Subject - Math AA(Higher Level)
Topic - Calculus
Year -May 2021 - Nov 2022

Paper -1
Answers
Question 1
(a) attempting to use the chain rule to find the first derivative M1
f'(x)=(cosx)e™ A1
attempting to use the product rule to find the second derivative M1
f(x)=e" (cos2 x —sin x) (or equivalent) A1
attempting to find f(0), f'(0) and f"(0) M1
F(0)=1; f'(0)=(cos0)e™* =1; f"(0)=e™"(cos’ 0—sin0)=1 A1
i

substitution into the Maclaurin formula f(x)= f(0)+ xf’(0)+%f"(0)+... M1

2
so the Maclaurin series for f(x) up to and including the x” term is 1+x+x? A1

METHOD 1

attempting to differentiate f"(x) M1
F7{x) =(cosgk)c®* (c:osj1 x—sin x) —(cosx)e™(2sinx+1) (or equivalent) A2
substituting x =0 into their /™ (x) m1
S"(0)=1(1-0)-1(0+1)=0

so the coefficient of x° in the Maclaurin series for f(x) is zero AG
METHOD 2

substituting sinx into the Maclaurin series for e* (M1)

s 2 = 3
i ) sin°x sIn X
e =l+smmx+

3!
substituting Maclaurin series for sinx M1
X——+.. X——+..
5 3! 3!
emx:1+[x——+...J+ + +... A1
3! 2! 3!
- By I 1
coefficientof x” is —+—=0 A1
3t 3!
so the coefficient of x* in the Maclaurin series for f(x) is zero AG

[8 marks]

[4 marks]



(c)

(d)

substituting 3x into the Maclaurin series for e*

2 ; 3
e31:1+3x+—(3x) +—(jx) +
2! 3!

substituting (63‘ —1) into the Maclaurin series for arctan x

Ix 3x
m‘ctaﬂ(egx—]):(eh_l)_[e : 1) +(6 g ]_) N

2 i [3-\'+ (3;)‘ + (3;)

2! 3!
selecting correct terms from above

NN E)) 1_(3xf

2! 3! 3

R e
=3x+———
2 2

METHOD 1

substitution of their series
2

X+—+...

METHOD 2

use of 'Hopital’s rule

.. LEDBX)E™
lim———-
x—0 Je™*

1+(e* 1)

(or equivalent)

P

M1

A1

M1

A1

M1

A1

[6 marks]

M1

A1

A1

M1
A1

A1
[3 marks]

Total [21 marks]



Question 2

(a) attempt to use quotient rule
correct substitution into quotient rule

5h£i0—km5r

S5x

(Fx)

f'(x)=

_k—kln5x

k2x?
] 1-In5x

2

(or equivalent)

(;(ER+)

kx

(b) f'(x)=0

S5x=e?
3

I, =
so the point of inflexion occurs at x = gez

(M1)

A1

A1

AG

M1

(A1)
A1

M1

A1

A1
AG

[3 marks]

[3 marks]

[3 marks]



(d)

attempt to integrate

u=].115.’r:>%=l
dr x

dr:%_[u du

JI]JS:(

kx

EITHER

u

2
2k

T8k
setting their expression for area equal to 3
5
P |
_k
5

"4

(M1)

(A1)

A1

A1

A1

A1

A1
M1

A1
[7 marks]

Total [16 marks]



Question 3

(a) attempt to differentiate and set equal to zero m1
f(x)=2e"-6e" =2e"(e"-3)=0 A1
minimum at x =1In3
a=In3 A1
[3 marks]
(b) ‘ Note: Interchanging x and y can be done at any stage.
y=(e-3) -4 (M1)

e —3=%,y+4 A1
as x<In3, x=In(3- [y +4) R1

so /7 (x)=In(3-Vx+4) A1
domainof f'is xeR,-4<x<5 A1
[5 marks]
Total [8 marks]
Question 4
attempt to integrate (M1)
u=2x2+1:>%=4x
dx.
8x 2
——dx=|—du (A1)
J J2x? 41 J Ju
EITHER
=4Ju (+C) A1
OR
= 425" +1(+C) A1l
THEN
correct substitution into their integrated function (must have (') (M1)
5=4+C=C=1
f(x)=4 2x* +1+1 A1

