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Question 1

[Maximum mark: 21]
The function f is defined by f(x) =¢™".

(a) Find the first two derivatives of f(x) and hence find the Maclaurin series for f(x) up to
and including the x° term.

(b)  Show that the coefficient of x* in the Maclaurin series for f(x) is zero.

(c) Using the Maclaurin series for arctanx and e* — 1, find the Maclaurin series
for arctan(e*— 1) up to and including the x* term.

: -1
(d) Hence, or otherwise, find l1mf(x+.
G arctan(e t— 1)
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Question 2

[Maximum mark: 16]

Lot £ =22%. where x> 0, ke R*.
fox
1 —1In5
(@) Showthat f'(x) = % 3]

The graph of f has exactly one maximum point P.
(b) Find the x-coordinate of P. [3]

The second derivative of 1 is given by f/"(x) = 21[1;7)23 The graph of / has exactly one

point of inflexion Q.

i 2
(c) Show that the x-coordinate of Q is gez i [3]
The region R is enclosed by the graph of f, the x-axis, and the vertical lines through the

maximum point P and the point of inflexion Q.

y

H
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(d) Given that the area of R is 3, find the value of . [7]



Question 3
[Maximum mark: 8]

The function £ is defined by f(x) =e*— 6e'+ 5, xR, x<a. The graph of y = f(x) is
shown in the following diagram.

>

/

> 0 U
1 |
\ ]
d oV
(a) Find the largest value of a such that f has an inverse function. [3]
(b)  For this value of «, find an expression for /' (x), stating its domain. [5]

Question 4

[Maximum mark: 5]

Let (x) = ——X__ _Given that £(0) =5 find /(x).
2x7+ 1



Question 5

[Maximum mark: 20]

Let f(x)=+1+x for x>-1.
1

4Jd+x)7

(a) Show that f"(x)=—

A (n) 1\ (2n-3)! L
(b) Use mathematical induction to prove that f/*/(x)=| ——| —(1+x)?

4) (n-2)!

forneZ,n>2.
Let g(x)=¢"", meQ.

Consider the function / defined by A (x) =f(x) x g(x) for x> —1.
7
It is given that the x” term in the Maclaurin series for /1 (x) has a coefficient of k

(c) Find the possible values of m.

Question 6

[Maximum mark: 3]

Use I'Hépital’s rule to find lim(m).
0|  fan3x

Question 7

[Maximum mark: 7]

Consider the functions f(x)=—(x —h)’+ 2k and g(x) =e"*+k where h, k e R.
(@) Find f'(x).

The graphs of f/ and g have a common tangent at x =3.

(b) Show that & =% .

2
(¢) Hence, show that k= e+%.
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Question 8

[Maximum mark: 20]

The acceleration, ams™, of a particle moving in a horizontal line at time 7 seconds, 1 >0, is
given by a = —(1+v) where vms™ is the particle’s velocity and v > —1.

At 1 =0, the particle is at a fixed origin O and has initial velocity voms_'.

(a) By solving an appropriate differential equation, show that the particle’s velocity at time ¢
is given by v(1)=(1+v)e —1. [6]

(b) Initially at O, the particle moves in the positive direction until it reaches its maximum
displacement from O. The particle then returns to O.

Let s metres represent the particle’s displacement from O and s___ its maximum
displacement from O.

(i) Show that the time T taken for the particle to reach s___ satisfies the
equation e’ =1 +v,.

(i) By solving an appropriate differential equation and using the result from part
(b) (i), find an expression for s___in terms of v, . [7]

Let v(T — k) represent the particle’s velocity & seconds before it reaches s___, where
v(T-k)=(1+v)e"P-1.

(c) By using the result to part (b) (i), show that v(I'— k) = g [2]

Similarly, let v(T + k) represent the particle’s velocity & seconds after it reaches s__ .

(d) Deduce a similar expression for v(1'+ k) in terms of &. [2]

(e) Hence, showthat v(I'— k) +v(I'+k)=0. [3]



Question 9

[Maximum mark: 13]
Consider the function f defined by f(x) =6+ 6cosx, for 0 <x <4m.

The following diagram shows the graph of y = f(x).

The graph of f touches the x-axis at points A and B, as shown. The shaded region is
enclosed by the graph of y = f(x) and the x-axis, between the points A and B.

(a) Find the x-coordinates of A and B. [3]

(b) Show that the area of the shaded region is 12m. [5]

The right cone in the following diagram has a total surface area of 12n, equal to the shaded
area in the previous diagram.

The cone has a base radius of 2, height /, and slant height /.

(c) Find the value of /. [3]

(d) Hence, find the volume of the cone. [4]



Question 10

[Maximum mark: 7]

By using the substitution # = sinx, find .[ S YCosX dx .

sin’ x —sinx—2

Question 11

[Maximum mark: 9]
Consider the function f defined by f(x) = In (x* — 16) for x > 4.

