Subject - Math (Standard Level)
Topic - Calculus
Year -Nov 2011 -Nov 2019
Paper -1

Question 1

evidence of anti-differentiation

e.g. Jf'(x), J.(f‘}.\r2 +2)dx

f(x)=x’+2x+c (seen anywhere, including the answer)

Attempt to substitute (2,5)
e.g. f(2)=(2+2(2),5=8+4+c

finding the value of ¢
eg S5=12+c,c=-7

f(x)=x+2x-7

(M1)

AlIAl

(M1)

(Al

Al

N5
[6 marks]



Question 2

(a)

(b)

(©)

finding f'(x)= % x

attempt to find f'(4)
correct value f'(4)=2
correct equation in any form

eg. y—6=2(x—4), y=2x-2

12 90
area= |, 3x+4

correct integral
e.g. 30In(3x+4)

substituting limits and subtracting
e.g. 30In(3x12+4)—-30In(3x2+4),30In40-30In10

correct working
e.g. 30(In40-1n10)

correct application of Inb—1Ina

40

e.g. 30ln—
g 10
area=30In4

valid approach
e.g. sketch, area h=area g, 120 + their answer from (b)

area =120+ 301In4

Al

(M1I)

Al
Al N2
[4 marks]

AlAl

(M1I)

(AI)

(Al)
Al N4
[6 marks]

(M1)
A2 N3
|3 marks]

Total [13 marks]



Question 3
(@  f(x)=6e" Al NI
[1 mark]

(b) (1) evidence of valid approach M1)
eg f(0), 6e”°

correct manipulation Al
eg 6e 6x1
m==6 AG NO
(1)  evidence of finding f(0) M1)
eg y=e'®
b=1 Al N2
[4 marks]
(€) y=6x+1 Al NI
[1 mark]
Total [6 marks]
Question 4
correct integration, 2 x %ln (2x+5) Al41
e: Award A7 for 2x % (=1) and 41 for n(2x+5).
evidence of substituting limits into integrated function and subtracting (M1)
eg In(2x5+5)—-In(2x0+5)
correct substitution Al
e.g. Inl15—-In5
correct working (A1)
eg. ]nE ,In3
5
k=3 Al N3

[6 marks]



Question 5

() s (H=1-2cos2s¢ AlA2 N3
Note: Award 41 for 1, A2 for —2cos2t.
[3 marks]
(b)  evidence of valid approach (M1)
e.g. setting s'(r)=0
correct working Al
e.g. 2cos2t=1, cos2t :%
5
=2 2% (41)
J J
ﬁ
e Al N3
6
[4 marks]
(¢) evidence of valid approach (M1)
e.g. choosing a value in the interval % <t< %ﬂ
correct substitution Al
s
eg s'|—|=1-2cosm
e (3)
s'(E] =3 Al
2
s ()0 AG NO

[3 marks]



(d) evidence of approach using s or integral of s’ (MI1)

Sm

e.g Is"(f)df; 5[%], 5(%} [Z‘ —Sin2f]%?

substituting values and subtracting (M1)
( 5n ] ( T J = B 5m NE
eg s|l—|=-s|—=|,|——— || ——| —
6 6) 16 2 6 2
correct substitution Al
Sn . 5m |m . m Sn . \E T -\/g
eg ——sin——|——sin— |, | ——|——||-| =——
6 3 6 3 6 _ 2 6 2
. . 2m
distance is —+ ﬁ AlAl

bl

Note: Award 41 for z?n , Al for \/?7 :

N3

[3 marks]

Total [15 marks]



Question 6

(a)

correct derivatives applied in quotient rule (A1)A1A41
1, 4x+5

Note: Award (41) for 1, A1 for —4x and A7 for 5, only if it is clear candidates

are using the quotient rule.

(b)

correct substitution into quotient rule Al
Ix(—2x" +5x-2)—x(-4x+5) 2x"+5x—2—-x.—4x+5
(-2x* +5x-2)° (2x* +5x-2)°
correct working (A1)

—2x% +5x—2—(—4x* +5x)
' (-2x* +5x-2)*

expression clearly leading to the answer Al
—2x* +5x-2+4x> - 5x

(=2x* +5x-2)*

2x* -2
(0 i — AG
AL (—2x* +5x—2)*

evidence of attempting to solve 7'(x)=0 (M1)

eg. 2x*—2=0

evidence of correct working Al

eg x'=1, £ 2 =D (x+1D)

correct solution to quadratic (A1)

eg x==l1

correct x-coordinate x=-—1 [may be seenincoordinate form (—1. %)] Al

attempt to substitute —1 into / (do not accept any other value) (M)
-1

eg f(=D=

2x(-1)? +5x(-)-2

correct working
-1
eg —— Al
g —2-5-2
1
9

correct y-coordinate y = [may be seen incoordinate form [—l, éD Al

NO

[6 marks]

N2

N2

[7 marks]



(¢c) recognizing values between max and min (R1)
1
5 <k<l1 A2 N3
[3 marks]
Total [16 marks]
Question 7
(a)  correct integration AlAT
2 7 10 2
: x—4
e.g. L—43:. R \ ( )
! 2 . 2
Notes: In the first 2 examples, award 41 for each correct term.
In the third example, award A1 for % and A1 for (x— 4)2.
substituting limits into their integrated function and subtracting (in any order) (M1)
10° 4 1,
eg. ——4(10) || ——4(4) |. 10—-(=8). —=(6" -0
g[z ()](2 ()) ()2( )
10
L (x—4)dx =18 Al N2
[4 marks]
(b) attempt to substitute either limits or the function into volume formula (M1)
10 2 b 2 10
e.g. ﬂ:L S odx, L (w'x—4) . TIL Vx—4
| Note: Do not penalise for missing @ or dx . |
correct substitution (accept absence of dx and m) (A1)
10 2 10 10
e.g. nL (\;‘ac—4) , nL (x—4)dx, L (x—4)dx
volume =18n Al N2
[3 marks]

Total [7 marks]



Question 8

(@)

f1(x)=3ax ~12x

| Note: Award A1 for each correct term. |

(b)

setting their derivative equal to 3 (seen anywhere)
eg. [f'(x)=3

attempt to substitute x = linto f'(x)
eg  3a(l)’ -12(1)

correct substitution into f”(x)
eg.  3a-12,3a=15

a=>5

AlAl N2
[2 marks]
Al
(M1)
(41)
Al N2
[4 marks]

Total [6 marks]



Question 9

(@)

METHOD 1
evidence of choosing quotient rule
u'v—w’
eg — 5
v
evidence of correct differentiation (must be seen in quotient rule)

d d
eg —(6x)=6, —(x+1)=1
g dx( ) .dx( )

correct substitution into quotient rule
(x+1)6—6x 6x+6—6x

(x+1)* 7 (x+1)?
6
S @O= iy
METHOD 2

evidence of choosing product rule
eg  6x(x+1)7". '+

evidence of correct differentiation (must be seen in product rule)

eg. %(m):é, %(x+])_1 =—1(x+1)?*x1

correct working
g 6rx(xt1)2+(xt])yixe, XFOCHD
(x+1)
, 6
R ¥
S (x+1)°

(M1)

(A1)(A1)

Al

Al

(M1)

(41)(41)

Al

Al

N4

[3 marks]

N4

[3 marks]



(®)

METHOD 1

evidence of choosing chain rule

formula ! X bx
e, . =~ e
g ' ( 6x ] x+1

x+1

. x+1
correct reciprocal of is on (seen anywhere)
x

1.
=
x+1

correct substitution into chain rule

eg. 61x xxflz’[xflz](%J
E3kcia

x+1
working that clearly leads to the answer

6 Y1) ( 1 Yx+tl) 6@x+D
o8 {(HDJ(M]'{(HI)EJ( x ) 6x(x +1)

1
x(x+1)

g'(x)=

METHOD 2

attempt to subtract logs

eg. na-Ind, m6x—In(x+1)

correct derivatives (must be seen in correct expression)
6 1 1 1

eg. —————
4 6x x+1 x x+1

working that clearly leads to the answer
x+l-x 6x+6-6x 6(x+1-x)

oE x(x+1) 6x(x+1)  6x(x+1)
veon 1
g(x)= x(x+1)

(M1)

Al

Al

Al

AG

(M1)

AlAl

Al

AG

NO

[4 marks]

No

[4 marks]



©

valid method using integral of /1(x) (accept missing/incorrect limits or

missing dx)
e.g. area= ﬁh (x)dx. J‘(x (xl+ D J

recognizing that integral of derivative will give original function

1 6x
ee ] {x(ﬂanY_'“(ﬁJ

correct substitution and subtraction

. 6x L
ez hJ[G—len _5 ,ln[6—kJ—h1(1)
kF+1 l+1 k+1
5

setting their expression equal to In4

6k 6k k
g Il —|-m()=4., h| — |=In4. |; A(x)dx=In4
“& [k+1] ® [k+1] J.% 1(x)dx

correct equation without logs

6k
eg. ——=4, 6k=4(k+1
& k+1 ( )

correct working
eg.  Ok=4k+4, 2k=4

k=2

(M1)

