Subject - Math AA(Higher Level)
Topic - Number and Algebra
Year -May 2021 - Nov 2024

Paper -3
Answers
Question 1
(@ A=s*and p=4s (A1)
A= Py =iy (M1)
s(s—4)=0
=s=4(s>0) A1

Note: Award ATM1AQ if both s =4 and s = are stated as final answers. |
[3 marks]

(b) 4 L B A1
2 n

Note: Award A7 for a correct alternative form expressed in terms of x and » only.

= T ’ . 4T
For example, using Pythagoras’ theorem, 4 =xsin— x?—x’sin?Z or
n n

A :2[%[:(5&115][ xcosEJ] o HIT¥ sin~cos .

11 1 R i

[1 mark]



(c) METHOD1

o

uses sind =
hyp

¥

. &t
l =gin—
X n

o
y=2xsm—
n

METHOD 2
w2

uses Pythagoras' theorem (%] +4* =x*and J = xcos~

n
. 2 \2 e %

(l] +(xc05£J o (J-’? :4.\'2t1—c0523J]

2 n n

g 5
=4x’sin’ =
n

. T
y=2xsm—
n

METHOD 3

uses the cosine rule

2 2
,1‘2 =2x 2% cos—n [: 2x” [1 — cos—KJ]
n n

LT
=4x*sin’ —
n

. T
¥y =2xsm—
n

(M1)

A1

AG

[2 marks]

(M1)

A1

AG

[2 marks]

(M1)

A1

AG

[2 marks]



METHOD 4

uses the sine rule

X

¥ =2xsm

. B (3{ T
sin— sin| ———
2 HJ

T . T T
YCOs— =2x5In—COS—

it n il
s
i

A=P=nd =ny

(M1)

A1

AG

[2 marks]
(M1)

‘ Note: Award M1 for equating correct expressions for 4 and P.

1. 45 28 A S "
—HXTSIn— = 21XsiN— | AXYT SN —C0S— = 2HXSin—
2 n n n ] i

1 5. 2m o (n = R T . T
—X"siIn— =2xs1in— | ¥ siIn—Ccos— = 2xsin—
2 n n n n n

y
uses sin“—n = 2sin£c:mE (seen anywhere in part (d) or in part (b))
n nooon

3 . T T . T
X sin—cos—=2xsin—
n n i

attempts to either factorise or divide their expression

.OT T
xsin—| xcos——2 |[=0
n n

2 . I
K= - ( Xsin— # 0](or equivalent)
cos— " -

i

A1

(mM1)

(M1)

A1t



EITHER

substitutes x =

(or equivalent) into P =py

Cos —
]

2 ¢ e ITE
= sin—
cos— L

n

P=2n

(mM1)

A1

Note: Other approaches are possible. For example, award A1 for P =2nx cogE tanf
non

and M1 for substituting x = into P.

I
COs—
n

OR

e

substitutes y =

r (or equivalent) into 4 =ni;
cos—

n

THEN

T
A=P=4ntan—
n

(M1)

A1

AG

[7 marks]



(e) (i) attempts to use the Maclaurin series for tanx with y = ol

H
3 5
T T
tan—:—+L+L(+...}
non 3 15

3 5
b8 T = 2n
dntan—= 4”[

n

—+—+
n 3n 15w

(+)] (or equivalent)

=4 n+—+—++

an®  1s5n*

) oy ]

= lim {4?? tanE] =4n
n—m | i

Note: Award a maximum of M1A1AQ if lim is not stated anywhere.

H—¥D

(i) (@sn—w, Po>4nand 4 4n)

the polygon becomes a circle of radius 2

Note: Award R1 for alternative responses such as:
the polygon becomes a circle of area 41 OR

the polygon becomes a circle of perimeter 47 OR
the polygon becomes a circle with .4 =P =4x.

Award RO for polygon becomes a circle.

(M1)

A1

A1

[3 marks]

R1

[1 mark]



0 A:%nb and P LAl (A1)(A1)

equates their expressions for 4 and P

A=P=a+b++a*+b° :%ab
2 2 ]-
Ja’ +b =;ab—(a+b)

M1

M1

Note: Award M1 for isolating +/a® +b* or +2+/a” + b’ . This step may be seen later.

