Subject - Math AA(Higher Level)
Topic - Geometry and Trigonometry
Year -May 2021 - Nov 2024
Paper -2
Answers
Question 1

(a) stating the relationship between cot and tan and stating the identity

fortan 26
o)
cot26 = and tan26 = ._tan:?
tan 26 l1—tan” &
1—tan’ @
—cot26=
2tan&

(b)
attempting to substitute tan @ for x and using the result from (a)
1—tan’ @ il
2tan @
tan’ 6+1—tan’ 8—1=0(=RHS)

so x=tan# satisfies the equation
attempting to substitute —cot & for x and using the result from (a)

LHS = tan’ 6’+2tan€(

_ e
LHS = cot® 6—2cot & MJ—
2tan @
1 _(l—tangﬁ\l_l
tan’6 | tan’ @
1 1

- ——_+1-1=0(=RHS)
tan- @ tan &

so x=-—Cot @ satisfies the equation

M1

AG
[1 mark]

M1
A1

A1

AG
M1

A1l

A1

A1
AG

7 marks



(c) METHOD 1

' T
x:‘ran1 and .1r:—c0ti are roots of .\’2+(2L‘0t—].\’—1=0
1> 12 6

R1

T
Note: Award R1 ifonly x = tan% is stated as a root of X° +(2COEEJ‘Y—1 =0.

?+23x-1=0
attempting to solve their quadratic equation

x:—\fgiZ

‘[ani >0 (—c0t£<0)
12 12

i
so tan—:2—\/§
12

METHOD 2

attempting to substitute @ = % into the identity for tan 26

T
2 tan—
L 2
tan_ — e O S
3 T[
1-tan™ —
12
T T
tan’ —+2+3tan—-1=0
12 V3 12
attempting to solve their quadratic equation

T
tan— =32
2

tani“}o
12

T
so tan—=2-+/3
12 \/—

T
(d) tan—" _ cot = is the sum of the roots of X’ +(2c0‘r—)x—1 =0
24 24 12

T T T
tan— —cot—=-2cot—

24 24 12
2

23

attempting to rationalise their denominator

= 423

A1
M1

A1
R1

AG

M1

A1

M1
A1

R1
AG

[5 marks]

R1

A1

A1

(M1)
A1A1
[6 marks]

Total [19 marks]



Question 2

attempting to find Iz — I, for example (M1)
3),, 5
E—T, = +
sl 4
attempting to find |r —r, | m1
distance d(1)=y/(3—5t)" +(41—6) ( a1 — 78t +45] A1
using a graph to find the d — coordinate of the local minimum M1
11\/_
the minimum distance between the ships is 2.81 (km ( )] A1
Total [6 marks]
Question 3
(a) METHOD 1
attempt to use the cosine rule (M1)
4% + 4% - 5°
cos® =——— (or equivalent) A1
2x4x4
=135 A1
[3 marks]
METHOD 2
attempt to split triangle AOB into two congruent right triangles (M1)
. (8) 2.3
sim| — |=— A1
2 -
0=135 A1
[3 marks]
(b) attempt to find the area of the shaded region (M1)
%x4><4><(21‘[71.35...) A1
=39.5 (cm?) A1
[3 marks]

Total [6 marks]



Question 4

@

(ii)

attempts to find either AB or AC

-3 -2
AB=|-2|and AC=| 1
0 -7
METHOD 1
attempts to find A]§ ><A?3
14
ABxAC=| 21
-7
EITHER

equation of plane is of the form 14x—21y~7z=d (2x-3y-z=d)

substitutes a valid point e.g (3,0,0) to obtain a value of d

d=42 (d:6)
OR
attemptstouse r-n=a-n
14 3 14 14 )
rF-|21|={0]| 21| |r|21|=42
-7 0){ -7 -7
2 38 (2 2
r-|-3|=0|{=3]||r-|-3[=6
-1 D ) =1 -1
THEN

14x—21y—7z=42 (2x—3y—z=6)
METHOD 2

3} (-3 (-2
equation of plane is of the form | v |=| 0 |+s| -2 |+1| 1

0 0) (-7
attempts to form equations for x,y.z in terms of their parameters
x=3-35s-2t, y=-25+t, z=-Tt

=

eliminates at least one of their parameters
for example, 2x—3y=6-T7t(=2x—3y=6+z)
2x—-3y—z=6

(M1)

A1

(M1)

A1

(A1)
M1

(M1)

A1

A1

A1

(mM1)

A1

(M1)

A1

[7 marks]



(b)

METHOD 1

0 1
substitutes r=| -2 |+ 4| 1 | into their /7 and /7, (given)
0 ot |

IT: 2A-3(-2+4)—=(-4)=6 and IL: 3A—(-2+A4)+2(-4)=2

Note: Award (M1)A0 for correct verification using a specific value of 4.

0 1
so the vector equation of L can be writtenas r=| -2 |+ 4| 1
0 -1

METHOD 2
EITHER

2 3
attempts to find | -3 |x| —1
-1 2

OR

£ STES 3 1

31| 1 |=(2-3+1)=0 and [ -1 || 1 |=(3-1-2)=0
) Lo 2)l-a

THEN

substitutes (0,—2,0) into 77, and 77,

17 2(0)-3(=2)—(0)=6 and 7Z,: 3(0)—(-2)+2(0)=2

0 1
so the vector equation of L can be writtenas r=| -2 |+ 4] 1
0 4 _1/
METHOD 3
attempts to solve 2x—-3y—z=6 and 3x—y+2z=2
for example, x=—A,y=-2—-A4,z=41

(M1)

A1

AG

M1

M1

A1

AG

(mM1)
A1



()

(d)

Note: Award A7 for substituting x=0(or y=-2 or z=0)into /7 and /7,
and solving simultaneously. For example, solving —-3y—z =6 and

—y+2z=2 toobtain y=-2 and z=0.

0 1
so the vector equation of L can be writtenas r=| -2 [+ 4| 1
0 -1

(i)  substitutes the equation of L into the equation of /7,

24424=3=244=3

e
4
(i) P has coordinates E,_E,_E
4 4 4
2
(i) normalto 77 is n=| 0
-2

‘ Note: May be seen or used anywhere.

considers the line normal to /7, passing through B[O.—2,0)

0 g
r=-2+x 0

0 -2
EITHER

finding the point on the normal line that intersects 77,

attempts to solve simultaneously with plane 2x—2z =3

4u+4pu=3
; 3
z 8

AG

[2 marks]
(M1)

A1
AG

A1

[3 marks]

(A1)

(M1)

A1

(M1)

A1



(ii)

2u 3 2
=3 || =2 | o [=0 (M1)
=2p1) \-3))\-2

3
== A1
#73
OR
attempts to find the equation of the plane parallel to /7, containing B" (x—z = 3) and
solve simultaneously with L (M1)
2u'+24 =3
3
£ = A1
=4
THEN

so, another point on the reflected line is given by

o LR
r=|-2 +% 0 (A1)
0 2
(3 3
—B (E.—Z.—;] A1
EITHER

attempts to find the direction vector of the reflected line using their P and B’ (M1)

PB'=| -3
_3
4
OR
attempts to find their direction vector of the reflected line using a vector approach (M1)
5 i’ i
PB'=PB+BB'=-2| 1 |+2| 0
4 2
=]. —1
THEN

r=| -2 [+A| -2 | (or equivalent) A1
3 3
> Iy



X

z

Note: Award A0 for either ‘r =" or /| y |="not stated. Award A0 for ‘L' =".