The following diagram shows part of the graph of f which crosses the x-axis at point A, with
coordinates (a, 0). The line L is the tangent to the graph of f at the point B.

y ¥=4
™

Aa, 0)

(a) Find the exact value of a. [3]

(b) Given that the gradient of L is ; find the x-coordinate of B. [6]



Question 12

[Maximum mark: 14]

(a) Prove by mathematical induction that %(fex) =[x2 +2mc+n(;rrz—1)]r;fr forneZ.

(b) Hence or otherwise, determine the Maclaurin series of f'(x) =x’¢" in ascending powers
of x, up to and including the term in x*.

3
x2ex _ x2)
(c) Hence or otherwise, determine the value of 1111;]1 e
x> X

Question 13

[Maximum mark: 16]

A particle P moves along the x-axis. The velocity of P is vms ' at time ¢ seconds,
where v(1)=4 + 4t —3F for 0<¢<3.When =0, P is at the origin O.

(a) (i) Find the value of f when P reaches its maximum velocity.

88
(i)  Show that the distance of P from O at this time is & metres.

(b) Sketch a graph of v against 7, clearly showing any points of intersection
with the axes.

(¢) Find the total distance travelled by P.

Question 14

[Maximum mark: 7]

dy In2x 2 1
Solve the differential equation ay =n—2x——y, x>0, giventhat y=4 at x =5.
X X

Give your answer in the form y =f(x).
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Question 15

[Maximum mark: 7]

The function f is defined for all x € R. The line with equation y = 6x — 1 is the tangent to
the graph of f at x=4.

(@)  Write down the value of f'(4).

(b) Find f(4).

The function g is defined for all x € R where g(x) =x* — 3x and A (x) =/ (g(x)).
(c) Find h(4).

(d) Hence find the equation of the tangent to the graph of # at x =4.
Question 16

[Maximum mark: 4]

)

V T
Given that —— =cos x——J and v =2 when x:s—ﬂ,find v in terms of x.
dx 4 - 4 :

Question 17

[Maximum mark: 21]
The function f is defined by f(x) =¢"sinx, where x € R.

(a) Find the Maclaurin series for f(x) up to and including the x’ term.

(b) Hence, find an approximate value for j;exz sin(x?)dx .

The function g is defined by g(x) = e¢*cosx, where x € R.

(c) (i) Show that g(x) satisfies the equation g"(x) = Z(g’(x) - g(x)).
(i) Hence, deduce that g¥(x) = 2(g"'(x) - g"(x)) .

(d)  Using the result from part (c), find the Maclaurin series for g(x) up to and including
the x* term.

e"cosx—1—-x

(e) Hence, or otherwise, determine the value of lim >

x—0 X
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Question 18

[Maximum mark: 5]
Consider the curve with equation y = (2x — 1)e™, where x € R and k € Q.
The tangent to the curve at the point where x = 1 is parallel to the line y = 5¢*x.

Find the value of k.

Question 19
[Maximum mark: 5]

9
Find the value of L {

x5 dx .
Jx
Question 20

[Maximum mark: 6]

By using the substitution # = secx or otherwise, find an expression for |sec” xtanx dx in

terms of », where » is a non-zero real number.

Y S



Question 21

[Maximum mark: 8]

Afunction f is defined by f(x)=xv1-x* where -1 <x<1.

The graph of y = f(x) is shown below.

,

(a) Show that f is an odd function. [2]
Therangeof fisa<y<b,where a,b € R.

(b) Find the value of a and the value of b. [6]

Question 22
[Maximum mark: 20]

The function £ is defined by f(x) =cos’x —3sin’y, 0 <x < 7.
(a) Find the roots of the equation f(x)=0. [5]
(b) () Find f'(x).

(i)  Hence find the coordinates of the points on the graph of y = f(x) where f'(x)=0. [7]

(c) Sketch the graph of y =| f(x)|, clearly showing the coordinates of any points
where f'(x) =0 and any points where the graph meets the coordinate axes. [4]

(d) Hence or otherwise, solve the inequality |/ (x)| > 1. [4]



Question 23
[Maximum mark: 10]

2 _ 2 2
Consider the homogeneous differential equation % e , Where x,y#0.

Xy
Itis given that y=2 when x=1.

(a) By using the substitution y = vx, solve the differential equation. Give your answer in the
form ¥ =f(x). (8]

The points of zero gradient on the curve y* = f(x) lie on two straight lines of the form y = mx
where m € R.

(b) Find the values of m. [2]
Question 24

[Maximum mark: 7]

Consider the curve with equation (x* +)7))” = 4x” where x>0 and -2 <y < 2.

Show that the curve has no local maximum or local minimum points for x > 0.

