Subject - Math AA(Higher Level)
Topic - Algebra
Year -May 2021 - Nov 2024
Paper -1
Answers

Question 1

(a)

attempt to find modulus
r=2V3(=+12)

attempt to find argument in the correct quadrant

0 =7 + arcta [—?]

Smi Smi
~3+4/3i =\/Eeé[:2\/§e6]

attempt to find a root using de Moivre’s theorem
1 Smi

126 g
2
attempt to find further two roots by adding and subtracting Tﬂ to

the argument
! Tri

126e 18
1 17n

126¢ 18

Note: Ignore labels for #, v and w at this stage.

(M1)
A1
(M1)

A1

A1

M1
A1

M1
A1
A1

[5 marks]

[5 marks]



Question 2

(a)

attempting to use the change of base rule

log. (008 2+ 2
logg(C082x+2)= Ogg.(COS x4+ )

log, 9
= %log3 (cos2x+2)

=log, Vcos2x +2

log,(2sinx) = log, /cos2x+2
2sinx =+/cos2x+2

4sin® x = cos2x+2 (or equivalent)
use of cos2x=1-2sin’x
6sin’ x =3

1
+)

sinx=(_)ﬁ

T
x=—
4

Note: Award AQ if solutions other than x = are included.

M1
A1

A1

AG
[3 marks]

M1
A1
(m1)

A1

A1

[5 marks]

Total [8 marks]



(c)

METHOD 1

attempting to find the total area of (congruent) triangles UOV,VOW
and UOW

i 1 1
Area:S{lJ 126 || 129 51'11E
2 3

1 1
Note:Award A1 for [125J[126 ] and A1 for 51'112—;.

(d)

3\/_ {123 ] (or equivalent)

METHOD 2
1y 1y 11 o
sz(lzﬁ] +[125J —2{125][125}05? (or equivalent)
. :
UV:\E[IZGJ (or equivalent)

attempting to find the area of UVW using Area = %x UV x VW xsina

for example

1 1
Area = %[ngmf’ ]{\Exlf’ ]sing
3J_[123J or equivalent)

U+v+w=0

_1 1 I S G g - - '
126| cos| —— |+1sin] —— [+ cos—+isin— +cos—+isin— |=0
18 18 18 18 18

1
128 cos(——n)ﬂzos5—"Ir+cos”—Tt =0
18 18 18

cos —E] = acosE explicitly stated
18 18
St n 17x
C0S—+Co0s—+cos——=0
18 18 18

M1
A1A1

A1

[4 marks]

A1l

A1l

M1

A1

[4 marks]

R1
A1l

M1

A1

AG
[4 marks]

Total [18 marks]



Question 3

(@)

attempting to expand the LHS (M1)
LHS = (4n* —4n +1) +(4n* +4n +1) A1
=8n” +2(=RHS) AG
METHOD 1

recognition that 2n—1 and 2rn+1 represent two consecutive odd

integers (for all odd integers n) R1
8’ +2=2(4n" +1) A1
valid reason eg  divisible by 2 (2 is a factor) R1
so the sum of the squares of any two consecutive odd integers is even AG
METHOD 2

recognition, eg that n and n+2 represent two consecutive odd integers

(for ne ) R1
n*+(n+2) =2(n*+2n+2) A1
valid reason eg  divisible by 2 (2 is a factor) R1

so the sum of the squares of any two consecutive odd integers
is even AG

[2 marks]

[3 marks]

[3 marks]

Total [5 marks]



Question 4

(a)

(b)

METHOD 1
B has one less pen to select
EITHER

A and B can be placed in 6x5 ways
C, D, E have 6 choices each

OR

A (or B), C, D, E have 6 choices each
B (or A) has only 5 choices

THEN

5% 6" (=6480)

METHOD 2
total number of ways =6’

number of ways with Amber and Brownie together =6*
attempt to subtract (may be seen in words)

6 6"
= 5x6* (= 6480)

METHOD 1

total number of ways = 6!(=720)

number of ways with Amber and Brownie sharing a boundary
=2KT ><4!(= 336)

attempt to subtract (may be seen in words)
720-336 =384

METHOD 2
case 1: number of ways of placing A in corner pen

Ix4x3x2x1

Four corners total no of ways is 4x(3x4x3x2x1)=12x4!(=288)
case 2: number of ways of placing A in the middle pen
2x4x3x2x1

two middle pens so 2x(2x4x3x2x1)=4x41(=96)

attempt to add (may be seen in words)

total no of ways=288+96

:16><4!(:384)

(M1)

(A1)
(A1)

(A1)
(A1)

A1

(A1)
(A1)
(M1)

A1
[4 marks]

(A1)

(A1)
(M1)
A1

(A1)

(A1)
(M1)

A1

[4 marks]
Total [8 marks]



Question 5

METHOD 1
other two roots are a—b1 and b—ai A1
sum of roots — —4 and product of roots =400 A1

attempt to set sum of four roots equal to —4 or 4 OR

attempt to set product of four roots equal to 400 M1
a+bita-bitb+ai+b—ai=-4
2a+2b:f4(:>a+b=f2) A1

(a+bi) (a—bi) (b+ai)(b—al)=400

(a*+2%) =400 A1
a’+b*=20
attempt to solve simultaneous equations (M1)
a=2ora=-4 A1A1

[8 marks]
METHOD 2
other two roots are a—bi and b—ai At

(:—(a+bi])(:—(a—bi))(:—(b+ai))(:—(b—ai))(: 0) A1
((z—a) +b°)((z=b)’ +a*)(=0)

(22—202+a2+b2)(22—2?):+bz+n2)(:0) A1
Attempt to equate coefficient of 7' and constant with the given quartic equation M1
2a-2b=4 and (a*+5*) =400 A1
attempt to solve simultaneous equations (M1)
a=2ora=-4 A1A1

[8 marks]



Question 6
METHOD 1 (finding 4, first, from Ss)
4(u, +8)=8
u=-6
i, +7d =8OR 4(2u, +7d ) =8 (may be seen with their value of 4 )

attempt to substitute their 4,
d=2

METHOD 2 (solving simultaneously)

u +7d =8

4(u,+8)=8 OR 4(2u,+7d)=8 OR u; =—3d
attempt to solve linear or simultaneous equations

= =1

(A1)
A1
(A1)

(M1)
A1

(A1)
(A1)
(M1)
A1A1

[5 marks]



Question 7
(a) EITHER

horizontal stretch/scaling with scale factor %

Note: Do not allow ‘shrink’ or ‘compression’

followed by a horizontal translation/shift %units to the left A2

Note: Do not allow ‘move’

OR

horizontal translation/shift 1 unit to the left

. : . 1
followed by horizontal stretch/scaling with scale factor v A2
THEN
0
vertical translation/shift up by E (or translation through| ~ |) A1
4

(may be seen anywhere)

[3 marks]
(b) let o =arctan p and S =arctang m1
p=tana and g =tan S (A1)
+
tan(a + f) = 24 A1
1-pq
+
a+ﬁ:arctan{—p qJ A1
1-pq
. prtq
so arctan p +arctan g = arctan —l where p,g >0 and pg <1 AG
—Pq

[4 marks]



(c)

METHOD 1

% =arctanl (or equivalent)

X

———+1
arctan (L] +arctan] = arctan| —X*+L
x+1

x+x+1
— arctan| —X+1—

x+1-x

x+1

= arctan(2x+1)
METHOD 2

tan% =1 (or equivalent)

) X% T
Consider arctan(Zx + 1) - arctanth = Z
5

x4

tan[arctan (2x +1)—arctan {%JJ

= arctan

= arctan

(2x+l)(x+l)—xJ

x+1+x(2x+1)

—arctan]

A1

A1

A1

AG

A1

A1

A1

AG

[3 marks]

[3 marks]



METHOD 3
tan(arctan(2x+ I)) = tan[arctan(i}rzj

x+1) 4
tan%:I (or equivalent) A1
LHS = 2x+1 A1
2 .41
RHS = %(zzxﬂ) A1
1_x+l

[3 marks]



