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Question 1
[Maximum mark: 28]

This question asks you to examine various polygons for which the numerical value
of the area is the same as the numerical value of the perimeter. For example, a 3 by 6
rectangle has an area of 18 and a perimeter of 18.

For each polygon in this question, let the numerical value of its area be 4 and let the
numerical value of its perimeter be P.

(@) Find the side length, s, where s > 0, of a square such that 4 =P. [3]

An n-sided regular polygon can be divided into » congruent isosceles triangles. Let x be the
length of each of the two equal sides of one such isosceles triangle and let v be the length of

the third side. The included angle between the two equal sides has magnitude z—n
n

Part of such an n-sided regular polygon is shown in the following diagram.

(b) Write down, in terms of x and #, an expression for the area, 4;, of one of these
isosceles triangles. [1]



(c) Show that y=2xsin’.
n

Consider a n-sided regular polygon such that 4 = P.

(d) Use the results from parts (b) and (c) to show that A=P=4n ‘ranE .

n

3 5
’ ; : ¥ D%
The Maclaurin series for tanx is x+—+ F-ﬁ-

(e) (i) Use the Maclaurin series for tan x to find ]jm(ﬂrn tanEJ.

H—0 n

(i) Interpret your answer to part (e)(i) geometrically.

Consider a right-angled triangle with side lengths a, » and va® +5* , where a > b, such

that 4 =P.

§  Showihata—— M i
b—4

(@) (i) By using the result of part (f) or otherwise, determine the three side lengths of the

only two right-angled triangles for which a, b, 4, P € ZZ.

(i) Determine the area and perimeter of these two right-angled triangles.
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Question 2
[Maximum mark: 24]
This question asks you to investigate and prove a geometric property involving the
roots of the equation "= 1 where z = C for integers n, where n > 2.
2mi
The roots of the equation "= 1 where zc C are 1, @, @, ..., @ ', where @=¢ " . Each
root can be represented by a point P,, P,, P,, ..., P,_,, respectively, on an Argand diagram.

For example, the roots of the equation z* = 1 where z  C are 1 and . On an Argand
diagram, the root 1 can be represented by a point P, and the root @ can be represented by

apoint P, .
Consider the case where n=3.

The roots of the equation = = 1 where ~ = C are 1, ® and @’ . On the following Argand
diagram, the points P,, P, and P, lie on a circle of radius 1 unit with centre O(0. 0).

Im
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(@ () Showthat(w—1)o'+o+1)=0 —1. [2]

(i) Hence, deducethat o+ @+ 1=0. [2]



Line segments [P,P,] and [P P,] are added to the Argand diagram in part (a) and are shown
on the following Argand diagram.

Im

Re

P,P, is the length of [P,P,] and PP, is the length of [P P,].

(b) Show that PP, x P,P,=3. [3]
Consider the case where n =4.

The roots of the equation z*=1 wherezc C are 1, @, ®" and ©’.

(c) By factorizing z* — 1, or otherwise, deduce that &’ + @’ + @+ 1=0. 2]



On the following Argand diagram, the points P, P,, P, and P, lie on a circle of radius 1 unit

with centre O (0, 0). [P,P,]. [P,P,] and [P P.] are line segments.

Im

Re

(d) Show that PP, x PP, x PP, = 4.

For the case where n = 5, the equation - = 1 where z = C hasroots 1, @, @, © and o".

It can be shown that P,P, x PP, x PP, x PP, =5.

Now consider the general case for integer values of n, where n > 2.

The roots of the equation z"=1where z € C are 1, ®, @' ..., @ . On an Argand diagram,

these roots can be represented by the points P, P,, P,, ..., P,_, respectively where
[P.P.]. [PP,]. ..., [P,P, ] are line segments. The roots lie on a circle of radius 1 unit
with centre O (0. 0).

(e) Suggesta value for PP, x PP, x.. xPP, .

P,P, can be expressedas |1 — o|.

() (i) Write down expressions for P,P, and P P, in terms of w.
(i) Hence, write down an expression for P,P,_, interms of n and .

Consider 2" - 1=(z- 1) +Z " +...4z+1) wherez e C.

(@) () Express:z"'+:"+ .. +z+1 asa product of linear factors over the set .

(i) Hence, using the part (g)(i) and part (f) results, or otherwise, prove your
suggested result to part (e).
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Question 3
[Maximum marks: 28]

This question asks you to explore cubic polynomials of the form

(x — ¥)(x* 2ax +a’ + b°) for x € R and corresponding cubic equations with one real

root and two complex roots of the form (z —r)(z" —2az+a’ + b’ )=0for z € C.