Question 25

[Maximum mark: 5]

6
The derivative of the function f is given by f'(x) = — xl .
G -
The graph of y = f(x) passes through the point (1, 5). Find an expression for f'(x).

Question 26

[Maximum mark: 4]
The function g is defined by g(x) = exz;l, where x € R.

Find g'(~1).



Question 27

[Maximum mark: 19]

Consider the following diagram, which shows the plan of part of a house.

diagram not to scale

6m

et LI

3
A narrow passageway with width Zm is perpendicular to a room of width 6m. There is

a corner at point C. Points A and B are variable points on the base of the walls such
that A, C and B lie on a straight line.

Let L denote the length AB in metres.
Let a be the angle that [AB] makes with the room wall, where 0 <a < g
3
(a) Show that L =—scca + 6coseca .
dL
(b) () Find —.
o

(i)  When :L=0, show that o= arctan?2.
a

(2]

(5]



2

© @ Find .

2
(i)  When o =arctan2, show that d I; ZE\E [71
da 4
(d) (i) Hence, justify that L is a minimum when o« = arctan?2.

(i) Determine this minimum value of L. [3]

Two people need to carry a pole of length 11.25m from the passageway into the room.
It must be carried horizontally.

(e) Determine whether this is possible, giving a reason for your answer. 2]

Question 28

[Maximum mark: 7]

The function f is defined by f(y)=+/r’—y* for r<y<r.

The region enclosed by the graph of x =f(y) and the y-axis is rotated by 360° about

the y-axis to form a solid sphere. The sphere is drilled through along the y-axis, creating a
cylindrical hole. The resulting spherical ring has height, /.

This information is shown in the following diagrams.

diagram not to scale

/)
o, |
N ——
h X
>
']
W L —T
———

The spherical ring has a volume of © cubic units. Find the value of 4.



Question 29

[Maximum mark: 5]
The side lengths, xcm, of an equilateral triangle are increasing at a rate of 4cms™.

Find the rate at which the area of the triangle, Aent’, is increasing when the side lengths are

5\/5 cm.

Question 30

[Maximum mark: 17]
(a) By using an appropriate substitution, show that jcos\/; dx :2\/; siny/ x +2cos\/;+C.

The following diagram shows part of the curve y = cos«/; forx=0.

¥

A

The curve intersects the x-axisat x , x,, x,, x,, ....

(2n-1)" 2
The nth x-intercept of the curve, x,, is given by x, =———

,Where n e 7"
(b)  Write down a similar expression for x, .

The regions bounded by the curve and the x-axis are denoted by R,, R,, R,,
on the above diagram.

..., as shown

(c) Calculate the area of region R, .
Give your answer in the form knm, where k € Z~.

(d) Hence, show that the areas of the regions bounded by the curve and the x-axis,
R, R,, R,, ..., form an arithmetic sequence.

(€]

(1]

[7]

(3]



Question 31

[Maximum mark: 14]
A circle with equation x* +3* =9 has centre (0, 0) and radius 3.
A triangle, PQR, is inscribed in the circle with its vertices at P(-3, 0), Q(x, y) and R(x, =),

where Q and R are variable points in the first and fourth quadrants respectively. This is
shown in the following diagram.

¥y
7Q(x,_v)
P(-3,0) >
R(x,-)
(a) For point Q, show that y =v9-x" . [1]
(b) Hence, find an expression for 4, the area of triangle PQR, in terms of x. [3]
@ Showtist = NS FR [4]
dx N

(d) Hence or otherwise, find the y-coordinate of R such that 4 is a maximum. [6]



Question 32

[Maximum mark: 6]

The following diagram shows part of the graph of y = for x > 0.

2
X

The shaded region R is bounded by the curve, the x-axis and the line x=c.
The areaof R is In3.
Find the value of c.

Question 33

[Maximum mark: 21]

, Where —Ests—n.
4 4

(@) Find the coordinates of the points on the curve y = f(x) where the gradient is zero.

cos2x

Consider the function f(x)=e

(b)  Using the second derivative at each point found in part (a), show that the curve y = f(x)
has two local maximum points and one local minimum point.

(c) Sketch the curve of y =f(x) for 0 < x < &, taking into consideration the relative values
of the second derivative found in part (b).

(d) (i) Find the Maclaurin series for cos2x, up to and including the term in x*.

cos2a—1

(i)  Hence, find the Maclaurin series for e , up to and including the term in x*.

(i) Hence, write down the Maclaurin series for f(x), up to and including the term in x*.

(e) Use the first two non-zero terms in the Maclaurin series for f(x) to show that
II/IU ecoslxdx ~ 1496

0 1500

(3]

(4]

(3]

(€]

(3]



Question 34

[Maximum mark: 9]
() Find [x(Inx)'dv. [6]

4
(b) Hence, show that Ix(lnx)zdx=32(1n2)2—16h12+1?5. [3]
1

Question 35

[Maximum mark: 20]

1
(@) Let f(x)=(1-ax) 2, where ax<1,a=0.