(d)

- - 1 n
let P(n) be the proposition that Zarctan F = arctan j for neZ”
r n

r=1

consider P(1):

! 1 1
when n=1, Zarctan[2 > ] =arctan[5)= RHS and so P(l) is true R1
r=1 r
£ 1 k
assume P(k) is true, ie. ) arctan| — | =arctan| — (keZ+) m1
e 2r k+1
Note: Award MO for statements such as “let n =4k ".
Note: Subsequent marks after this M1 are independent of this mark and can be
awarded.
consider P(k+1):
2 o o ) 22
arctan ~ |= ) arctan| — |+arctan| ——— (M1)
r=1 2r° r=1 2}42 2(k +1)2
k 1
= arctan| — |+arctan| ——— A1
k+1 2(k+1)
k 1
+ 2
k+1 2(k+1)“
= arctan _ : M1
S &) b
k+1)\ 2(k+1)
k+1)(2k* +2k+1
= arctan ( ) ( = ) A1
2(k+l) -k
Note: Award A1 for correct numerator, with (k + 1) factored. Denominator does not

need to be simplified

. mmn[(k+1)(2k2 + 2k+1)]

283 + 6k + 5k +2

Note:

Award A1 for denominator correctly expanded. Numerator does not need to
be simplified. These two A marks may be awarded in any order

E+1)(2k* +2k+1
:arctan{( )( )J:arctan(kJrl] A1

(k+2)(2k +2k+1) k+2



P(k+l) is true whenever P(k) is true and P(!) is true, so

P(n) is true for ne 7* R1

Note: Award the final R71 mark provided at least four of the previous marks have

been awarded.
Note: To award the final R1, the truth of P(k) must be mentioned. ‘P(k) implies

P(k +1)" is insufficient to award the mark.

[9 marks]
Total [19 marks]

Question 8
a+p+a+ =k (A1)
k
[o4 +ﬁ = E
aff(a+p)=-3k (A1)
(ol .
4 N\ 2 8
k3
attempting to solve —§+ 3k =0 (or equivalent) for k (M1)
A1

k=246 (=~24)(k>0)

Jote: Award A0 for k = +2+/6 (i«/24).

[5 marks]



Question 9
EITHER
attempt to use the binomial expansion of (x + k)7

"Cx 'k + Cx°k + TCx°K +... (or "Gl X’ + 'CR X + TG +...)

identifying the correct term "C,x’k* (or "C.k*x*)
OR

attempt to use the general term C x"k"™ (or "C k"x"™")
r=2 (orr=35)

THEN

’C, =21 (or 'C; =21) (seen anywhere)
21x°k? =63x" 2IE* =63 4K =3)

k=+3

(M1)

(A1)

(M1)
(A1)

(A1)
A1
A1

Note: If working shown, award M1A1TA1A1AQ for k = «/5

[5 marks]



Question 10

attempt to subtract squares of integers (M1)
(n + 1)2 -n?

EITHER
correct order of subtraction and correct expansion of (n+ l):2 , seen anywhere A1A1

:n2+2n+1—n2(:2n+1)

OR
correct order of subtraction and correct factorization of difference of squares A1A17

:(n+l—n)(n+l+n)(:2}?+l)

THEN
=n+n+1 =RHS A1

Note: Do not award final A7 unless all previous working is correct.

which is the sum of n and n+1 AG

Note: If expansion and order of subtraction are correct, award full marks for
candidates who find the sum of the integers as 2n+1 and then show that
the difference of the squares (subtracted in the correct order) is 2n+1 .

[4 marks]



Question 11

(a)

(i)

.t 3
[He‘ﬁ-lJ

T .. W
=cos—+1isin—
2 2

Note:

Candidates who solve the equation correctly can be awarded the

above two marks. The working for part (i) may be seen in part (ii).

A1

A1

AG

(mM1)

(mM1)

A1

A1

[6 marks]



(b)

EITHER

b 4 Sn On

attempt to express elg, e

® 5 eT in Cartesian form and translate 1 unit in the

positive direction of the real axis (M1)
OR
attempt to express w;,w, and w, in Cartesian form (M1)
THEN
=
2 24
D
@
E
1_
B A
WI
W:
] 0 I 2 3
w, Real
g @
—

Note: To award A marks, it is not necessary to see A.B or C, the w, , or
the solid lines

A1A1A1

[4 marks]



(©)

(d)

valid attempt to find @, — @, (or @, —@,) m1

W~y = 1+£+11 —(1—1):£+§1 OR cos—-+isin—+isin—
2. 2 2 2 6 6 2

3 3.
valid attempt to find £+—1 M1
2 2
3.9
= —_4—
4 4
AC=43 A1
[3 marks]
METHOD 1

3
(2—1)3=iz3:>(Z]J =i m1
Z

iy A
(Z—J = A1
=z

L A1

Note: This step to change from z to @ may occur at any point in MS.

4
a—-l=qet

AG




METHOD 2

3
(2—1)3:123:>(Z_1J =i m1

iy &
(1--} —e? A1
Z

flasp A1

Note: This step to change from z to @ may occur at any point in MS.

l—e%zl

R

a= — AG



(e) METHOD 1

1 l

l—e% 1—[cosﬁ+isinﬁj
6 6

B 3

PeafBy
attempt to use conjugate to rationalise
_4-23+2i

(2—¢§f+1

_4-23+2i

T 843

= Re(a)=

r | —

final three A marks to be awarded

Note: Their final imaginary part does not have to be correct in order for the

m1

A1

m1

A1

A1

A1

[6 marks]



METHOD 2

1 |

& T .. T
]—e® 1—| cos—tisin—
¢ ( 6 GJ

attempt to use conjugate to rationalise

Ty .. O
l—cos— |+i1s1n—
1 [ 6) 6

= X

Ty .. b Y wa W
l1-cos— |—1sin— |1l—cos— |+1sIn—
6 6 6 6

T .. =@
l—cos— |+1smn—
[ 6) 6

2
l—cosE] +si11ZE
6 6

o
1—cos— |+1s1n—
{ 6] 6

T T . ,7
1—2cos—+cos’ —+sin> =
6 6 6

T\ . GE
l—cos— |+1sin—
_[ 6) 6

B T
2—-2cos—
6

< T
1SN —
6

2—2(:05E
(4}

= Re(a):%



METHOD 3

-i%
attempt to multiply through by —— M1
e 12
| e_%
1- eiE e% = e“%

A1
M1
T i T
cCos| —— |+1s1m| —
_ { 12] ( 12)
T W | T B T
COS—+1S1m——| CoS| —— |+1s1m| ——
12 12 [ ( 12) { IZD

s w AN
COS——1S5In—
= 39

A1
. 12 A1
2isin—
1 1 n[ 2 B ';TJ
Se=—r—00L— | =100l
2 21 12 2002 12
1
:>Re(o:)=§ A1

[6 marks]



Question 12

(@)

(b)

attempt to expand binomial with negative fractional power

8
1 (1-a)  (3d*+1),
——Jl—x= x+ x
Jl+ax 2 [ 8 ]

attempt to equate coefficients of x or x*

) il 17—a=4~1‘);x2 : 3a~+1:

. b
2 8

attempt to solve simultaneously

a=——,b=

N
376

|x|<l

(M1)

A1

A1

(M1)

(M1)

A1

[6 marks]
A1

[1 mark]
Total [7 marks]



Question 13

(@)

(b)

attempt to use discriminant 5* —4ac(> 0)
(2;})2 —-4(3p)(1-p)(>0)
16p° —12p(>0)
p(4p-3)(>0)
: - 3
attempt to find critical values | p=0, p= 1
recognition that discriminant > 0
3

<0or p>—
p P 4
Note: Condone ‘or replaced with ‘and’, a comma, or no separator
p=4=12x"+8x-3=0

_b¥b: —dae
valid attempt to use x = M (or equivalent)
d
s —8++/208
24
22413
6

a=-2

M1

(A1)

m1

(M1)

A1

[5 marks]

m1

A1

[2 marks]

Total [7 marks]



Question 14

attempt to use change the base
log, Jx = 1();;732 +log, (43{3)

attempt to use the power rule

log, \/x =log, /2 +log, (4.1{3)

attempt to use product or quotient rule for logs, Ina+Inb =Inab

log, Jx= log3(4s/§x3)

Note: The M marks are for attempting to use the relevant log rule and may be

applied in any order and at any time during the attempt seen.

