Subject - Math AA(Higher Level)
Topic - Functions
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Paper -1
Questions
Question 1
[Maximum mark: 5]
x+3

The functions f and g are defined such that f(x) = and g(x) =8x+5.

(a) Showthat (g f)(x)=2x+11. [2]
(b) Giventhat (go f)'(a)=4, find the value of a. [3]
Question 2

[Maximum mark: 5]

The following diagram shows the graph of y = f(x). The graph has a horizontal asymptote
at y=-1. The graph crosses the x-axis at x=-1 and x=1, and the y-axisat y=2.
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On the following set of axes, sketch the graph of y = [ ¥ (x)]2+ 1, clearly showing any
asymptotes with their equations and the coordinates of any local maxima or minima.
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Question 3

[Maximum mark: 5]

The graph of y =f(x) for —4 < x < 6 is shown in the following diagram.

(@) Write down the value of
M f(Q2;
(i)  (fof)2). [2]

(b) Let g(x)= %f(x} +1 for —4 <x < 6. On the axes above, sketch the graph of g. [3]




Question 4
[Maximum mark: 19]

The following diagram shows the graph of y = arctan(2x+ 1)+E for x € R, with asymptotes

m 3n
at y=——and y=—.
d 4 . 4

(a) Describe a sequence of transformations that transforms the graph of y = arctan x to the

graph of y = arctan(2x+ 1)+% forxeR. [3]
b Show that arctan p +arctan ¢ = arctan pPrq where p. g >0 and = 4
P q 1 P.q Pq
—Pq
(c) Verify that arctan(2x+1)= arctan{il)+E for ' i x> 0. [3]
X+

(d) Using mathematical induction and the result from part (b), prove that

Z arctan (212) = arctan( B ) for n € Z*. 9]
r=1 r

n+l



Question 5
[Maximum mark: 9]

2x+4
The function f is defined by f(x)=3x—+ ,Where x e R, x=3.
-Xx

(a) Write down the equation of

(i)  the vertical asymptote of the graph of f;

(i)  the horizontal asymptote of the graph of f. [2]
(b)  Find the coordinates where the graph of f crosses

(i) the x-axis;

(i) the y-axis. (2]

(c) Sketch the graph of f on the axes below. [1]
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The function g is defined by g(x):a;—ﬂ,where xeR,x#3 and a eR.
- X

(d) Given that g(x) =g (x), determine the value of a. [4]



Question 6

[Maximum mark: 7]

Consider f(x)=4sinx+ 2.5 and g(x)= 4sin(x—37ﬁ)+2.5+q ,where x e R and ¢ > 0.
The graph of g is obtained by two transformations of the graph of /.

(@) Describe these two transformations.

The y-intercept of the graph of g is at (0, r).

(b) Giventhat g(x) > 7, find the smallest value of r.
Question 7

[Maximum mark: 7]

Consider the functions f(x) = V3sinx+cosx where 0 <x < and g(x)=2x where x € R.

(@) Find (f°g)(x).
(b)  Solve the equation ( /o g)(x) = 2cos2x where 0 <x < 7.

Question 8

[Maximum mark: 20]

Afunction f is defined by f(x)-—— ,wherex e R, x#-1,x#3.

x2—2x-—3

(a) Sketch the curve y = f(x), clearly indicating any asymptotes with their equations. State
the coordinates of any local maximum or minimum points and any points of intersection
with the coordinate axes.

|

S~ s Where x € B, x @~
x—2x-3

A function g is defined by g(x)=

(b) Theinverse of g is g™.

Naxt+x

(i) Showthat g7'(x)=1+
X

(ii) State the domain of g_l.
A function 7 is defined by #(x)= arctang, where x e R.
(c) Giventhat (hog)(a) =§ , find the value of a.

Give your answer in the form p+%\/;, where p,q,r e Z".

(2]

[9]

(2
[3]

(6]

(7]

[7]



Question 9

[Maximum mark: 8]

Afunction £ is defined by f(x)= 2"‘—_11 ,wherexe R, x=—1.
x+

(@)

The graph of y =f(x) has a vertical asymptote and a horizontal asymptote.

Write down the equation of

(i) the vertical asymptote;

(i) the horizontal asymptote. [2]
On the set of axes below, sketch the graph of y = f(x) .

On your sketch, clearly indicate the asymptotes and the position of any points of
intersection with the axes. [3]

(c)

2x—1

x+1
Z‘x‘—l
A —
Ixl+1

Hence, solve the inequality 0 <

<2. (1

Solve the inequality 0 < 2. 2]



Question 10
[Maximum mark: 5]

Let f(x)=cos(x—k),where 0<x<agand a,k e R".

(a) Consider the case where k = g

By sketching a suitable graph, or otherwise, find the largest value of a for which the
inverse function /" exists. [2]

(b)  Find the largest value of a for which the inverse function /™' exists in the case
where k=m. [1]

(c¢) Find the largest value of a for which the inverse function f’1 exists in the case
where 1t < k < 2n. Give your answer in terms of k. [2]

Question 11
[Maximum mark: 7]

Part of the graph of a function, f, is shown in the following diagram. The graph of y = f'(x)
has a y-intercept at (0, 3), an x-intercept at (a, 0) and a horizontal asymptote y =-2.

y

x




Consider the function g(x)= | f(|x[)|.

(a) On the following grid, sketch the graph of y = g(x), labelling any axis intercepts and
giving the equation of the asymptote. [4]

(b)  Find the possible values of & such that (g(x))2 =k has exactly two solutions. [3]




Question 12
[Maximum mark: 7]

Tx+7
2x—4
(a) Find the zero of f(x). [2]

The function f is defined by f(x)=

forxeR, x=2.

