Subject - Math AA(Higher Level)
Topic - Calculus
- May 2021 - Nov 2024
Paper -3
Answers

Year

Question 1

(a) correct graph of fl-’:f;(-‘f)
correct graph of V :fg{x)
1.5%¥

graphical or tabular evidence that 7 has been systematically varied
eg 1 =3, 1 local maximum point and 1 local minimum point

n =15, 2local maximum points and 2 local minimum points
n =7, 3 local maximum points and 3 local minimum points

(b) (1)

n—1 : :
local maximum points

n—1 e :
local minimum points

(1)

A1
A1

M1

(A1)

A1

A1

| Note: Allow follow through from an incorrect local maximum formula expression.

[2 marks]

[4 marks]



(c) correct graph of V= f5(x)

correct graph of ¥ Zﬂ(x}
.54V

(d) (i) graphical or tabular evidence that % has been systematically varied

eg n=2, 0local maximum point and 1 local minimum point
n =4, 1 local maximum points and 2 local minimum points
n =6, 2 local maximum points and 3 local minimum points

n—2

local maximum points

(i) ™ local minimum points
2

e f(x)= cos(n arccos(.r))

" nsin{narccos{x)}

fa(x)=

3

1-x-

| Note: Award M1 for attempting to use the chain rule. |

£ (x) =0=> nsin (n arccos (x]) =0
narccos(x)=kn (k € Z*)
leading to

J4:=r_*||:|sE (keZ*and O<k<n)
n

A1l

A1l

M1

(A1)

A1

A1

M1A1

M1
A1l

AG

[2 marks]

[4 marks]

[4 marks]



()

(9)

(h)

/> (x) =cos(2arccos x)
=2 (c.os (arccos JC))Z -1
stating that (cos(arccosx))=x

so f;(x) =2x"~1

Eslx)= cos([n+])amoosx)

=cos (n arccos X +arccos ,T]
use of cos(.4+B)=cos Acos B—sin 4sin B leading to

= COS(N an:cosx) C{)S(HICCO‘S ."i'] —Si_ll(?a' arccos .T) SiIl(EII'CCOS J()

) fou(x)=cos((n—1)arccosx)
=cos(narccos x) cos (arccos x ) +sin( narecos x) sin (arccos x)

F ('C] G - A (T) = 2cos(n arccosx] c-:}s(arccoax)

=2xf, (r)

M f(x)=24(x)- (%)
=2x(2x2 —1)—x

=4x’ -3x

M1
A1

AG
[2 marks]

A1l
M1

AG
[2 marks]

A1
M1
A1
AG

(M1)

A1
[5 marks]

Total [25 marks]



Question 2

@@
Y
(-1,4)
2
) (1.0) e
¢ =1: positive cubic with correct y-intercept labelled At
local maximum point correctly labelled At
local minimum point correctly labelled At

[3 marks]



(i)
(—1.41, 7.66)

2

‘ \

| V

v
-

(1.41, -3.66)
¢ = 2 positive cubic with correct y-intercept labelled A1
local maximum point correctly labelled A1
local minimum point correctly labelled A1

Note: Accept the following exact answers:

Local maximum point coordinates (—\5*2 + 4\{5) ‘

Local minimum point coordinates (JE,Z— 4\,’5] ;

[3 marks]



(b) f(x)=3x"-3c A1

Note: Accept 3x> —3¢ (an expression).

[1 mark]
© @) e=0 A1
[1 mark]
(i) considers the number of solutions to their f'[x}:{} (M1)
35" -3640
c>0 A1
[2 marks]
(i) c<o0 A1

‘ Note: The (M1) in part (c)(ii) can be awarded for work shown in either (ii) or (iii). ‘

[1 mark]



(d) attempts to solve their f(x)=0 for x (M1)

x=+c (A1)

Note: Award (A1) if either x = ﬁ/; or x= \/c_‘ is subsequently considered.
Award the above (M1)(A1) if this work is seen in part (c).

(i) correctly evaluates f(—JE) Al

f[_.\,f;):—c%+3(?§+2 (Z—C c+3c C+2)

3

the v-coordinate of the local maximum pointis 2¢2 +2 AG
[3 marks]
(i) correctly evaluates f{JE ) A1

3 3

f[\lf_-)ZCE—'ﬁCE-[-Z (chE—ScJE%Z)

3
the v-coordinate of the local minimum point is —2¢2 +2 AG

[1 mark]



(e) ()

the graph of y = f(r} will have one x— axis intercept if

EITHER
3
—2¢? 42 >0 (or equivalent reasoning) R1
OR
the minimum point is above the x — axis R1

Note: Award R1 for a rigorous approach that does not (only) refer to sketched graphs.

THEN
O<c<l A1

Note: Condone ¢ <1. The A1 is independent of the R1. ‘

[2 marks]
the graph of y = f(x) will have two x— axis intercepts if
EITHER
3
—2¢24+2=0 (or equivalent reasoning) (M1)
OR
evidence from the graph in part(a)(i) (M1)
THEN
c=1 A1

[2 marks]



(f)

(i)

the graph of y = f(x) will have three x— axis intercepts if

EITHER

3
—2¢2 +2 = 0 (or equivalent reasoning)

OR
reasoning from the results in both parts (e)(i) and (e)(ii)
THEN

e

case 1;

¢ <0 (independent of the value of 4)

EITHER

2'(x)=0 does not have two solutions (has no solutions or 1 solution)
OR

=g'(x)=0for xe™

OR

the graph of y = f[r) has no local maximum or local minimum points,

hence any vertical translation of this graph ( y :g(.r)) will also have
no local maximum or local minimum points
THEN

therefore there is only one x-axis intercept

(M1)

(M1)

A1
[2 marks]

A1

R1

R1

R1

AG



case 2
c=0
3 ™\

£t
(—J;?Ec’z +d) is a local maximum point and [JE —2¢? +dJ isa

local minimum point (A1)

Note: Award (A1) for a correct y-coordinate seen for either the maximum or the
minimum.

considers the positions of the local maximum point and/or the local minimum point  (M1)

EITHER
considers both points above the x-axis or both points below the x- axis
OR

considers either the local minimum point only above the y-axis OR
the local maximum point only below the x-axis

THEN
3
d > 2¢? (both points above the x-axis) A1
3
d < —2¢? (both points below the x-axis) A1

Note: Award at most (A1)(M1)A0QAO for case 2 if ¢ > (0 is not clearly stated. |

[6 marks]
Total [27 marks]



Question 3

(a)

(1, 1)

y=x+(2-x)

inverted parabola extended below the x-axis At

x-axis intercept values x=0.2 A1l

Note: Accept a graph passing through the origin as an indication of x=0.

local maximum at (1,1) A1

Note: Coordinates must be stated to gain the final A1.