52

a’+b’ :[%m‘)—(a+b]J
f.'2+bzZiﬂ'zﬁz—2{%(&5}(&4—5}—%[(‘!4—5)2 M1

[:%azbz —a*h—ab* +a’ + 2ab+b1J

Note: Award M1 for attempting to expand their RHS of either ¢ + b = .
or 4(a’+b’)=...

EITHER
(.'b(%(fb—(!—b+2]=0 (ab=0) A1

1
—ab—a-b+2=0
4

ab—4aq=4b—8
OR

%azbz —a*b—ab*+2ab=0

(f(lbz—b
4

+(26—b*)=0 (a(b* —4D)+(8b—4b")=0) A1

4b* —8b
a=———
b* —4b



THEN

b-4
4b—-16+8
4g=———
b—4
a= i+4 AG
b—4
Note: Award a maximum of ATATM1M1MOAQDAOD for attempting to verify.
For example, verifying that 4 =P :iJr 2b+ 4 gains 4 of the 7 marks.
[7 marks]
(g) (i) usingan appropriate method (M1)
eg substituting values for p or using divisibility properties
(5.12,13) and (6.8.,10) A1A1
Note: Award A1AO0 for either one set of three correct side lengths or two sets of two
correct side lengths.
[3 marks]
(ii) A=P=30and 4=P=24 A1
‘ Note: Do not award ATFT. ‘
[1 mark]

Total [28 marks]



Question 2

(@) () METHOD 1

attempts to expand (@ - 1)(&:2 + m+1) (M1)
=0+’ +o-0 -w-1 At
=o' -1 AG
[2 marks]

METHOD 2

e @ —1
attempts polynomial division on ; M1
®—

=0’ +w+l A1
so (o-1)(0’ +o+1)=0’-1 AG
[2 marks]
(i) (since w isarootof 2 =)= @’ —-1=0 R1
and @#1 R1

=& +0+1=0 AG



() METHOD 1
attempts to find either P,P, or P,P, (M1)

accept any valid method

eg. 2sin > 2412 —QCDS-EE, P from either AOP.P. or AOP,P.
3 3 T 27[ 01 02
sing sin?

e.g. use of Pythagoras’ theorem

2 1 Jg
eg. l-e?|, [I— —5+7i by calculating the distance between 2 points
PP =3 A1
PP, =43 A1

Note: Award a maximum of M1A1AQ for any decimal approximation seen in the
calculation of either PP, or P,P, or both.

so PP xBP, =3 AG
METHOD 2

attempts to find PP, x P,P, =|l—wi|1—ﬂ)2! (M1)
PP xBP, = |0’ — 0’ —o+] A1
:|l—(a;r2+m+1)+2| and since @’ +@+1=0 R1
so B,P,xFP, =3 AG

[3 marks]



(c) METHOD1

z* -1=(z—1}](:-:3+:x:2 +z+l)

(@ is aroot hence) @* —1=0 and @w#1

=&+ +o+1=0

Note: Condone the use of @ throughout.

METHOD 2
considers the sum of roots of z* —1=0
the sum of roots is zero (there is no =° term)

>+’ +o+1=0

METHOD 3

substitutes for @

3w T

eg. LHS =e 2 +e®+e2 +1

=—i—1+i+l

Note: This can be demonstrated geometrically or by using vectors.

Accept Cartesian or modulus-argument (polar) form.

S@+o +o+1=0

METHOD 4
4_
&+t +o+1=2 .
w—1
=L=0 as w=#1
@—1

S+ +o+1=0

A1l

R1
AG

[2 marks]

(mM1)
A1

AG
[2 marks]

(m1)

At

AG
[2 marks]

A1l

RrR1

AG
[2 marks]



(d)

METHOD 1
PP, =2

attempts to find either P,P, or P,P,

Note: For example, P,P, =|l—i| and P,P, =[1+i|.

Various geometric and trigonometric approaches can be used by
candidates.

PP :'Jis PoPsz\/E

Note: Award a maximum of ATM1A1AQ if labels such as F,P, are not clearly

shown.
Award full marks if the lengths are shown on a clearly labelled diagram.
Award a maximum of ATM1A1A0 for any decimal approximation seen in

the calculation of either PP, or P P; or both.