(R1)

Al

(M1)

Al

(41)

Al N4
[7 marksj

Total [16 marks]



Question 10

(a) evidence of choosing product rule (M1)
eg  w'+w
correct derivatives (must be seen in the product rule) cosx, 2x (A1)(4I)
£'(x)=x"cosx +2xsinx Al N4
[4 marks]
(b) substituting g into their f'(x) (M1)
2
SRRH R HEHEH
correct values for both sing and cosg seenin f'(x) (Al)
T
0+2] —|x1
eg 0+ ( 5 } x
(7
f (EJ -n Al N2
[3 marks]
Total [7 marks]
Question 11
attempt to integrate which involves In (M1)
eg In(2x-5),12In2x-5, In2x
correct expression (accept absence of C)
eg 12h1(2x—5)%+€, 6ln(2x-35) A2
attempt to substitute (4, 0) into their integrated 1 (M1)
eg 0=6ln(2x4-5), 0=6In(8—5)+C
C=-6In3 (41)
2x-5
f(x)=6In(2x—-5)—6In3 (:6]11[ 2x D (accept 61n(2x—5)—1n36) Al N5

| Note: Exception to the FT rule. Allow full FT on incorrect integration which must involve In. |

Total [6 marks]



Question 12

(a)

(b)

substitute 0 into f
eg In(0+1), Inl

J(0)=0

|

x4x3 (seen anywhere
x4l ( ywhere)

S =

Note: Award A7 for

and A7 for 4x°.

¥ +1

(c)

recognizing [ increasing where f'(x)>0 (seen anywhere)
eg  f'(x) =0, diagram of signs

attempt to solve '(x) >0
eg 4x’=0 x>0

f increasing for x>0 (accept x=0)

(1)  substituting x=1 mfo f"

43-1) 4x2
1+1)* " 4
=2

(1)  valid interpretation of point of inflexion (seen anywhere)
eg mno change of sign m #"(x) , no change in concavity,

' increasing both sides of zero
attempt to find 7" (x) for x<0
41 (3-(=D")

(D +1)

, diagram of signs

€eg f”(_l):

correct working leading to positive value
eg f"(-1)=2, discussing signs of numerator and denominator

there 1s no pomt of inflexion at x =0

(M1)

Al

Al1A41

R1

(M1)

Al

(41)

Al

R1

(M1)

Al

AG

N2
[2 marks]

NI
[5 marks]

N2

NO
[5 marks]



(d)

| ;! 3 b
AlAIAT N3
Notes: Award A7 for shape concave up left of POI and concave down right of POL

Only if this A7 is awarded, then award the following:
A1 for curve through (0, 0), 41 for ncreasing throughout.

Sketch need not be drawn to scale. Only essential features need to be clear.

[3 marks]
Total [15 marks]
Question 13
evidence of antidifferentiation (M1I1)
eg J (6e” +1)
fZ
s =3e” t+C A241
lr2
Note: Award 42 for 3e” , A1 for i
attempt to substitute (0, 10) into their integrated expression (even if C is missing) (M)
correct working (Al)
eg  10=3+C,C=7
fZ
s =3e” +5+7 Al N6

Note: Exception to the FT rule. If working shown, allow full FT on incorrect
integration which must involve a power of e.

[7 marks]



Question 14

(a)

(b)

attempt to find quarter circle area

2
eg %(41‘5), 1, JO Va—x’dr

4

area of region =T

[ 7 Gde=-n

attempted set up with both regions

eg  shadedarea —quartercircle . 3m—m, 37 —Lz f= .[: Vi

[[f@dc=2n

(M1)

(41)

A2 N3

[4 marks]

(M1)

A2 N2

[3 marks]

Total {7 marks]



Question 15

(@  f'(x)=cosx+x-2 AlAIAl N3
| Note: Award 41 for each term. |
[3 marks]
(b) recognizing g(0)=5 gives the point (0, 5) (R1)
recognize symmetry (M1)
eg  vertex, sketch
A
|
|
S, 2
L E Epere < S
|
|
|
\
ll L PN
0 2
, q
I
|
1
|
gA)=5 Al N3
[3 marks]
() @O h=2 Al N1
(i) substituting info g(x)=a(x ~2)’ +3 (not the vertex) M1)
eg  S5=a(0-2+3,5=a(4-2)*+3
working towards solution (A1)
eg S=4a+3, 4a=2
1
a== Al N2
2

[4 marks]



(d)

g(x):%(fo)2 +3:%x2 —2x+5
correct derivative of g

eg 2><%(x—2)_.x—2
evidence of equating both derivatives
g [f'=¢g

correct equation
eg cosx+x—2=x—-2

working towards a solution
eg  cosx =0, combining like terms

X =

2] A

Note: Do not award final A7 if additional values are given. |

AlAl

(M1)

(41)

(41)

Al NO

[6 marks]

Total [16 marks]



Question 16

(a)

(b)

(©

(d)

g(3)=-18, f'(3)=1. h"(2)=-6

n"(3)=0

valid reasoning

eg " changes sign at x =3, change n concavity of #at x=3

so P is a point of inflexion

writing /1(3) as a product of f(3) and g(3)
eg  f(3)xg(3), 3x(-18)

h(3)=-54

recognising need to find denivative of /1

ec N, (3

attempt to use the product rule (do not accept /' = f'xg")
eg NW=fg'+gf", )=rB)xg'B)+gB3)xf'(3)

correct substitution
eg  N(3)=3(-3)+(-18)x1

W (3)=-27

attempt to find the gradient of the normal

attempt to substitute their coordinates and their normal gradient into the

equation of a line

AlAIAT

(A1)

R1

AG

Al

Al

(R1)

(M1)

(41)

Al

(M1)

(M1)

1 1 1
eg  —54=__(3)+b,0=_"_(3)+b., y+54=27(x—3), y-54=__(x+3
g 7 7 D (x=3), . 57543

correct equation in any form

1 1 1
e V+54=—(x-3), y=—x-54—
S 27 (x=3).. 27 9

Al

N3
[3 marks]

NO
[2 marks]

N1
[2 marks]

N4

[7 marks]

Total [14 marks]



Question 17

(a) appropriate approach (M1i)
eg  2[f(x). 20
[[2/(dr=16 Al N2
[2 marks]
(b) appropriate approach (Mi)

eg Jlf(x)JrJlZ, 8+I2

_[Zd\f =2x (seen anywhere) (41)

substituting limits into their integrated function and subtracting
(in any order) (M1)
eg  2(6)-2(1), 8+12-2

[[(fe)+2)dv=18 Al N3

[4 marks]

[Total 6 marksj

Question 18

recognising need to differentiate (seen anywhere) R1
eg [, 2"

attempt to find the gradient when x=1 (M1)
eg S

' )=2¢ (A1)
attempt to substitute coordinates (in any order) into equation of a straight line (M1)

eg y-e’=2e*(x-1), e’ =2e"()+h

correct working (A1)
eg y-e =2'x-2¢", b=—¢

y=2e’x—¢e’ Al N3

[6 marks]



Question 19

(a) METHOD 1
correct use of chain rule
2Inx 1 2lnx
eg x—,
2 x  2x
Note: Award A7 for 2Inx ,AI for xl.
X

(b)

(©)

, Inx
S'(x)=—
X
METHOD 2

correct substitution into quotient rule, with derivatives seen

2><2]nx><l—0><(1nx)2
x

eg A

correct working

4]11.vc><l
X

eg 1

fi="

setting derivative =0

g f(m-0, X

—=0
x

correct working
eg nx=0, x=¢"

x=1

intercept when f'(x)=0

p=1

AlAl

AG

Al

Al

AG

(M1)

(A1)

Al

(M)

Al

NO
[2 marks|

NO
[2 marks]

N2
[3 marks]

N2
[2 marks|



(d) equating functions (M1)

, Inx 1
€g f:g’T:_

X
correct working (41)
eg  Inx=1
g=e (accept x=e) Al N2
[3 marks]
(e) evidence of integrating and subtracting functions (in any order, seen
anywhere) (M1)
o1 Inx ,
cw [0 e jre
2
correct integration Inx— @ A2
substituting limits into their integrated function and subtracting
(in any order) (M1I)
(ne)® (In1)’
Ine—Inl)— -
eg  (lne—Inl) [ 5 g
Note: Do not award M7 if the integrated function has only one term.
correct working Al
1 1
1-0)—| =—0], 1-=
eg (1-0) ( B } 5
area= % AG NO

Notes: Candidates may work with two separate integrals, and only combine them at the end.
Award marks in line with the markscheme.