Do not accept decimal approximations.

[3 marks]



(b)

Number of Number of Number of
local local points of
maximum minimum inflexion
points points with zero
gradient

n=73

and 1 0 2

n=>5

n=2

and 1 2 0

n=4

A1A1A1A1A1A1

Note: Award A1 for each correct value.

For a table not sufficiently or clearly labelled, assume that their values are
in the same order as the table in the question paper and award marks
accordingly.

[6 marks]



(c) METHOD 1

attempts to use the product rule

£, (x)=—m" (a—x]H +m" (a—x)"

Note: Award A7 for a comrect u

du
and A1 for a comrect v—.
dx

EITHER

attempts to factorise £, (x) (involving at least one of nx"" or (a—x)"")

= m(a—x)" ((a-x)-)

OR

attempts to express ﬁ,' {x) as the difference of two products with each product

2 o =
containing at least one of nx"" or (a—x)’

= (—x](mc"_l)(a —x)w_1 +(a—x)(mc"_1](a —Ju:)ﬂ_1
THEN

£, (x)=m""(a —2x)(a—x)"_1

n-1

Note: Award the final (M1)A1 for obtaining any of the following forms:

) (x)=m"(a—x)' [:(_:;;J: i (x)= %“"x‘ﬂ:

METHOD 2

7, (x)=(x(a=x))
=(ax—x*)

attempts to use the chain rule

)‘:(x)=n(a—2x](ax—x2]

n1

(M1)

A1A1

(M17)

A1l

(M1)

A1

AG

(mM1)
A1
(m1)
A1A1



Note: Award A1 for n(a—2x) and A1 for (a.x—xz)"_I .

f;' (x] =" (a—2x)(a—x)"_1

a
(d)y x=0, x=E.x=a

Note: Award A7 for either two correct solutions or for obtaining

a
x=0,x=-a,x=—— .
2

Award A0 otherwise.

(e) attempts to find an expression for f, Eg}

2OR0) (R
-G ()

EITHER

2n
since ae K™, [%) >0 (for neZ',n>1 and so f”(gj“}ﬂ}

Note: Accept any logically equivalent conditions/statements on @ and n.

Award RO if any conditions/statements specified involving a, n or both
are incorrect.

OR

AG

[5 marks]

A2

[2 marks]

(M1)

A1

R1

(since ae ™), % raised to an even power ( 2n ) (or equivalent reasoning) is always

positive (and so f, [%J =0)

Note: The condition a € B* is given in the question. Hence some candidates

will assume a € B and not state it. In these instances, award R1 for a
convincing argument.

Accept any logically equivalent conditions/statements on a and n.

Award RO if any conditions/statements specified involving a, n or both
are incorrect.

R1



THEN

50 Lg, I (%}J is always above the horizontal axis AG

Note: Do not award (M1)AOR1. |

[3 marks]
() METHOD 1

(o - (AT ) .

EITHER

nl1 n-1
n[f) (E)[S—QJ >0as ae®R” and ne?” R1
4 20 4

OR

1 n-1
n[f) ,[a—E) and | a-2 areall =0 R1
4 2 4

Note: Do not award AORT.
Accept equivalent reasoning on correct alternative expressions for

f;' [%J and accept any logically equivalent conditions/statements on a

and n.

Exceptions to the above are condone n>1 and condone n > 0.

21
An alternative form for f;’(EJ is {2?1]{3}"_1[%) .

THEN
| a
hence f, (EJ >0 AG
[2 marks]
METHOD 2
f,(0)=0 and f,,(%}:»{] At



(since f, is continuous and there are no stationary points between x=0 and

x—a}
2

a
the gradient (of the curve) must be positive between x=0 and x= 5

Note: Do not award AOR1T.

(g)

hence f,,’(%} >0

i f,D=n=D"(a+2)(a+D)""
for n even:

n(—l)H(=—n]<:0 (and {rz+2),(a+l]"_1 are both >0)
f, (-1)<0

£, (0)=0 and };'LEJ}G (seen anywhere)

Note: Candidates can give arguments based on the sign of (—l}"_' to obtain the

R mark.

For example, award R1 for the following:
If n is even, then n—1 is odd and hence (—1}"_1 <0 (=-1).

Do not award ROA1.
The second A1 is independent of the other two marks.
The A marks can be awarded for correct descriptions expressed in words.

Candidates can state (D. 0] as a point of zero gradient from part (d) or

show, state or explain (words or diagram) that f,,' (D) =0.The last A

mark can be awarded for a clearly labelled diagram showing changes in
the sign of the gradient.

The last A1 can be awarded for use of a specific case (e.g. n=2).

hence (0.0) is a local minimum point

R1

AG

[2 marks]

R1

A1l

A1

AG
[3 marks]



(i) for n odd:

n{—l)"_1{=n}>01 (and [a+2],{a+l)"'] are both >0 )so £,'(~1)>0

Note: Candidates can give arguments based on the sign of (—l)"_' to obtain the
R mark.

For example, award R1 for the following:

If n is odd, then n—1 is even and hence [—1)"_1 >0 (=1).

£(0)=0 and f;'[gJ >0 (seen anywhere)

Note: The A1 is independent of the R1.
Candidates can state [0,1}] as a point of zero gradient from part (d) or

show, state or explain (words or diagram) that f;' {D} =0 . The last A mark

can be awarded for a clearly labelled diagram showing changes in the
sign of the gradient.

The last A7 can be awarded for use of a specific case (e.g. n=3).

hence (0,0) is a point of inflexion with zero gradient

R1

A1l

AG

[2 marks]



(h) considers the parity of n {M1)

‘ Note: Award M1 for stating at least one specific even value of n. ‘

n must be even (for four solutions) A1l

Note: The above 2 marks are independent of the 3 marks below. |

2n
U«:k{(%) A1A1A1

Note: Award A1 for the correct lower endpoint, A1 for the correct upper endpoint
and A1 for strict inequality signs.