Question 5

(a) attempt to find a vector perpendicular to Hl and Hz
using a cross product

3) (1
2 x| -2 |=(2-(-2))i+(1-3) j+(-6-2)k
i
4 )
=| 2| =2|-1
-8 -4

equation is 4x—2y—8z = 0(:> 2x—y—4z=0)

(b) attempt to solve 3 simultaneous equations in 3 variables

=l = 1- 78, 06110
21" 21 21]( ( ))

[9 marks]
Total [21 marks]

(M1)

(A1)

A1
[3 marks]

(m1)

A1

[2 marks]
Total [5 marks]



Question 6

Amplitude is 110 =55 (A1)
2
d=—8) A1
=03 A1
2 s
o 20 OR —55c0s(205)+65=10 (M1)
b=2(=0314) A1
10

Total [5 marks]



Question 7

(@)

(b)

attempt to find the area of either shaded region in terms of rand @

(M1)

Note: Do not award M1 if they have only copied from the booklet and not
applied to the shaded area.

Area of segment;%ﬁé’—%r2 sin 6

Area of triangle :%rz sin(n—6)
correct equation in terms of @ only
9—3in9=sin(n—9)

f@—sin@=sinf
&=2sinf

A1

A1

(A1)

A1
AG

Note: Award a maximum of MTA1TA0AOAOQ if a candidate uses degrees

(ie., %rz sin(180°— 6‘) ), even if later work is correct.

Note: If a candidate directly states that the area of the triangle is

%rzsin 8 , award a maximum of MTA1TAOATA1.

@ =1.89549...
8=1.90

Note: Award A0 if there is more than one solution. Award A0 for an answer
in degrees.

[5 marks]

A1

[1 mark]
Total [6 marks]



Question 8

EITHER

attempt to use cosine rule (M1)
122 + AB? —2x12xc0s25°xAB=7> OR AB’-21.7513..AB+95=0 (A1)
at least one correct value for AB (A1)

AB=6.05068... OR AB=15.7007...

using their smaller value for AB to find minimum perimeter (M1)
12+7+6.05068...

OR

attempt to use sine rule (M1)
1 M o

SllnzB = 5‘"?25 OR sinB=0.724488.. OR B=133.573..° OR B=46.4263...° (A1)

at least one correct value for C

C =21.4263..° OR C =108.573..° (A1)
using their acute value for C to find minimum perimeter (M1)
12+7+/122 + 72 —2x12x 7cos21.4263..0 OR 12+?+M

sin 25°
THEN
25.0506...
minimum perimeter =25.1. A1

Total [5 marks]



Question 9

(@) ‘a|:\fl22+(-5)2(=13)

2 <|a+b| < 28 (accept min 2 and max 28)

Note: Award (A1)A0 for 2 and 28 seen with no indication that they are the
endpoints of an interval.

(b) recognition that p or b is a negative multiple of a

. 5 12
p=—2a OR b=—E—a Wzl
13 13{-5

p2(2) (o)

() METHOD 1

12
¢ is perpendicular to ( S]

5
=> ¢ is in the direction [12)

= k[_ls:z}

(g =)\/(5?r)3 +(12k)* =15

15

k=
13

75

(3 (B | BU
77 1\z)| | 180 | (138

13

(A1)

A1

[2 marks]

(M1)

A1

[2 marks]

(M1)

(A1)

(M1)

(A1)

A1

[5 marks]



METHOD 2
; : 12
g is perpendicular to s

attempt to set scalar product g.a =0 OR product of gradients =-1

12x—-5y=0

(| =)o+ 7 =15

attempt to solve simultaneously to find a quadratic in x orin y
2 2
x2+[12—x ~15* OR [ +y2 =15
5 12
75

| B[ (5
171180 | "\ 13.8

B,

(M1)
(A1)

(M1)

A1A1

75
Note: Award A7 independently for each value. Accept values givenas x= l_

180 ;
and y:ﬁ or equivalent.

[5 marks]
Total [9 marks]



Question 10

(a) valid approach to find area of segment by finding area of sector — area of triangle (mM1)

1 85
—rzé?wlr“smé’
2 2

%(2)29—%(2)25in9 (A1)

area = 26 —2sinf A1
[3 marks]

(b) EITHER

area of logo = area of rectangle — area of segments (M1)

5x4-2x(20-2sinf)=13.4 (A1)

OR

area of one segment = w (=3.3) (M1)

20—2sinf=3.3 (A1)

THEN

0=235672..

& =2.36 (do not accept an answer in degrees) Al

Note: Award (M1)(A1)AQ if there is more than one solution.
Award (M1)(A1FT)AQ if the candidate works in degrees and obtains a
final answer of 135.030. ..

[3 marks]
Total [6 marks]



Question 11

(a) let ¢ be the required angle (bearing)
EITHER

¢::90°—anﬁan%-(=anﬁan2)

| Note: Award M1 for a labelled sketch.

OR
—
cos ¢ %2_9 [: 0.4472...,= is]

¢ = arccos(0.4472...)

THEN
063°

Note: Do not accept 063.4° or 63.4° or 1.10~.

(b) Method 1
let |b,| be the speed of 4 and let |b,| be the speed of B

attempts to find the speed of one of 4 or B

B4 =(=6)" +2+4* or |bs|=y4*+27 +(-2)’

Note: Award MO for |¢§{4|=1/l92+(—1)2+12 and |b|=+1"+0> +127 .

‘blg‘:'z'.ti&.. (: \/%) (km min”) and |bB|:4.89... (: m) (km min-1)

b,|>|by| so 4 travels at a greater speed than B

(M1)

(M1)

A1

[2 marks]

(M1)

A1

AG
[2 marks]



Method 2

distance

attempts to use speed = —
time

NAORAD _ ) —1(0)

speed and speed , =
peed it pecdy Y
for example:
1)—r,(0 1)—r, (0
speed , :7‘3"4() 1}"( ) and speed, :7%() 113( )
2,92, 42 12 .42, 2
speed , = COFETY speedszﬂ

1
speed , = 7.48...(2@) and speed, :4.89...(m)

speed , > speed, so A travels at a greater speed than B

attempts to use the angle between two direction vectors formula

(6)#)+(2)2)+(#)(2)

cosé = ; =
J(6) +22+42 £ + 22+ (2)

cos@=-0.7637... [:_LJ or t9=arcc05(—0.763?...) (=2.4399..,)

NI

attempts to find the acute angle 180°—§@ using their value of &
=40.2°

(M1)

A1

AG
[2 marks]

(M1)

(A1)

(M1)
A1
[4 marks]



(i)

for example, sets r,(7,)=r;(?,) and forms at least two equations

19-6, =1+41,
—1424, =21,
1+41,=12-2t,

Note: Award M0 for equations involving ¢ only.

EITHER
attempts to solve the system of equations for one of , or I,

3
t=2ort,==

()

OR
attempts to solve the system of equations for #, and £,

t,=2 and 1'2=E

(]

THEN
substitutes their , or £, value into the corresponding ¥, or ¥y

P(7.3.9)

Note: Accept OP =

—

=
3 |. Accept 7 kmeastof O, 3 km north of O and 9 km

=)

above sea level.