-\/; = 4\/5353

x=32x°
1
2

3
&=

32

1o | —

(mM1)

(mM1)

(m1)

(A1)

A1

[5 marks]



Question 15
(a) (i) EITHER

attempt to use a ratio from consecutive terms

~ =Inx
plnx 3

|
OR —Inx=(Inx)r* OR plnx=Inx
Inx plnx 3 3p

1

Note: Candidates may use Inx' +Inx? +1Inx® +_.. and consider the powers of x
in geometric sequence.

1
Award M1 for 2 i.
1l p

OR

1
r=p and r*=-

THEN

2 1 1

p == OR r=+—
3 A3

—+ 2

S -

Note: Award MOAO for * = 5 with no other working seen.

m1

M1

A1

AG



(i) EITHER

since, |p|:% and %d R1
OR
: 1
since, |p|:7 and —-1< p<1 R1
NG
THEN
— the geometric series converges. AG

Note: Accept » instead of .

Award RO if both values of P not considered.

(iii) 1“”‘; (=3+J§) (A1)
%
lnx=3——i+\/§—£ OR Inx=3-3+/3-1 (= hx=2) A1
3 3
R=0 A1l

[6 marks]



(b) () METHOD 1

attempt to find a difference from consecutive terms or from /,

correct equation

| 1
plnx—lnxzzlnx—plnx OR Eln_rzlnx+2(plnx—ln.r)

1

Note: Candidates may use Inx' +Inx” +1Inx® +... and consider the powers of x
in arithmetic sequence.

1
Award M1A1 for p—1 :5—;).

2plnx= ilnx (:> 2p:£J
3 3

PZE

METHOD 2

> : u, +u
attempt to use arithmetic mean u, =—4——

Mx+1Mx
plnx=

4
2plnx:§lnx (:> 9 pas

W | 4=
Sl

_2
P=3

m1

A1

At

AG

M1

At

A1

AG



(ih)

METHOD 3

attempt to find difference using i,
1 1
EMx:Mx+2d —>d=——Inx
.
L 1
uy,=Inx+— -lnx—Inx | OR plhx—Inx=-=Inx
213 3
2
Inx=—Inx
. 3

n ==
f 3

d=——Inx

M1

A1

A1

AG

A1



(i) METHOD 1

S = & 2Inx+(n —l)x(—llnxJ
2 3

1
attempt to substitute into S, and equate to lnL—B-J

X
EPlnx+(.*1r—l)><[—11n)c” = lr{%J
2 3 X

ln[%} =—Inx’ (:lnx’3)

X
=-3Inx

correct working with S,, (seen anywhere)

(M1)

(A1)

(A1)
(A1)

1 s »
E[Z]nx—ﬂlner—]nxJ OR nlnx—Mlnx OR £ lnx+{qunx
2 3 3 6 2 3

correct equation without Inx

7 o
E£__EJ—_3 OR n_”(”6 1)2_3 (or equivalent)

A1

Note: Award as above if the series 1+ p +—;-+_._ is considered leading to

LN
23 3

attempt to form a quadratic =0
n—7n—18=0

attempt to solve their quadratic
(n—=9)(n+2)=0

n=9

(M1)

(M1)

Al



METHOD 2

ln(—l;J =—Inx’ (: lnx_3)

X

=-3Ilnx

listing the first 7 terms of the sequence

Inx+§h1x+llnx+0—%h1x—§h1x—h}x+...

recognizing first 7 terms sum to 0

8t term is ot Inx

oth term is —% In x

sum of 8" and 9 terms =-3Inx

n=9

(A1)

(A1)
(A1)

M1

(A1)

(A1)

(A1)
A1

[12 marks]
Total [18 marKs]



Question 16

(@)

72, =(1+bi)((1-67)—(2b)i)
=(1-5% -2’0 ) +i(-2b+b—-b’)

=(1+6%)+i(-b-b")

M1

A1A1

Note:

Award A1 for 1+b* and A1 for —bi—h'i.

arg(zz, ) = arctan b0 2
S\a&)= 1+6° ) 4

EITHER

arctan (—b) =% (since 1+b* #0,forbeR)

OR

—b—b’=1+b" (or equivalent)

THEN
h=-1

[3 marks]

(M1)

A1

A1

A1
[3 marks]
Total [6 marks]



Question 17

Assume that ¢ and b are both odd. M1

Note: Award MO for statements such as “let « and b be both odd”.

Note: Subsequent marks after this M1 are independent of this mark and can be
awarded.

Then a=2m+!1 and b=2n+1 A1

a+b° =2m+1)7 +(2n+1)

=4m* +dm+1+4n*> +4n+1 A1
:4(m2+m+n2+n)+2 (A1)
(4(m2 +m+n*+ n) is always divisible by 4) but 2 is not divisible by 4. (or equivalent) R1
= a” +b” is not divisible by 4, a contradiction. (or equivalent) R1
hence a and b cannot both be odd. AG

Note: Award a maximum of MTAOAO(AO0)R1R1 for considering identical or two
consecutive odd numbers for @ and b .

[6 marks]



Question 18
EITHER
attempt to obtain the general term of the expansion

e 1 r 5 l n-r

T ="CA8¢) |-—| OR L..="C. .8+ (——) M1

r+l r ( ) ( ij r+l n-r ( ) zx ( )
OR
recognize power of x starts at 3n and goes down by 4 each time (M1)
THEN
recognizing the constant term when the power of x is zero (or equivalent) (M1)

3n 4 ! ;

y= ) or n= gr or 3n—4r=0 OR 3r—(n—-r) =0 (or equivalent) A1
r is a multiple of 3 (r = 3,6,9,...) or one correct value of n (seen anywhere) (A1)
n=4k,kel’ A1

Note: Accept » is a (positive) multiple of 4 or n=4,8,12,...
Do not accept n=4,8,12

Note: Award full marks for a correct answer using trial and error approach
showing n=4,8,12,...and for recognizing that this pattern continues.

[5 marks]



Question 19

(@) z, =ne
L JE O
Z,Z, =Ke FKE

L S i(a-6)
22, =hhe

Note: Accept working in modulus-argument form

(b) Rc(:'lz;)=rirzcos(aﬁ6) (=O)
a —0 =arccos0 (rl,rz >O)
aﬂ?:% (as 0<a—0<m)

so Z,0Z, is aright-angled triangle

() () EITHER

F

-
2 w A .
i[:_le'(“ 9)]:e3 (since 1, =r,)
2

“2

(A1)
A1

AG

[2 marks]

A1

A1

AG
[2 marks]

(mM1)

(mM1)

A1l



(ii)

LT
. b3 i 2 2
substitutes z, =z,e? into z;” +z,

EITHER

2n .1
i— i—
3

ed +1=e
OR

M1

A1

A1

A1

A1

AG



(d) METHOD 1

z+z,=—a and zz,=b (A1)
a’=z"+z'+2zz, A1
a’ =2zz,+22,(=3z2,) A1
substitutes b=z z, into their expression M1
a’>=2b+b OR a*=3b A1

Note: If 2, +Z, =—@ is not clearly recognized, award maximum (A0)ATATM1AO.

so a®—3b=0 AG
METHOD 2

z+z,=—a and zz, =b (A1)
(z+2,) =27 +2, +22.2, Al
(= —1—:1]2 =22z, + 7,2, (=32z,) Al

substitutes b=2zz, and z,+z, =—a into their expression M1
a’=2b+b OR a’=3b At

Note: If Z; +z, =—a is not clearly recognized, award maximum (A0)ATATM1AQ.

so a’ —3b=0 AG

[5 marks]
(e) a*-3x12=0
a=16 (= z'+6z+12=0) A1
for a=—-6:
5

Z =3+4/3i, Zy =3—+/3i and cz—ﬂ:—-;- which does not satisfy 0 <a—60 <1 R1

for a=6:

2 =—3—+3i. 2, =—3++/3i and a—&:% A1

so (for 0 <a@—6@ < 1), only one equilateral triangle can be formed from point O and

the two roots of this equation AG
[3 marks]

Total [18 marks]




Question 20

METHOD 1 (rearranging the equation)

assume there exists some & €7 such that 2¢° +6a+1=0

Note: Award M1 for equivalent statements such as ‘assume that « is an integer
root of 2¢” + 6a+1=0". Condone the use of x throughout the proof.