[5 marks]

Total [15 marks]



Question 20

(2)

(b)

substituting for ( f (x))2 (may be seen 1in integral) Al

eg (xz)2 ,xt

correct integration, jx4 dx= %xs (A1)
substituting limits into their integrated function and subtracting (in any order)(M1)
2 11
g ———,=(1-4
g 5 33509
[(r@) ax= % (=62) Al N2
[4 marks]
attempt to substitute limits or function into formula involving f° (M1I)
2 2
eg -[1 (f(.l)) dx, mjx4dx
% T (=6.27) Al N2
[2 marks]

Total [6 marks]



Question 21

correct integration (ignore absence of limits and “+C™)

# : j: cos2x B sin (Zx)}

a

T

substituting limits into their integrated function and subtracting (in any order)

1. L. . .
eg Esm (2a) —Esm (2m), sin(2m) —sin(2a)
sin(2m) =0
. . . 1
setting their result from an integrated function equal to 5

1 1
e —sin2a=—, sin(2a)=1
g 3 > (2a)

.. . 4, T

recogmzing sin- 1= 2
T

eg 2a-—,a-

correct value

T Srt T
eg —+2n,2a=—,a=—+T7
2 2 4

(A1)

(M1)

(A1)

M1

(A1)

(A1)

Al

N3

[7 marks]



Question 22

(@) f'(x)=3px’+2px+q

Note: Award A1 if only 1 error.

A2 N2

[2 marks]

(b) evidence of discriminant (must be seen explicitly, not in quadratic formula) (M1)

eg b’ —4dac

correct substitution nto discriminant (may be seen in inequality)

eg (2p)’—4x3pxq, 4p’~12pq
f'(x)=0 then f’ has two equal roots or no roots

recognizing discriminant less or equal than zero
eg  A<0,4p*—12pg<0

correct working that clearly leads to the required answer

eg p273pq£0,4p2£12pq

P’<3pgq

Question 23

evidence of anti-differentiation
eg Ih'(x), _l.40052x dx

correct integration
4sin2x

eg  h(x)=2sm2x+c,
attempt to substitute [%, 5) into their equation

eg  2sin| 2x— |+c=5. 2sin| = |=5
12 6

correct working

eg 2(%]+0—5,c=4

h(x)=2smn2x+4

Al

(R1)

R1

Al

AG NoO
[5 marks]

Total [7 marks]

(M1)

(42)

(M1)

(A1)

Al N5

Total [6 marks]



Question 24

(a)

AIAIAIAT N4

Note: Award 41 for x-intercept in circle at —2, 47 for x-intercept in circle at 6.
Award A1 for approximately correct shape.
Only if this 47 is awarded, award 47 for a negative y-intercept.

[4 marks]

b)  S7C2). f(6). f(0) A2 N2
[2 marks]

Total [6 marks]



Question 25

(a)

(b)

derivative of 2x is 2 (must be seen in quotient rule)
derivative of x*+5 is 2x (must be seen in quotient rule)

correct substitution into quotient rule
(> +512)-(2x)(2x) 2(x*+35)—4x>
(x* +5) T (x245)?

correct working which clearly leads to given answer
2x* +10—4x 2x’+10-4x7
(x?+5)° " x*+10x2425

o 10-2x
S =TTy

valid approach using substitution or inspection

eg wu=x"+5, du=2xdx, %ln(x2+5)

2x 1
_[x2+5dx:J;d1£

Jldu =lhwu+t+e
u

In(x*+3)+c

(41)
(A1)

Al

Al

AG

(M1)

(41)

(41)

Al

NO

[4 marks]

N4
[4 marks]



(c) correct expression for area

9 "
eg []n(x2 +5)]j§ , J[%dx

5

substituting limits into their integrated function and subtracting
(in either order)

ee  In(g’ +5)—m(J§2 +5']

correct working

2
5
eg  In(g+5)—In10, nL "

equating their expression to In7 (seen anywhere)
2
q +5

eg In(¢*+5)-Inl0=mn7, In =In7, In(¢*+5)=In7+1n10

correct equation without logs

2
5
T _57 #45=70
10

eg
g =65
g=65

Note: Award A0 for g = J_r\/g .

(A1)

(M1)

(41)

(M1)

(41)

(41)

Al N3

[7 marks]

Total [15 marks]



Question 26

substitution of limits or function (41)
eg Azf:f(x),J.ﬁdx
correct integration by substitution/inspection A2
%m(xz )
substituting limits into their integrated function and subtracting (in any order) (M1)
eg %(m(f +1)—In (0 +1))

correct working Al
g Z(IN( D~ +D). Z(AD-Ia(). 71170
A:%mm) Al N3

Note: Exception to FT rule. Allow full FT on incorrect integration involving a In function.

[0 marks]



Question 27

attempt to set up integral (accept missing or incorrect limits and missing dx) M1

b b b

eg secosxdx, j cosxdx, J},de. Jcosx
3n a 3
2 2

correct integration (accept missing or incorrect limits) (A1)
eg [sinx]gl, sinx
2

substituting correct limits into their integrated function and subtracting
(in any order) (M1)

eg sinbsin(znj , sin[znjsinb

sm[%] =-1 (seen anywhere) (A1)
setting their result from an integrated function equal to 1—7 M1
eg sinb= —ﬁ

2
evaluating sin™ £ =L or sin™ fﬁ =X (A1)

2 3 2 3
eg b :g, —60°
2

identifying correct value (A1)

eg 21'57%, 36060

St

-
3

b= A1 N3

[8 marks]



Question 28

(@)

(c)

()

f(x)=6x-2k

substituting x =1 into /"
eg f'(D, 6()-2k

recognizing f"(x)=0 (seen anywhere)
correct equation
eg 6-2k=0

k=3

correct substitution into /"(x)
eg  3(-2-6(-2)-9

f12=15

recognizing gradient value (may be seen in equation)
eg a=15, y=15x+b

attempt to substitute (-2, 1) into equation of a straight line
eg 1=15(-2)+b, (y—D=m(x+2) (y+2)=15(x-1)

correct working
eg 31=b, y=15x+30+1

v=15x+31

METHOD 1 (2™ derivative)

recognizing /" <0 (seenanywhere)

substituting x=-1 into /"

eg f'(=1),6(-D)-6

f=D=-12

therefore the graph of f* has a local maximum when x=-1
METHOD 2 (1% derivative)

recognizing change of sign of f'(x) (seen anywhere)
eg sign chart 44_.'__".4

correct value of f' for —-1<x<3

eg [f(0)=-9

correct value of /' for x value to the left of —1

eg [f'(-2)=15

therefore the graph of / has a local maximum when x=-1

A1A1 N2
[2 marks]
(mM1)
M1
A1
AG NO
[3 marks]
(A1)
A1 N2
[2 marks]
M1
M1
(A1)
A1 N2
[4 marks]
R1
(M1)
A1
AG NO
R1
A1
A1
AG NO
[3 marks]

Total [14 marks]



Question 29

(@)

METHOD 1

choosing quotient rule
vir' —uv'

eqg 3

v

1 .
(Inx) ==, seenin rule
X

correct substitution into the quotient rule

xxl—]nxxl

X
eg 2

1-Inx

g'x=

METHOD 2

choosing product rule
eqg v +vu'

one correct derivative, seen in rule

eg (nxy =1,

—2
—X

correct substitution into the product rule
I In
eg ]nx(—x'z)+x'l(l), —2——;

X X X

1-Inx

X

g'(x)=

attempt to use substitution or inspection
eg u=Inxso du _1 Iudu
dx x’

Jsace="""

+C (accept absence of +C')

(M1)
(A1)
(A1)
A1l N4
(M1)
(A1)
(A1)
A1 N4
[4 marks]
(M1)
A2 N3
[3 marks]

Total [7 marks]



Question 30

@ [f(x)==2e%, f'(x)=4e™, fO(x)=—8e™

b)  [D(x)=(=2)e™ (accept (12 ™ (<2) f(x))

Question 31

recognizing derivative

eg (0, f(0)=3

correct derivative 3ax®+5b
b=3

recognizing inverse relationship (seen anywhere)
eg (1,7), f(1)=7, swapping x and y and substituting (7, 1)

correct equation
eg a+b=7,a+3=7

substituting their b
eg ax’+3x,a+3=7

a=4

Notes: If working shown, award relevant marks for 4x’ +3x.
If no working shown, award N4 for 4x° + 3x.