In parts (a), (b)and (c), let r=1, a=4 and b=1.

Consider the equation (z — 1)(z"—8z+17)=0for z € C.

(a) (i) Giventhat 1 and 4 +1 are roots of the equation, write down the third root. [1]
(i)  Verify that the mean of the two complex roots is 4. [1]

Consider the function f(x) =(x— 1)(x* — 8x+17) for x € R.

(b) Show thatthe line y=x — 1 is tangent to the curve ¥y =f(x) at the point A(4, 3). [4]

(c) Sketch the curve y = f'(x) and the tangent to the curve at point A, clearly showing
where the tangent crosses the x-axis. [2]

Consider the function g(x) = (x — r)(x* — 2ax + @’ + b*) for x € R where r,a € R and
beR,b>0.

(d) () Showthat g'(x)=2(x—r)x—a)+x —2ax+a +b. 2]

(i)  Hence, or otherwise, prove that the tangent to the curve y = g(x) at the point
A(a, g(a)) intersects the x-axis at the point R(r, 0). [6]

The equation (z — r)(zZ' — 2az + a’ + b’) = 0 for z € C has roots r and a + bi where r,a € R
and be R, b>0.

(e) Deduce from part (d)(i) that the complex roots of the equation
(z —7r)(z" —2az + @’ + b*) = 0 can be expressed as a+i\fg'(a) . [1]



On the Cartesian plane, the points C, (a,,fg'(a)) and C, (a,— g'(a}) represent the real

and imaginary parts of the complex roots of the equation (z — r)(22 —2az+a + bz) =

The following diagram shows a particular curve of the form y = (x — ;-')(x2 —2ax+a’+ 16)
and the tangent to the curve at the point A(a, 80). The curve and the tangent both intersect
the x-axis at the point R(-2, 0). The points C, and C, are also shown.

¥y

A

A(a, 80)

R(-2,0) &1 x

(¥}

()] Use this diagram to determine the roots of the corresponding equation of the
form (z—r)(z —2az+a +16)=0forz e C. [4]

(1) State the coordinates of C,_ M

Consider the curve y = (x — r)(x’ — 2ax + a’ + b’) for a #r, b > 0_ The points A(a, g(a)) and
R (r, 0) are as defined in part (d)(ii). The curve has a point of inflexion at point P.

1
(g) (i) Show that the x-coordinate of P is §(2a+r).
You are not required to demonstrate a change in concavity. [2]

(i) Hence describe numerically the horizontal position of point P relative to the
horizontal positions of the points R and A. [1]

Consider the special case where a=r and b > 0.
(h) (i) Sketchthecurve y=(x—r)(x’—2ax+a’+b’) fora=r=1and b=2. 21

(i For a=r and b > 0, state in terms of r, the coordinates of points P and A 1



Question 4
[Maximum marks: 27]

This question asks you to explore some properties of polygonal numbers and to
determine and prove interesting results involving these numbers.

A polygonal number is an integer which can be represented as a series of dots arranged
in the shape of a regular polygon. Triangular numbers, square numbers and pentagonal
numbers are examples of polygonal numbers.

For example, a triangular number is a number that can be arranged in the shape of an
equilateral triangle. The first five triangular numbers are 1, 3, 6. 10 and 15.

The following table illustrates the first five triangular, square and pentagonal numbers
respectively. In each case the first polygonal number is one represented by a single dot.

Type of
polygonal Geometric representation Values
number
Triangular ® e
® °0 o0e0 13,6, 10,15 .
RURRGES ) oo ece PR S cesce...
(XYY}
Square [ I XX} (I X X X ]
(1 Y] ovee Ty
numbers 'Y soe T eseoe ¢ 42.16,2, ..
® oe eoe eoe0® es00®
®
L )
[ ] .‘ L ..
Pentagonal e® % o, % "o
® o, ® o o _°® o0 1,5.12.22.35. ..
numbers ° 0% % 0% %0 o %eee S
e @ e o0 e o0 ® o000
° se coe YY) (XYY Y}

For an r-sided regular polygon, where r € Z*, r = 3, the nth polygonal number P.(n) is given by

N (r—2)n*—@r—Nn

,wWhere n e Z*.
2

P.(n)




(4-2)n"—(4-4)n

Hence, for square numbers, P,(n)= : =it

(@) (i) For triangular numbers, verify that P,(#) :M.

(ii)  The number 351 is a triangular number. Determine which one it is.
(b) (i) Showthat P(n)+P,(n+1)=(n+1).