The third A1 (strict inequality signs) can only be awarded if ATAT has
been awarded.

n
For example, award A1TATAOfor 0<k < [%) . Award ATAOAO for k>0

Award ATAOAO for O{k{ﬂ,[g].

[5 marks]
Total [31 marks]



Question 4

(a) (i) METHOD 1

dy
it 7
o Idt (M1)
}!
Iny=t+c OR In|y|=t+c A1A1
Note: Award A1 for In y and A1 for fand c.
y= Ae’ AG
METHOD 2
rearranging to %— y =0 AND multiplying by integrating factor ™ M1
ye'=4 AlA1
y=Ae AG
[3 marks]
(ii) substituting y= Ae’ into differential equation in x M1
L2 =x—Ae'
dt
& e AG
dt
[1 mark]
(iii) integrating factor (IF) is ej_m (M1)
=g~ (A1)
oy o xe'=-4
dt
xe'=—At+D (A1)
x=(—At+D)e At

Note: The first constant must be 4, and the second can be any constant for the final
A1 to be awarded. Accept a change of constant applied at the end.

[4 marks]



G 4r..e.d A1
dr- dr  dt
EITHER
dy
==X+ y+— M1
(M1)
Y b A1
dr dt
OR
=-x+y+(-x+y) (M1)
=2(—x+y] A1
THEN
s AG
dr
[3 marks]
(ii) LY A1l
dt
J.EZJ.M M1
X
In|¥|=2t+¢ OR InY=2t+c At
Y = Be” AG
[3 marks]
dy 2t
iy —=Be
(iii) 3
sz.Bez’df m1
B 5
r=—e" +C A1l
¥ >

Note: The first constant must be B, and the second can be any constant for the final
A1 to be awarded. Accept a change of constant applied at the end.

[2 marks]



(iv) METHOD 1

dy d
substituting d—i — Be™ and their (iii) into d—f ——x+y M1(M1)
2t B 2t
Be” = —x+5e +C A1l
x= B L o AG
2
Note: Follow through from incorrect part (iii) cannot be awarded if it does not lead to
the AG.
METHOQOD 2
dx B
—=x=-—¢ =C
a2
E—I - _E le _ C
dt 2
—
d(xe )=—EET—CE‘_: MT
dr 2

xe™” =I—ge'—{$‘e" dt

B
xe"=—7ef+£‘e_’ +D A1

-

B ,
pg "+ C+ De'

—

»w B B
d—};z—x+y:>Be"=Te2'—C—De'+7e2f+C::-D=0 m1
x=—§e2'+C AG

[3 marks]



(i)

(i)

dy
—=—4x+
ar ¥

d*y de dy
=—4—+— seen anywhere
at - dr e W

METHOD 1

attempt to eliminate x

1 dy dy
[4[y dr) y} ar

dy
=2—+3

a7
dzy dy
—=-2—=-3y=0
ar a7
METHOD 2
rewriting LHS in terms of x and y
d’y ,dy
i E—3y={—8x+5y)—2{—4x+y)—3y
=0

2

Y _paer, 4V paze
dt dt

Fi%e™ -2Fie® -3Fe* =0
AT —24-3=0 (smce " #0.)

A and A, are 3 and -1 (either order)

M1

M1

A1l

AG

M1
A1l

AG
[3 marks]

(A1)

(m1)
A1l
At

[4 marks]



(iii)

METHOD 1
y=Fe" +Ge”

2
Y _aper ~-Ge™', d—«z" =9Fe" +Ge ™ (A1)(A1)
dt dt

2

9y ¥ 3y or¥iGe —2(3Fe* —Ge™)-3(Fe* +Ge™) M1
T dr
—9Fe™ + Ge™ —6Fe¥ +2Ge™ —3Fe¥ —3Ge™ A1l
-0 AG
METHOD 2
y=Fe™ +Ge™
Y _ Fae* +Gae™, L{:F 2a7 4 GAZ™ (A1)(A1)
dt dr
dz—-"—zd—y—ay=F Tt 4 GAZe™ —2(F21e’*' +G;|Qe‘-=')—3(Fe**' +Ge-‘f') m1
ar’ T dr
= Fe¥(4*-24-3)+Ge* (4> -24-3) At
=0 AG

[4 marks]
Total [30 marks]



Question 5

(@ ()

approximately symmetric about the x-axis graph of yz —x

including cusp/sharp point at (0, 0)

(i) approximately symmetric about the x-axis graph of y2 =x"+1 with
approximately correct gradient at axes intercepts

some indication of position of intersections at x=-1, y=+1

Note: Final A1 can be awarded if intersections are in approximate correct place
with respect to the axes shown. Award ATA1TA1AQ if graphs ‘'merge’ or
‘cross’ or are discontinuous at x-axis but are otherwise correct. Award
ATAOAOAQ if only one correct branch of both curves are seen.

Note: If they sketch graphs on separate axes, award a maximum of 2 marks for
the ‘best’ response seen. This is likely to be ATATAQAQ.

A1l

A1l
[2 marks]

A1l
A1l

[2 marks]



(b) ()

()

(0,1) and (0, —1) A1

[1 mark]
Any two from:
y2 =x° has a cusp/sharp point, (the other does not)
graphs have different domains
y2 = x” +1 has points of inflexion, (the other does not)
graphs have different x-axis intercepts (one goes through the origin, and the
other does not)
graphs have different y-axis intercepts A1l

Note: Follow through from their sketch in part {(a)(i). In accordance with marking
rules, mark their first two responses and ignore any subsequent.

[1 mark]



(c)

Any two from:

as x — o, y—tw

as x — oo, yz =x’+bis approximated by yi =x (or similar)
they have x intercepts at x= —-%/J;

they have y intercepts at y =(i.]-\:'5

they all have the same range

y =0 (or x-axis) is a line of symmetry

they all have the same line of symmetry (y=0)

they have one x-axis intercept

they have two y -axis intercepts

they have two points of inflexion

at x-axis intercepts, curve is vertical/infinite gradient

there is no cusp/sharp point at x -axis intercepts

Note:

Note:

Note: In accordance with marking rules, mark their first two responses and ignore

The last example is the only valid answer for things “not” present. Do not
credit an answer of “they are all symmetrical” without some reference to

the line of symmetry.

Do not allow same/ similar shape or equivalent.

any subsequent.