A1A1A1 N3

[3 marks]

A2A1 N3

[3 marks]

Total [6 marks]
(mM1)
A1A1

A1 N2
(M1)
A1
(mM1)

A1 N2

[8 marks]



Question 32

(@)

(b)

(©

valid reasoning
eg f'<0, derivative is negative

correct interval, from 0 to &, with any combination of < or <
eg O<x<d,O0<x<d

(i)  recognizing that /' =0
eg x—a,x=0

x=d

Note: Do not award A1 if additional answers given.

(i) complete valid reasoning for min (may be seen in (i)
eg signof /' changes from negative to positive, labelled

sign diagram

recognizing two enclosed regions
eg areaato O+ area 0 tod

(m1)

A2

(m1)

A1

R1

(m1)

correct expression for area (may be seen in equation, accept absence of dx) A1

eg [ f@de- [ rode, (/@] [f@L+[ /@]

equating integral expression to15 (must have limits, may be seen
after integration)

eg j" Fi(x)dx+ ‘ .[: Fix)dx|=15, j“ (%) dx+j: F()de=15

recognizing integral of /" is / (seen anywhere)

eg j F(x)dx= f(x)+C

considers Fundamental Theorem of Calculus

eg [ f()de=7fb)- f(a)

correct equation in terms of f

eg  (f(0)-f(a)—(f(d)-f(0)=15, 2/(0)-f(a)- f(d)=15

correct simplification
eg 2f(0)-3-(-D=15, 2/(0)=17

£(0)=85

(m1)

(m1)

(mM1)

A1

(A1)

A1

N3
[3 marks]

N2

N1

[3 marks]

N2
[8 marks]

Total [14 marks]



Question 33

evidence of antidifferentiation (M1)

eg f=[/

correct integration (accept absence of C) (A1)(A1)
6x°

f(.r)zT—5x+C, 2x’ —5x

attempt to substitute (2, —3) into their integrated expression (must have C) M1
eg 22 -5(2)+C=-3,16-10+C=-3

Note: Award MO if substituted into original or differentiated function.

correct working to find C (A1)
eg 16-10+C=-3,6+C=-3,C=-9
f(x)=2x -5x—9 A1 N4

[6 marks]



Question 34

(a) METHOD 1
f3=0 (A1)

valid reasoning including reference to the graph of f* R1
eg /' changes sign from negative to positive at x =35, labelled sign chart for f

r

so f has a local minimum at x=5 AG

Note: It must be clear that any description is referring to the graph of /", simply
giving the conditions for a minimum without relating them to /" does not gain

the R1.
METHOD 2
f(5=0 A1
valid reasoning referring to second derivative R1
eg f'(5)=>=0
so f has alocal minimum at x=5 AG
(b) attempt to find relevant interval (M1)

eg f' isdecreasing, gradient of /' is negative, /" <0

2<x<4 A1

Notes: If no other working shown, award M1A0 for incorrect inequalities such
as 2<x<4.

(c) METHOD 1 (one integral)

correct application of Fundamental Theorem of Calculus (A1)
6 6

eg [ /'()dc=7(6)~f(0), f(6)=14+[ f'(x)dx

attempt to link definite integral with areas (M1)

eg Jff’(x)drz —12-6.75+6.75, ij’(x)drz Area A+ Area B+ Area C

correct value for I: Sf(x)dx (A1)
eg [ f(x)de=-12
correct working A1

eg f(6)-14=-12, F(6)=—-12+ £(0)
f(6)=2 A1

NO

NO
[2 marks]

N2

[2 marks]

N3



METHOD 2 (more than one integral)
correct application of Fundamental Theorem of Calculus

eg [ S Wdx=fQ-10). FQ)=14+[ f'(x)
attempt to link definite integrals with areas

eg [ f(dx=12,[ f()dx=-675, [ f'(x)=0
correct values for integrals

eg j: Fl)de=-12, j: F(0)de =675, £(6)—F(2)=0
one correct intermediate value

eg f(2)=2, fO)=-4T5

J(6)=2

correct calculation of g(6) (seen anywhere)
eg 2%, g(6)=4
choosing chain rule or product rule

g ¢(f()) /(). d"z%% FES @+ @)

E du

correct derivative

eg g(x)=2f(x)f"(x), f(x)f )+ f(x)f(x)
correct calculation of g'(6) (seen anywhere)

eg 2(2)(16), g'(6)=064

attempt to substitute their values of g'(6) and g (6) into
equation of a line
eg 2'=(2x2x16)6+b

correct equation in any form
eg y—4=64(x—6), y=64x—380

(A1)

(m1)

(A1)

A1

A1 N3
[5 marks]

A1

(m1)

(A1)

A1

(M1)

A1 N2

[6 marks]

[Total 15 marks]



Question 35

(a)

recognition that the x-coordinate of the vertex is —1.5 (seen anywhere)
eg axis of symmetry is —1.5, sketch, f'(-1.5)=0

correct working to find the zeroes
eg -15x45

x=-6and x=3

METHOD 1 (using factors)

attempt to write factors
eg (x-6)(x+3)

correct factors
egd  (x-=-3)(x+6)

qg=3,r=-18

METHOD 2 (using derivative or vertex)
valid approach to find ¢

eg f(-15=0,-L-_15
2a

q=3
correct substitution

eg 3*+3(3)+r=0, (-6)°+3(=6)+r=0
r=-18
g=3,r=-18

METHOD 3 (solving simultaneously)

valid approach setting up system of two equations
eg 9+3¢g+r=0,36-6g+r=0

one correct value
eg g¢g=3,r=-18

correct substitution

(mM1)

A1

AG NO
[2 marks]

(M1)

A1

A1A1 N3

(mM1)

A1
A1

A1
N3

(mM1)

A1
A1

eg 3°+3(03)+r=0, (-6)°+3(-6)+r=0, 3*+3¢-18=0, 36-6¢-18=0

second correct value
eg g=3,r=-18

qg=3,r=-18

A1

N3

[4 marks]

Total [6 marks]



Question 36

(a)

(b)

(c)

recognizing f'(x)=0
correct working
eg 6-2x=0

x=3

evidence of integration
6-2x

cd ff! fﬁx—x2 dx

using substitution

1
eg f—a’u where u = 6x - x?
u
correct integral
eg In(w)+ec, ln(éx—xz)
substituting (3, 11127) into their integrated expression (must have c)

eg h1(6x3—32)+c=h127, In(18-9)+Ink =In27

correct working
eg c=In27-In9
EITHER

c=In3
attempt to substitute their value of c into f(x)

eg  f(x)=In(6x-x")+In3
f(x)=Mn(3(6x-x*))

OR
attempt to substitute their value of c into f(x)
eg  f(x)=In(6x-x")+mM27-In9

correct use of a log law

eg  f(x)= h1(6x—x2)+]11(2—;), /() =In(27(6x-+*))-1n9

f(x)=In(3(6x-*))

a=3

correct working

In27

‘In3

correct use of log law

3]1133, log, 27

eg

(m1)
(A1)

A1 N2
[3 marks]
(M1)

(A1)

At

(mM1)

(A1)

(A1)
(M1)

At N4

(mM1)

(A1)

A1 N4

[8 marks]
A1 N1
A1

(A1)

A1 N2
[4 marks]
Total [15 marks]



Question 37

(a)

(b)

(c)

(d)

choosing chain rule

dy =Qx%, u=4x+5,u' =4
dx du dx
correct derivative of f
1 -1 2
eg —(4x+5) x4, f(x)=
R

=2
S D=3

recognize that g'(x) is the gradient of the tangent
eg g(x)=m

g)=3

recognize that R is on the tangent
eg g(1)=3x1+6, sketch

g()=9

f()=+/4+5 (=3) (seen anywhere)
h(1)=3x9 (=27) (seen anywhere)
choosing product rule to find /' (x)
eg ' +uv

correct substitution to find 4’ (1)

eg  fOxgM+/Dxg®)

H(1)=3x3+2x9 (=15)
J

EITHER

attempt to substitute coordinates (in any order) into the equation of a
straight line
eg  y-27=H{)(x-1), y-1=15(x-27)

y=27=15(x-1)

OR

attempt to substitute coordinates (in any order) to find the y-intercept
eg 27=15x1+b,1=15x27+h

y=15x+12

(mM1)

A2

A1

(mM1)

A1

(m1)

A1

A1
A1

(m1)

(A1)

A1

(mM1)

A1

(mM1)

A1

N2
[4 marks]

N2
[2 marks]

N2
[2 marks]

N2

N2
[7 marks]



Question 38

(@)

(b)

correct substitution into the formula for volume
eg 36=—yxxxx

valid approach to eliminate y (may be seen in formula/substitution)

36 36
eg }.‘:—2, Xy =—
X X

correct expression for surface area
eg w+xy+xy+xi+x’, area=3xy+2x’

correct expression in terms of x only
eg 3x{3—?)+2x2, x?+ 32 +3—6+£+§, 2x? +3[§J

X X x x X

A(x)= 108 +2x°
X

A'(x) = —ﬁ +4x, 4x—108x7>
X

Note: Award A7 for each term.