(i)  State, in words, what the identity given in part (b)(i) shows for two consecutive
triangular numbers.

(iif) For m =4, sketch a diagram clearly showing your answer to part (b)(ii).
(c) Show that 8P,(n) + 1 is the square of an odd number for all n € Z~.
The nth pentagonal number can be represented by the arithmetic series
P(m)=1+4+7+._..+3n-2).

n(3n—1)

(d) Hence show that A(n)= forn e Z".

(e) By using a suitable table of values or otherwise, determine the smallest positive integer,

greater than 1, that is both a triangular number and a pentagonal humber.

A polygonal number, P.(n), can be represented by the series

i(l+(m—l)(r—2)) where r e Z*, r=3.

2 (r=2n"-(r—Hn
2

(f)  Use mathematical induction to prove that P.(n) = where n € Z".
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Question 5
[Maximum mark: 27]

This question asks you to investigate conditions for the existence of complex roots of
polynomial equations of degree 3 and 4.

The cubic equation x* + px* + gx + r=0, where p, ¢, r € R, has roots «, g and 7.
(a) By expanding (x — a)(x — S)}(x — ) show that:

p=—(a+B+7)

q=ap+py+ya

r=—apfy.
(b) () Showthat p*—2g=cf+ B>+~

(i) Hence show that (e — By’ + (B— ¥+ (y—a) =2p" — 6q.

(c) Given that p* < 3¢, deduce that «, B and y cannot all be real.
Consider the equation x* — 7x’ + gx + 1 = 0, where ¢ € R.

(d)  Using the result from part (c), show that when ¢ = 17, this equation has at least one
complex root.

Noah believes that if p° > 34 then «, 8 and y are all real.

(e) () By varying the value of ¢ in the equation x* — 7x* + gx + 1 = 0, determine the
smallest positive integer value of g required to show that Noah is incorrect.

(i) Explain why the equation will have at least one real root for all values of ¢.

[3]
3]
3]
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Now consider polynomial equations of degree 4.
The equation x* + px’ + gx’ + rx + s =0, where p, g, r, s € R, has roots «, B, y and 5.
In a similar way to the cubic equation, it can be shown that:
p=—(a+p+y+9)
qg=cap+ay+ ad+ Py+ pé+ yo
r=—afy+ afd+ ayd+ Bysd)
s = afyo.
() () Find an expression for a’ + B>+ y>+ & in terms of p and g.

(i)  Hence state a condition in terms of p and ¢ that would
imply x* + px’ + gx* + rx + 5 = 0 has at least one complex root.

(g) Use your result from part (f)(ii) to show that the equation x* — 2x’ + 3x* — 4x + 5=10 has
at least one complex root.

The equation x* — 9x° + 24x* + 22x — 12 = 0, has one integer root.

(h) (i) State what the result in part (f)(ii) tells us when considering this equation
x' =97 + 245" +22x - 12 =0.

(i)  Write down the integer root of this equation.

(i) By writing x* — 9x” + 24x” + 22x — 12 as a product of one linear and one cubic
factor, prove that the equation has at least one complex root.
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Question 6

[Maximum mark: 28]

In this question you will investigate series of the form

L]
Zi‘?: 19429+ 37+ .. +n' where n,q € Z*
i=l

and use various methods to find polynomials, in terms of », for such series.

When ¢ =1, the above series is arithmetic.
. 1

(@) Show that Zi=§n(n+l). [1]
i=l

Consider the case when g = 2.

(b)  The following table gives values of 7* and » i* forn=1,2,3.

i=l

1 1 1
2 4 5
3 9 p
(i)  Write down the value of p. [1]

(i)  The sum of the first » square numbers can be expressed as a cubic polynomial
with three terms:

n
Z."Z =an+an’ +an’ where a,, a,, a, € Q.
i=l
Hence, write down a system of three linear equations in «,, a, and a,. [3]
(iiiy Hence, find the values of a

., a,and a,. 2]



You will now consider a method that can be generalized for all values of g.
Consider the function f(x)=1+x+x"+ . +x", ne Z .
(¢) Showthat xf'(x)=x+2x*+3x" + ... +nx". [1]
Let f,(x) =xf'(x) and consider the following family of functions:
Fix) =xf'(x)
fi(x) =x1,'(x)
Six) =xfi'(x)

fg(‘x) =5 g—lf(x)

(d) () Showthat f,(x)=>Y i 2]
i=1 »