A1A1

[2 marks]



)

METHOD 1

attempt to differentiate implicitly
dy

Py =32 41
dx

d_y_3x2+1
dx 2y

OR (£)24x° +Jc$=3_wc2 +1
dx

dy_, 3+

dx 2~Jx3 +x

METHOD 2

attempt to use chain rule y = (+)y/x’ + x

. S e
T = ()5 +0) 205 +1)

1

1 = 2
Note: Award A1 for (i)z(xg +x) %, Atfor 3x +1).

(i)

EITHER
. . dy
local minima/maxima occur when E; =0

1+3x> =0 has no (real) solutions (or equivalent)
OR

2 d
[x‘20:>] 3x> +1>0, so aya&ﬂ

THEN

s0, no local minima/maxima exist

M1

A1

A1l

AG

M1

A1A1

AG

[3 marks]

R1

R1

AG
[1 mark]



(e) EITHER

z
attempt to use quotient rule to find jx—J:

12x3/x+x° —(1+3x3)(x+xj)_5(1+3x2)
4(x+x)

dzy
dx?

-2

Note: Award A7 for comrect 12x/x+ x’ and correct denominator, A1 for cormrect

(1432 (x+x°) 2(1+3x%).

Note: Future A marks may be awarded if the denominator is missing or incorrect.

2

dy

stating or using E =0 (may be seen anywhere)

1
R2xx+x° =1+370) (x +x°) 2(1+3x2)

OR
d2
attempt to use produci rule to find _:j
dx
ﬁ = l(3:7c2 +1}'r'_1 -}(312 +l](;vf3 +x}_% +33'c[1c3 +Jr]_;t
dc* 2 L 2)

| Note: Award A1 for comrect first term, A1 for cormrect second temm.

2

setting a:, =

M1

A1A1

(M1)

M1

A1A1

(M1)



OR

attempts implicit differentiation on Zy%=3x2+l M1
(dyY ., d'
= EPp TRy A1
(&) &
ey
recognizes that ddx_{ =0 (M1)
dy
= =+.[3x
dx J_
{i}ﬂ:[i}@ (A1)
2 +x
THEN

12x(x+x")=(1+3x")"

1222 +12x* =9x* + 6x7 +1

3x*+6x’—1=0 A1
attempt to use quadratic formula or equivalent (M1)
i —6+4/48

6

\ 24/3-3
(x>0=2)x= “‘{; (p=2.g=-3.r=3) A1

ote: Accept any integer multiple of p, g and r (e.g. 4,-6and 6).

[7 marks]



(fi (i) attemptto find tangent line through (—1,—1}

y+1=—%{x+lj OR y=-1.5x-2.5

(i)  attempt to solve simultaneously with y1 =x +2

Note: The M1 mark can be awarded for an unsupported correct answer in an
incorrect format (e g. (4.25, -8.875)).

obtain | —

(17 _.jf_le
L4’ 8

(M1)

A1

[2 marks]

(mM1)

A1l

[2 marks]



(@)

attempt to find equation of [QS]

y=1__ 7 (- _188095..)
x+1 2

solve simultaneously with y* =x* +2

x=0.28798.. .(= 1% )

441
y =—1.4226...[=@J
9261
(0.288,-1.42)
OR

attempt to find vector equation of [QS]

(4 2)

L=l

x=—1+2&
4
79
=]1-—A4
s

2 3
2
attempt to solve [1—?/1} =[—1+‘:11x1} +2

A=0.2453...

x=0.28798,. f A
44

13175
y=-14226..|=——
0261

(0.288,-1.42)

M1)

(A1)

(M1)

A1

A1l

M1)

(A1)

(M1)

A1l

A1l

[5 marks]
[Total 28 marks]



Question 6
EITHER

3 3
A= 2:r:jzzw’1+22 dx [: mﬁjxdx]
L. 0

(a)

=25 [xz }Z (= 2:lt\f’§(32 i ))

h
h

=2mmN1+m’
o 2

OR

A=2mm\J1+m’ {

=2m(

THEN

(i)

2
X

2

19[2]|

—18J/57

I=\h +1

H

I= R+ i’m® (=hN1+m?)

(A1)

A1l

(A1)

At

AG
[2 marks]

At
[1 mark]

(M1)

At
[2 marks]



h
(i) A =znfmx~.f’1+ m® dx
o

h
1,

=2am1+m’ [—x‘}
2 0

h
Note: Award (M1) for (c)mmy1+m’ [%xz} ;
0

At least one of the above two lines needs to be seen.

= nh’my1+m* (=ﬂhmx (h2+h2m3))

=mrl

I ]
Note: Award as above if E =+/1+m" is used, for example.

(c) METHOD 1

attempts to use the chain rule

dy 2 2 -
Note: Award (M1) for — = oo 2.
(M1) & (c)x(r x ]

iiay:%(rg —xz)_f (—2x) [-= —x(f'z—x2 ]TJ

METHOD 2

attempts implicit differentiation on yz — gty (or equivalent)

(A1)

(M1)

A1l

AG

[3 marks]

(M1)

A1l

(M1)
Al

[2 marks]



(dy EITHER

d
attempts to substitute y =+/r* —x* and their ay into A (M1)

A =2n_’[ﬁ\/1+[_x(r2 —xz]_%}2 dx

r 2

=2n [ -x* 1+ o —dx A1
,[ 2
o r—x

OR
' o W :
attempts to substitute y and their E in terms of x and y into 4 (M1)
J,. 2
X
A=2Ir_[y 1+[——J dx
ol y
T xz r
=2:'[Iy 1+ — dx =2TTI C+ydx A1l
i ¥ =
THEN
attempts to perform valid algebraic simplification to form a definite integral in
terms of » only M1
= 2:'rj rdx

=2nrfx], (= 27{?'(?‘—(—."))) A1

=4xr? AG

w2

r 1
Note: Award marks as above for 4 = 41[] w.frz —x JH[—I(}‘E —xz] 5] dx .
L]

[4 marks]

SN . SO



(e)

(i) EITHER

horizontal stretch A1l
1

factor — A1l
k

OR

horizontal compression A1

factor k (invariant line y- axis) A1l

Note: Award A1A1 as above for correct alternative descriptions.