(c)

recognizing that minimum is when A4'(x)=0

correct equation

108 - 108

e ——+4x=0, dx=—
I x* x*

correct simplification
eg -108+4x’=0, 4x°=108

correct working
eg x =27

height =3 (m) (accept x=3)

A1

M1

A1

A1

AG

A1A1

(mM1)

(A1)

(A1)

(A1)

A1

NO
[4 marks]

N2

[2 marks]

N2
[5 marks]



attempt to find area using their height (M1)

Question 39

(@)

eg %Jrz(s)2 ,949+12+12+12
minimum surface area=>54m? (may be seen in part (c)) A1
attempt to find the number of tins (M1)
54
e —.,54
I 10
6 (tins) (A1)
$120 A1 N3
[5 marks]
Total [16 marks]
(i)  recognizing the need to find the gradient when x=0 (seen anywhere) R1
eg  f(0)
correct substitution (A1)
, 2a*—4(0
£'(0)= 2—()
a j—
J(0)=2a (A1)
correct equation with gradient 2« (do not accept equations of the form
L =2ax) A1 N3
eg v=2ax, v—b=2a(x—a), y=2ax—2a*+b
(i) METHOD 1
attempt to substitute x =« into their equation of L (M1)
eg v=2axa
b=2a* A1 N2
METHOD 2
equating gradients (M1)
b
eg —=2a
a
b=2a’ A1l N2

[6 marks]



(b)

METHOD 1

recognizing that area = J': J(x)dx (seen anywhere)

valid approach using substitution or inspection

eg IZx\/r;dx, u=a*—x*, du=-2xdx, %(az—xz)%

2
correct working
eg ‘[Zx a’—x*dx :J.—\/;du

I—\/;du = —%

2

3

J.f(x)drz—%(az—xz)z+ ¢

substituting limits and subtracting
g

3 3
ey A= 207, 2y

A4, ==—a

METHOD 2

recognizing that area= J'; f(x)dx (seen anywhere)
valid approach using substitution or inspection

3
eg J.Zx\/z:dx, u=a —x°, du=-2xdx, %((.*z—xz)E

correct working
eg JZx a’—x’dx= I—Jz:du

new limits for # (even if integration is incorrect)

2 1 37
eg wu=0andu=a’, L u?du, [%”z]

]
a

substituting limits and subtracting

3
eg AR:—(O—§G3] , %(02)2

A, ==a’
®3

R1
(m1)

(A1)

(A1)

(A1)

A1

AG

R1
(m1)

(A1)

(A1)

(A1)

A1

AG

NO

NO
[6 marks]



METHOD 1

valid approach to find area of triangle
ey =(0Q)(PQ), Lab
2 2
correct substitution into formula for 4, (seen anywhere)
1

eq AT:EXGXZ‘JZ,(JS
valid attempt to find £ (must be in terms of a)
2 a’
e P=k=a’, k=
g a 3 a-, Eas

k=2
2

METHOD 2
valid approach to find area of triangle

eg J(Zax)dx
0

correct working
eg [axz]a ,a

0

valid attempt to find & (must be in terms of a)

3
a

20

3

eg a3—k§a3, k=

(mM1)

(A1)

(mM1)

A1 N2

(mM1)

(A1)

(M1)

A1 N2
[4 marks]

Total [16 marks]



Question 40
evidence of integration

eg j S'(x)dx

correct integration (accept missing C)

- 4
eg %XM? %sin4(2x)+c

substituting initial condition into their integrated expression (must have +C)
eg 1= lsin“ [EJ-F C
8 2

Note: Award MO if they substitute into the original or differentiated function.

. (T
recognizing Sm{EJ =1
| e
eg 1=—(0)'+C
8

c=!
8

flx)= ésin" (2x) +;

[P viar v nar nag

(M1)

(A2)

M1

(A1)

(A1)
A1 N5

[7 marks]



Question 41

(@)

U]
(in)

(in)

F'(x)=—sinx, f"(x)=—cosx, fP(x)=sinx, £ (x) =cosx A2
valid approach (M1)
eg recognizing that 19 is one less than a multiple of 4, 7" (x)= 7% (x)
£ (x)=sinx A1
g =kt
2"(x)=k(k-Dx?, D)=k (k-1 (k-2)x" A1A1
METHOD 1
correct working that leads to the correct answer, involving the correct
expression for the 19th derivative A2
(k-19)!

e k(k—1)(k=2)...(k—18)x————, . P,

g (k=1)( Eal ) (k—19)1° '
=19 (accept —— 9 A1

(k—19)1

METHOD 2

correct working involving recognizing patterns in coefficients of first
three derivatives (may be seen in part (b)(i)) leading to a general
rule for 19th coefficient A2

g L 3
eg gzzz[_z_],Af(k—l)(k—z)z(k_3)!,g”(x)af;(x ).

k bl
1) (x) =191 91x— " p
g ™ [19}’ (k—19)1x191" *'®

p =19 (accept 1) A1

(k—19)!

N2

N2
[4 marks]

N2

N1

N1

[5 marks]



(i) valid approach using product rule (M1)
eg uv’+vu*, f(lg)g(20)+f(20)g(19)

correct 20th derivatives (must be seen in product rule) (A1)(A1)
21!
e @0 =X, 2 (x)=cosx
9 8= U
! ! !
h'(x):si11x(21!x)+cosx[%x2J (accept smx(%x]ﬂosx{%xz)]Af N:
(i) substituting x = (seen anywhere) (A1)
! !
eg  fPn)g® )+ P (m)g® (n), sin n%nﬂ:os n%nz
evidence of one correct value for sinm or cosm (seen anywhere) (A1)
eg sinm=0,cosm=-1
evidence of correct values substituted into /'(n) A1
T m 21,
e 21(m)| 0—— |, 21(m)| —— |, 0+ (-1)—m
g 2|0~ 21|30+ (D3

Note: If candidates write only the first line followed by the answer, award ATA0AQ.

21!
A’Rz AG NO

2
[7 marks]

[Total 16 marks]



Question 42

(@)

valid approach to set up integration by substitution/inspection

eg wu=x"-1, du=2x, J.Z.’cexg’ldr

correct expression
1 -1 1 u
eg EJ.er dx, EIE du
-1

—e +c
2

Notes: Award A1 if missing “+c”.

(b)

substituting x =—1 into their answer from (a)

L, 1.,
e —eb Zel=
g 5058 7

correct working

1
eg 5+c=3, c=25

gﬂﬂ:%€”+25

Question 43

(m1)
(A1)
A2 N4
[4 marks]
(M1)
(A1)
A1 N2
[3 marks]
Total [T marks]



@ (@@ 2 A1 N1
- . 1
(i) gradient of normal = 5 (A1)
attempt to substitute their normal gradient and coordinates of P
(in any order) (M1)
eg }’—4=l(x—3), 3 :1(4)+b, b=1
2 2
y—SZé(x—Ar), y=%x+l, x—2y+2=0 At N3
[4 marks]
(b) correct answer and valid reasoning A2 N2
answer: eg draphof f is concave up, concavity is positive (between 4<x<35)
reason: eg slope of /' is positive, /' is increasing, /" >0,
sign chart (must clearly be for /" and show A and B)
e ) ak i
‘ A B,
\ ~1 ¢
S
L I\: 'l - i ;
o e * b
—~
Note: The reason given must refer to a specific function/graph. Referring to “the
graph” or “it” is not sufficient.
[2 marks]

Total [6 marks]



Question 44

(@)

valid approach to set up integration by substitution/inspection
eg u= x> =1, du =2x, J.erxg"ldr

correct expression

eg %J.erxz_ldr ) %J.e“du

Notes: Award A1 if missing “+c”.