(i)  Prove by mathematical induction that f, (x)= Zf‘?x' ,qeZ. [6]
i=l

(iif)  Using sigma notation, write down an expression for f (1). [1]

(e) By considering f(x)=1+x+x"+ ... +x" as a geometric series, for x # 1,
n+l
—1

show that f(x)= 4
x—1

[2]

nx™? —(n+1)x"™" + x
() Forx=#1,showthat fi(x)= ( 1)2
e

(@ (i) Show that lim £ (x) is in indeterminate form. [1]
x—l

[3]

(i)  Hence, by applying I'Hépital's rule, show that linllfl(x)z %n(n+ 1). [5]



Question 7

[Maximum mark: 31]

This question asks you to examine linear and quadratic functions constructed in
systematic ways using arithmetic sequences.

Consider the function L(x)=mx +c¢ for x € R where m, c € R and m, ¢#0.
Let € R be the root of L(x)=0.

If m, r and ¢, in that order, are in arithmetic sequence then L (x) is said to be an AS-linear
function.

(@) Showthat L(x)=2x—1 is an AS-linear function.

Consider L(x)=mx +c.

b) () Showthat r=—<
m

(i)  Given that L (x) is an AS-linear function, show that L (x)= nmx—

m+2
(iiiy State any further restrictions on the value of m.

There are only three integer sets of values of m, r and ¢, that form an AS-linear function.
One of these is L(x)=—x— 1.

(c) Use part (b) to determine the other two AS-linear functions with integer values of m, r
and c.

Consider the function Q(x)=ax’+bx+cforx e R where ae R, a#0 and b, c € R.
Let r,, r, € R be the roots of Q(x)=0.
(d)  Write down an expression for

(i) the sumofroots, r, +r,, interms of a and b.

(i)  the product of roots, 7,7, interms of a and c.

[2]

[1]
[4]

[1]

[3]

[1]
[1]



If a, r,, b, r, and ¢, in that order, are in arithmetic sequence, then Q(x) is said to be an
AS-quadratic function.

(e) Given that Q(x) is an AS-quadratic function,

(i)  write down an expression for r, —r, in terms of a and b;

2 — —
(i)  use your answers to parts (d)(i) and (e)(i) to show that 7, = %bb ;
a

(i) use the result from part (e)(ii) to show that b=0 or a = —% ;
Consider the case where 5 =0.

(f)  Determine the two AS-quadratic functions that satisfy this condition.

Now consider the case where a = —% .
(@) () Find an expression for 7, in terms of b.

(i) Hence or otherwise, determine the exact values of b and ¢ such that
AS-quadratic functions are formed.

—prgVs
2

Give your answers in the form where p, g, s € Z".
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Question 8

[Maximum mark: 24]

This question asks you to explore some properties of the family of curves
y=x'+ax’+b where x € R and a, b are real parameters.

Consider the family of curves y=x*+ax*+b forx e R, where a e R,a#0 and b € R.
First consider the case where ¢ =3 and b e R.

(a) By systematically varying the value of b, or otherwise, find the two values of 5 such
that the curve y =x° + 3x” + b has exactly two x-axis intercepts.

(b)  Write down the set of values of 5 such that the curve y =x" + 3x* + b has exactly
(i) one x-axis intercept;
(i) three x-axis intercepts.

Now consider the case where ¢=-3 and b € R.

(¢)  Write down the set of values of » such that the curve y =x" — 3x* + b has exactly
(i) two x-axis intercepts;
(i) one x-axis intercept;

(iii)  three x-axis intercepts.

[2]

[1]
[1]

[1]
[1]
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For the following parts of this question, consider the curve y=x’+ax*+b fora e R, a #0
and b e R.

(d)

(e)

®)

(@)

(h)

Consider the case where the curve has exactly three x-axis intercepts. State whether
each point of zero gradient is located above or below the x-axis.

Show that the curve has a point of zero gradient at P(0, 5) and a point of zero gradient
2 4,
t ——a,—a +b |,
2 Q( 327 }
Consider the points P and Q for a>0 and 5> 0.

(i)  Find an expression for 31—); and hence determine whether each point is a local
maximum or a local minimum.

(i)  Determine whether each point is located above or below the x-axis.

Consider the points P and Q for a<0 and b > 0.

(iy  State whether P is a local maximum or a local minimum and whether it is above
or below the x-axis.

(i)  State the conditions on a and b that determine when Q is below the x-axis.

Prove that if 4a’h+27b* <0 then the curve, y =x° + ax’ + b, has exactly
three x-axis intercepts.