1
For example, dilation by a factor of E from the y-axis.

[2 marks]
g
ii +— At
(ii) r
Note: Award A0 for % only and A0 for —% only.
[1 mark]
(i) METHOD1
attempts to use the chain rule (M1)
1 1 3
dy 1( 2 2\ 5 2 2 2 AT —kzx
—=—|r—(kx) ) “x(-k"2x =—kx(r—kr Y E— A1l
de 2 ( )) ( ) ( )) f'rz_kzxz
METHOD 2
attempts implicit differentiation on y* =#* —k*x* (or equivalent) (M1)
dy kx
dx ¥
d —k*
o _ "% A1
dx o2 F12

[2 marks]



(iv) EITHER

k4 2
s N | P

a3

A1
r;_kﬁ!xﬂ ( .’

— |

A=2n

=

d
Note: Award (A1) for the correct substitution of ¥ and —y_

attempts to simplify to find p(x}, eg. forming a common denominator of
r* —k*’x* and then cancelling > — k’x’ (M1)
OR

(A1)
yZ

d
Note: Award (A1) for the correct substitution of Y

attempts to simplify to find p(x), eg forming a common denominator of yz
and cancelling y*

(mM1)
THEN

=2Irj.\/(r2—k2x3+k"xzdx =2?I]£J?‘2+(k4 —kz)xldx A1A1
3 3

Note: Award A1 for correct limits (seen anywhere) and A1 for p ("C} correct

The above A1 for correct limits is independent of the (M1).

[4 marks]



(v) r=6378(km)

k- 1.00330...[=@—ﬁ]

6357 2119

attempts to form a definite integral for surface area

6357 - 2 4
, (6378 6378
—2n j 63782 | 2| 24| =222 | P dx
6357 6357

—6357

=510064226.3...

==1101x103(knf]

(A1)

(A1)

(M1)

A1l

Note:

Award AOATFT(M1)AO for using »= 6357 (km) and k =0.996707...

leading to an answer of 5.089x10® (kml)_

[4 marks]
Total [27 marks]



Question 7

(@)

(1, 0.368)

(0,0) S

=

A1 for (1, 0.368) or (17 1] labelled at local maximum (accept correct coordinates
e

written away from the graph)
A1 for graph clearly starting at, or passing through,the origin
A1 for correct domain

A1 for correct shape i.e.: single maximum, and asymptotic behaviour (equation not
required) (or point of inflexion)

[4 marks]



(b) jﬂbxe_x dx

Note: Award (A1) for correct integrand and limits (which can be seen later in the
question)

Use of integration by parts

[ T

Note: Award A7 for each part (including the correct sign with each)

[T e

Note: Award A1 for correct second term.
Condone absence of limits to this point

attempt to substitute limits

=—be?—-e?+1
_ez’—b—l
eb
b b
. . e =b-1 .. e -
@ O Eon NG

Note: Award A1 for correct quotient. Condone absence of limit.

b
- &
[ blnleb ]

(ii) (j:xe** dx :) 1

(A1)

A1A1

A1

M1
A1

AG

[6 marks]

A1

A1

[2 marks]

A1

[1 mark]



(d)

(i) correct integral

‘ Note: Award M1 for correct integrand with limits from 0 to a larger number.

24

(i) 120

‘ Note: The M1 can be awarded if either part (d)(i) or part (d)(ii) is correct.

A =n!

(M1)

A1
[2 marks]

A1

[1 mark]

A1
[1 mark]



(f)

‘ Note: Accept starting at »=0, throughout this proof.

n=1

4,=1and 1!=1 M1A1

Note: Award M1 for considering the case where n=1, and A7 if it is clear that
both 4, =1 and 1!=1 have been considered.

so true for n =1

assume true for n =1k, (4, :j‘:x"e"‘dx:k!) m1

Note: Award MO for statements such as “let n =L ”.

Note: Subsequent marks after this M1 are independent of this mark and can be
awarded.

when n=Fk+1

attempt to integrate by parts M1

Note: To obtain the M7, a minimum of an expression +/- an integral must be
seen.

© kel _-x __k+1—xw ®_E

Lx e dx_[ S ]0+(k+1)j0xe dx A1
(k+1) j:x*‘fe--‘ dx simplified to (% +1)k! seen A1
=0+(k+Dk!

‘ Note: Condone omission of the zero.

=(k+1)! A1

Hence if true for n =k then also true for n =k +1. As true for n =1 so true for
neZ*. R1

Note: Award the final RT mark provided at least four of the previous marks are
gained.

[8 marks]
Total [25 marks]



Question 8

(a)

clearly labelled graphs of y =log, » and y =log,, x with correct domain,

asymptotic behaviour and concavity evident A1
correct relative positions of the two log graphs both above and below the x- axis A1
(I, 0) indicated (coordinates not required) A1
correct graph of y =x A1

[4 marks]



(b) %(x— In x)

i
X

_dy
attempts to solve their Y _0 for x

-0 x=1
X

(when x=1,) x—Inx=1

EITHER
i{l_lj
dx X
i

xZ

%‘}0 (when x=1)
X

hence x —Inx has a minimum value of |

Note: Award R1 for either ‘1> 0" or a graph of y = LZ >0 or ‘the graphof y=x—-Inx is
X
concave-up’. Do not award R1 if the second derivative is incorrect.

A1

(M1)

A1

A1

R1



OR

for (0<)x<l1, 1—l<0
.

for x>1, 1—l>0
X

hence x —Inx has a minimum value of 1

R1

R1

Note: Award R71R1 for either a clearly labelled sign diagram/table (accept correct

numerical values) or the graph of y :1—l with sign change in gradient indicated.
»

Note: Award a maximum of AO(M1)A1AOR1T or AO(M1)A1ROR1 if no symbolic
derivatives are seen.

EITHER
x-Inx>1 (xeR")
OR

x—lnx>0 (xeR")
THEN

so x>Inx

[5 marks]

R1

R1

AG
[1 mark]



Interval

O<a<l

l<a<l4

I.5<a<?

Number of intersection points
r=1

q=2

A1A2A1

Note: Award A1 for p=1, A2for ¢g=2 and A1 for r=0.