(i)

attempts to find the value of f -1,

I

3

~t,=2->

0.5 minutes (30 seconds)

(M1)

(M1)

A1

(M1)

A1

(M1)
A1

(M1)

A1
[7 marks]



EITHER

attempts to find 15— F, (M1)
~18 10
gE—r= 1 [+# O
11 -6
attempts to find their D(¢) (M1)
D(1)=4/(100-18)’ +1+(11-61)’ A1
OR
attempts to find r,— 1% (M1)
18 —10
r,—r;=| -1 |+¢ O
13 6
attempts to find their D(t) (M1)
D(r)=J(18-107) + (1) +(~11+61)’ A1

‘ Note: Award MOMOAO for expressions using two different time parameters.

THEN

either attempts to find the local minimum point of D(r) or attempts to find the value

of  such that D'(#)=0 (or equivalent) (M1)
t=1.8088... {: 123)
68

D(t) =1.01459...

1190

minimum value of D(7) is 1.01 [z—?] (km) A1

[5 marks]

| Note: Award MO for attempts at the shortest distance between two lines. |

Total [20 marks]




Question 12

(a)

EITHER
uses the cosine rule

AB* =52 4+5"—2x5x5xcosl.9

OR
uses right-angled trigonometry
AB

-2 _5in0.95
5

OR

uses the sine rule

a=%(n_1.9)(= 0.6207..)

AB 5

sinl.9  sin0.6207...

THEN
AB=8.1341...
AB=8.13 (m)

(M1)
(A1)

(M1)

(A1)

(M1)

(A1)

A1
[3 marks]



let the shaded area be A
METHOD 1
Attempt at finding reflex angle (M1)

AOB=2n-19 (=4.3831...)

substitution into area formula (A1)
A=1y52x43831.. or [2“"'9)”(52)

2 2n
=54.7898...
=548 (m?) A1
METHOD 2

let the area of the circle be A. and the area of the unshaded sector be 4,

A=A —4 (M1)

A=nx5" —%x 5°x1.9 (=78.5398...-23.75) (A1)

=54.7898...

=54.8 (m?) A1
[3 marks]

Total [6 marks]



Question 13

k-1 '
(a) AB=| -4 [ AC=|-2
2 -1

(b) METHOD 1
k—1=2x4

k=9

METHOD 2
in order by y or z-ordinate, the points are (k. -2, 1), (5, 0.2) (1, 2. 3)
k—5=5-1

k=9

(c) (i) attempt to set up a vector equation using a point, a parameter and a

direction vector

1 4
r=| 2|+ A| =2 | (or equivalent)
3 -1

Note: “r =" or equivalent must be seen for A1.

A1A1

[2 marks]

M1

AG

M1
AG

[1 mark]

(M1)

A1



(i) METHOD 1

point on line L, has coordinates (1+41.2-21.3—- 1)

attempt to use a different parameter for L,

i 1 2

x— y

T == =l-z=gorr=|0|+ul 3
2 3 £ ) . {

point on line L, has coordinates (1+2z:.3z0.1— x)

1 2
Note: This A1 may be impliedby r=| 0 [+ x| 3
1 -1

1+44=1+2pu

2-2A=3u

3-A=1-pu

any two of the above equations

attempt to solve two simultaneous equations with two parameters
egA=025, u=050or A=16, u=-"04o0ri=-2, u=—4

substitute into third equation or solve a different pair of simultaneous
equations

obtain contradictioneg 3—0.25=1-0.5 or 1 +4(1.6) 21+ 2(-0.4) or

2-2(-2)=3(—4) (so the lines do not intersect)

| Note: Do not award this R17 if it is based on incorrect values.

lines are not parallel

so lines are skew

(M1)

(A1)

A1
(M1)

A1

M1

R1

RrR1

AG



METHOD 2
point on line I, has coordinates (1+421.2-21.3-2)
attempt to use the equation of L, to generate at least two equations in 1 (mM1)

if the two lines intersect,

1+41)- —24 24
(1+42) 1L 2 2;[:}2);2 2;]
2 3 A\ 3
1+42)-1
% =1-(3-4)(>24=1-2)
ﬁ:l—{%z}:[%:)ﬁz]
any two of the above equations A1A1
attempt to solve at least one equation in A (M1)
1 8
oneof A=—, A=-2, A=— seen A1
4 5
substitute into second equation or solve second equation M1

obtain contradiction eg A =%¢ -2 or 2(%] # %—2 (so the lines do not

intersect) R1

| Note: Do not award this R1 if it is based on incorrect values.

lines are not parallel R1

so lines are skew AG



METHOD 3

attempt to use a find Cartesian equation for L, (M1)
x—1:‘1:—2::—3 A1
4 -2 -1
attempt to isolate one variable in both equations (M1)
111:=1_—x+3=";_2+3 Lzzszl_—x+1=_—-"+1 OR
4 2 3

11:_1:=—l;x+2:2(:—3)+2 Lz:y:3(xz_1)=3(1—:) OR
2y

L:x=1-2(y-2)=1-4z-3) Ly:x=—+1=1-2(z-1) A1
2

attempt to solve for each of the other two variables (M1)

eg. 1_—j(+1:1_—jr+3 and —_,1’+1:E+3

2 4 3 2
x=—T0v=-12 OR x=27 =14 ORM —1.5 =5 A1

obtain contradictioneg z=5#14 OR y=15=-120R x=2=-7

(so the lines do not intersect) R1

Note: Do not award this R1 if it is based on incorrect values.

lines are not parallel R1
so lines are skew AG

[10 marks]



(i)

METHOD 1

attempt to find cross product of two of AB, AC and BC or their opposites

0 0
egABx AC=| k-9 =(k—9) 1
18-2k —2

attempt to substitute their cross product and a point into the equation of a

plane

(k=9)y+2(9—k)z=2(k—-9)+6(9—F)

(k—9)y+2(9-k)z=36—4k (= y—2z=—4since k=9)

METHOD 2

attempt to find vector equation of IT and write x.y and = in parametric

form
1 k-1 1

r=|2|+4 4 |+y|2|=|x=1+Ak-D)+4u, y=2-41-24,
3 —2 -1

z=3-21—pu or equivalent
attempt to eliminate both parameters to work towards Cartesian form

(k=9)y+2(9-k)z=36—4k (= y—2z=—4since k =9)

M1

A1

(mM1)

A1

M1

A1
M1

A1



(ii)

METHOD 1

attempt to find the equation of the line through (0, 0, 0) perpendicular

to the plane

EITHER

(F=)i 3
3

attempt to find the point where the line and plane intersect

t+4t+4=0
-+
Fee—
5
OR
0
(r=)t(k-9)| 1
-2

attempt to find the point where the line and plane intersect

tk—=9)" +4t(k-9)’ +4(k-9)=0

THEN

so the point on the plane closest to the originis (0, —0.8, 1.6)

(M1)

(A1)

(m1)

(A1)

(A1)

(mM1)

(A1)

A1



METHOD 2

choose a point on the plane (p, ¢, 1)

q—2r+4=00R q(k-9)-2r(k-9)+4(k-9)=0=>qg=2r-4

distance to the origin is Jpz +(2r—4) +7°
since p is independent of r, distance is minimised when p =0

attempt to find the value of r for which their (2;!‘—4)2 +7? is minimised

r=1.6

so the point on the plane closest to the origin is (0,-0.8, 1.6)

(A1)

(R1)

(M1)

(A1)

A1



METHOD 3

attempt to find a vector from the origin to the closest point on the plane

EITHER
0
(F=g
2
5
distance to the origin = %z:i :i
1 +(-2) V5|5
4
t=+—
5

check in equation of plane y—-2-=-4 toget 1= —%

OR
0
(r=)t(k-9)| 1
-2

4 4 | 45

distance to the origin =| —=—+ |=——

1?+(-2) VER I

check in equation of plane v—2z=-4 toget r=—
q P i g 5(;’(—9)

THEN

so the point on the plane closest to the originis (0,—0.8, 1.6)

(m1)

(A1)

(A1)

(R1)

(A1)

(A1)

(R1)

A1

[9 marks]

Total [22 marks]



Question 14
(a) (i) attemptto use the cosine rule

AC =22 + 82 —2(2)(4)cosa (: J20-16cosa =2v/5—4cosa

(i) AC=./6>+8 —2(6)(8)cosﬁ(: J100-96c0s B =2,/25—-24cos 3 )
(i) S5—4cosa=25-24cosf

a = arccos(6¢os f—5)

(b) attempt to find the sum of two triangle areas using 4= %absin(f‘

(M1)

A1

A1

A1

[4 marks]

(M1)

| Note: Do not award this M1 if the triangle is assumed to be right angled.