Award M1 for an assumption involving a” +3a + % =0.

Note: Award MO for statements such as “let's consider the equation has integer
roots...” “let @ €Z be aroot of 2a* +6a+1=0...”

Note: Subsequent marks after this M1 are independent of this M1 and can be
awarded.

attempts to rearrange their equation into a suitable form

EITHER
2’ +6a =—1
ae? =2a’ +6a is even

2a’ +6a =—1 which is not even and so @ cannot be an integer

Note: Accept ' 2a° + 6 =—1 which gives a contradiction’.

M1

M1

A1l
R1
R1



Question 21
(a) EITHER

recognises the required term (or coefficient) in the expansion (M1)

b’="C,x* OR b=7C, OR 'C,

, ! 7!
Ta1st | 2(7-2)!

correct working A1
Txb6x5x4x3x2x1 OR Tx6 OR Q
2x1x5x4x3x2x1 2! 2
OR
lists terms from row 7 of Pascal’s triangle (M1)
L2, A1
THEN
b=21 AG
[2 marks]
b) a=7 (A1)
correct equation A1
x® +35x* S +35x*
ol 2 T 00 of. N’ _ X +35x
correct quadratic equation A1

7x* —42x+35=0 OR x*-6x+5=0 (orequivalent)

valid attempt to solve their quadratic (M1)
6+4J(=6)" —4(1)(5
(x=1)(x=5)=0 OR «x= (8 —H(E)
2(1)
x=I =3 A1

‘ Note: Award final A0 for obtaining x =0, x=1, x=5.

[5 marks]
Total [7 marks]



Question 22

(@)

(b)

(n=1)+n+(n+1)
=3n

which is always divisible by 3

(Mrml)2 +n’ +(M+1)2 (= 0 =2n+1+n*+n°+2n+1)

attempts to expand either (n—l)2 or (n+1)2 (do not accept n* —1 or n* +1)
=3n"+2

demonstrating recognition that 2 is not divisible by 3 or % seen after correct
expression divided by 3

3n? is divisible by 3 and so 3n® +2 is never divisible by 3

OR the first term is divisible by 3, the second is not

2
OR 3[;«%%) aR > +2=n2+§

hence the sum of the squares is never divisible by 3

(A1)

A1
AG
[2 marks]

A1
(M1)

A1

R1

AG
[4 marks]

Total [6 marks]



Question 23

(@)

(c)

u, =12

valid approach to find d

u,—u,=9-12 OR recognize gradientis -3 OR attempts to solve
-33=12+15d

d=-3

A1
[1 mark]

(A1)
A1
[2 marks]

(mM1)

A1
[2 marks]
Total [5 marks]



Question 24

@ (i) zp=1+i

arg(z, )= arctan(1) =

Z_gse
4

Argand diagram.

(A1)

A1

Note: Accept any of these three forms, including an answer marked on an

(ii) m‘g{zﬂ)=arctan[ _ 1 J

n+n+l

(b) ()

attempt to use the compound angle formula for tan

tan{arctm(a) . arcran(b]) _ ran(arctan(a]]+tan[arctan[b)]

= ‘ran(arctm{a))tm(arctan(b))
_a+ b

1—ab

= arctan(a)+arctan(b) = ar-::tan( ki ]

l1—ab

(i) METHOD 1
arg(w )= arg(zﬂzi) N arg(zo) gz Mg{zi]

= arctan(]) + arctan(l]

=arctan(2)

A1l

[3 marks]

M1

A1

AG

M1

(A1)

Al

AG



(c) let m=0

LHS = arg(w, ) =arg(z,) = Mdan(l)[: EJ

RHs=arctan(1)[= %J s0 LHS = RHS

Note: Award RO for not starting at » =0, for example by referring to the result in

(b} (ii) for n=1_ Award subsequent marks.

assume true for 7=k, (so arg(w, ) =arctan(k+1))

Note: Do not award M1 for statements such as “let n=k"or*n==% is true".

Subsequent marks can still be awarded.

arg (W, )

= arg (w2, )(= arg(w, ) +arg(z,, ))

=arctan (k +1)-+arctan 5 .
(k+1) +(k+1)+1

(k+1)+ A
k+1 3 k+1)
= arctan

k+1
k+1 k+1

(k+1)+
k +3k+3

k+] e
k +3k+3

(k+])(k2+3k+3]+1
: (k2+3k+3]—(k+1) ]

= arctan

= arctan

R1

M1

(M1)

A1

M1

(A1)



3 2
=arctan(k +4k +6k+4] A1

K +2k+2
(k+2){k2 +2k+ 2)
= arctan 5 A1
kE°+2k+2

=arcta.n(ft+2)(= arctan((k +1)+1)) A1

since true for =0, and true for n =k +1 if true for » =k, the statement is

true for all n e ™ by mathematical induction R1

Note: To obtain the final R1, four of the previous marks must have been
awarded.

[10 marks]

Total [18 marks]



Question 25

@ @ 5
=125

(iy B =5x4x3

=60

(b) () METHOD 1

x24+3x+2=(x+1)(x+2)

correct use of factor theorem for at least one of their factors
P(-1)=0 or P(-2)=0

attempt to find two equations in a.b and ¢

(=1) +a(=1) +b(=1)+c=0(=-1+a-b+c=0)

(=2) +a(=2)" +b(=2)+c=0

—8+4a-2b+c=0 and -1+a-b+c=0

attempt to combine their two equations in —8+4a —2bh+c¢ =0 to eliminate ¢

b=3a-7

(A1)

A1

(A1)
A1

[4 marks]

(A1)

(mM1)

(M1)

A1
(M1)

A1



(iii)

METHOD 2

P(x) =x' +ax’ +bx+c = (x2 +3x+2)(x+d)
=x"+(3+d)x +(2+3d)x+2d

attempt to compare coefficients of x* and x
a=3+d and b=2+3d

attempt to eliminate d

=b=3a-7
METHOD 1

a=1,2.5 lead to invalid values for b
a=3,b=2= c¢=0 so not possible

so a=4,b=5,c=2 is the only solution
METHOD 2

c=2a-6

correctly argues a =4 is the only possibility

so a=4,b=5,c=2 is the only solution

x3+4xz+5x+2=(x2 +3x+2)(x+1)

=(x+2)(x+1)(x+1)

(M1)

(A1)

(mM1)
A1
(mM1)

A1

R1
R1

AG

R1

R1

AG

A1



s
2
Pl S x
2 -1 0
positive cubic shape with y-intercept at (0,2) A1
x-intercept at (—2,0)and local maximum point anywhere between x=-2 and x=-1 A1
local minimum point at (—1,0) A1

ote: Accept answers from an approach based on calculus.

