. 51114 + 5 ISW.
N2
5
Question 95
(a) State or imply dx = 3sec26d@ Bl
Substitute throughout for x and dx M1
Obtain any correct form in terms of & Al 8lsec O .
— 7 _ds
eg.
(9+9tan’6)
§ s s s Al | AG
Justify change of limits and obtain JD cos” @dé correctly
4
(b) Obtain indefinite integral of the form j a+bcos26d6 , where ab=0 M1
; ; Al
Obtain l6' +lsm 20
g 4
Use correct limits correctly in an expression containing pé and ¢sin 26 where DM1 Iy .711 ( <0)
pq=0
. Al .
Obtain answer %(ﬂ: + 2) Or exact equivalent e.g. %n-%— % y
4




Question 96

Commence integration by parts and reach x tan x £ [ tan x.1dx *M1
Use a correct method to integrate tan x M1
Obtain integral xtanx—Insecx , or equivalent Al
Use limits correctly, having integrated twice DM1
Obtain answer w m— a In 2, or exact equivalent .
4 2
5
Question 97
2 State or imply the form A * Bx+C7' Bl
3—x 1+3x°
Use a correct method to find a constant M1
Obtainone of 4 =2,B=0and C=1 Al
Obtain a second value Al
Obtain the third value Al
5
® Integrate and obtain term —2 1n(3 = x) BIFT
Obtain term of the form 5 tan™* (ﬁx) M1
1 A1FT
’ e o i
Obtain term \/5 tan (ﬁx)
Substitute limits correctly in an integral with terms a In (3 — x) and M1
btan™ (ng) , where ab #0
1 Al

Obtain answer 2 ]ni £ ? T, or equivalent
2 343




Question 98

(a) State (a =) =’ BL | Ajlow 32400, 180” . Accept (x :)ﬂ'z ;
1
(b) State or imply dx =2u du or equivalent B1 eg. % » 2\1[;
=L
Incorrect statements e.g. du = N BO.
Substitute for x and dx throughout the integral M1
Obtain | 2usinu du Al | Allow with missing du.
Commence integration of [/usinu du by parts and reach *M1
Fhucosu +[kcosudu
Obtain integral —kucosu + ksinu Al
Substitute limits # = 0 and u = ~ftheira , a*0, g in radians DM1 | —2zcosm+2sinm(+0—2sin0)
or x=0 and their a Need limits stated but condone if zeros not shown in
in the complete integral substitution.
Obtain answer 21 Al
7
Question 99
a A x +C B1
@ State or imply the form —— + i +€1
l+x 24 x
Use a correct method for finding a constant M1
Obtainone of 4 =2, B=—1and C=0 Al | SC: A maximum of M1A1 is available for obtaining
A =2 after scoring BO.
Obtain a second value Al
Obtain the third value Al
5
(b) Integrate and obtain term 21n(1+x) B1FT | 4In(1+ x)
Integrate and obtain term of the form & 111(2 + xz) from an integral of the *ML1 | Ignore any separate working relating to C'# 0.
correct form
1 5 Al1FT | B 2
Obtain term —E]n(2+x‘) 21n(2+x )
Substitute limits in an integral containing terms of the form DM1 | Ignore working relating to C # 0.
aln(1+x)+bln(2+x), where ab # 0 (2In5-2In1- 218 +1m2)
Dependent on the first M1.
Must be subtracting the correct way round.
Must have an exact substitution.
Al | ISW

Obtain answer ln[z—;]

25!2

Any exact equivalent e.g. In N with no number in

front of the logarithm.




Question 100

T Ay *M1
Commence integration and reach a (3 —x)e? + ble ® dx, where ab#0
s L Al
Obtain 73(3 -x)e? — 3Je 3 dx, or equivalent
S Al | o a2 -3
Complete integration and obtain 3xe 3 , or equivalent -k (3 x)+9e
Substitute limits x = 0 and x = 3, having integrated twice DM1
. 9 . Al
Obtain answer — , or exact equivalent
e
5
Question 101
Integrate by parts and reach ax* Inx+5J(x* / x)dx *M1
o 1 Al | OE
Obtain —Inx——[(x* / x)dx
4 4
: . . KT x* Al | OE
Complete integration and obtain Tlnx o
T | ; N . | DM1 | Correct substitution [(1/4)In] or 0 — 1/16] — [(1/64)In(1/2) —
Use limits of x :Ea.nd x=1 in the correct order, having integrated twice (1/16)?] or minus this value CWO.

Allow omission of (1/4)Inl or 0.

Al
Obtain answer B —L]n2 or exact equivalent final answer
256 64




Question 102

@ State or imply the form % + f2?x++x§,‘ Bl
Use a correct method for finding a constant M1
Obtainone of 4 =2, B=—1and C=0 Al | SC: A maximum of M1AL1 is available for obtaining
A=2 after scoring BO.
Obtain a second value Al
Obtain the third value Al
5
(®) Integrate and obtain term 2In(1+ x) B1FT | 4ln(1+x)

(a)

Integrate and obtain term of the form k1n(2 +x° ) from an integral of the

correct form

*M1 | Ignore any separate working relating to C # 0.

Obtain term 71111(2 +x2 )
2

ALFT | 2pp(2 1 )

Substitute limits in an integral containing terms of the form
aln(1+x) +bln(2 +x2 ) where ab # 0

DM1 | Ignore working relating to C # 0.

(215-2In1-1In18 +1In2)

Dependent on the first M1.
Must be subtracting the correct way round.
Must have an exact substitution.