Area = %(8)5ina+%(48)sinﬁ

attempt to express the area in terms of one variable only

:4\/1—(6&}3)6—5)2 +24sin 3 or 4si11(arccos(6cosﬁ—5])+24si11,6 OR
5+ i 5+
4sina +24 1—(%] or 4sma+24sm{ai‘ccos[%n

Max area = 19.5959. ..

=19.6

(A1)

(M1)

A1

[4 marks]

Total [8 marks]



Question 15

(@)

METHOD 1

attempt to use scalar product or formula for angle between two vectors

| [ |
u.v=cos—+sin— (seen anywhere)
n n

1 .1 . .
cos— + sin— cos—+sin—
cosf = = H

J’\/ L] V2

METHOD 2

attempt to use an Argand diagram showing two complex numbers in the first
quadrant with the angle between them marked as @

al‘g(u):; (accept 45° or arctan(l) ) and arg(v)=—

1

m
cos & =cos
M

(M1)

(A1)

A1l

(M1)

(A1)

A1



(b) useofl—>0 as n—w
n

EITHER

(cos@ —>)i
2

OR

(v—)i

THEN

the limit is =
4

(M1)

(A1)

(A1)

A1l

\ Note: Accept 45°. Do not accept rounded values such as 0.785.

[3 marks]

Total [6 marks]



Question 16
(@) recognition that 45=10+10+arc length
arc length =25 (cm)
25=12¢

6 =2.08 correct to 3 significant figures

(b)

Note: There are many different ways to dissect the cross-section to determine its
area. In all approaches, candidates will need to find w or % Award the

first three marks for work seen anywhere.

EITHER
evidence of using the cosine rule OR sine rule
w 12

w :122+122—2-12-12cos(2.08) OR — =—
sin(2.08) smn(0.530796...)

w

w=20.6977... or - 10.3488...
OR

using trig ratios in a right triangle with angle % and side length %
1”.1;
. (2.08) o
sin| 2= | =2
)2

w=20.6977... or %: 10.3488...

25

Note: Accept w=20.7179...from use of g = -

(M1)
(A1)
A1

AG
[3 marks]

(M1)

(A1)

(A1)

(M1)

(A1)

(A1)



THEN
Let the points A, B, C, D, E, F, G, H lie on the figure as follows:

EITHER

(segment AHB =) sector OAB - triangle OAB (M1)
= %xlz2 X 2.08%><122 xsin2.08(=149.76 - 62.8655...=86.8944...) (A1)
valid approach to find total cross-sectional area (seen anywhere) (M1)

sector OAB - triangle OAB + rectangle CDBA
= 86.8944...+10w(: 86.8944...+206.977...)

Note: Use of 8= % throughout leads to segment OAB =87.2517... and cross-sectional

area =87.2817.9+ 201.179....




OR

trapezium CGOA (= rectangle CGOE + triangle EOA) (M1)
1 20.6977...

= Ex (10+(10—12 cos(1.04)))><# (=72.0557) (A1)

valid approach to find total cross-sectional area (seen anywhere) (M1)

2 x trapezium CGOA + sector OAB

1
= 2(72.0557...)+—2—x 12 x2.08(=144.111...+149.76)

Note: Use of §= % leads to area of trapezium CGOA =72.2154... and cross-sectional

area =144.430...+150.

OR

2 x area of trapezium CGOA (= area of rectangle CDFE + 2 x triangle EOA) (M1)
1 .

20.697’7...><(10—12c03(1.04))+2><5lecos(l.O4)><125m(1.04) (A1)

(=81.2458...+62.8655...)

valid approach to find total cross-sectional area (seen anywhere) (M1)
2 x trapezium CGOA + sector OAB

1
:14-4.111...+5><122 x2.08 (:144.111...+149.76)

Note: Use of #= % leads to 2 x area of trapezium CGOA =144.430... and cross-sectional

area =144.430...+150.

THEN
area of cross-section =293.871...(294.430... from exact answer)
=294 (cm?) A1

[7 marks]



(c) METHOD 1
—4.71976... volume of gutter =176323 OR 176658 (OR 600x their area) (seen

anywhere) A1

recognising rainfall can be represented by an integral (M1)
)

[" Rt (_250 Sin[ Sk 60] +3000% 60 (A1)
: T )

Note: Accept any 60 second interval or any interval which is a multiple of 5

seconds (one period) scaled up to 60 seconds e g. 12_[05}2’@) dr.

rainfall over 60 seconds =180000 (cm®) A1
the gutter will overflow because the rainfall > gutter volume A1
METHOD 2
volume of gutter =176323 OR 176658 (OR 600x their area) (seen anywhere) A1
recognition that cosine has a minimum value of -1 (M1)
R'(1)=-1x50+3000(cm’s™ ) (A1)
rainfall over 60 seconds = 177000 (A1)
the gutter will overflow because the rainfall > gutter volume A1
METHOD 3
volume of gutter =176323 OR 176658 (OR 600x their area) (seen anywhere) A1
recognising rainfall can be represented by an integral (M1)
attempt to solve 60 > 58.8 OR IOTR'(t)dt =176658 (M1)
time to reach overflow point = 58.7875...OR 58.8990... A1
the gutter will overflow because 60> 58.8 OR 60> 58.9 A1
[5 marks]

Total [15 marks]



Question 17
3

direction vector of the lineis | 2 | (seen anywhere)
-1

4
normal vector of the plane is | cosa | (seen anywhere)

sin

EITHER
correct scalar product 12+ 2cosa —sin o (seen anywhere)

one correct magnitude (seen anywhere)

J16+cos® a +sin’ & (=~,/ﬁ), VoO+4+1 (=\/ﬁ)

< _ . T
recognizing angle between normal and direction vector is —2——a (seen anywhere)

Note: angle g—a may be implied by use of sina on the RHS of the step below

attempt to substitute into the formula for the angle between two vectors to form an
equation in &

12+2cosasina=\/1_7\/ﬁcos(gaJ OR 12+2cosafsina=\/ﬁ\/ﬁsina

(A1)

(A1)

(A1)

(A1)

(mM1)

(mM1)



OR

correct expression for the magnitude of the vector product
2sina +cosa

2 2

—4-3sina (_J(Zsina+cosa)2+(—4—3sino:) +(3cosa—8) )(seen anywhere)
3cosa—8

one correct magnitude (seen anywhere)

J16+cos? a +sin’ a (=Jﬁ) NO+4+1 (=Jﬁ)

5o o s . W
recognizing angle between normal and direction vector is 5‘(}{ (seen anywhere)

Note: angle gﬂx may be implied by use of cosa on the RHS of the step below

attempt to substitute into the formula for the angle between two vectors to form an
equation in &

.J(2sina+cosa)2 +(4l73sin05)2 +(3cosc:578)Z =\/ﬁ\/1_45in(ga) OR

\/(2s;in.otJrcoscx)2 +(4733ina)2 +(3 cosa78)2 =17 14 cos

THEN
a =0.932389...
a=0.932

Note: Award maximum (A1)(A1)(A1)(A1)(M1)(M1)AQ for a correct answer given
in degrees a =54.4219...".