[12 marks]

Total [16 marks]



Question 26

(a) product of roots =80 (A1)
3—1 is aroot (A1)
attempt to set up an equation involving the product of their four roots and £80 (M1)
(3+i)(3—-i)a’ =80=10a" =80
=2 A1

[4 marks]

(b) METHOD 1
sum of roots =—p (A1)
—p=34i+3Ei+2 18 (mM1)

Note: Accept p=3+i+3—-i+2+4 for (M1)
p=-12 A1
METHOD 2
(z=(3+i))(z=(3-i))(z-2)(z-4) (M1)
((z-3)-i)(-3)+i)(=-2)(=-4) (A7)
(2-6z+10)(z* —62+8)=z*—12"+ .
p=-12 A1

[3 marks]

Total [T marks]



Question 27
(@) (i) recognitionthat n=>5 (M1)
S, =45 A1

(i) METHOD 1

recognition that S5 +u, = S (M1)
ug =15 A1
METHOD 2

recognition that 60 = g(s1 1) (M1)

60=3(5+u)

us =15 A1
METHOD 3
substituting their #, and d values into u, +(n—-1)d (M1)
ug =15 A1
[4 marks]
(b) recognition that », = s, (may be seen in (a)) OR substituting their «, into s, (M1)

OR equations for S. and S, in terms of #, and d
6
1+4 OR 6O:E(ul+15)

=35 A1
[2 marks]



EITHER

valid attempt to find 4 (may be seen in (a) or (b))
d=2

OR

valid attempt to find S, — S, ;

nﬁ+4n—(nz—2n+1+4n—4)

OR

equating »n” +4n = ;(5 +u,)

2n+8 =5+u, (or equivalent)
THEN

u,=5+2(m-1) ORu,=2n+3

recognition that er2 =v; OR (v }2 =V, XV,
r’=3 OR v, =(£)5V3

r:ivf?:

Note: If no working shown, award M1A1AQ0 for \ﬁ :

(€)

recognition that r is negative

v, =—153 {z —%}

(M1)

(A1)

(M1)

(A1)

(M1)

(A1)

A1

[3 marks]

(mM1)
(A1)

A1

[3 marks]

(M1)
A1

[2 marks]
Total [14 marks]



Question 28
METHOD 1
3i (is a root)

(other complex root is) —31

Note: Award A1A1 for P(3i)=0 and P(-3i)=0 seen in their working.
Award A1 for each correct root seen in sum or product of their roots.

EITHER
attempt to find P(31)=0 or P(-3i)=0

4m —3;1’:l.ri+£(3i]2 —(3i]3 =0
m

Am —3mi —ﬁ(—9] +27i=0
i

attempt to equate the real or imaginary parts

=Sl OR Gk 2L id

m

OR

3
attempt to equate sum of three roots to ki
m

3
Note: Accept sum of three roots set to ——6.
m

; 2 3
Award MO for stating sum of roots is i—6 .
m

- 36 36
3M1-31+r=—|>r=
m m

substitute their rinto product of roots

(3i)(—3i)[§]:4m OR (:2+9)[§_:J

m m

9x£:4m OR ﬂzﬁ

m 9 m

A1
A1

(m1)

(M1)

(m1)

(mM1)



OR
attempt to equate product of three roots to 4m (M1)

Note: Accept product of three roots set to —4m .
Award MO for stating product of roots is +4m .

(31)(-3i)xr= 4:3{3 r =?]
substitute their » into sum of roots (M1)

m

4
3i-3i+%:ﬁ OR (2 +9){§—_—}

im 16
9 m

THEN

=9 (A1)

third root is 4 A1
[6 marks]

METHOD 2

3i (isaroot) A1

(other complex root is) —31 A1

recognition that the other factor is (z +3i) and attempt to write P(z) as product of three

linear factors or as product of a quadratic and a linear factor (M1)

P(z)=(z-3i)(z+3i)(r-z) OR (z-3i)(z+3i)="+9> P(:):(:2+9){%—:]

Note: Accept any attempt at long division of P(z) by z*+9.

Award MO for stating other factor is (z +3i) or obtaining z° +9
with no further working.
attempt to compare their coefficients (M1)
—9=-m OR ﬂ:’_'S
9 m
m=9 (A1)
third root is 4 A1

Note: Award a maximum of AOAO(M1)(M1)(A1)A1 for a final answer
P(z)=(z-3i)(z+3i)(4—z) seen or stating all three correct
factors with no evidence of roots throughout their working.

[6 marks]



Question 29

recognition of quadratic in &* (M1)
(¢*) ~3¢* +Ink(=0) OR A’ 34 +lnk(=0)
recognizing discriminant = 0 (seen anywhere) (M1)

(-3)' -4(1)(lnk) OR 9-4Ink (A1)

mh:% (A1)

e”'* (seen anywhere) A1
0<k<e™ A1
[6 marks]

Question 30

(@) METHOD 1

= (1) +(¥3) (=3173) A1

9 AG
reference angiezg OR argu = nftan"(\/g) OR argu :n+tan‘1(ﬂ/§) M1
=n——= A1

3
Note: Award the above M1A1 for a labelled diagram that convincingly shows that
2n
argu =—.
s 3
2n
:2—: and so u=2¢? AG

[3 marks]



METHOD 2

reference angle _g OR argu =n—tan ' (\/5) OR argu =m+tan"' (—ﬁ) M1
O A1
&
: Award the above M1A1 for a labelled diagram that convincingly shows that
argu = =
R
2K AG
S
f'(COSzJIJriSin;TJ = —1+\/§i
o e i 3
F'= > — 1 OR :ﬁ = \/—- A1
Cos— —— sin—% N3
3 2 3 2
2n
=2 andso u=2¢°? AG
[3 marks]
. u 2nm
by @) u ER:T:Fm (keZ) (M1)(A1)
. . 2nm n ” 2nn . . 2nm
Note: Award M1 for noting that SmT: 0 from " =2 {cos—ﬂsmT].
Award (A1) for a multiple of 3 considered.
n=3 A1
(i)  substitutes their value (must be a multiple of 3) for » into " (M1)
u’ =2 cos2n
=8 A1

[5 marks]



(c) (i) -1 —\/gi is a root (by the conjugate root theorem) A1

n

Note: Accept 2e Ep

let z=c¢ be the real root

EITHER

uses sum of roots (equated to £5) (M1)
((*1+\/§i)+(*1*\/§i)+c):*5 (A1)
b=t (A1)
OR

uses product of roots (equated to +12) (M1)
(71+\Ei)(—1—\/§i)c ¥ 12 (A1)
dc=-12 (A1)
OR

(zf(flJr\/gi))(zf(flf\/gi))222+22+4 (A1)
compares coefficients eg (M1)

(z—c)(z2 +2z+4) — 22 +52"+10z+12

i (A1)

THEN

c=-3 (and so z=-3 is a root) A1



(i)

METHOD 1

compares z° +5z° +10z+12=0 and 1+5w+10w" +12w’ =0

= i = w= l A2
w Z
e

N S S B V) A1A1

3 —144/3i 4

METHOD 2

attempts to factorize into a product of a linear factor and a quadratic factor (M1)
1+ 5w+ 10w +120° = (3w+1)(4w + 2w+1) At
pooL L[ 143 A1A1

3’ -1++3i 4
[9 marks]
(a+bi) =2(a—bi) A1
attempts to expand and equate real and imaginary parts: M1

a® —b* +2abi=2a-2hi

a*—bh*=2a and 2ab = 2b

attempts to find the value of a or 4 M1

26(a+1)=0

b=0=a’=2a= a=2 (real root) A1

a=-121-b>=-2=b==+3 (complex roots —1++/3i) A1
[5 marks]

Total [22 marks]



Question 31

r 1
let P be the proposition that =1- for all integers, n=1
() B ;‘ (r+1)! (n+1)! g 7

considering P(1):

LHS:% and RHS:% and so P(1) is true
assume P(k) is true je, Z ] 1
r+l}f [k+1)!

Note: Do not award M1 for statements such as “let n=k" or“n==F is true”.
Subsequent marks after this M1 are independent of this mark and can be
awarded.

considering P(k+1):

x k+1
=X

= (r+1) r(r+1 ([A'+l}+1)!

-+

L k4l
(k+1)! (k+2)

(k+2)-(k+1)
(k+2)!

s

PR B WA\
- (k+2)1[_ ((k+1)+1)!

P(k+1) is true whenever P(k) is true and P(1) is true, so P(n) is true

(for all integers, n>1)

Note: To obtain the final R1, any four of the previous marks must have been
awarded.