() METHOD 1
EITHER

y=log, x

dy 1
de xlna

attempts to solve

OR
y=x—log, x
b,
dx xlna

attempts to solve 1—

=1| for, x

=0 for x

[4 marks]

(A1)

(mM1)

(A1)

(mM1)



THEN

x:L OR xlna=1 OR lnazl OR Ina* =1 OR 1

=1
Ina X a‘lna

at x:i, log,x=x
Ina

. Y
attempts to solve ln—\:L ORInx=10R |e* | =x for x
Ina Ina

xX=¢

coordinates of P are (e.e) (accept x=¢, y=e)

1 .
attempts to solve - =e OR log, e=e for a analytically
na

Irm:l OR g =e

A1

(M1)

A1A1

(M1)

A1



METHOD 2
EITHER

v=log, x

g_ 1
dx xlna

attempts to solve =1 for x

xlna

OR
v=x-log, x

% 1
dx xlna

attempts to solve 1— =0 for x

xlna

THEN

x:L OR xlna=1 OR hmr:l OR Ina* =1 OR !
Ina X a'lna

=1

at x:L, log, x=x
Ina

1 1
attempts to solve log_ {—J =——fora
Ina

EITHER

m(ml J 1 i
g/ - :>h1{ =1
Ina Ina Ina

OR

[; 1
ol g _

1o
for example, writes a

log,a and so L:10,gae

index/log laws to both sides: Ina =
log, e Ina

a™a and then attempts to apply appropriate

(A1)

(M1)

(A1)

(M1)

A1

(M1)



THEN

attempts to solve li =e OR log, e=e for a analytically (M1)
na

hmfz1 OR g =e

e
a=e* A1
WL
= & ]
Ines —
e
coordinates of P are (e,e) (accept x=¢, y=¢) A1A1
METHOD 3
y=log_ x
dy 1
e S ‘A1
dx xlna (At
. ¢ In x, :
(equation of the tangent at (x,.y,) is) ¥ = (x—x1)+ (or equivalent) A
x,Ina Ina
compares this equation with y = x and attempts to form at least one of the following M
1 _1 OR Inxl—lzo
x,Ina Ina
Inx, -1
attempts to solve =1 OR =0 for x (M
x,Ina Ina
X, =€
coordinates of P are (e.e) (accept x=¢e, v=¢e) A1A1
attempts to solve I =1 (or equivalent) for a analytically (M1)
elna
1 5
Ina=— OR a° =e
e
a=e° A1

[8 marks]



1

# () l<a<ee

A1
1
Note: Award A0 for a <e®.
[1 mark]
1
(i) a>e* A1
Note: Only award FTfor 1.4 <a <1.5. If the value of a is not exact, e.g. 1.44, award at
most A0A1 in part (f) for a consistent approximate endpoint value.
If a value of a is not found in part (e), award at most AO0A1 in part (f) for a
consistent approximate endpoint value provided that 1.4 <a <1.5.
[1 mark]
Total [24 marks]
Question 8
@ ) = A1
X
[1 mark]
. dy 1 1
(i) T | e A1
dux [ v) m
*
Note: Award A1 for responses such as ‘the gradient is the negative (opposite)
reciprocal of & or P x m =—1 (or equivalent).
x x
Award A1 for i’x[i] =-1.
X ¥
Do not award FT from part (a) (i).
d X
S0 A AG
de oy

[1 mark]



(i) attempts to separate variables x and

I ydy= ,j' x dx

(M1)

Note: Award (M1) for y dy =—x dx.

A1t

g X
Note: Award A1 for 7*‘31 = *?Jrcz.

y: X
Award AQ for —=—.
2 2
X y2
— —=c
2 2

=x*+y* =k (where k=2c)

AG

[2 marks]



(b)

two parabolic shaped curves with approximately correct shape/position
(e.g. two intersection points, in first and fourth quadrant) A1A1

x-intercepts —1 and 2 A1

[3 marks]



(¢) atintersection, 44> —4ax = 4b° + 4bx
4a> —4b* = dax+4bx (a* —b" =ax+bx, 4a° —4b* —4ax—4bx=0)
attempts to factorize either the LHS or the RHS of the first two equations above
(or equivalent) OR attempts to partially factorize the LHS side of

a* —b* —ax—bx =0 (or equivalent)

(a+b)(a—b)=(a+b)x

A1

(M1)

Note: Accept alternative forms such as 4(a+b)(a—b)=4(a+b)x or

(a+b)«a—b)—x):0_

recognition that a +5 > 0 (or equivalent, eg. a > 0.5 > 0) (allows division by

a+h)

R1

Note: Subsequent marks are not dependent on this R1.

x=a-b

A1

Note: As x=a—b is an AG, only award the above A7 if a’ —b* =(a+b)(a—b)has

been used.

substitutes x =a —b into either ¥* =4a” —dax or y* =4b> +4bx and attempts to

simplify

¥ =4a” 4a(a-b) OR y*=4b" +4b(a b)
y* =44’ 74a2+4ab:>y:i2\/5

so M(a—b, 2\/5) and N(afb, —2\/@)

(M1)

A1

AG

[6 marks]



METHOD 1

attempts implicit differentiation on either curve

dy  4a ( el dy 4b ( ivalent)
—_—= or equivalent) and — =—— (or equivalen

dy 4 dy 4b
substitutes y =2+ ab into either Iy = _2_a or ay: =
X y 4 v

) b
%:_\/g (—\;:E)and %:\/é (:E)(orequivalent)

EITHER

\/; \/3 1oL 1 ( ivalent)

— =%, === - =—1 (or equivalen
b V\a Jab ab .

OR

b
eg. the negative (opposite) reciprocal of —\/% is \/; (or equivalent)

OR

the product of the two gradients is —1

THEN

so at point M , the curves intersect at right angles

(M1)

A1

(M1)

A1

A1l

A1

A1

AG



METHOD 2

attempts chain rule differentiation on either y =+/4a® —4ax or y =~/4b* + 4bx

ﬁ*—L (or equivalent) and d—y*L (or equivalent)
dx 4a’ —4ax dx  \/4b% + 4bx
TR, T B dy o
substitutes x =a—0 into either —=——F— or —=—F/——
dv 44 dax dx /45 + 4bx

s b
%:—\E(:—Ji;—b)and %:Jg(:ﬁ)(orequivalent)

EITHER

\F \F 1 QR —E=dx b L ivalent)
sy IR P e ——— ey — or equivalen
b a \/E \/E ’

OR

b
eg. the negative reciprocal of —J% is \/: (or equivalent)
a

OR

the product of the two gradients is —1

THEN

so at point M | the curves intersect at right angles

(M1)

A1

(M1)

A1

A1

A1

A1

AG

[5 marks]



. 4
© ) g p=—=t_=
X T
1-| —— |tan—
{ yj 4
% g [ ey
y y
glx, y)= e
LS yx
y y
=%
so g(x, y)= 4
y+x