(A1)

(A1)

(M1)

(M1)

A1

[7 marks]



Question 18

(a)

Let N be North
NJD =34° OR DJL =56° (must be labelled or indicated in diagram): (A1)
JDL=99(°) A1

Note:

Accept E, 1.73 (radians).
20

[2 marks]
(b) attempt to apply the sine rule (M1)
.DL _ ‘500 OR — DL — 500 (A1)
sin56° sin99° sin(0.977384... sinl.72787...
419.685...
DL =420 (km) A1
Note: Award M1A1A0 for 261 (km) from use of degrees with GDC set in radians
(with or without working).
[3 marks]

Total [5 marks]



Question 19

(a)

period = 0.806(: &J
78

METHOD 1

) ) max— min
(i) amplitude=———

1.8-1
2
a=-04
(i) bH=14
METHOD 2

attempt to form two simultaneous equations in a and 5
HO)=1=a+h=1, H(%):lﬁz—mb:l_s

a=—04,b=14

(M1)

A1

[2 marks]

(M1)

A1

A1

(M1)

A1A1
[3 marks]



(c) EITHER
5

——=6207...<61 (A1)
period
OR
consideration of number of maximums on graph in first 5 seconds (A1)
OR
maximums when t=0403,1.21,2.01,2.82,3.62, 443 (A1)
THEN
6 times A1
[2 marks]
(d) recognizing that H(f) =il [l (M1)

—0.4cos(7.8f)+1 4=15

0:233779..
t=0.234 (seconds) A1
[2 marks]
(e) finding second time height is 1.5 metres (M1)
=057 150,
in each period, height is greater than 1.5 metres for 0.337978... seconds (A1)
| Note: Award (M1)(A1) for total time 2.02787...seen. |
multiplying their value by 6 and divide by 5 (M1)
0.3379578...><6 OR 2.02;87...
=0.405574...
P(heightis greater than 1.5 m) =0.406 A1
[4 marks]

Total [13 marks]



Question 20

(@)

METHOD 1

the general point on L has coordinates (,1,272&,472@

substitutes this general point into both 7/ and 77, (M1)

24—(2-24)+2(4-24)(=24-2+24+8-44) A1

=B AG

42+3(2-24)—(4-24)(=42+6-61—-4+24) A1

=2 AG
0 |

so the vector equation of L can be writtenas r=| 2 [+ 1| —2 AG

4 =)



METHOD 2

substitutes (0,2.4) into both 77 and /7, and shows that
0-2+8=6and 0+6-4=2

hence (0,2,4) lies in both 77 and 17,

EITHER
2 4
attempts to find | —1 x| 3
2 -1
-5
=| 10
10
OR
| 2 1 4
attemptstofind | —2 |-/ =1 | and | =2 || 3
20 A -2 J{-1
(2+2-4)=0 and (4-6+2)=0
THEN
1
(so | =2 | is perpendicular to both normal vectors)
—2

0 |
so the vector equation of L can be writtenas r=| 2 |+ 4| -2
+ -2

A1
AG

M1

A1

M1

A1

AG



METHOD 3

attempts row reduction to obtain eg,

=

A’+E:2 and y—z=-2 m1)

substitutes x=A into x +% =2, solves for z and obtains z=4-2A1 A1

substitutes z=4-24 into y—z=-2, solves for y and obtains y=2-24 A1
0 1

so the vector equation of L can be writtenas r=| 2 |+ 1| -2 AG
4 -2

METHOD 4

attempts to solve 2x—y+2z=6 and 4x+3y—z=2 (M1)

forexample, x=A,.y=2-24,z=4-24 A2
0 1

so the vector equation of L can be writtenas r=| 2 |+ 1| -2 AG
4 -2

Note: Only award marks for convincing use of a GDC. ‘

[3 marks]



(b) EITHER

the position vector for point P nearest to the origin is perpendicular to the
direction of L

A 1
2-241|--21|=0 (M1)
4-21) 12
1—2(2—21)—2(4—21):0 (A1)
914-12=0 (A1)
OR
let s be the distance from the origin to a point P on L, then
st=2r+(2-24) +(4-24)° (A1)
d(sz)
attempts to find 4 such that —— =0 (M1)
; d(Sz) 2
either 1 =181—-24(=0) oragraph of s° versus A (A1)

2

Note: Award as above for use of s = \//12 + (2—2/1)2 +(4-24) .

THEN

gt A1
3

P{gg—%gg}(PG”3i—0661133) A1

[5 marks]
Total [8 marks]



Question 21
METHOD 1

attempt to substitute into cosine rule (M1)

150° +90% —1542

154> =150 +90° —2(150)(90)cos APB OR cos APB = A1l
( )( ) 2(150)(90) e

APB=75.2286..° OR 1.31298... radians

APB=752° OR 1.31radians (A1)

valid approach to find & (M1)

flott B g gy 80 _752'2286"' (=52.3856...) OR

g F1ER . g 01a3000

2
valid approach to express / in terms of 6 (M1)
sinb = i OR /7 =150s1n52.3856...°
150
h=118.820...
h=119 (m) A1
[6 marks]

METHOD 2

attempts to find either the distance between the buildings or the difference in height

between the buildings in terms of & (M1)

distance between the buildings is (150+90)c056‘ and the difference in height between

the buildings is (]50—90)sim9 (A1)

uses Pythagoras and attempts to solve for 8 (M1)

(60sin6)" +(240cos8)’ =154’

0=0.914302... (:52.3856...0) (A1)

i3 =sin(0.914302...) (M1)

150

h=118.820...

h=119 (m) A1

[6 marks]



Question 22

(a) attempt to set at least two components of Land M equal M1
1+2s=944¢
24+35=9+¢
—3+6s=11+2¢
attempt to solve two of their equations simultaneously (M1)
s=2 OR t=-1 A1
EITHER
substitute s =2 and ¢ =—1into remaining component e.g. -3+ 6(2) =11+ 2(—1) R1
OR
recognition that 2" and 3™ equations are equivalent R1
THEN
5
position vector of Ais | 8 A1
9

ote: Accept a row vector and/or coordinates.
The final A1 is independent of R1.