Total [5 marks]



Question 5

(a) attempt to use the chain rule M1
1 .4
f“'(x):g(l+x) 2 A1
3
f(x)y=—— (1+x)2 A1
ey AG
41+ x)
Note: Award MTAOAOQ for f'(x)= or equivalent seen
1+x
(b) let n=2
~ 1 1
1 - ! £
'(x)=| ——p—== [—} = (1+x)2 R1
4,J(1+x)° - A
Note:Award RO for not starting at n=2. Award subsequent marks as
appropriate.
k-1
2k-3
assume true for n=k, (so f””(x)( } ( ) 1+ ) m1
4 (k—2)!
Note:Do not award M7 for statements such as “let n=k" or “n=kis true”.
Subsequent marks can still be awarded.
considern=k +1
_ d( [~
LHS = f*Y(x) :Q M1
dx
k-1
2k-3)! k-1 .
:[lJ ( [1 J(H x¥)2  (or equivalent) A1
4 (k—2)!
EITHER
RHS = f#V(x) = ( J (k-1 a +1c) " (or equivalent) A1
4) (k-1)!
k
2k —1)(2k—2)(2k—3)! L
:[l] Clin L el e LR A1
4 (k—1D)(k-2)!

[3 marks]



Note:Award A1 for (ZE=1)! _ (2E—1)(2k—2)(2k—3)! [:z(zk—l)(zk—s.)!
(k—1)! (k—D)(k—2)! (k-2)!

(1Y 1Y (2k-1)(2k-2)(2k - 3)l(l+x)j_i_1 id

_L 4_J\ 4) (k—1)(k—2)!

(1) 1) (2k-1)(2k-3)! Lps)

l\_(_g]l_ll -1 Y J

1
Note:Award A1 for leading coefficient of — E :

L

z[%_kJ[\_th ((zkk a?’))"(l”)l_k_l A1

OR

‘ Note:The following A marks can be awarded in any order.

I

V(2K S
=[_§J (21: ;[ Ml =
[_é]r (2k (;]_{2;—3] 1 )5“ o

Note:Award A1 for isolating (2K’—1] correctly.

LT e TR
_(\_2]‘\_4] (Zk_g){k_l}!{l_"x) A1

Note:Award A1 for multiplying top and bottom by (& - )or 2(k-1).

3 L 3 ][._ZIJH (k(j’;(;l_);}! a H)%_H A1

1
Note:Award AT for leading coefficient of — Z :

Z[I_l] (zk—]]T(Hx}%—k—l o
- 4) (k-D)!



1 :
T _

=RHS

g [_L]“””" (e s, 5

4 (k+1)-2)!

THEN
since true for n =2, and true for n =k +1 if true for n =k, the statement is
true for all n e Z,n =2 by mathematical induction R1

Note:To obtain the final R1, at least four of the previous marks must have been
awarded.

[9 marks]

METHOD 1

h(x)=+l+xe™

using product rule to find h'[x) (M1)
1
h'(x)=~1+x me™ + e™ A1
( ) 241+ x
h"(x)—m{w,,‘1+xme“+ . e™ |+ - me’“—;e“ A1
\ 21+ x 241+x 4 I[HXJB
substituting x =0into A"(x) M1
Fi 1 1 1 5 1
R'(0)=m"+—m+—m—— [:m‘+m——J A1
2 2 4 4

h(x)= h(0}+xh'{0)+§h"({)}+...

7
equating x> coefficient to E M1
K'(0) 7 . 7

) _7 gy (0)=—]

2! 4 2
4m’ +4m—-15=0 A1

(2m+5)(2m—-3)=0

5
m=—= -:xr:?::E A1
2 2

[8 marks]



METHOD 2

EITHER

attempt to find f(0), /'(0), f"(0)

Fla)=(resh £(0)=1
f'(x):%{aﬂ)'% f'(0}=%
F@ =1 ()2 1(0)=-7

f(x}=]+%x—%x2+...