(b) Forthe graph of y = f(x), write down the equation of
(i) the vertical asymptote;
(i) the horizontal asymptote. [2]

(c) Find f7\(x), the inverse function of f(x). [3]

Question 13
[Maximum mark: 7]

The functions f and g are defined by

WA(X) =08 % OSxég

2(x)=tanx, 0£x<g.
The curves y =f(x) and y = g(x) intersect at a point P whose x-coordinate is &,
where 0 <k <g :
(@) Show that cos’k =sink. [1]

(b) Hence, show that the tangent to the curve y =f(x) at P and the tangent to the
curve y=g(x) at P intersect at right angles. [3]

: : : : Ea
(c) Find the value of sink. Give your answer in the form a ,where a, c € Z

and be Z'. & [3]

Question 14
[Maximum mark: 7]

The functions f and g are defined for x € R by
f(x)=ax+b,where a, b e Z
g(x)=x*+x+3.

Find the two possible functions / such that (g o /) (x) = 4x° — 14x + 15.



Question 15

[Maximum mark: 3]

|
A function [ is defined by f(x):l——z, where x e R, x#2.
x_

(a)

The graph of y = f(x) has a vertical asymptote and a horizontal asymptote.

Write down the equation of

(i) the vertical asymptote;

(i)  the horizontal asymptote. [2]
Find the coordinates of the point where the graph of y = f(x) intersects

(i) the y-axis;

(i) the x-axis. [2]

On the following set of axes, sketch the graph of y =f(x), showing all the features
found in parts (a) and (b). [1]




Question 16
[Maximum mark: 15]

The functions / and g are defined by
f(x) =In(2x — 9), where x >%
g(x)=2Inx—Ind, where x>0, d e R".
(a) State the equation of the vertical asymptote to the graph of y = g(x). 1
The graphs of y =f(x) and y = g(x) intersect at two distinct points.
(b) (i) Show that, at the points of intersection, x* — 2dx + 94 =0.
(i) Hence show that d° — 94 > 0.

(i)  Find the range of possible values of d. 9]

The following diagram shows part of the graphs of y = f(x) and y=g(x).

¥

The graphs intersect at x=p and x =g, where p<q.

(¢) Inthe case where d = 10, find the value of ¢ — p. Express your answer in the form
a\Jb ,where a, b e 7. 5]



Question 17

[Maximum mark: 8]

sin’ (kx)

) 7

Consider the function f(x)= where x=0 and k € R".
(a) Show that f is an even function.

(b) Given that lirrolf(x) =16, find the value of k.

Question 18

[Maximum mark: 5]

Consider the functions f(x) =x — 3 and g(x) =x° + k%, where & is a real constant.

(@) Write down an expression for (g o f)(x).

(b) Given that (g o f)(2) =10, find the possible values of .

(2]

(6]

(2]
(3]



Question 19

[Maximum mark: 8]

Afunction f is defined by f(x)=

2(x+3)

,Wherex e R, x=-2.
3(.\'-1-2)

The graph y =f(x) is shown below.

(a)

=6

Write down the equation of the horizontal asymptote. [1]

Consider g(x)=mx+ 1, where m e R, m#0.

(b)

()
(i)
(iii)

Write down the number of solutions to f(x) = g(x) for m>0.
Determine the value of m such that f(x) = g(x) has only one solution for x.

Determine the range of values for m, where f(x) = g(x) has two solutions
forx>0. [7]



Question 20

[Maximum mark: 16]

4x+2

Consider the function f'(x) ,BED.

(a)

(b)

x-=2

Sketch the graph of ¥y = f(x). On your sketch, indicate the values of any axis intercepts
and label any asymptotes with their equations.

Write down the range of f.

Consider the function g(x) = x* + bx + c¢. The graph of g has an axis of symmetry at x = 2.

The two roots of g(x) =0 are ; and p, where p € Q.

(c)
(d)
(€)
(f)

Show that p = % .
Find the value of 5 and the value of c.
Find the y-coordinate of the vertex of the graph of y =g(x).

Find the product of the solutions of the equation f(x) = g(x).

[°]
(1]

(1]
[3]
[2]
[4]



Question 21

[Maximum mark: 6]

The graph of y :f(|x|) for —6 < x < 6 is shown in the following diagram.

.}T
\3
4
; X
-6 6
4
W
(a) On the following axes, sketch the graph of y = |f( |x|)[ for 6<x<6. 2]
J}
4_
; : X
-6 0 6




Itis given that [ is an odd function.

(b)  On the following axes, sketch the graph of y =f(x) for -6 <x <6. 2]
J"‘
4,
T T x
—6 0 6
—4]

It is also given that J.:f(‘x‘)dr: 1.6 .

(c) Write down the value of
QO [ f(x)dr;

(i) j:(f(\x\)Jrf(x))dr. 2]
Question 22

[Maximum mark: 7]

T

Consider the function f(x)= sec(x _E] for0<x<l.

2
(a) Determine the range of f. [3]

The region bounded by the graph of y = f(x), the x-axis and the lines x=0 and x = 2
is rotated 2rradians about the x-axis. 2

(b) Find the volume of revolution generated. [4]



Question 23

[Maximum mark: 5]

(a) Solve 2x* —15x+18<0. [3]

(b) The function f is defined by f(x)=v2x*-15x+18,where x e R, x <k.

Find the greatest value of & for which f ! exists, justifying your answer. [2]