[5 marks]
(b) METHOD 1
attempt to substitute at least one line into the equation of the plane (M1)
1+2s 0
2435 o 2 :2(2+35)—1(—3+6s):7 A1
—3+6s5 )\ -1
9+4t 0
9+t o 2 |=2(94+8)- (114 2t) =1 A1
11+2¢) 1 -1




METHOD 2

consideration the direction of one line and a point on that line (M1)
2 3
direction | 3 |. =0 ANDpoint| 2 |.| 2 |=7 |or |8 =7 A1
6]\l —3 1 =1 gl
4 9
direction | | |. =0 ANDpoint | 9 |.| 2 |=7 |or |8 =7 A1
2)-1 11)1-1 -1
METHOD 3
consideration of direction of both lines (M1)
EITHER
2\( 0 4\(0
3112 |=0and|!l]|.| 2 |=0 (hence Land M are parallel to the plane) A1
6)1-1 2)\-1
OR
2 4 0 0
3 (x| 1|=| 20 |=k| 2 | (hence Land M are parallel to the plane) A1
6 2 -10 = |
THEN
2 0 1 0 9)(0
Sl 2 |=FfQR| 2|4 2 =ETORTY |4 2 =1 A1
911 3 11 1)} -1

[3 marks]



-3 0 =

(c) (i) position vector of point on the line is (r —) 121+4] 2| |=12+24 (A1)
2 -1 2-4
attempt to substitute position vector into equation of plane /7 (M1)
-3
meets /] when | 12+24 || 2 |=7
2—-4 -1

2(12+24)-(2-4)=7

22+54=7
A=-3 (A1)
-3 0 31 N3
position vectorof | r=[12 [-3| 2 [=|| 6 |=| 6 A1
2 -4 5 5
Note: Accept a row vector and/or coordinates.
(i)  METHOD 1
attempt to find BC using OC —OB (M1)
-3 =3 0
BC=0C-OB=| 6 |-|12 [=| -6
%) 2 3
attempt to use distance formula to find ‘EIC" (M1)

\ﬁ] = (-6) +3

=6.71(=/45 = 35) A1




METHOD 2

0
recognition that |B(f| =3x[ 2
-1

0
attempt to use distance formula to find || 2
-1

[BC|=3y2* +(-1)

=6.71(=+/45 =35)

(M1)

(M1)

A1

[7 marks]



(d) let B’ be the image of B

METHOD 1
-3 0
OB = |12 |+4| 2 (A1)
2 1
recognition that 1 = 2&(: —6) OR |BC| :|CB" ( may be seen in a diagram) (M1)
-3
oB=| 0
8
so coordinates are B’(—3,0,8) A1
METHOD 2
0
BC=CB' =| -6 (A1)
3
0
. = _ _ 1
Note: This may come from BC= —3\6!1 using the unit normal vector # = f 2
-1
OB'=0C+CB’ OR OB =0B+2BC OR OB'=20C-0OB (M1)
-3 0 -3 0 —6 -3
=6 |+|-6|OR|12|+2|6|0OR |12 |—| 12
5 3 2 3 10 2
-3
oB'=| 0 | (so coordinates are B'(—S,O,S]) A1
8
[3 marks]

Total [18 marks]




Question 23

(a)

(b)

1

AB=|1-p A1
-1
o p
AC=|-p A1
2
attempt to evaluate their ABxAC by use of formula or determinant M1
- 2(1 —p)—p
ABxAC=| —(2+p) |OR (2(1-p)-p)i—(2+p)j+(—p—p(1-p))k A1
~p— a7 D)
283D
ABxAC=| —2-p AG
p-2p
[4 marks]
—_— 2
[ABxAC]
:(2—3p)2+(—2—p)2+(p2—2p)2(:p4—4p3+14p2—8p+8) (A1)
attempt to find minimum of their |13TB><13\_C|2 (M1)

6.75257... OR p=0.3264..

min value is 6.75 A1

[3 marks]



(c)

METHOD 1

valid attempt to find area = é|AB><AC| using their answer to part b) (M1)

area = %\/6.75257._.

=1.299285...

=1.30 (units?) A1

[2 marks]

Total [9 marks]



Question 24

(a)

use of sector area formula to find area of at least one sector (M1)

%xSQxlOO—%xS.Zer OR 10%—%10%(21{—5.2)— mz——;-x(Zn—S_Z)xer A1

(area) = 260 —2.6r° AG

Note:There are many different ways to find the area of the “C”. In all methods, the A mark is

awarded for working which leads directly to the AG.

Many candidates are working with rounded intermediate values. Award the A mark to correct
work with values that round to the 3sf value of 260 and the 2sf value of 2.6 eg
259.99—2.6015+° .

[2 marks]
(i) 260-2.6r" =64 (A1)
r=8.68243...
| 144/65
=8.68(cm) exact A1
(i) 10x5.2 OR 8.68...x5.2 (A1)
substituting their value of 7 into 10x5.24+7x5.2+2(10 1) (or equivalent) (M1)

Perimeter = 10x5.2 +8.68...x5.2+ 2(10 - 8.68...) (=52+45.1486...+2.63513...)
= 09.7837...
= 99.8 (cm) A1

[5 marks]
Total [7 marks]



Question 25

(@) BV =4/(6-3)"+(8-4)>+(0-9)’ (A1)
=10.2956...
=10.3 (=+/100) A1
=3
Note: Award SC(A0)A1 for BV =| —4 | where a candidate has misinterpreted notation.
9
[2 marks]
(b) METHOD 1
BV =VC AND BC =8 (seen anywhere) (A1)
attempt to use the cosine rule on triangle BVC for any angle (M1)

Note: Recognition must be shown in context either in terms of labelled sides or in side lengths.

2 242
cosBVC:lO'Z'" +10.2..°-8 B8R
2x10.2...x10.2...

82=102...24+10.2..2 —2x10.2...x10.2._.cos BVC (A1)
BVC = 0.798037...

BVC =0.798 (accept 45.7 ) A1

Note: If no working shown, award (A0)(M1)(A0)AQ for BVC =0.80 (or 467 ) (2sf).

METHOD 2

let M be the midpoint of BC

BM =4 (seen anywhere) (A1)

attempt to use sine or cosine in triangle BMV or CMV (M1)

?il‘CSiIJi OR E—HI’CCOSi OR 0.399018 (A1)
Jio6 2 V106

BVC =0.798037...

BVC =0.798 (accept 45.7 ) A1

Note: If no working shown, award (AQ)(M1)(A0)AOQ for BV C =0.80 (or 46 ) (2sf).




METHOD 3

3 <18

VC=| 4 |and VB=| 4 (A1)
-9 =)

attempt to use the cosine formula for an angle using two vectors representing the

edges of triangle BVC (M1)

cos BVC = 3004490 9) (: ﬁ] (A1)

3+ () +(-9)24f32 +42 +(—9)* | 106
BVC = 0.798037...
BVC =0.798 (accept 45.7 ) A1

Note: If no working shown, award (A0)(M1)(A0)A0 for BVC =0.80 (or 46" ) (2sf).

METHOD 4
3 3
VC=|-4|and VB=| 4 (A1)
-9 -9
attempt to use the cross product formula for an angle using two vectors representing
the edges of triangle BVC (M1)
72
0
. : 24 5
sinBYC = ) 3760 (A1)
P+ (923 + 42+ (-9 106
BVC =0.798037..
BVC =0.798 (accept 45.7 ) A1
Note: If no working shown, award (A0)(M1)(A0)A0 for BVC =0.80 (or 46 ) (2sf).
72
1 \5760
Award SC(A1)(M1)(A0)AOQ for area = 5 0 |= 5 (: 37.9} where a candidate has
24
misinterpreted notation.

[4 marks]

Total [6 marks]



Question 26

(a)

METHOD 1

let M be the midpoint of [AB] and so AB=2AM

attempts to use Pythagoras’ theorem to find AM* OR AM (M)

AM’ =20°-147 (=204) OR AM =+/20" —14? (:14.2828...:4204 :2\/5)

recognizes that AB=2AM (A1)
AB=2x14.2828... (=28.5657...) (= 27204 =451) A1
AB = 28.5657...