(A1)

A1

AG

[2 marks]



(ii)

let y=vx

dv Jw—x v—1
VEx—= =
dx Jw+x v+1
dv . L
attempts to express e as a single fraction in v

dv V4]

X
dx v+1

(or equivalent)

attempts to separate variables x and v

J vz+l dv:—ji dx (or equivalent)
v +1 X%

%ln(v2 2 1) +arctanv = fln|x|(+d) (or equivalent)

2
lln[}——# IJ + arctan 2% h1|x| =d (or equivalent)

F
2 X X

(M1)

(A1)

(A1)

(M1)

(A1)

(M1)

A1A1

A1

[9 marks]



() METHOD 1

f(x,y)+1
glx, y)="0LE M1
~/(xy)
fan @
EITHER
s 1 1
as a >—, ———0, (hence g(x, y) > — ) R1
tan 75, 9)
OR
0 ) +1
as a%i, fana — % and so g(x,y)ﬁ-M R1
2 0-f(x¥)

THEN

Img(x, y)=— : AG

= 8 Fd»
Note: The R1 is dependent on the M1.

METHOD 2

' ‘ . Mot
uses either tanar = "% or ! = Cf)sa toform g(x, y) = cosaf(,?c,}) e M1
cosa  tana sina cosa —sina f(x.y)
T ; 0x f(x,p)+1
as a >—, cosa —0 and sina — 1 and so g(x, y) > ——— R1
2 0 /(%)
. 1
lim g(x, y)=— AG
s f(x, )
‘ Note: The R1 is dependent on the M1. ‘
[2 marks]

Total [31 marks]



Question 9

(@) (i) attempts chain rule differentiation to find f'(x)

() === (=(-1)(-2)(2-x)")

Note: Award (M1) for attempting chain rule differentiation on (4—4x+x2 )_1 or

attempting quotient rule differentiation on 1 = I y
(4—4x+x2)

Award A1 for f'(x)=—= (=(-D(-2)(2-%)")-

(i) g'(x)=2x
f(x)g'(x) :(2(2fx)—3)(2x) [ (1(2:))3] (or equivalent)
_ 4x
-y

(M1)

A1

[2 marks]

(A1)

A1

AG

[2 marks]



(i)

Note: Award a maximum of (M1)A1(M1)AOFT from parts (a) (i) and (ii).

substitutes f(x),g(x) and their g’(x). f'(x) into the given expression (M1)
EITHER
f(x)g'(x)+g(x)f'(x)=2x2-x)" +2x*(2—x) A1

Note: Award A7if f(x)g'(x) =2x(2-x)" and g(x)f'(x)=2x*(2—x)" are
stated separately.

attempts to factorise their expression (M1)
=2x(2-x)>((2-x)+x) A1
OR
2x 2x”

x)g'(x)+g(x)f'(x)= + A1

F(@)g ()& ()=t
Note: Award A7if f(x)g'(x) __BH and g(x)f'(x) :i are stated
(2—x) @—x)
separately.

attempts to form an expression with a common denominator (M1)

Note: Award (M1) for (2—x)’(2—x)’ as a common denominator.

. o) 2 " 2 ) 2
g 2x(2 ;c) L2 e 4x—2x +3_x A1
2-x) (2-x) (2—-x)
THEN
_ 4x
2-x)’
AG

Note: Award marks as appropriate for attempting to find the derivative of

f(x)g(x)= B i{)z (or equivalent).

[4 marks]



(b)

METHOD 1

I'(x)g'(x)-g(x)f'(x)=71(x)g'(x)
(/" (x) €' (x)~g(x) /" (x)~/(x)g'(x)=0)
F(x)(&(x)-2(x)=7(x)€'(x) (S(x)(e(x)-£'(x))=

f'l(x) g'(x
f(x) &'(x)-g(x)

-f(x)g'(x))

Note: Award (A0)AO for use of f(x) and g(x) from part (a).

METHOD 2
(oL (0)E'(x)_e(x)f (x)
AT T

S(x)__ g(x)

f(x) (@2l

Note:

Candidates may not show the steps exactly as shown above.

Award (A0)AO for use of f(x) and g(x) from part (a).

(A1)

A1

AG

(A1)

A1

AG



METHOD 3

e f(x)g'(x)
g (-’f)—W+g(x)
f(x) _g'(x)-g(x)
(x) g’(-’r)
(x)__ g'(x)
f(x) :

¥

’
X

¥
f!

Note: Candidates may not show the steps exactly as shown above.

Award (A0)AO for use of f(x) and g(x) from part (a).

METHOD 4
f(x), g(x) _,
£ 8(’6)
f(x) _

iz g’(-’f)
f(x) _

f(x)

X

X

~g(x)

X

¥

g'() g()

Note: Candidates may not show the steps exactly as shown above.

Award (A0)AO for use of f(x) and g(x) from part (a).

(A1)

A1

AG

(A1)

A1

AG

[2 marks]



() METHOD 1

Note: Condone the absence of 'dx' and the modulus sign throughout.
Only award the second A mark if the constant of integration has been
dealt with correctly.

EITHER

A
hlf(x)_jg,(x)_g(x)d (+C) A1

Note: Condone the absence of '+ C' when awarding the first A mark.

(=56 4 £ 40
f(f) = eUg(xJ—g[r] ]eC f(\’) = e“g[X)—g[r) ] A1
)
Note: Award A1 for f(x)=Ae" ™= ) where 4=e°.
OR
g'(x)
Inf(x)+C)=|—————dr A1
I g'(x)-g(x)
Note: Condone the absence of '+ C'' when awarding the first A mark.
(@) 4 £ 4 (=20 4 )
f(f) _ e“s(x}—g(.\') _Je—c f‘(X)eC i e[-[g (x)-g(x) ], f (\’) & US (x)-&(x) A1

g'(x)

: dx
Note: Award A1 for f(x)= Ae“g e ] Where 4=e™°.

THEN

g0 4
f(_r):Ae[_fg(x.}—g(fJ ] AG



METHOD 2

Note: Condone the absence of 'dx' throughout.