(b)

substituting x =—1 into their answer from (a)

1
eg —e’ —e'=
9 2 2

-
2

correct working

eg %+c=3, c=125

f(x)= %e“ +25

(mM1)

(A1)
A2 N4
[4 marks]

(M1)

(A1)
A1 N2
[3 marks]

Total [7 marks]



Question 45

(@)

(b)

METHOD 1 (using x-intercept)
determining that 3 is an x-intercept
"\ /
eg x-3=0 —F\ A
|
valid approach

eg 325 252 55

p=2

METHOD 2 (expanding f'(x))

correct expansion (accept absence of a)
eg ax’—aB+p)x+3ap, x> —(B3+p)x+3p

valid approach involving equation of axis of symmetry
— 3 5 5

eg 73):2_5, a(')—i_p):i‘“ip:
2a 2a 2 2 2

p=2

METHOD 3 (using derivative)

correct derivative (accept absence of a)
eg a(2x-3-p),2x-3-p

valid approach
eg f'(25=0

p=2

attempt to substitute (0, —06)

eg  —6=a(0-2)(0-3), 0=a(-8)(-9), a(0)* —5a(0)+6a=—6

correct working
eg —6=6a

a=-1

(mM1)

(mM1)

A1

(A1)

(mM1)

A1

(A1)

(M1)

A1

(mM1)

(A1)

A1

N2

N2

N2
[3 marks]

N2
[3 marks]



METHOD 1 (using discriminant)

recognizing tangent intersects curve once
recognizing one solution when discriminant = 0

attempt to set up equation
eg g=f,kx-5=-x"+5x-6

rearranging their equation to equal zero

eg x —Sx+kx+1=0

correct discriminant (if seen explicitly, not just in quadratic formula)
eg (k-357-4,25-10k+k -4

correct working

10++/100-4x21

eg k-5=42, (k-3)(k-7)=0, 5

k=3,7
METHOD 2 (using derivatives)

attempt to set up equation
eg g=f,kx-5=-—x*+5x-6

recognizing derivative/slope are equal
eg fl=m,, f'=k

correct derivative of f (A1)
eg —2x+5

attempt to set up equation in terms of either x or &
S5-k

(mM1)
M1
(mM1)

(m1)

A1

(A1)

A1A1 NO

(m1)

(mM1)

M1

—k

5—kY (5
eg (2x+5)x-5=—x>+5x-6, A’[T]—S:—(J] +5('TJ—6

2

rearranging their equation to equal zero
eg x*-1=0, k*-10k+21=0

correct working

10++4100-4x21

2

eg x==l,(k-3)(k-7)=0,

k=3,7

(m1)

(A1)

A1A1 NO
[8 marks]

Total [14 marks]



Question 46

valid approach

eg If’dr, I

2
3x

(x3 +1)

correct integration by substitution/inspection

dx

5

1 -4 -1
eg f(x)=—(x+1) +c, —
S 4(x +1)’
correct substitution into their integrated function (must include ¢)
eg 1:_714“3, L
4(0° +1) 4

4

5 5(x+1) -1
Coa(d 1)

=
_—
ﬂw
J’_
K.
T —
'S
e

Question 47
(a) expressing /(1) as a product of f(1) and g (1)
eg  fhxgl, 209
h(l)=18

(b) attempt to use product rule (do notaccept 7'= f'xg")
eg n=fe'+ef . N®=r,©®)g®)+g'®)r(3)

correct substitution of values into product rule
eqg n(@®)=4(5+2(-3), -6+20

H(8)=14

(mM1)
A2
m1
(A1)
A1 N4
[6 marks]
(A1)
A1 N2
[2 marks]
(M1)
(A1)
A1 N2
[3 marks]

[Total 5 marks]



Question 48

(@)

i  f'=2x
(iiy  attempt to substitute x =—k into their derivative

gradient of L is 2k

METHOD 1

attempt to substitute coordinates of A and their gradient
into equation of a line

eqg k*=-2k(-k)+b

correct equation of L in any form
eg vk =2k(x+k), y="2kx—k’

valid approach
eg v=0

correct substitution into L equation
eg —k'=-2kx-2k,0="2kx—Fk

correct working

eg 2kx=-Fk
‘3‘\_
X=——
2
METHOD 2
valid approach
eg gradient=22"2 o7 =I1%€¢
X —X n

recognizing y=0 atB

attempt to substitute coordinates of A and B into slope formula

eg -0 -k
“k—x x+k
correct equation
,2' — — 2
eg 0 o M ok = ok(x+h)
—fk—x xX+k
correct working
eg 2kx=-k
‘Zr
X=——

2

A1
(M1)

A1

(m1)

(A1)

(m1)

A1

A1

AG

(m1)

(A1)

(m1)

A1

A1

AG

N1

N2
[3 marks]

NO

NO



(d)

valid approach to find area of triangle
k

eg %(kz)(g]

A’S
area of ABC=—

METHOD 1 (j f —triangle)
valid approach to find area from -k to 0
o, -
eg I_k xdx, L ’ f
correct integration (seen anywhere, even if MO awarded)
- [5]
eg -, |Tx
3 3 2

substituting their limits into their integrated function and subtracting
—k)’ K
0 R
2

=

(WS ]

eg , area from —kto O is —

]

Note: Award MO for substituting into original or differentiated function.

attempt to find area of R
eg J._: f(x)dx—triangle

correct working for R
3 .3 3

eg '1(7 _L , R= k

3 4 12

correct substitution into triangle = pR

K A <R < K
(=] _ = — o e = B
I 4 p[ 3 4 J 4 p(lZ]

(mM1)

A1

(m1)

A1

(M1)

(M1)

(A1)

(A1)

A1

N2
[2 marks]

N2



METHOD 2 (j(f—L))

valid approach to find area of R
_E _*
eg [+ (kv k) dv+ [ ¥, [Zr-D+ [
2 2
correct integration (seen anywhere, even if M0 awarded)

3 3 5 370
eg Ttk +kix, {L‘F x* + kzx] + {Y—}
3 3 3|

“k L3
2

substituting their limits into their integrated function and subtracting

-

2

3

Note: Award MO for substituting into original or differentiated function.

correct working for R
S S K K

3 3 3
,f(_+;'(_ _E, +— K+ +—, R=—
24 24 24 4 2 3 24 12

correct substitution into triangle = pR

s PP K s
e — A WNL - , —= -
I 4 p( 24 24] 4 p(lQ]

eg

p=3

(mM1)

A2

(M1)

k 3
‘EJ

eg mw("')lw(g _[@H—(—muk’ (—ff)]+<o)— (

3

(A1)

(A1)

A1 N2
[7 marks]

[Total 17 marks]



Question 49

attempt to find the area of OABC (M1)
eg OAxOC, xx f(x), f(x)x(—x)

correct expression for area in one variable (A1)
eg area=x(15-x%), 15x—x°, x’ —15x

valid approach to find maximum area (seen anywhere) (M1)
eg A(x)=0
correct derivative A1

eg 15-3x%, (15-x")+x(-2x)=0, —15+3x°

correct working (A1)
eq 15=3x7, x°=3, x:\/g
x=—5 (accept A(—5 ._0)) A2 N3

[7 marks]



Question 50

(@)

(b)

(d)

f(x)=2x-1

correct substitution
eg 2()-1,2-1

FSH=1

correct approach to find the gradient of the normal

, mym, =—1, slope =-1

-1
eg ——
VAQ)
attempt to substitute correct normal gradient and coordinates
into equation of a line
eg y-0=—1(x-1),0=—1+b,b=1, L=—x+1

y=—x+1

equating expressions
eg f(x)=L, x+l=x"—x

correct working (must involve combining terms)
eg x'—1=0, x*=1, x=1

x=-1 (accept O(-1, 2))

valid approach

eg J.L—f, J._ll(l—xz)dx, splitting area into triangles and integrals

correct integration

3 3 2 2
X 2 ¥ QX
eg |:.T——:| , ———=—+—+X
1

3 3 2 2

substituting their limits into their integrated function and subtracting
(in any order)

eg 1—%—(—1—?}

] 2

Note: Award MO for substituting into original or differentiated function.

4
area=—
3

A1A1
A1
AG NO
[3 marks]
(A1)
(mM1)
A1 N2
[3 marks]
(M1)
(A1)
A2 N3
[4 marks]
(mM1)
(A1)(A1)
(M1)
A2 N3
[6 marks]

Total [16 marks]



Question 51

(@)

()

(i)  recognize that f'(x) is the gradient of the tangent at x
eg f'(x)=m
f'(2)=3 (accept m=3)

(i) recognize that f(2)=v(2)
eg f(2)=3x2+1

f@=1

recognize that the gradient of the graph of gis g'(x)

choosing chain rule to find g'(x)

dy d
eg ixi,u:x2+l,u':2x
du  dx

g' () =7 (x> +D)x2x

g (1)=3x2

g'=6

atQ, L, =L, (seenanywhere)

recognize that the gradient of Z, is g’(1) (seen anywhere)
eg m=0

finding g(1) (seen anywhere)

eg gM)=/12).gM)=7

attempt to substitute gradient and/or coordinates
into equation of a straight line

eg y—g)=6(x-D,y-1=g'D(x-7), 7=6(D)+b

correct equation for Z,
eg y—7=6(x-1), y=6x+1

correct working to find Q
eg same y-intercept, 3x =0

v=1

(M1)

A1 N2

(mM1)

A1 N2
[4 marks]

(mM1)

(M1)

A2
A1

AG NO
[5 marks]

(mM1)

(mM1)

(A1)

M1

At
(A1)

A1 N2
[7 marks]

[Total: 16 marks]



Question 52

(@)

correct equation for volume
2

eg mrh=20m

20

F"2

h

attempt to find formula for cost of parts
eg 10 x two circles, 8 x curved side

correct expression for cost of two circles in terms of » (seen anywhere)
eg 2mr’x10

correct expression for cost of curved side (seen anywhere)
eg 2mrxhx8§

correct expression for cost of curved side in terms of »

eg 8x2mrx 2 , @
r r
320m

C=20mr" +

¥

recognize C" =0 at minimum

eg C' =0, FC, =0
dr
correct differentiation (may be seen in equation)
320xn

C'=40mr — >
u

correct equation

320 320
eg 40mr — 21: =0, 40nr = 5 T
r r

correct working
eg 407° =320, =8

r=2(m)

attempt to substitute their value of » into C
eg 20nx4+320xg

correct working

eg 80n+160m

2407w (cents)

Note: Do not accept 753.6, 753.98 or 754, even if 240n is seen.