AB=28.57 (m) AG
METHOD 2

let M be the midpoint of [AB] and so AB=2AM

let 6=ASM
6 =0.795398... (—cos_l%] (A1)
attempts to use a valid trigonometric ratio M1
EITHER
AM =14tan(0.795398...) [: 14.2828..=14 tan[cos_1 %D A1
OR

. _ : 414
AM = 205111(0.795398...) =14.2828...=20s1n| cos — A1
THEN
AB=28.5657...
AB=28.57 (m) AG

[3 marks]



(b) EITHER

the sprinkler rotates through (an angle of) 27 (radians) every 16 seconds and

hence rotates through f—n (radians) in 1 second A1
OR
(E_mjﬂ_)z_n (_E] A1
n 16 8
THEN
sprinkler rotates through an angle of % radians in one second AG
[1 mark]
(c)
te: For candidates that used Method 2 in part (a) apply full FT from their value of &.
attempts to find 268 where 6 = ASM (M1)
L, 14
:2(0.795398...) [1.59079...: 2cos %J
7] B o ’
uses 7 (rad/s) or similar to form an equation involving T (M1)
2cos” 14
2 1.59079... | 2 20
o Wil o N (A1)
16 T 16 /4
414
2cos —
5
T=405003. | =120 |1 20
2n 2n
16 16
=405 (s) At

[4 marks]



applies sine rule in AASD

d 20

sine sin ADS

attempts to find ADS in terms of o

ADS=n-f-«a (=n-0.7754-a)(=2.366...—a) (=2.37—a)

20sina

20smma

3 sin(2.366...70:)

205in(%f)
d_

5111(2.37 m‘]
8

18 (m)

(

i sin(2.37701)

] (accept d =

20smm a

sin('rtfﬁfa)

)

A1

[1 mark]

A1

M1

A1

AG

[3 marks]

A1

[1 mark]



20sin[%f} ‘

w=10.05¢> +1.1/+18 — :
sm(2.37—£)

8

attempts to solve w=0 for ¢
t =3.34880...(12.7765...)
i=335 (s)

22.2444...

22.2 (m) (south of A)

A1

(M1)

A1

A1
[4 marks]

Total [17 marks]



Question 27

(a) Let 6 be the angle between u and v.
(u-v) +uxv|
—(ulplcose)’ + (jsfsine)’ OR [uf ] cos*0-+uf pf'sin® 0
=[uf [v[' (cos’ 6 +sin’ 6)

2 12
=ef"}v]

b) () |uxv|=2v6(=4.89897...=4.90)

(i) wv=1]|
-1

V=3 +1+(-1) (=VI1=331662...)

substitution of values u-v._‘uxv‘ and M into (u -v)2 +‘u><v

3 +(2v6) =|uf [VII[

lu|=/3(=1.73205...=1.73)

(A1)

A1

AG

[2 marks]

A1

(A1)

(A1)

M1

A1



(i) u=|q-1 (A1)
1
attempt to use u-v=3 (M1)
p (3
G=1]4 1 =8
1 -1
3p+q=5(=>q=5-3p) A1
attempt to use |u|= 3 (M1)

2

P +(g-1)+P =3 (= P +q —2g+1+1=3)

Note: Award M1 for use of ‘uxv‘z =i +(p+3]2 +(p—3q+3)2 (: (2\/6)2) .

attempt to form quadratic in one variable, p or g (M1)

p*+(4-3p) =2 OR p*+(5-3p)’ —~2p=1 OR 10p*~24p+14=0 OR

2 2
(SEGJ +(g-1)'=2 OR [SQQJ +¢"~2¢=1 OR 10> ~28¢ +16=0 (A%
7
p=lor pzl.4(=;} A
4
g=2 or q:O.S(z;J Al

Note: Award final A1 marks for correct values, even if the p values and ¢ values

are not explicitly paired.

[13 marks]



(c) METHOD 1

X
attempt to express w =| y | in terms of one variable (M1)
Vvw=3x+y—z=0,u-w=x+y+z=0
y=-2x and z=x OR x:::—%y OR x=z and y=-2= (A1)

basexheight  |w

Vv

attempt to use area of a triangle = > 5 (M1)
J eyt 2 ;

5 e

, 3> 100

6x 4% or X4 2 o 6:2:@

1.1 2 11 1.1

5766 10766
x=+1.2309.. [zi ] OR y=732.4618 {+ OR
33 33
: ;
gir=rk] 2309..‘[:4; 66} A1
33

1.23091...
w=+| -2.46182...

1.23001:;

1.23 ) -2
w=+|-246|or w= +f A1

1.23

1:2
Note: If no working shown, award M1AT(M1)A1A0 for w=+| -2.5| (2 sf)

12




METHOD 2

attempt to write #xv as a multiple of W or recognizing that w is normal to #and v (M1)
y A o
w=uxv=A 4 || =| 41 (A1)
-2 24
x hei 1
attempt to use area of a triangle = w OR area = E VX w‘ (M1)
1
Ay (A waayan
\/( ) ) =50Rlv><w\=14 =5
2 2
7
a2 2 2 100 b . 2
(—24)" +(44) +(-24) & OR A>+(44) +(74) =25
2447 =1% 0R 6642 = 25
11
54/
A=40.61545...| =+ 54 A1
66
1.23091...
w==+|-2.46182...
1.23091...
1.23 -2
w=+| 246 |or w:i% 4 A1
1.23 s —2

1.2
lote: If no working shown, award MTA1(M1)A1AQ for w=+| —-2.5| (2 sf)
12




METHOD 3

u 5
recognising l‘mxw‘:qu :£ (M1)
2 v | V11
since w is perpendicular to both # and v, w is a mulitple of their normal
-2
Dw=A| 4 (A1)
-2

attempt to find uxw (M1)

1 -2 —6
uxw=|1|xA 4 |=4| 0

1 =2 6
‘uxw‘ =AN72
1 3 10
—ANT2 :5£::>/1:— (: 0.61545?...) A1
2 J11 J264

1.23091...
w=+| -2.46182...

1.23091...

1230 2
w=+| =246 orw:i% 4 A1

66
1.23 . -2
1.2
Note: If no working shown, award M1TA1(M1)A1A0 for w=+| —2.5| (2 sf)
1.2
[5 marks]

Total [20 marks]



Question 28

(a)

(b)

(c)

EITHER

attempt to find value of I for the first low tide OR the first high tide

11.2619...—-5.13801...

=6.12396...
OR
attempt to find half of the period

1 2n
— X
2 0513

=6.12396::
THEN

m =(6.12396...—6)x60=7.43773...

m=17

attempt to solve H (¢)=1
3.56919... OR 6.70684... OR 15.8171
(6.?0684‘..— 3.56919...=) 3.13764...

=3.14 (hours)

recognition that /1 '(13) is required

=-0.650622...
=—0.651 (m/h)

... OR18.9547...

(M1)

(A1)

(M1)

(A1)

A1

[3 marks]

(M1)

A1
[2 marks]

(M1)

A1
[2 marks]



(d)

Note: In part (d), award the marks for a, b, ¢ and d independent of each other.

METHOD 1

a=1.17 A1
d =157 A1
attempt to find time between low and high tide in hours (M1)

6 hours and 21 minutes = 6.35 hours

(period =) 12.7 (A1)

b=2" _0494739...

b=0.495 L 52 A1

381

attempt to find mean of low and high tide times OR substitute values of a known

point (M1)
1{ .41 2 . xe

c=—|2—+9— | OReg 0.40= 1.175111(0.495(2.68333...—(})+1.57
21 60 60

c=5.85833.

c=5.86 A1

Note:

Award (M1)A1 for c=18.6.
Award (M1)A0 for c =—6.84 .