[1]

[5]

[3]
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[1]
[1]
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Question 9

[Maximum mark: 27]

This question asks you to investigate models for the population of trout in a lake.
Trout is a type of fish. At the start of a year, a lake is estimated to contain 6000 trout.
The owner of the lake estimates that the number of trout will increase by 10% per year.

At the end of each year, the owner proposes to remove 500 trout from the lake to
prevent overpopulation.

Therefore, the relationship between I’ |, the predicted number of trout at the start of year »,
and T the predicted number of trout at the start of year n + 1, is given by

n+1?

T

n+l

=1.1T,- 500 and T, = 6000.

For example, the predicted number of trout at the start of the second year is given by

1. = L11. —500,
(a) Use this formula to verify that 7, = 6100. [2]
(b) () Verify that 7, = 6210. [1]
(i) Find 7,. [2]

500((1.1)"" 1)

It is also known that 7, = 6000(1.1)’H - T

() () Showthat T,=1000(1.1)"" +5000. 2]

(i)  Hence, or otherwise, find 7. Give your answer to the nearest whole number. [2]



After deciding that the trout population would increase too quickly, the lake owner proposes
instead to remove 750 trout at the end of each year.

The relationship between D , the predicted number of trout at the start of year »n, and D
the predicted number of trout at the start of year n + 1, is now given by

n+12

B =110 = 750 and 1= 6000,
It is also known that D, =—1500(1.1)""" + 7500 .
(d) () ShowthatD,  , —D =-150(1.1y"".
(i)  Use the result in part (d)(i) to deduce that the predicted number of trout at the
start of any year will be greater than the predicted humber at the start of the next
year.

(e) Determine the first year during which there will be no trout remaining in the lake.

The lake owner now considers a more general approach where d trout are removed at the
end of each year.

Let C, denote the predicted number of trout in the lake at the start of the nth year where
C,=6000(1.1)""" = 10d((1.1)""" = 1).

(f)  Find the value of d such that the predicted number of trout at the start of each year
is constant.

To model predicted numbers of trout, the lake owner has been using sequences generated by

u ., ,=r —d,whered,re R and r#1.

d(r"'-1
(@) Use mathematical induction to prove that u, = u,r"‘1 —(71), forneZ".
r —

(3]

(1]
(4]

(3]

[71



Question 10

[Maximum mark: 28]

A polynomial is said to be palindromic if the sequence of its coefficients remains the
same in reverse. This question asks you to investigate some properties and solutions

of palindromic polynomial equations.

In parts (a) and (b), consider quadratic equations of the form ax” + bx + a =0, where a 2 0.

The sequence of coefficients, {a, b, a}, remains the same in reverse.

The following table shows three palindromic quadratic equations and their sequence of coefficients.

Palindromic quadratic equation

Sequence of coefficients

2% — Sx 2= {2,-5,2}
X+4x+1=0 {1,4,1}
¥ 10 1.0.1)

The quadratic equation 2x* — 5x + 2 = 0 has roots 2 and % :

These roots form a “reciprocal pair’, since one root is the reciprocal of the other.

(@) (i) Determine the roots of x* + 4x +1=0.

Give these roots in the form Si\/T_, where s e Z and f € Z*.

(i)  Hence, or otherwise, show that these roots form a reciprocal pair.

(b)  Show that the complex roots of x* + 1 = 0 form a reciprocal pair.

Let p(x)=ax’+bx +a,where a = 0.

(c¢) Verify that p(x)zxzp( l) where x #0.

'x E

(3]
(2]
(2]

(2]



In parts (d) and (e), you may assume the result that a polynomial, p(x), of degree » is
palindromic if and only if p(x)=x"p (l]
X
(d) Use p(x) = x"p(lJ to show that if o # 0 is a root of p(x) =0, then d is also a root. [2]
% a

Let f(x)=p(x)g(x), where p and g are palindromic polynomials of degree »n and m respectively.
(e) Show that f is a palindromic polynomial. [4]
Consider the palindromic polynomial f(x) =x*+2x —x* +2x + 1.
This polynomial can be expressed in the form

f@) =@ +ux+ 1) +vw+ 1), whereu,veZ and u<v.

() By forming and solving an appropriate system of equations in # and v, determine the
value of u and the value of v. [6]

(g) Hence, find all the exact complex and purely real roots of x* + 2x° —x" + 2x+ 1 =0. [3]
Consider the palindromic polynomial equation
X'+ax" '+ax"t+ . +ax’+ax+1=0,where n is odd.

(h) Show that —1 is always a root of this equation. [4]