R1

M1

(M1)

A1

Al

Al

R1

[7 marks]



Question 32

(a) attempt to expand using binomial theorem: (M1)

Note: Award (M1) for seeing at least one term with a product of a binomial
coefficient, power of isiné and a power of cos@ .

(cos@ -1—isi116’)5 =cos’ 0+ °C,icos’ Osin@+ *C,i* cos’ Osin* 0
+°C,i* cos *Osin* 0+ °C,i* cos@sin' 0 +1’sin’ 0 At

:(cos5 8 —10cos’® Asin* 8+ 5(:054‘9sin4<9)+i(5cos4 @sin @ —10cos *Hsin’® &+ sin® 6’) A1A1

‘ Note: Award A1 for correct real part and A7 for correct imaginary part. ‘

[4 marks]

(b) (cos@+isin@) =cos50+isin50 (A1)
equate imaginary parts: (M1)
sin36@ = 5cos’ @sin @ —10cos” @sin’ O +sin” € A1
substitute cos’ @ =1-sin’ @ (M1)
sin5@ = 5(1 —sin® 9)2 sin@—10sin’ 9(1 —sin® 9) +sin’ @ A1
sin56 =5(1-2sin’ 6 +sin* 6)sin @ —10sin’ §(1-sin’ 6) +sin’ 6 A1
=16sin’ #—20sin’ @ +5sind AG

Note: Some of this working may be seen in part (a). Allow for awarding marks in
part (b).

[6 marks]



(€) (i) factorising 16sin’ @ —20sin’ @+ 5sin @
(sin56 =)sin 6’(16sin4 6—-20sin" @ +5)
EITHER

sinS(E) =0 and sin5[3—nj =0
5 5

M1

R1

Note: The R1 is independent of the M1.

OR

solving sin58=0

6‘=% where keZ

R1

Note: The R1 is independent of the M1.

THEN

therefore either sin@? =0 OR 16sin*@—20sin*@+5=0

sin%#ﬂ and sins?n¢0 (or only solution to sin@=0 is #=0)

therefore

>

w|g

% are solutions of 16sin*@—20sin*@+5=0

R1

AG

Note: The final R1 is dependent on both previous marks.




Question 33
METHOD 1
attempt to substitute solution into given equation

(5+qi) +i(5+qi)=—p+25i

25—q° +10gi—g+5i+ p—25i=0 OR 25-4° +10gi—q +5i=— p +25i
25-¢*+p—q+(10g—20)i=0

attempt to equate real or imaginary parts:

10g—20=0 OR 25—-¢° +p—q=0

g=2, p=-19

METHOD 2

22 +iz+p-25i=0

sum of roots=—i, product of roots = p—25i

one root is (5+¢i)so other rootis (—5—¢gi—1)
product(5+qi)(-5—qi—i)=-25-5¢i—5i—5¢i+q° +q = p—25i
equating real and imaginary parts for product of roots

Im: 25=-10g—5 Re: p=-25+¢°+g¢

qg=2 , p=—19

(M1)

A1

(mM1)

A1A1

m1
A1

(M1)

A1A1
[5 marks]



Question 34
base case n=1: 5°—2°=25-8=17 so true for n=1 A1

assume true for n=Fk ie 5 —2* =175 for s€Z OR 5* —2%is divisible by 17 M1

Note: The assumption of truth must be clear. Do not award the M1 for statements
such

as“let n=k" or “n=1rkis true”. Subsequent marks can still be awarded.

EITHER
consider n=k+1 : M1

52(k+1_] ;] 23(k+1]

5 stz )2 A1

=t

(25)5% —(8)2*
(17)5°F +(8)5% —(8)2* OR (25)5™ —(25)2°* +(17)2* A1
=

17)5%*4-8(5% -2 ) QR 235 —2*)+(17)2*

=(17)5%* +8(17s) OR 25(17s)+(17)2*

:17(52*+85) OR 17(25.5-+23k)which is divisible by 17 A1
OR

(57 <2 )x5" =57 78 x X" —19nas m1
— 522 g2 _17x2* =175x25 A1

— 5242 933 17,93 _175x25
= g2 _ %) 7, 9% —178%25 A
=52k o3 1755251 17x2™

hence for n=k+1: 5" —2**) —17(255+2%)is divisible by 17 A1

THEN
since true for n=1, and true for n =% implies true for n=k +1,

therefore true forall ne Z* R1

Note: Only award R1 if 4 of the previous 6 marks have been awarded

Note: 5% and 2**may be replaced by 25" and 8* throughout.

[7 marks]



Question 35
attempt to apply binomial expansion (M1)

(1+kx)" =1+ "Chx+"Cok**+... OR "Ck=12 OR "C, =28

nk=12 (A1)

2 TR Y

n*—n-56=0 OR n(n-1)=56

valid attempt to solve (M1)

(n—8)(n+7)=0 OR 8(8-1)=56 OR finding correct value in Pascal’s triangle

—=n=. A1
g S A1
2

Note: If candidate finds » =8 with no working shown, award M1A0AOM1A1AQ.
If candidate finds =8 and k= %with no working shown, award

M1AO0AOM1A1A1.

[6 marks]



Question 36

(a)

METHOD 1
attempt to form at least one equation, using either S, or S;
65=25p-5¢ (13=5p—q) and 40=16p-4q (10=4p—q)

valid attempt to solve simultaneous linear equations in p and ¢ by substituting
or eliminating one of the variables.

p=3,4g=2

Note:

If candidate does not explicitly state their values of p and ¢, but gives
S, =3n" —2n, award final two marks as A1A0.

METHOD 2

attempt to form at least one equation, using either S, or S
5
65= 5(21.11 +4d) (26=2u;+4d) and 40=2(2u;+3d) (20=2u,+3d)

valid attempt to solve simultaneous linear equations in u, and d by substituting
or eliminating one of the variables.

=1, d=8
S, =g(2+6(n—1)]=3n2 ~2n

p=3andg=2

Note:

If candidate does not explicitly state their values of p and ¢, do not award

the final mark.

(b)

s = S; — S, OR substituting their values of u, and d into u; =u, +4d

5
OR substituting their value of u, into 65= E(Hl +uy)

(#5=)65—-40 OR (#s=)1+4x6 OR 652%(1+H5)

=23

(M1)

(A1)

(M1)
A1A1

(M1)

(A1)

(M1)
A1

A1

[5 marks]

(M1)

A1

[2 marks]

Total [T marks]



Question 37

(a)

(b)

attempt to find a difference
d=p-a,2d=q—a,d=q—p OR p=a+d,q=a+2d,q=p+d

correct equation

p-a=qg-p OR g-a=2(p-a) OR p=

2p—q=a

a

attempt to find a ratio

s
r=—,
a

o

2

2

a

t _
r=— OR s=art=ar’t=sr
4

correct equation

st ;
—=— (or equivalent)
a 5

+q
2

(or equivalent)

(M1)

A1

AG

[2 marks]

(M1)

A1

AG

[2 marks]



(c) EITHER

2p—12$2 (or equivalent) A1
2
(s°>0) = 2p-1>0 OR s=42p-1=2p-1>0 OR p:S;l (and 5*>>0) R1
OR
2p—1=a and s’=a Al
5 a+l
(s°>0,50)a>0 = 2p-1>0 OR pzTanda>0 R1
1

Note: Do not award AOR1.