OR

attempt to apply binomial theorem for rational exponents

19
f(x]:':]'”-’]% 1+%x+@f+

THEN

2
g(:vc]=]+i',i;!3vc+m?x2 +...

. > ;
h{x}=(1+%x—%x2 +J: 1+mx+m—:cz+...}

l\ J
2
coefficient of x* is m—+ﬂ_.l.
2 2 B

attempt to set equal to ; and solve

2 8 4
4m’ +4m-15=0
(2m+5)(2m-3)=0

m m 1 7
2

5

-

[ ]

(M1)

A1l

(M1)

A1l

(A1)

(M1)

A1l

m1i

A1l

Al

[8 marks]



METHOD 3
g'(x)=me™ and g"{x}=m2e”
h(x}=h{ﬂ)+xh'{0}+§h"(0)+...
equating x” coefficient to 3
0.1 (orn]
using product rule to find h'(x} and h"(x}
W(x)=r(x)g'(x)+f (x)g(x)
h'(x)=f(x)g"(x)+2S'(x)g'(x)+ /" (x)g(x)
substituting x=0into A"(x)
(0)=r(0)g"(0)+2g'(0)"(0)+g(0)s"(0)
:lxm2+2m><-l-+]x[—lJ [:szrm—l]
2 4 4
am’ +4m-15=0
(2m+5)(2m-3)=0

2
2

m=—=orm=
2

(A1)

m1i

(mM1)

A1
m1i

A1l

A1l

A1l

[8 marks]

Total [20 marks]



Question 6

attempt to differentiate numerator and denominator M1

. [ arctan2x
lim| ———
x>0\ tan3x

2
- 1+4x?
= lim~——7—=

=0 3gec’ 3x

A1A1

Note: A1 for numerator and A7 for denominator. Do not condone absence of limits )

attempt to substitute x=0 (M1)
2 A1
3

Note: Award a maximum of MTATAOM1A1 for absence of limits|

[5 marks]



Question 7

@ f(x)=-2(x—h) A1
[1 mark]
(b) g'(x)=¢"OR g'(3)=¢"" (may be seen anywhere) At
Note: The derivative of ¢ must be explicitly seen, either in terms of x or 3.
recognizing /(3)=g'(3) (M1)
—2(3-h)= e’ (=e)
—6+2h=e OR 3—.&:—% At
‘ Note: The final A1 is dependent on one of the previous marks being awarded. |
8 i AG
2
[3 marks]
)  f(3)=g(3) (M1)
—(3-h) +2k=e"2+k
correct equation in k&
EITHER
+6Y
—(3—: } +2k=e"2+k A1
\2 p 2%
k=e+[6_e_6J =e+L_—e] At
2 2
OR
P \2
k:e+t3—e+6J A1
b s
k=e+9—3e—18+w A1
4
THEN
2
Fopes AG
4
[3 marks]

Total [T marks]



Question 8

(a) dv

az—(l+v)

J']d,r_ :J_ : ! dv (or equivalent / use of integrating factor)
+v

t=—In(1+v)(+C)

EITHER

attempt to find C with initial conditions 7 =0,v =1y,
C=In(1+v,)

t=In(1+v,)-In(1+v)

iIF:]n[lJrvoJ:>e,:1+vo
1+v

1+v
e'(1+v)=1+v,
—t

1+v:(1+v0)e

v(t)=(1+vy)e" -1

(A1)

M1

A1

M1

A1

A1

AG



(b) (i) recognition thatwhen t=T,v=0

(I+vy)e" =1=0=¢7 =

I+,

s
e =1+y,

Note: Award M1AQ for substituting v, = e’ —1 into v and showing that v=0.