Obtain answer ln[§]

Al | ISW

: 2542 . ;
Any exact equivalent e.g. IHTE with no number in

front of the logarithm.

5
Question 103
. B1 | SOI

— =—sinx

Use double angle formula and substitute for x and dx throughout the integral M1 | All x’s must be removed, can be coefficient errors
provided 2 seen in working.

Obtain =& J' 2ue?du Al | Limits may be omitted, or left as 0 and 7, during the
change of variable stage.

Al | AGMustseex=0,u=landx=m u=—1.

1
Justify new limits and obtain J- 2ue* du from correct working
-1

Inequalities alonee.g. 0 <x<mand 1 Cu < —1

or —1 < u < 1 for limits are insufficient AQ

If sign in expression and order of limits incorrect then
AO0.

If negative sign 1s present in the integrand then this can
be removed and limits introduced in correct order in a
single step.




Question 104

. o 13 2
Use the given substitution and reach a I[? 7%]112 du

*M1

OE Need to see -2 or -} used. Condone if du missing or
the integral sign 1s missing.

Allow M1AO for complete substitution into J-x\l 3—-2xdx

to obtain first term of the line below.

1
; 2 3 =
Obtain correct integral 71_[ 1—71 u? du
2,2 2

Al

OEeg. 7%{j37”\/;du+5.[\/;du:|.

2
Ignore limits at this stage. Condone if du missing.

3 B1 | SOl e.g. by =13 and 0. In any order and at any stage.
x=-5and —
2
Use correct limits the right way round in an integral of the form DM1
262 22
al| —u? —=u?
3 5
169 169 A1l | or exact equivalents.
Obtain answer E\/ﬁ ora=—— &
5
(b) Commence integration and reach aue™ +bJ e™du, where ab20, b<0 Mi* | Condone dx.

= = fi 2u 1.2u
Complete integration and obtain ue™ —5e

Al

1% 1
OE Allow Qu—e™)——e™.
2 2

or in ccosxe? O + e

Use correct limits correctly in cue™ +d ¢** having integrated twice

DM1 | 1 and —1 for u, 0 and & forx

e.g. ce’ +de’ — (— ce? + de?). Not decimals.
Allow one sign error at most in going from
cue™ +d e*or ¢ cos x 2% + d > ¢
ce’ +de* — (—ce 2 +de?).
[e-%e—(—e?-Y%e?)]

Complete reversal of sign by converting back to cos x
and not making x = 0 upper limit is DM0 AOQ.

0

Obtain L. e’ + . e
2 2

Al | ISW

et+3

Or equivalent 2-term expression e.g.

1w *3
i e e
2 e’

or

2

2¢e”




Question 105

(@

'(b)

. A B C B1 . A Dx+E
State or imply the form +—t 5 Alternative form: * 5
1+2x 2-x (2-x) 14+ 2x (z,x)
Use a correct method for finding a coefficient M1 | eg A2 —x)*+B(l +2x)(2 —x) + C(1 + 2x)
=222+ 17x-17
and compare coefficients or substitute for x.
AR -xy+BA +20)Q2 - %) 2+ C(1 +2x)(2 - x)
=2x*+ 17x — 17 scores MO.
Obtain one of 4 =4, B=-3and C=5 Al
Obtain a second value Al
Obtain the third value A1l | Extra term in partial fractions, then BO unless recover at
end. Allow the marks for any constants found correctly.
Missing terms in partial fractions, BO but M1A1 is
available for a correct method that obtains at least one
correct constant (e.g. cover-up rule) Max 2/5.
Ignore any substitution back into their original expression.
If alternative form used: 4 =4, D=3 and E =-1.
5
_ WL AT BIFT | OE
Integrate and obtain terms —2 (1 i Zl) as (2 7}‘)+ . The FT is on correct use of their A, B and C; or on A, D and
BIFT | E.
If using the 4, D, E form then B1 for the 4 term, but no
BIFT | further marks until partial fractions are used to split the
second term or they use integration by parts to obtain
Dx+E D .
4 = dx for the 2™ B1 and 3™ B1 for correct
225 2-x
completion.
BOFT, BOFT, BOFT if they place their 4, B, C with
incorrect denominators.
Substitute limits correctly in an integral with two terms (obtained correctly) M1 | Condone minor slips in substitution.
Exact substitution required.
of the form a]n(l+2x)+b1n(2—x)+2L,where abc=0 =
L
Al | AG - evidence of some correct work to combine or

Obtain answer %7 In72 after full and correct working

simplify logs is required e.g. allow from —In9 + ln% or

—In2* —In3*.




Question 106

(@) . 4 B C B1 Dx+E
State or imply the form 3 Accept e
2x+1 x+2 (x+2) 2x+1 (x+2)'
Use a correct method for finding a constant Mi1
Obtain one of 4=1,B=-2.C=3 A1l | For alternative form: A=1.D=-2E=-1.
Obtain a second value Al
Obtain the third value Al
5
(b) . -3 B1 FT | The follow through is on their 4, B, C.
Integrate and obtain one of 1In(2x+1),-2In(x+2), oy
& Xk
Obtain a second term B1 FT | If the alternative form is used, then either need to use
integration by parts or split the fraction further.
Obtain the third term B1FT
Substitute limits correctly in an integral with at least two terms of the form M1 | The terms used need to have been obtained correctly.

ITIn(2x+1), - 2In(x + 2) and and subtract in correct order

-3
42

Must be exact values, not decimals.

Obtain 1 —In3

Al