(A1)

A1 N2
[2 marks]

(m1)

A1

(A1)

A1

AG NO
[4 marks]

(R1)

A1A1

A1

(A1)

A1

(m1)

(A1)
At N3

[9 marks]

[Total: 15 marks]



Question 53

(@)

, 3y . 6x° 3x°
2x _T+C accept 3 +c A1A1 N2

2

Notes: Award A1AO0 for both correct terms if +¢ is omitted.

Award A1A0 for one correct term eg 2x° +c.
Award A1A0 if both terms are correct, but candidate attempts further
working to solve for c.

[2 marks]
(b) substitution of limits or function (A1)
a2 2
eg [ /(. [zf —i]
1 2 .
substituting limits into their integrated function and subtracting (M1)
6x2° 3x2? (6x13 3><12]
eg — - -
3 2 3 2
Note: Award MO if substituted into original function.
correct working _ (A1)
eg 6x8 3x4 6x1 3xl (166)(23)
3 2 3 2 2
4 A1 N3
2
[4 marks]

[Total: 6 marks]



Question 54

(a)

evidence of integration

eg [/'()

correct integration (accept absence of C)

eg ::cng%x2 +C, X +9x7

attempt to substitute x =—1 into their /=0 (must have C)
eg (-1)’+9(-1)’+C=0, -1+9+C=0

Note: Award MO if they substitute into original or differentiated function.

(b)

correct working
eg 8+C=0,C=-8

f(xX)=x’+9x* -8

METHOD 1 (using 2™ derivative)
recognizing that /" =0 (seen anywhere)

correct expression for "
eg 6x+18, 6p+18

correct working
6p+18=0

p=-3

METHOD 2 (using 1* derivative)

recognizing the vertex of f' is needed

eg —23 (must be clear this is for ")
a
correct substitution
. -18
g 2x3
p=-3

(M1)

(A1)(A1)

M1

(A1)

A1

M1
(A1)

(A1)

A1

(M2)

(A1)

A1

N5
[6 marks]

N3

N3
[4 marks]



(c) valid attempt to use f"(x) to determine concavity
eg [f'(x)<0, f"(-2). f"(-4) , 6x+18<0 +

(M1)

correct working
eg 6x+18<0, f'(-2)=6, f"(-4)=-0, -

f concave down for x <—3 (do not accept x <-3)

Question 55

recognizing the need to find /'
recognizing the need to find 4'(3) (seen anywhere)

evidence of choosing chain rule
dy dy du '
—=—x—/ (g3 '(3), xg'
e du B ['(gB3)xg'B3), f(g)xg

correct working
eg  f'(T)x4, -5x4

eg

h'(3)=-20
evidence of taking their negative reciprocal for normal
1
eg ———, mm,=-1
h'(3) -

1
gradient of normal is —
20

{Il
(A1)
;”

A1 N2

[3 marks]

Total [13 markKs]

(mM1)
(mM1)

(mM1)

(A1)

(A1)

(M1)

A1 N4

Total [7 marks]



Question 56

(@)

correct working (A1)
2
1 -1 1 1 ) du
d 2x—1 — — | —
0 [od ]2 )’2x—1’f£u]2
j(f(x))zdx_%]n(le)Jrc A2 N3

Note: Award A1 for %ln(Zx—l).

(b)

[3 marks]
attempt to substitute either limits or the function into formula involving f2
(accept absence of m / dx) (M1)
2 9
9 4 1 1
eg ydr, 7 dx, [—ln 2x—1 }
(o of| oimp oo [gmees—o]
substituting limits into their integral and subtracting (in any order) (M1)
eg g(ln(l’/')h1(1)),n[0—%h1(2><9—1))
correct working involving calculating a log value or using log law (A1)
eg  In()=0, ln(lf)
;hﬂ? (accept Tn17) A1 N3

Note: Full FT may be awarded as normal, from their incorrect answer in part (a), however,

do not award the final two A marks unless they involve logarithms.

[4 marks]

Total [7 marks]



Question 57

(a)

(b)

(c)

valid approach
eg  f(0), 0°=2(0)+a(0)+6, f(0)=6, (0, y)

(0, 6) (accept x=0 and y=6)

(i) f'=3x"—4x+a
(i)  valid approach
eg  f'(0)
correct working
eg 3(0)’—4(0)+a,slope=a, f'(0)=a
attempt to substitute gradient and coordinates into linear equation

eg }’—620'(3('—0)_,_}’_0:0(1'_6), 6:ﬂ(0)+C3L:ax+6

correct equation
eg y=ax+6, y—6=ax, y—6=a(x-0)

valid approach to find intersection
eg [f()=L

correct equation

eg X -2x +ax+6=ax+6
correct working

eg x—-2x*=0, x*(x—-2)=0

x=2atQ

valid approach to find minimum
eg  fi(x)=0

correct equation

eg 3x*—4x+a=0

substitution of their value of x at Q into their f'(x) =0 equation
eg 3(2)*-4(2)+a=0,12-8+a=0
a=—4

(M1)
A1 N2
[2 marks]
A2 N2
(M1)
(A1)
(M1)
A1 N3
[6 marks]
(M1)
(A1)
(A1)
(A1)
(M1)
(A1)
(M1)
A1 NO
[8 marks]

Total [16 marks]



Question 58

valid approach to find x-intercept (M1)
eg f(x)=0, i:o, 6-2x=0

V16+6x—x°
x-interceptis 3 (A1)
valid approach using substitution or inspection (M1)

36—2x

eg u:16+6x—x2,‘[0 «./_ J.%,
u u
1

u=+16+6x—x", %_(6—2x)%(16+6x—x2)_2, J.Zd,u

dx

dx, du=6-2x,

correct integration (A2)
1 1
eg —du=2u?, | 2du=2u

both correct limits for « (A1)
25

25 ] 1 5
eg u=16 and u =25, .[16 Tdﬂ, |:2”Ei| , u=4and u=35, ‘[4 2du, [2”]i
u

16

substituting both of their limits for # (do not accept 0 and 3) into their integrated
function and subtracting (M1)

eg  2425-2416,10-8

e: Award MO if they substitute into original or differentiated function, or if they have
not attempted to find limits for u.

area=2 A1 N2

Total [8 marks]



Question 59

(a)

(b)

(c)

evidence of choosing chain rule (M1)
dy dy du

ddudr

& %(:P )%(3*{ +1)( ;\/x3+x(3x2+1)] A2 N3

u=x+x ,u' =3x"+1

dx

[3 marks]
integrating by inspection from (a) or by substitution (M1)
3
1 2
—I 3x +1 r3+xdx,u:x3+x,gz3x2+l,J.HE,H—
dx 1.5
correct integrated expression in terms of x A2 N3
2 . % (x*+x)"°
eg —(x +x)*+C, ———+C
93 ( ) 3
[3 marks]
integrating and subtracting functions (in any order) (M1)
[e-1. 1~z
correct integral (including limits, accept absence of dx) A1 N2
1 1 1 1
eg ‘[O(g—f) dx, ‘[06—33:2\/3:3 +Xx —\/x3+x dx,‘[og(x)—‘[of(x)
[2 marks]
recognizing vx° + x is a common factor (seen anywhere,
may be seen in part (c)) (M1)
eg (—33:2 —1)\/1’3 +x, _[6—(3x2 +1)\1x3 +x , (3:!{2 —1)\/3{3 +x
correct integration (A1)(A1)
2,3 v
e ox——(x" +x)?
g 6x=3(x+x)
substituting limits into their integrated function and subtracting (in any order) (M1)
2 3 3
eg 6-=(P+1)?, 0- 6—3(13 +1)?
3 3
correct working (A1)
eg 6—§><2\/E, 6—§><JZ><\/E
3 o
area of R= 6—%{ 6——\/_ 6— 22, %} A1 N3
| [6 marks]

Total [14 marks]



Question 60

(a) evidence of valid approach
eg sketch of triangle with sides 3 and 5, cos® @ =1—sin” 8

correct working

eg missing side is 4 (may be seen in sketch), cos& =

|

tamﬁ':—E
4

(b) correct substitution of either gradient or origin into equation of line
(do not accept y=mx+5h)
eg v=xtand, y—0=m(x-0), y=mx
3

y=--x
4

3
Note: Award A1A0for L :—Zx.

d (-3: 3
() — =y & (seen anywhere, including answer)
dx\ 4 4
choosing product rule
eg ' +wvu
correct derivatives (must be seen in a correct product rule)
eg cosx,e

Sf'(x)=e"cosx+e sinx—% (z e’ (cosx+sinx)—%]

, cost?z—i

(m1)

(A1)

A2

(A1)

A1

A1
(mM1)

A1A1

A1

N4
[4 marks]

N2

[2 marks]

N5

[5 marks]



valid approach to equate their gradients
3 : 3 3
e '—tan@, f'=—=, e"cosx+e’sinxy—=——,
g f J 1 1- 2
. . 3 3
e*(cosx+sinx)——=——
4 4

correct equation without e*
—smx

1

eg sinx=-cosx, cosx+sinx=0,
cos X

correct working

eg tanf=-1, x=135

3
x= Tﬂ (do not accept 135%)

Note: Do not award the final A7 if additional answers are given.