i) s(r)=[v(r) dr (=[((1+v)e” —1)dr)
=—(l+ vo)e"—r(JrD)
(2=0,5s=0 so) D=1+,

s(t)=—(1+v,)e" —t+1+v,
at §

miax

Substituting into S(T'}(Z —(14+v,)e" =t +1+v, )

Bl :—(1+1-'0)£

e’ =1+, > T=In(1+v,)

—In(1+v,)+v,+1
T )

(Sm =% —h1(1+v0])

M1

A1

AG

(mM1)

A1

A1

M1

A1

[7 marks]



(c)

METHOD 1

v(T—k)=(1+v,)eTe" -1

1
—(1+v, e g
( +10)[1+1’0Je

:ek—l

METHOD 2

v(T—k)=(1+v,)e "™ -1

=ee
—&

—e -1

T —{T-k) _1

T-T+k _|

METHOD 1

v(T+k)=(l+v0)e'Tc'k -1

=e* -1

METHOD 2

v[T+k):(1+ vo)e_mk] -1

T _—{T+k) B

=ee
=]

o PTSE

(M1)
A1

AG

m1
A1
AG

(A1)
A1

(A1)

A1

[2 marks]

[2 marks]

[2 marks]

[2 marks]



(e)

METHOD 1
V(T —k)+v(T+k)=e"+e* -2 A1
attempt to express as a square M1
L A
:[e2—e EJ (=0) A1
so v(T—k)+v(T+k)=0 AG
[3 marks]
METHOD 2
v(T-k)+v(T+k)=e"+e™ -2 A1
Attempt to solve d_i.(e" +e*)=0 (2k=0) M1
minimum value of 2, (when k=0), hence e +e™* =2 R1
so V(T —k)+v(T+k)=0 AG
[3 marks]

Total [20 marks]



Question 9

(@) 6+6cosx=0 (or setting their /'(x)=0) (M1)
cosx=-—1 (or sinx=0)
X=1n,x=3n A1A1
[3 marks]
3m
(b) attempt to integrate _f (6+6cosx)dx (M1)
=[6x+6sinx]" A1A1
substitute their limits into their integrated expression and subtract (M1)
=(18m+6sin3n)—(6m+6sin )
=(6(31)+0)—(61+0) (=18n—6m) A1
area=12xn AG
[5 marks]
(c) attempt to substitute into the formula for surface area (including base) (M1)
n(2*)+n(2)(7)=12n (A1)
4n+2nl =127
21l =8n
I=4 A1

[3 marks]



(d) valid attempt to find the height of the cone
e.g. 22 +h* =(their 1)’

h=vZ (=243)

1 2 . .
attemptto use V = 3 xr*h with their values substituted

3e(2)(2)
4nV12 [: sn\3 _ 8n }
3

volume =

343

Question 10

u=sinx=du =cosx dx (or equivalent)

=

attempt to use partial fractions

“ _ + & :>u=A(u—2]+B(u+1)
{u+1)(u—2)_u+1 u-2 a

Valid attempt to solve for 4 and B

A:l and B:E
3 3

u _ 1 . 2
(u+1)(u—-2) _3(”+1) 3(u-2)

1 2 1 2
I[3( + Jdu :E]n|u+ll+glniu—2|(+C)(or equivalent)

u+l) 3(u-2)

(m1)

(A1)

M1

A1

[4 marks]

A1

A1

M1

(M1)

A1

A1

Note: Condone the absence of +C or lack of moduli here but not in the final answer.

1 : 8/ :
= Elnismx+1]+§]11|51nx—2|—|—C

A1

Note: Condone further simplification of the correct answer.

[7 marks]



Question 11
(a) 1n(x2 —16) =0

e’ =x*~16(=1)

x*=17 OR x=+J17

a7

(b) attempt to differentiate (must include 2x and/or

xz—lf))

i & 2K
8 o w

1
setting their derivative = —

2% |

2-16 3

x*—16=6x OR x*—6x-16=0 (or equivalent)

valid attempt to solve their quadratic

x=28

(M1)

(A1)
A1

[3 marks]

(M1)

A1

M1

A1

(M1)

A1

Note: Award AQ if the candidate’s final answer includes additional solutions

(suchas x=-2, 8).