[2 marks]



(d)

@ 95.1-3 A1A1

Note: Award A1 for each of 2" term and 4™ term

Gy 9311 A1A1
|

Note: Award A1 for each of 2" term and 4™ term

[4 marks]

(e) (i) attempt to find the difference between two consecutive terms (M1)

d=tp =18~ -IMOR d =u,~u, =1+1ml 9188

In9=2In3 OR In1=0 OR 1113—]119:]11% (:h13’1:—]n3) (seen anywhere) (A1)

d=-4-1n3 At



(i) METHOD 1

attempt to substitute first term and their common difference into S,

%(2(9+]119)+9(—4—1113)) OR %(2(9+2]n3)+9(—4—1n3)) (or equivalent )

:5(718751n3) (or equivalent in terms of In3)

10
Zu?. =-90-25In3
i=l

METHOD 2

hy =9 +109+9(~4-In3)(= 27 +n9 - 9In3)

attempt to substitute first term and their u,, into S,

%(2(9+1{19)+9(—4—h13)) OR %(9+l119—27+h19—9h13) OR

%(2(9+21113)+9(—4—1n3)) OR %(9+h19—27—7]113) (or equivalent)

=5(-18-5In3) (or equivalent in terms of In3)

10
Zu?. =-90-25In3

i=1

(mM1)

A1

A1

AG

(m1)

A1

A1

AG

[6 marks]

Total [16 marks]



Question 38

(a)

(b)

" A1
[1 mark]

EITHER

finding the number of ways to assign the students with the two students apart

number of ways to assign two students 2C1 (seen anywhere) (A1)
number of ways to assign others "'2C2 to have one group of 3 (seen anywhere) (A1)

2 ~2
number of ways = “C;x" °C,

attempt to set up an equation involving either half of their answer to part (a) and
their number of ways or their answer to part (a) is twice their number of ways M1

¢ =2 x i OR "= 2"C" °C,

P | —

valid attempt to eliminate all factorials from their equation (M1)

”(”_31)(2”_2) =D %2 % (”_2)2(”_3) or equivalent with no factorials
x

n(n-1)=12(n-3)



OR

finding the number of ways to assign the students with the two students together

number of ways to assign two students and one other to the first group ”72(.”1
(seen anywhere) (A1)

number of ways to assign three other students the first group HQ (seen
anywhere) (A1)

number of ways = ""C, + "C,

attempt to set up an equation involving either half of their answer to part (a) and

their number of ways or their answer to part (a) is twice their number of ways M1
%%@:HQ+HQCRWQ_4HQ+Hq)
valid attempt to eliminate all factorials from their equation (M1)
n(n—1)(n—-2) 2x(n—2)+2x (n—=2)n-3)(n—-4)

352 3%2

nn—1)=12+4+2(n-3)(n—4)

THEN

n*—13n+36=0 A1
(n=9)(n-4)=0

= A1

Note: Do not award the final A7 if additional values of » are given.

[6 marks]

Total [T marks]



Question 39

7
(a) a+ﬁ+Y:5

(b)  p—3i is also a root (seen anywhere)

recognition of 5 roots and attempt to sum these roots

p+3i+p_3i+%

p+3i+p—3i+%

p=1

(€)

—

(1+3i)(1—3i)%a,8 =10

afi=2

(i) a=1and =2

attempt to find product of 5 roots and equate to +10

A1

[1 mark]

A1

(M1)

A1

AG

[3 marks]

(M1)

A1

A1

[3 marks]

Total [7 marks]



Question 40

recognising a quadratic in 3* (M1)
2
3x(3") +5x3"-2=0

valid attempt to solve a quadratic equation (factorising, use of formula, completing

square, or otherwise) (M1)
v 3EN25+24
(3x3*-1)(3"+2)=0 OR 3 — (or equivalent) (A1)
x_1 x
3 = (or 3 ==-72) (A1)
x=-1 A1

Note: Award the final A1 if candidate’s answer includes x=-1 and
x=log;(-2). Award A0 if other incorrect answers are given.

[5 marks]



Question 41

(a) attempt to expand the brackets or attempt to find modulus and argument of ¢ (M1)
; =V . b
(a +Z)i)3 =a 4—3(Jf2l‘li+3a(bi)2 +(bi)3 OR (n‘az +b”) 013(3al‘ctan(—n
a
; .
. . 3 2 2 2\3 b
(i) real partis a” —3ab~ OR (a +b )2 cos{3al‘c‘ran(—n A1t
a
. = b\
(i)  imaginary partis 3a°b—b’ OR (a“+b2)3 sin(3arctan(—n A1
a

Note: Award (M1)ATAO for (.:f —3abz)+(3a?‘b—b3)1 OR

3 k 3
(a2 +b? )5 cos(3al‘ctan(EH+ (02 o % )5 ish{ 3 arc‘ran[gn
a

a

3
For (ii) condone (34’ —b3]i OR (a* +0° )5 isin[3 m‘ctan[én
a

(b)

[3 marks]

attempt to substitute ¢ =1 and b= \/E into their real or imaginary part found in (a)
OR to expand the brackets OR to use polar form M1

(1-9)+(3v3-33)i OR (24/3i-2)(1++/3i)=243i-2-6-2/3i OR

i)
{25} =8" OR (2.;:15(60”))3 = 8cis(180°)

A1
k@ AG

[2 marks]

© v=—2 w=l-1Bi A1A1

Note: Award A1A0 for v zl—\/gi, w=-2 orifthe labels v and w are not clearly specified or
missing. Candidates may be awarded full FT marks for subsequent parts.

[2 marks]



(d)

METHOD 1

triangle UVW has height 7 =3 and base » = 243 (A1)
attempt to find area of triangle with their height and base (M1)

area = %XZ\/?X3

= 3\/5 (square units) A1
METHOD 2

2
triangle UVW has sides of length { 3 +(\ﬁ) :}\/ﬁ (A1)
attempt to find area of equilateral triangle with their side length (M1)

area= 1(12) snZ R 113(3) om (i) <2

= 3\/5 (square units) A1
METHOD 3
2
triangle UVO has sides of length ( iy +(\/§) 2}2 (A1)
2n
attempt to find area of three isosceles triangles with their side length and angle — (M1)
b |

area :3(1(2]231'112—“]
2 3

= 3\5 (square units) A1
[3 marks]



(e)

n.

attempt to express .v or w in the form e’ and multiply by e (M1)
o . In,
u' =2e3 et :],'Zel2 A1
. Sy .
v =2e"e? =2e* :]Ze # A1
W=2e3et —]2631 A1
Note: These A1 marks should be awarded independently and in any order. ‘
[4 marks]
(f) EITHER
attempt to find one of (')’ (') or (')’ (M1)
3 Ei. j In, . 3 3, 3 R
(u") —[Ze”] —Se*\=8e* OR (v —(Ze 4 ] =8 * OR
. 3 .
(w‘f—[zeu‘J —ge * (A1)
OR
attempt to find product of their three roots ', v' and w' (M1)
u'xv'xw =(c+di)
I, 3= xy e In, ELA _B o
2el2 x2e 4 x2e 12 =8¢ * OR 2e!2 x2e* x2e 12 =8e * (or equivalent) (A1)
OR
. 3
attempt to find [:ezl] for any z such that z° =—8 OR to rotate —8 by %n: (M1)
LA * e =
(:e4 ] =-%e4 =|-8e4 OR 8¢ * OR 8015&45“) (A1)



THEN

i 1 1, 8 .
8t =8| i A = (11
&R
=42 -42i A1
Note: Accept ¢ = 8 d 1
[3 marks]
(g) METHOD 1

attempt to write the arguments of u,v,w.u',v' and w' over a common

denominator OR to write the arguments in degrees (M1)

ﬂﬂ_—nﬂ?—ﬂlz—ﬂ OR -135,-60°,-15°,60°,105°,180°

12 ~ 12 " 12712, 12 412
THEN
; ‘ 3n T . x

arguments of u,v,w,u',v' and w' differ by E and E OR 45° and 75

so arguments of polygon vertices differ by % orl5° (A1)

n=24 A1

METHOD 2

Let z=rcis@ = 2" =r"cis(nd)=r"cis(n6), where 6 is the argument of

u,v,wau' v and w'.

e 3n T mn
recognition to find 6 where n=6,12,18,... and  =— ,—,—.—,—. 1 (M1)
4 12°37 12
when n=6=(né :)—g—n.—ZE.—E,Zn,E,M
2 2 2

when n=12=(n0 =)-9n,—4n,—n,4n,7n,12n (which is not a multiple of 2w ) (A1)

n=24 A1
[3 marks]

Total [20 marks]



Question 42
Base case n=1:LHS = 'C, =1 and RHS = °C, =1, so true for n =1 R1

Vote: Award RO if the value of 'C, and C, are not evaluated.