, g'(x)
f X _rif X :0
) g'(x)-g(x) (¥)
@ g
Integrating factor: e[ £(x)-¢(x) ]

g'x)

Note: Award A7 for f(x)e[_Jg'(’fJ—S(xJ } i

g'(x) - prg(X)
ledrem®) e f(x)e[ Ig'(r)—g(x)“]: 4

g -
- f(x)e

glx) 4

Note: Award A7 for f(.r)e(_Jg'(”‘g(” ]zc_

g'(x) dx\]

f(x): Aeﬁ g'(x)-glx) "

A1

A1

AG

[2 marks]



(d) g'(x)=xe+e* (seen anywhere)
attempts to find an expression for ;g#
g'(x)—g(x)
_xe’+e’(_e(x+])
e’ e’
=x+1 (as e" #0)
attempts to integrate their &
g'(x)—g(x)
.[(x+1)d’f :%‘YE +x(+C)
[I%xlﬂr}
f(x)=e>
[lx2+x+C)
Note: Award A0 for f(x)=e'>  ’ (or equivalent expressed with an arbitrary
constant).

(A1)

(M1)

(A1)

(M1)

A1

[5 marks]



(€)

g'(x)=cosx—sinx (Seen anywhere) (A1)

attempts to find an expression for ,‘g# (M1)
g'(x)—g(x)

3 cosX—sinx {_ sinx—cosx]

COSX —SINX—SINX—COSX 2sinx

e Kot Tas St} DR asthe S 008K
2 2 2 2smx

(as sinx#0) A1

Fey=eler™k

COosx

attempts to find the indefinite integral of (+k)cotx OR (J_rk) (M1)

sif x

Note:

As \sin x\ =sinx for 0 < x <, condone the presence or omission of the

modulus sign throughout a candidate’s solution.
Condone the presence of an arbitrary constant except when awarding the
final A mark.

1 1 x : 1 :
[{E—Ecotx)dx—E—E]n‘smx‘(ﬂf) (_E(x—lnsmx‘(wLC))J i

Flx)= ez e_émlmx| (e°)

zege]ﬂ E(ec) {:eé eEIﬂ[EJ(eC)’: ex—ln(sinx) (ec)] A1

sinx
=,/e*cosecx [: _ J (where h(x)= _1 A1
sinx sinx
[7 marks]

Total [24 marks]



Question 10

. (a) % =4 022 43 (M1)(A1)
Note: Award M1 for at least two correct terms.
2
33:—); =12x* - 18x A1
[3 marks]
(b) valid attempt to find x-coordinates (e.g. solving 12x* —18x =0 or graphing % =4x’ -9x* +3
G
(M1)
F0, L5 [:J (A1)
point B is (0, 0) A1
point C is (1.5, —0.5625) ((1.5. ~0.563), [% —%D A1
Note: Award MOAOA1AOQ for an unsupported answer of point B is (0, 0).
[4 marks]
(c) y-intercept=0 (as line passes through (0, 0)) R1
Note: Award R1 for correctly substituting point B or point C to show that y =0.
Award R1 for y=-0.375x+0.
L3,
gradient = sl (9 16 A1
L5 2
2

Note: Award AOFT if their answer to (b) doesn’t lead to the given answer, but condone

—0.563

5

=-0.375

so equation is y=-0.375x

AG

Note: Award at most ATR0 for working backwards to verify points B and C lie on the given line.

[2 marks]




(d) x*-3x*+3x=-0375x (M1)
2427 A1
Note: Correct answer must be given to three decimal places for the A1 to be awarded.
Award (M1)A1 for (2.427, —0.910) .
Award (M1)A0 for an unsupported answer of 2.43.
[2 marks]
dy 3 2
(e) —=4x"-3mx"+n (A1)
dz—y—IZxE—()mx (A1)
dx?
61(2x—m) =0
x=0,2 A1
2
Note: Accept 0m in place of 0.
[3 marks]
() () pointBis (0,0) A1
[1 mark]
i v —[f] —JH(I—]S-I—H(EJ "z (A1)
Al T 2 16 8 2

4 - m 3
:_m_+lnml OR Snm—m or 2|,
16 2 16 2
: ;
Point Ciis | =, -2+
2" 16" 2

”; ] OR equivalent simplification A1

Note: Award the second A1 if the simplified y-coordinate is seen here or in part (g).

[2 marks]




(g) attempt to divide their y. by their x. OR substitute into 27N (M1)
X, —X;
aig, [T .|
T A
% ;
(—% + %}( 2 OR equivalent manipulation leading to given answer A1
m
Note: Award A0 FT if their answer does not lead to the AG.
3
m g
= —?+n and y-intercept =0,
ﬂ13
so equationis y= [—? + H)x AG
Note: Award at most M1A0 for working backwards to verify points B and C lie on the given line.
[2 marks]
(h) METHOD 1
3
.\’4 = mx3 +nx = *% X+nx
attempt to rearrange this equation to equal zero (M1)
3
xt—mx? +ix =0
8
recognizing their (x—xc) is a factor of this expression (M1)
m m mz
x[x——z—J[xz—Ex—T} (=0) OR equivalent ATM1A1

2
Note: Award A7 for x(x—%J , M1A1 for [x2 —gx——].

If a candidate divides by x without justification, do not award the first A1,

m

4

marks can still be awarded.

but all subsequent




use of quadratic formula to find roots, x, (and x, ), of the quadratic M1

2
m 3
—+m
4

L
Xy= 2—-2— OR equivalent A1

Note: Condone a * in place of the minus sign, provided given answer is restated.

.rf%—% 5 AG

Note: Award (M1)(M0)AOMOAOMOAO for attempting to verify the given answer satisfies

3
4 3 m
X —mx +nx:—?x+nx.

METHOD 2

3
4 3 m
X' —mx -I—Hx:—?x-i-nx

attempt to rearrange this equation to equal zero (M1)

3
4 3 m
X —mx +—8—x:0

3
x[x3 —mx® +m—]= 0
8

Recognise that their x. is a root of this equation (M1)
Attempt to find sum and product of roots (M1)
3
m m m
xAerDJrE:m AND 'YAX‘YDXEZ_? A1
" x(m 77{ }(m _71113
e YNe B
2
5 M m
x; ——x,———=0 Al
A 2 A 4

use of quadratic formula to find roots, x, (and x, ), of the quadratic M1



x,=—"+—=——  OR equivalent A1

X, =———nxf5 AG
4 4
[7 marks]
{554
(i) B (A1)
—0
2
_5-1 A1
2
Note: Answer must be exact.
[2 marks]

Total [28 marks]