The n™ derivative of f(x) is denoted by f™(x), n € Z*.

2n+1

a’ (2n - 1)!(1 - a,'x)_T

. 4 (n) _ 4
Prove by induction that xX)= ,nel. 8
y f ( ) 22n—l (]’1—1)! [ ]
(b) By using part (a) or otherwise, show that the Maclaurin series for f(x)= (1~z:vc)_E
up to and including the x* term is 1+%az:c+§a!2x2 : 2]
1 1 o
(c) Hence, show that (1—2x) 2 (1—4x) 2 = w . [4]
1
(d) Given that the series expansion for (1 ﬁax)T is convergent for |ax| < 1,
state the restriction which must be placed on x for the approximation
1 1 4
(1-2x)2(1-4x) 2 z%m be valid. [1]
(e) Use x= % to determine an approximate value for /3 .
Give your answer in the form 3 where ¢, d € Z". [5]

Question 36

[Maximum mark: 6]

4 2
At ) . sec’x—cos’x
Use I'Hépital’s rule to find im—————

x—0 X —-Xx



Question 37

[Maximum mark: 17]

Consider the polynomial P(x) =3x" + 5x* + x — 1.

(a) Show that (x + 1) is a factor of P(x).

(b) Hence, express P(x) as a product of three linear factors.

Now consider the polynomial O (x) = (x + 1)(2x + 1).

. A
in the form ——+
Q(r) x+1 2x+1

(c) Express ,where 4, B € 7.

4 2 l

(d) Hence, or otherwise, show that

(E) Hence, find Im
X X

P(x) 1

Consider the function defined by f(x)=
(x+DO(x)

(f) Find
() lim f(x);
(i) lim f(x).
Question 38
[Maximum mark: 7]
(a) Find the first two non-zero terms in the Maclaurin series of

(i) sin();

(i) sin’(x’).

(b) Hence, or otherwise, find the first two non-zero terms in the Maclaurin series of

4xsin(x7) cos (x%).

(x“)Q(x):ZxH x4l (x+1)

, where x = -1, xi—a.

[2]
[3]

[3]

[2]



Question 39

[Maximum mark: 6]

The function f is defined as f(x)= Vxsin(x?) , where 0<x<r .

Consider the shaded region R enclosed by the graph of f, the x-axis and the line x:—n,
as shown in the following diagram. 2

y=f®

0 Jr T

The shaded region R is rotated by 2rn radians about the x-axis to form a solid.

{22}
. -

Show that the volume of the solid is i



Question 40

[Maximum mark: 7]
Consider the functions f(x) = cosx and g(x) = sin2x, where 0 <x <.

The graph of f intersects the graph of g at the point A, the point B (E,Oj and the point C
as shown on the following diagram. 2

}7
14 A
g
f
B i
0 T
= = C
"
(a) Find the x-coordinate of point A and the x-coordinate of point C. [3]

The shaded region R is enclosed by the graph of f and the graph of g between the
points B and C.

(b) Find the area of R. [4]



Question 41

[Maximum mark: 17]

2x _1
A curve is given by the equation y =—- L xelR.
e+
. [e*-1
(a) By applying I'Hépital’s rule or otherwise, show that lim| —- : =1. 2]
xoo| @™ 4
: d 4e™
(b) () Showthat 2 =——"
dr  (e™+1)
.. , dy
(i) Hence, show that 1 - y" =—. [6]
dx
. y ; : ; g i ” dZV 3
(c) (i) By using implicit differentiation and the result in part (b)(ii), show that d'2 =2y =2y.
X
} _ _ d’y .
(i)  Hence, find an expression for d—3 in terms of y. [5]
X

2x

By using your results from parts (b) and (c), find the Maclaurin series for Lhi up to
and including the termin x°. e +1 [4]



Question 42
[Maximum mark: 17]

Consider a cylinder of radius 47 and height /. A smaller cylinder of radius » is removed from
the centre to form a hollow cylinder. This is shown in the following diagram.

All lengths are measured in centimetres.

diagram not to scale

The total surface area of the hollow cylinder, in cm’, is given by S.
The volume of the hollow cylinder, in cm’, is given by V.

(@) Show that S =30m” + 10mtrh.

(b) The total surface area of the hollow cylinder is 240mcm’.

Show that ¥ = 360mr — 451 .

(c) Find an expression for (:5 .

The hollow cylinder has its maximum volume when r :p\E , where p € Z".

(d) Find the value of p.

(e) Hence, find this maximum volume, giving your answer in the form qn\/g , Where g € Z".

[3]

[2]

[3]
[3]