Subsequent marks can still be awarded.

k
assume true for n =k ie Y "C,="*"C, for some k c Z m1

r=1

Note: The assumption of truth must be clear.
Award MO for statements such as “let n =% " or “n=1r is true”.

Subsequent marks can still be awarded.

consider n=%k+1

i+l

LHS = Z d 34
r=l

k
=Y, A (M1)

r=1

E+1)  (k+1)
- k+l("-2 g Jr+1Cl OR ( ) +( ) A‘l
2(k-1)1 k!

EITHER
attempt to cancel factorials and use a common denominator M1
(k+D)k+2(k+1)(  (k+2)(k+1)
a 2 - 2
OR
attempt to use a common denominator m1
o k(k+1)! ", 2(k+1)! 1l (F+2)(k+1)
T 2k gkr b 2k!
THEN

k+2)! k+2)!

21k 2(k+2-2)

oo k+2C2
since true for » =1, and true for » = kimplies true for n =k +1,
therefore true for all ne Z* R1

Note: Only award the final R17 if 4 of the previous 6 marks have been awarded.

Total [7 marks]



Question 43

10" -1
a) S,=——— A1
(a) 5
(a:IO ._b:9)
[1 mark]
(b) METHOD 1
WA o I S
_10—1+103—1Jr +10”—1 g
8 5 g (A1)
_10-1+10° ~1+10° ~1+...+10" 1 . 9(10-1+10° ~1+10° ~1+...+10" 1)
9 81
attempt to use geometric series formula on powers of 10, and collect -1's together M1
10(10" 1)
104102 £108 4. 410" =" =) and -1 —=p A1
i 10(10" -1
10(10" -1} 9 g _op
——= W 10-1
=—10-1 OR A1
9 81
Note: Award A1 for any correct intermediate expression.
10(10" ~1)~9n
_ AG

81



METHOD 2

attempt to create sum using sigma notation with S,, M1
210" -1 1['» . J]
=— 10°-> 1

n 10(10" -1
ZIO*:M A1
= 9
len A1
i=1

1(10(10"-1) [ 10(10" ~1)-9n
) 9 —n | OR 9 0 A1
10(10" —1)-9
N ( )-om AG

81



10(10" —1)—9n

let P(#2) be the proposition that S, + S, +S, +...+ S, = -

considering P(1):

10t —1 10(10' —1)-9(1
=1 and RHS= ( 81) ®

LHS=S, =

=1 andso P(1) is true R1

10(10* —1)—9k
81

M1

assume P(k) istrueie S +S,+S,+..+S, =

Note: Do not award M1 for statements such as “let n=%&" or “n =k is true”. Subsequent marks :
this M1 are independent of this mark and can be awarded.

considering P(k +1):

10(10F —1)-9k 1o+ _1

S +8,+85,+...+85 = +

1 2 3 k+1 8]_ 9

105 ~10-9k +9(10*") -9
- A1

81

10(10"" —1)-9(k+1)
B 81
P(k +1) is true whenever P(k) istrue and P(1) is true, so P(#7) is true R1
(for all integers n>1)

Note: To obtain the final R1, the first RT and A1 must have been awarded.
[4 marks]

Total [5 marks]



Question 44
1

(@) log,l-log,a OR log,a”=-log,a OR log,10 3 OR 10":Ll (A1)
10%
1
=—= A1
3
[2 marks]
].Ogmﬂ 11 3 2 % x 3\*
(b) m OR - Ogmoolo OR Iogum 10003 OR 10° =1000 :(10) (Aﬂ
10 2
logma 1 % e 1
3 OR 510&0001000 OR log,,,,1000° OR 3w == (A1)
= A1l
9
[3 marks]

Total [5 marks]



(A1)

Question 45
() [16i]=16 and arg(16i)=—

attempt to use De Moivre’s Theorem (M1)

:1:2{003(2}“9&11(5}) A1

8 8
. . T [ =k
attempts to find other solutions using z = 2{{:05{— + fJ+1s1n (§+?JJ or
equivalent | (M1)
< o {5
= Z{COS(E]-I—ISIH(%]J (or any other root) A1
13 13
s Sn' J] o

8
& :2(005(9—3J+isin(9—ﬂj]and Z, = Z{COS[“—}risin[
8 8

8
Note: Award a maximum of (A1)(M1)A1(M1)A1A0 for more than four roots or any
[6 marks]

roots outside the range.
(M1)

Note: Allow use of r-cis form throughout.

23
4

attempt to evaluate a ratio with their roots eg

(b)
or equivalent

(A1)

ool ) (5]
(3ol

[3 marks]

8] |m“

-

o))

=1



(c)

B
\\ o A
R il Re
Py
D
point A in approximately correct place in first quadrant A1
points A, B, C and D approximately the same distance from the origin A1l
approximate angular separation of g A1

Note: Dotted lines not required.

[3 marks]



(d)

(e)

EITHER
(::‘)4 = (—',—4)*
— (16i)

OR

o s 2))
(o o 2

OR

3]

22,2;2, =—161

(2122252, }* =(-16i)

* = = *

*

Z; 2y 23 Zi 108
THEN
(z*=)-16i

(a=0, b=-16)

8 4
AB=+2"+22 =8 =22
=3 AR — ]2

= 0A' = ‘1!-‘1‘ s
W= chis:s—:'t
8
considers when arg(w;” ) e Z* (multiple of 21)

—> p=16

=g =8

(A1)
(A1)

(A1)

(A1)

(A1)

(A1)

A1

[3 marks]

A1

A1l

(M1)
A1

A1

[5 marks]
Total [20 marks]



Question 46

n 1
attempt touse u, =u, +(n—-1)d or S, =E[2ul +[n—1)n’] or S, :E[ulﬂsn]to

set up at least one equation in #, and 4 (M1)
25
16 =1,+9d and 100= ?[2'”1 +24d | (A1)
attempt to solve their two linear equations in #, and & simultaneously (must eliminate
one variable) M1)
d =-4(=u, =52) A1t
attempt to solve u, =0 with their & (or with their 4 and u,) (M1)
= k=14 A1

[6 marks]



Question 47
METHOD 1

attempt to expand (3n+ '2)2 —(3n- 2)2 M1

ote: Award MO for invalid attempts such as (3n +2)2 =0n’ +4.

=9, +12n+4—(9n2—12n‘+4) or equivalent A1
=24n OR 12n+12n A1
=12(2n) OR %:2 OR ?:121? OR 12n+12n=12(n+n) (or equivalent) R
so is a multiple of 12 AG

ote: Do not award the R171 unless both A marks have been awarded.

METHOD 2

use of a> -5’ =(a+b)(a—b)where a=3n+2.b=3n-2 M1
=(3n+2+3n-2)(3n+2-3n+2)

=6nx4 -
=24n »

=12(2n) OR %:%: OR %:12}1 OR 12n+12n=12(n+n) (or equivalent)

R1
so is a multiple of 12 AG



METHOD 3

base case n=1: (3(1)+2) —(3(1)-2) =25-1=24

so true for n =1 A1
assume true for n=1r i.e. (3k+2)2 —(3,(*—2)2 is a multiple of 12 M1

consider n=~k+1:

(3(k+1)+2) —(3(k+1)-2)’

((3k+2)+3) —((3k-2)+3)’

(3k+2)" +6(3%+2)+9((3k-2)" +6(3k ~2) +9)
(3k+2)" —(3k—2)" +24

using the assumption (3% + 2) —(3k—2)" =12M
12M +24

12(M +2)

which is a multiple of 12, hence true for n =4 +1 A1

since true for n =1, and true for n =% implies true for n =4 +1

therefore, true for all ne Z2* R1

Note: Do not award the R17 unless both A marks have been awarded.

[4 marks]