[6 marks]
Total [9 marks]



Question 12

(@)

For n=1
LHS: %(xzex) = x%¢" + 2xe” (= e (x*+ 2x))

RHS: (x2 +2(1)x+1(1- l))e’ (= e* (x2 +2x))

so true for n=1

k
now assume true for n=k ;ie. %(xzex) = [f + 2k +k(k— 1)]6’

Note: Do not award M1 for statements such as “let n =% ". Subsequent

marks can still be awarded.

attempt to differentiate the RHS

dh—l (xZe*) T di([xz + 2R’x+k(k ,1)]8){)

dxk+1 x

= (2x+2k)e* +(x* + 2k +k(k—1))e*
:[x2+2(k+1)x+ k(kﬂ)]ex

so true for n=Fk implies true for n=k +1

therefore n=1true and n=%k true = n=~k+1 true

therefore, true for all ne Z*

Note: Award R1 only if three of the previous four marks have been

awarded

A1

A1

M1

M1

A1

A1

R1

[7 marks]



(b)

METHOD 1

n

attempt to use (xzex) = [x2 +2nx+n(n— I)Je"

]

n

Note: For x=0,

n

; (Pc* )|x=o =n(n—1)may be seen.

7£(0)=0, £'(0)=0, £"(0)=2, "(0)=6, f¥(0)=12

3
X

use of (x)=7(0)+/"(0)+2/"(0)+ 5

:f(x)zx2+x3+%x4

METHOD 2

‘x*x Maclaurin series of e*’

)( xz J
x| l+x+—+...
21

:>f(x)ﬁx2+x3+%x4

f"'(o)+';_! F9(0)+...

(M1)

(mM1)

A1l

[3 marks]

(M1)

(A1)

A1

[3 marks]



Question 13

M1

(A1)

M1

A1l
[4 marks]

Total [14 marks]



(a) (i) valid approach to find turning point (v' =0, —zi, average of roots)
a

(i) attempt to integrate v

[v = [(4+41-30) di=41+27 -7 (+¢)

Note: Award A1 fords +2¢*, A1 for —¢.

attempt to substitute their ¢ into their solution for the integral

2 3
distance = 4(gj+2(g] _(3]
3 3 3

. = i B (or equivalent)
3 992%

88
=57 (m)

(M1)

A1

(M)

A1A1

(M1)

A1

AG

[7 marks]



(b)

—104

valid approach to solve 4+4r—3¢> =0 (may be seen in part (a))

—4+4/16+48

(2-1)(2+3t) OR >

correct x- intercept on the graph at r =2

Note: The following two A marks may only be awarded if the shape is a
concave down parabola. These two marks are independent of each
other and the (M1).

correct domain from O to 3 starting at (0,4)

Note: The 3 must be clearly indicated.

vertex in approximately correct place for ¢ =§ and v>4

(M1)

A1

A1

A1

[4 marks]



3
(c) recognising to integrate between 0 and 2, or 2 and 3 OR I|4+4f—3f2| dr
0

(4+4r73rz) de

=R L

(4+41-3¢") dr

b ey L2

=-5

valid approach to sum the two areas (seen anywhere)

3
jv dz

total distance travelled =13 (m)

2 3 Z
jv dt—jv dt OR Jv dr+
0 2

0

(M1)

A1

A1

(M1)

A1
[5 marks]

Total [16 marks]



Question 14

dv 2y In2x
—_ = = 5
de = X

attempt to find integrating factor

2
—dx
[ejx _eZIﬂx]_xZ

" Q+21y =In2x
X

i(xzy) =In2x

dx

Ly= J.ln 2x dx

attempt to use integration by parts

x’y=xn2x- x(-i—c_)

n2x 1 ¢
V: ——+_

2

X X X

substituting x = % vy =4 into an integrated equation involving ¢

4=0-2+4c

3
= Cc=—
2

In2x 1 3
Y=

x ¥ 2

(M1)