(M1)

(A1)

(A1)
A1 N1
[4 marks]

Total [15 marks]



Question 61

(a)

(b)

(c)

(d)

correct working (A1)
. (m (T
e sin| —x :1,\/; l-sm| —x||=0
o n{{e)n pm(3)

sm(%} =1 (seen anywhere) (A1)

correct working (ignore additional values) (A1)
m T T T

eg —x=—,—x=—+27
4 2 4 2

x=2,10 A1A1

correct working (A1)

eg d=10-2,a+b=2,a+2b=10

valid approach (M1)
eg 2+(n-18, a+2(2—-a)=10, b =common difference

a=-6,b=8 (accept —6+8n) A1A1
valid approach (mM1)

eg firstintersectionat x=0,n=20

correct working A1
eg —6+8x20, 2+(20-1)x8, u,, =154

P(154, \/154) (accept x =154 and y=+/154) A1A1
valid attempt to find upper boundary (M1)

d
eg half way between u,, and u,,, u,, +5, 154+4, -2+8n, at least two
values of new sequence {6, 14, ...}

upper boundary at x =158 (seen anywhere) (A1)

correct integral expression (accept missing dx) A1A1

N1N1
[5 marks]

N2N2
[4 marks]

N3

[4 marks]

N4

eg L”TJ? sin(%x]—i—ﬁ]dm [P(g+ a0, [“Vx sin(%x)dx—‘[:s—\/; dv

Note: Award A1 for two correct limits and A1 for correct integrand. The A1 for correct

integrand may be awarded independently of all the other marks.

[4 marks]

Total [17 marks]



Question 62

(a) recognizing relationship between v and s (M1)

eg Iv:s, s’ =v

s(4)—s5(2)=9 A1 N2
[2 marks]

(b) correctly interpreting distance travelled in first 2 seconds (seen anywhere, including part (a)
or the area of 15 indicated on diagram) (A1)

2
eg jovzls, s(2)=15

valid approach to find total distance travelled (M1)

4 5
eg sum of 3 areas, ‘[0 v+‘[4 v , shaded areas in diagram between 0 and 5

Note: Award MO if only m v| is seen.

correct working towards finding distance travelled between 2 and 5 (seen anywhere
including within total area expression or on diagram) (A1)

o [rfv [o=El e, s-s-fs-sca).

equal areas
%‘ /l
correct working using s(5) =s(2) (A1)

eg 15+9-(-9). 15+2[s(H)—s(2)]. 15+2(9). 2xs (4 —s(2). 48—15

total distance travelled = 33 (m) A1 N2
[5 marks]

Total [7 marks]



Question 63
recognizing to integrate (M1)
eg Jf’, J2e'3xd\’, du =-3

correct integral (do not penalize for missing +C') (A2)
2

-3x
e —e +C
g 3
substituting (%, 5] (in any order) into their integrated expression (must have +C) M1

eg —%e"s(m) +C=5

Note: Award MO if they substitute into original or differentiated function.

2 2 . 2 2
f(x)= —ge‘” +5 +§e_l (or any equivalent form, eg —Ee‘”r +5 _T) A1
—ae

N4

[5 marks]



Question 64

(a)

(b)

B(a. 0) (accept B(¢+1.0) )

A2

N2
[2 marks]

Note: There are many approaches to this part, and the steps may be done in any
order. Please check working and award marks in line with the markscheme,
noting that candidates may work with the equation of the line before finding a.

FINDING a
valid attempt to find an expression for a in terms of ¢

g0 =a, p’+q=a

a=q+1

FINDING THE EQUATION OF L,

EITHER

attempt to substitute tangent gradient and coordinates
into equation of straight line

eg  y-0=f'(a)(x-a).y=f"(a)(x-(g+D)
correct equation in terms of @ and p

L x-a)

eg yv-0=
In(p)

OR

attempt to substitute tangent gradient and coordinates to find

1
In(p)

eg 0= (a)+D

—da

b =
In(p)

THEN (must be in terms of both p and ¢)

1 1 +1
—(x—q-1), y=—x-TL
In p lnp Inp

Note: Award AQ for final answers in the form L, = 1 (x—g-1).
In p

(m1)

(A1)

(m1)

(A1)

(mM1)

(A7)

A1l

N3

[5 marks]



(c)

Note: There are many approaches to this part, and the steps may be done in any
order. Please check working and award marks in line with the markscheme,
noting that candidates may find ¢ in terms of p before finding a value for p .

FINDING p
valid approach to find the gradient of the tangent
1 1 1
eg mm,=-1, — , —ln[—], - =
o ! 3) mp ow(Y)
1/
111(/3)

correct application of log rule (seen anywhere)
SN |
1

eg ln(g] » —(In(1) - In(3))

correct equation (seen anywhere)

eg hhp=In3, p=3

FINDING ¢

correct substitution of (-2, —2) into L» equation
eg 2=(p)-2)+g+1

g=2lnp-3, g=2In3-3 (seen anywhere)

FINDING L,

correct substitution of their p and g into their L,

1
eg y=—(x—(2In3-3)-1
g ms(" ( )—1)

_v:i(x—2]n3+2), .vzix_72]n3—2
In3 In3 In3

Note: Award A0 for final answers in the form L, = ﬁ (x—2In3+2).

(M1)

(A1)

A1

(A1)

A1

(A1)

A1 N2

[7 marks]

Total [14 marks]



Question 65

(@) y=12-4x

(b) correct substitution into volume formula
eg 3Sxxxxy, xx3xx(12—-x-3x), (12—-4x)(x)(3x)

=3X —4x)|=230x —1:iXx
V =3x*(12—-4x) (=36x" —12x°

Note: Award A0 for unfinished answers such as 3x”(12—x—3x).

(c) a_ 72x—36x%
dx

Note: Award A7 for 72x and A7 for —36x°.

(d) (i) valid approach to find maximum
eg V'=0, 72x—36x" =0

correct working

—724[72% —4-(=36)-0
2(-36)

eg x(72-36x),

x=2

Note: Award A71for x=2 and x=0.

(ii)  valid approach to explain that V'is maximum when x =2
eg attemptto find V", sign chart (must be labelled V')

correct value/s

eg V"(2)=72-72x2. V'(a) where a <2 and V'(b) where b>2

correct reasoning
eg V"(2)<0, V' is positive for x <2 and negative for x > 2

Note: Do not award R7 unless A1 has been awarded.

V'is maximum when x=2

(e) correct substitution into their expression for volume
eg  3x2’(12-4x2), 36(2*)-12(2°)

V =48 (ecm?)

,36x=72, 36x(2—x)=0

A1 N1
[1 mark]

(A1)
A1 N2
[2 marks]
A1A1 N2
[2 marks]

(M1)

(A1)
A2 N2

(M1)

A1

R1
AG NO
[T marks]

A1
A1 N1
[2 marks]

Total [14 marks]



Question 66

(a)

(b)

correct substitution into »* —4ac
eg  (5k) —4(2)(3k* +2), (5k)* —8(3k* +2)

correct expansion of each term
eg 25k 24k —16, 25k° —(24k” +16)

K -16

valid approach
eg  f'(®)>0, f1(x)=0

recognizing discriminant <0 or <0
eg D<0,k -16<0,k*<16

two correct values for A/endpoints (even if inequalities are incorrect)

eg k=*4 . k<-4andk>4,|k|<4

correct interval
eqg 4d<k<4, 4<k<4

(A1)

A1
AG NO
[2 marks]

M1

M1

(A1)
A1 N2
[4 marks]

Total [6 marks]