[T marks]



METHOD 2

a=1.17 A1
d=157 A1
substituting at least one point into A(f) (M1)
; 41 : 2
1.17sin| b| 2——c | |+1.57=0.4 OR 1.17sin| b| 9——c | |+1.57=2.74
60 60
41 2
b 2——c)=—£(=—1.57) AND b 9——c]=£(=1.57’) (A1)
60 2 60 ) 2
T T
Note: accept any angles of the form —E+cm?r and 5+c1'ck.
EITHER
use of graph or table to find their intersection (M1)
OR
attempt to solve their equations simultaneously (M1)
2ﬂ—c
9—-—c¢
60
THEN
c=5.85833...
c=5.86 A1
b=0.494739...
b=0.495 A1
[7 marks]
(e) attempt to find point of intersection of two graphs (M1)
T=4.16292... OR T =4.16417...( using 3 sf)
T=416 A1
[2 marks]

Total [16 marks]



Question 29

(@)

(b)

attempt to use trigopnometry to find the radius of the cone OR Oliver’s distance from

centre (r+5) (M1)
5 =02, OR 132 _ 182 5p s 113706, (A1)
45 sin32" s S8§
#=6.37262... (M)
(r=)6.37 (m) A1
[3 marks]

attempt to substitute # =20 and their radius into the correct volume of cone formula  (M1)

5 (6.37262...)(20)
3
= 850.540...
=851 (m’) A1

Note: Accept 849.840... (850) obtained from using » =6.37 .

[2 marks]
Total [5 marks]



Question 30

(a) attempt to set equal to a parameter or rearrange cartesian form (M1)

—%+1=/1:>x:2—2,1, y+d=A= y=—4+1, l;zﬁ,:::?a/l OR

x—2 _y+4_z-0

-2 1 3

correct direction vector x, y, z or equivalent seen in vector form (A1)

2 £
r=|-4|+4| 1 A1
0 3
Note: Award (M1)(A1)A0 if " r ="Is omitted. ‘
[3 marks]

(b) METHOD 1

L passes through P(2-24,-4+ 1,34) (A1)

— - 2

attempt to apply distance formula to find their |OP| or their |OP| (mM1)

= 2 >

‘OP =(2-22) +(-4+4) +(34)° (A1)

— — %
attempt to find their minimum value of |OP| or |OP| using GDC (M1)
- o2
/1:0.571428...[: OP| =+/15.4285... OR OP :15.4285...]

3.92792...

3.93 [ZST\/EJ A1



METHOD 2

setting the scalar product of their line and their direction vector to zero (M1)
2-22)(-2
—4+A10l 1 [=0
34 3

—A+4A—4+A+91=0

—8+144=0
4
/’L:;(: 0.571428...) (A1)
attempt to substitute their value for A into their r to find the position vector of the
closest point and find |r| (M1)
)
2 -2 ]
r=| -4 +i 1 |= 7&
7 7
0 3 12
7
6y ( 24V (12Y
Ir|= (—j +(—— +(—] (A1)
7 1 7 7
=3:192792. - 6—\{/,2_1

A1



METHOD 3
Let P be a pointon L

attempt to find the cross product between 6P and the direction, b, of L

2 -2
—4|x| 1 [(=(-12-0)i+(0-6)j+(2-8)k)
—0 3
-12) ( 2
= -6 ||=-6]1
-6 1
OPxb
attempt to find shortest distance using T
N216
V14
3.92792..
My

(m1)’

(A1)

(mM1)

(A1)

A1

[5 marks]



(c) METHOD 1

substitute their x, y, =z into equation of plane 6x73_v+5:(: 24) M1
6(2—2/1)—3(—4+/1)+5(3/1) (A1)
=12-12A4+12-34+154 A1
=24

so the line is contained in the plane AG

Note: For FT from an incorrect part a), award M1A0AQ.

METHOD 2

consider the direction of the line and a point on the line M1
=2\( 6
1 .| -3|=-12-3+15=0 (soline is parallel to plane) A1
3 5

6(2)-3(—4)+5(0)=12+12 =24 (so line lies in the plane) A1

so the line is contained in the plane AG

Note: Both A marks are dependent on the M mark.

Note: For FT from an incorrect part a), award M1A0AO.

[3 marks]



(d)

METHOD 1

4
recognition that the direction A/ is from the point | 1 | and a point on the z-axis
2
4
direction of M is (+)| 1
22—z
6
the direction of the normal of I1 is | -3 | (seen anywhere)
5

attempt to use the scalar product with their normal and their direction vector and
equate to 0

4 6
1 ||-3|=0=>24-3+10-5z=0
2—g )
-
TS
j2, 4
q|=| 1
r) LR
4 P
attempt to express equation in the form s=| 1 |+ 4| ¢
2 r
4 4 4 20

L

(mM1)

(A1)

(A1)

(mM1)

(A1)

(mM1)

A1



METHOD 2

4 r
let the equationof M be M :s=|1 |+ u| g
2 r

Note: Consideration of the z-axis intersection and consideration of direction may

be done in either order and marks should be awarded independently.

recognition M intersects the - -axis where x=y3=0 (M1)
4+ up=01+ug=0
2"l peag (A1)
P q
6
the direction of the normal of II is | -3 | (seen anywhere) (A1)
5
attempt to use the scalar product with their normal and their direction vector and
equate to 0 (M1)
P 6
gl|-3|=0= 6p—-3g+5r=0
¥ 5
6(4q)-3g+5r=0=21g=-5r
P 20 20
q 5 | (orany multiple of | 5 |) (A1)
r —21 ~=4
4 r
attempt to express equation in the form s=| 1 [+ u| ¢ (M1)
2 r
4 4 4 20
s=|1|+u| 1 |ORs=|1|+u| 5 A1
2 = 2 21
[7 marks]

Total [18 marks]



Question 31

@)

METHOD 1
attempt to use right triangle trigonometry
" o) s
tanBAE =22 OR ta11(90°—BAE) -
7 12

59.7435...

BAE =59.7°

Note: Award (M1)(A1)A0 for the equivalent radian value of 1.04.

METHOD 2

attempt to find BAE using sine rule OR cosine rule

sin BAE _sin90
PR TFe

BAE =59.7435...

OR 122 = 7% +193—2x7x/122 + 7% xcos BAE

BAE=59.7°

‘ Note: Award (M1)(A1)A0 for the equivalent radian value of 1.04.

() METHOD 1
attempt to find DE using right angle trigpnometry

sin59. 9350 02320
DE

DE =405.196...

CE =405.196...+50
=455.196...

=455 (cm)
METHOD 2

Let DE=FEF=x

OR equivalent

attempt to find DE using their DEF and the sine rule OR cosine rule

700  DE
sm(119.487...) sin(30.2564...)

DE =405.196...

CE =405.196...+ 50
=455.196...

=455 (cm)

(M1)

(A1)

A1

(m1)

(A1)

A1

[3 marks]

(m1)

(A1)

A1

(M)

OR x* =700% + x* —2x700x xx c0s 30.2564... (A1)

A1



(ii)

METHOD 3
Let G be the midpoint of DF

B =l><350 {21225:204.166...)
12 6

use of Pythagoras’ with their EG to find DE

DE =+/204.166..> +350° (=405.196...)
CE =405.196...+ 50

— 455.19...

=455 (cm)

tan(59.7435..2) =2 oR 12 -3¢
X 7 X

x=IT.5

BA = 455.196...+17.5

=472.696...

=473 (cm)

(A1)

(M1)

A1

(A1)

A1
[5 marks]
Total [8 marks]