(M1)

(A7)

(M)

A1

M1

A1

[7 marks]



Question 15

@ f(@4)=6

b) f(4)=6x4-1=23

) h@)=/f(g@)
h(4) = f(4* =3x4)= f(4)

h(4)=23

(d) attempt to use chain rule to find A’
/'(g(x))xg'(x) OR (xzf?:x)rxf’(xszx)

W(4)=(2x4-3)f'(4*—3x4)

=30

y—23=30(x—4) OR y=30x-97

A1l
[1 mark]

A1
[1 mark]

(M1)

A1
[2 marks]

(M1)

A1

A1

[3 marks]
Total [7 marks]



Question 16
METHOD 1

s
recognition that y = J cos[x—EJ dx

; s
=sin| x—— |(+¢
g ( 4J( )
substitute both x and y values into their integrated expression including ¢
2=sinZ4c
2

=1
=sin x—E +1
y=¢ 1

METHOD 2

cos(x—ﬁ}dr
.4

: T . T
y—2=sln| x—— |—sin—
[ *‘J 2

. T
y= sm{ X ——}+1
4

dy =

R S——
_.,.| ';1____.,_,

(M1)

(A1)

(M1)

A1

[4 marks]

(M1)(A1)

A1

A1l

[4 marks]



Question 17

(@)

METHOD 1

recognition of both known series
2 3 5
. X X : X . X
g=l+—+—+..andsmx=x——+—+
1 2! 5!

attempt to multiply the two series up to and including x° term

esmx=|1l+—+—+___ || x—+—+...
1t 21 31 5!

):3 2 x3
=i = — "
3! 2!

E A - 2 l .
e sinx=x+x +5J\ +Fpay

METHOD 2

f(x)=c"sing

f'(x)=¢"cosx+e"sinx
f"(x)=e"cosx—e*sinx+e"sinx+e"cosx (: g cosx)
f"(x)=2e"cosx—2e"sinx

f"(x)=2e"cosx and f"(x)=2e"(cosx—sinx)

substitute x=0 into / orits derivatives to obtain Maclaurin series

: 2 E
exsinx:0+i><l+l—x2+l—><2+...
1! 2! 3!

) 1
e*sinx=x+x> +§x3 + ..

(M1)

(M1)

(A1)

A1

[4 marks]

A1

A1
(m1)

A1

[4 marks]



Z

(b) e sin(x?)=x’ +x4+%x6+... (A1)
substituting their expression and attempt to integrate M1

Jlex2 sin(x”)dx erxz +x* +lx6de
0 0 3

| Note: Condone absence of limits up to this stage.

3 5 7
[} A1
3 5 21
0
61
e A1
105
[4 marks]
(c) (i) attemptto use product rule at least once M1
g'(x)=e"cosx—e"sinx A1
g"(x)=e"cosx—e"sinx —e*sinx—e” cos x(: —2e%sin x) A1
EITHER
2(g'(x)—g(x)= Z(ex cosx—e sinx—e” cosx) =—2e"sinx A1
OR
g"(x)zZ(ex cosx—e" sinxfexcosx) A1
THEN
g'(x)=2(g'(x)-g(x)) AG

Note: Accept working with each side separately to obtain —2e” sin x .

(i)  g"(x)=2(g"(x)-g'(x)) A1

gY@ =2(g"(»)-g"(x)) AG

Note: Accept working with each side separately to obtain —4e” cosx .

[5 marks]



(d)

attempt to substitute x=0 into a derivative
2(0)=1, 2'(0)=1,g"(0)=0

g"(0)=-2, g¥(0)=—4

attempt to substitute into Maclaurin formula

g(x) _ler:f!x3 j!x4+...{—l+x;x —=x +J

\ Note:

Do not award any marks for approaches that do not use the part (c) result.

(e)

METHOD 1

1 1
. T+x—=x—=x*+_ |-1-x
e'cosx—1—-x . 3 6
m : =lm
x—0 X x—0 X

. 1 1 }
=lim| ——=—x+...
xﬁot 3 6 |

3

(mM1)
A1

(A1)
(m1)

A1

[5 marks]

M1

(A1)

A1



METHOD 2

e*cosx—1—x
3

lim

: :% indeterminate form, attempt to apply I'HOpital's rule M1
X—> X

=1lim

¢ cos.x—f:'2 smx—l(z Y (x)—lJ
0 3x

x—0 3“){2

= g-, using I'Hopital's rule again

. —2e'sinx (
=lim———
x0  6x

x—0 6x

= %, using I'Hopital's rule again

lim —2e*sinx—2¢ cosx{: lim& (x)] A1
x—0 6 x—0
e A1
3
[3 marks]

Total [21 marks]

Question 18

evidence of using product rule (M1)
dy ke I ke

—=2x—-Dx(ke™ )+2xe” (=" (Qkx—Fk+2 A1
=@ =Dx(ke") (=e"( )

correct working for one of (seen anywhere) A1
dy

= at x=1= ke* +2¢*
dx

OR

slope of tangentis 5e”

their gxy— at x=1 equals the slope of y =35¢*x (: Sc") (seen anywhere) (M1)

ke* +2¢* = 5¢F

k=3 A1

[5 marks]



Question 19

[REx f[3-s7 o
jsJ_ 5

—=dx=3x- IOx (+¢)
substituting limits into their integrated function and subtracting

1 1
3(9)—10(9)2 —[3(1)—10(‘1)5} OR 27-10x3-(3-10)

=4

Question 20

u =secx = du =secxtanx dx

attempts to express the integral in terms of u

Lzu""du
DT =5[]

| Note: Condone the absence of or incorrect limits up to this point.

_2 =T
n

2" -1

n

(A1)

A1A1

(mM1)

A1
[5 marks]

(A1)
Mt

A1

A1

M1

A1



Question 21

(a) attempts to replace x with —x M1

£ () ===l (=)’
=31 ~(=x) (= =/ () af

Note: Award M1A1 for an attempt to calculate both f(—x)and —f(—x)
independently, showing that they are equal.

Note: Award M1AQ for a graphical approach including evidence that either the
graph is invariant after rotation by 180° about the origin or the graph is
invariant after a reflection in the y-axis and then in the x- axis (or vice

versa).
so f is an odd function AG
[2 marks]
(b) attempts both product rule and chain rule differentiation to find f’(x) M1

1 2

f'(x)zxx%><(—2x_)><(1—x2)_%+(1—x2)5><1 (zﬁ— z } A1

Y,

1-x
_1-24
V=X
sets their f'(x)=0 m1
1
= Xx= i— A"
V2
attempts to find at least one of f[i %] (M1)
Note: Award M1 for an attempt to evaluate f(x)at least at one of their f’(x) =0
roots.
a= 1 and b= 1 A1
2 2
1 1
Note: Award Af for —=y<—.
2 2
[6 marks]

Total [8 marks]



Question 22

(@ cos’x—3sin’x=0

valid attempt to reduce equation to one involving one trigonomedtric function (M1)
sinx 1 . 3 @ 5 5
=— OR 1l-sm*x—3sn“x=0 OR cos x73(lfcos“x):0
cos"x 3
OR cos2x—1+cos2x=0
correct equation (A1)
5 1 5 3 5 1 1
tan“x=— OR cos"x=— OR sin"x=— OR cos2x=—
3 4 4 2
| 3 i 1 5
tanx=+— OR (:osxzi£ OR Smx:(i)— QR 2% ,—n (A1)
3 2 B i €
A1A1



J'(x)=—-2cosxsinx—6sinxcosx(=—8sinxcosx =—4sin2x)

(i)  valid attempt to solve their f'(x) =0

at least 2 correct x-coordinates (may be seen in coordinates)

i3
—, ¥=T7
2

Note:

Accept additional correct solutions outside the domain.
Award A0 if any additional incorrect solutions are given.

correct coordinates (may be seen in graph for part (c))

(0.1), (1), {%,—3}

Note:

Note:

Award a maximum of M1A1A71A1AO0 if any additional solutions are given.

If candidates do not find at least two correct x-coordinates, it is possible to
award the appropriate final marks for their correct coordinates, such as
M1A0A0A1AO.

attempt to use the chain rule (may be evidenced by at least onecosxsinx term) (M1)

A1

(M1)

(A1)

A1A1A1

[7 marks]



(€)

A
34
]_i
LR S S S
6 2 6

attempt to reflect the negative part of the graph of / in the x-axis

endpoints have coordinates (0,1), (7,1)

smooth maximum at (E,SJ

5
sharp points ( cusps ) at x-intercepts —, ?n

i
6

M1

At

A1

A1

[4 marks]



(d)

considers points of intersection of vy = ‘ k ( r)‘ and y =1 on graph or algebraically (M1)

—(cosgx—Ssinzx)zl or —(1—4Sin2x):1 or —(40052.3(—3):1 or —(2cos2x-1)=1

tan’x=1o0r smzx:%or coszx:% or cos2x=0 (A1)
n 3n
X=—— A1
4 4 a0
For ‘f(x)‘>1
E<x<3—7t A1
4 4
[4 marks]

Total [20 marks]



Question 23

(a)

dy  y'-2x7
dx xy

let y=wx

dy dv
o —=v+xX—
dx dx

VER—

dx vx

= _[vdv = —J.%dv

2
v

:?: —2In|x|(+c)

x. 3 .
dv vx" —2x

2

(A1)

(M1)

(A1)

M1

A1

Note:

Condone the absence of the modulus sign up to this point.

(b)

2
y

:>'—:—2111M+C

2x

attempt to substitute x =1, y =2 into their integrated expression to find ¢

=5 2:—21n\1\+c:>c=2

2
y

:.‘>—z—21n‘x‘+2

252

=y =247 (—2111M+ 2)(= 4x2(l _hl‘x‘))

attempt to set 3—1 =0 in the differential equation

X

y= \/Ex and y = —x/ix or m= iﬁ

A1

M1

A1

[8 marks]

(M1)

A1

[2 marks]

Total [10 marks]



Question 24

attempt at implicit differentiation, including use of the product rule (M1)

EITHER

{zﬁzvﬂ ;.»2+[x2+v2)2;.»$:8x A1A1A1
T odx ’ T odx

Note: Award A7 for each of (Zx +2 ;d—}J v, (2 +y )2_1,’E and 8x.
_ Tdx ) dx

OR

x’y?+yt =4x?

20/ +202y P 44 y’ W A1A1A1
: T dx dx
2 2. dy sdy
Note: Award AT for each of 2xy"+2x"y—, 4y" — and 8x.
dx dx
THEN
. - o dy
at a local maximum or minimum point, d_ =0 (M1)
X
Zx_\-’2 =8x
x=0ory’ =4(> y=12) A1

Note: Award A0 for x=0o0ry=2

since x>0 and —2 < y <2 there are no solutions R1

hence there are no local maximum or minimum points AG

[7 marks]



Question 25

recognizing need to integrate (M1)
O g Bt OR i
x“+1 dx
2au OR 312 dr (A1)
u a1
=3In(x*+1)(+c) or 3lnu(+c) A1

correct substitution of x=1and f(x)=5o0or x=1andu =2 into equation

using their integrated expression (must involve c) (M1)

5=3In2+c

f(x):3]11(x2+1)+5—3]112 =3In(x*+1)+5-In8= 3111("‘ ;1 ]+5] (or equivalent) A1
/ 7

Note: Accept the use of the modulus sign in working and the final answer.

[5 marks]

Question 26
g'(x)=2xe" ™ (A2)
substitute x =—1 into their derivative (M1)
g'(-1)=-2¢’ A1

Note: Award AOMOAO in cases where candidate’s incorrect derivative is

x4+

g'(x)=e"".

[4 marks]