P,P, xP,P,xP,P, =4

METHOD 2
attempts to find PyP, x PP, x B,P; =[1 - o[l - @’ |1 - &

PP, x PP, x PP, =|-0° + 0’ + o' ~ 0’ ~ 0+ ]|
:|—(—1)+ o +1—{—1)—m+1\ since ®®* =’ =-1 and @' =1
=‘m5 -a+ 4‘ and since @’ =

so PP, xP,P, xP,P, =4

A1

(M1)

A1A1

AG
[4 marks]

M1
A1
At
R1

AG
[4 marks]



(e) (PP xPP,x..xPP,, )=n

® @) PP=[l-o

. PP, =[l-o|

(i) PP =[l-0"

Note: Accept |1—@| from symmetry.

A1l
[1 mark]

A1A1

[2 marks]

A1l

[1 mark]



(9)

(i)

z" —l:(:—l}(:"’_1 4+ z"2 +...+:+1)

considers the equation 2" +z" " +...+z+1=0 (M1)
the roots are @,@’,...,0"" (A1)
so (z-m)(z—mz)...(z—m“_l] A1

[3 marks]
METHOD 1
substitutes z=1 into (:—m}(:—mz)...(:—m”‘l) =142y 74

M1

(1-0)(1-@)..(1-0"" ) =n (A1)
takes modulus of both sides M1
‘(l—m)(]—mz)...(l—a)"'l)‘:\n\
1-alfi-&|. [1-e™|=n A1
so BExBP.%..xBP. <H AG

Note: Award a maximum of MTATFTM1AO from part (e). ‘

[4 marks]



METHOD 2

(1-),(1-@"),....(1- ™) are the roots of (1=v)"" +(1—v)"" +..+(1-v)+1=0

n=1

coefficient of v"' is (—l)”'I and the coefficient of 1 is n

product of the roots is ( 1)

|l--w”1-w2‘...l1-w"_l =n

so PP xPP, x.xBP ,=n

—l]n_ln

n-1

=n

M1
A1

A1

A1

AG

[4 marks]
Total[24 marks]



Question 3

@ @ 4-i

(ii) mean:%[4+i+4—i)

=4

(b) METHOD 1
attempts product rule differentiation

Note: Award (M1) for attempting to express f(x) as f(x)= ¥ 8" £25:-17

FixX)=(x-1D)(2x-8)+x>—8Bx+17 (f'-(x) =3x*—18x+ 25)

f4)=1

Note: Where f”(x) is correct, award AT for solving f'(x)=1 and obtaining
x=4.

EITHER
y-3=1(x-4)

OR
y=x+c

3i=44c=c=-1

OR
states the gradient of y=x-1 is also 1 and verifies that (4, 3) lies on the

line y=x-1

THEN
so y=x—1 is the tangent to the curve at A (4. 3)

A1
[1 mark]

A1l

AG
[1 mark]

(M1)

Al
A1l

A1l

A1l

A1l

AG



METHOD 2

sets f(x)=x-1tofom x—1=(x—1)(x*-8x+17) (M1)
EITHER

(x—1)(x*—8x+16)=0 (x’ —9x” +24x-16=0) At
attempts to solve a correct cubic equation (M1)

(x—1)(x—4) =0=x=1,4

OR
recognises that x#1 and forms x> —8x+17=1 (x"' —8x+16= D) A1l
attempts to solve a correct quadratic equation Mm1)

(x-4)' =0=>x=4

THEN
x=4 is a double root R1
so y=x—1 is the tangent to the curve at A (4, 3) AG

Note: Candidates using this method are not required to vernfy that y =3

[4 marks]



(c)

A4, 3)

a positive cubic with an x- intercept (x = 1) , and a local maximum and local
minimum in the first guadrant both positioned to the left of A

Note: As the local minimum and point A are very close to each other, condone
graphs that seem to show these points coinciding.

For the point of tangency, accept labels such as A | (4,3) or the point
labelled from both axes. Coordinates are not required.

a correct sketch of the tangent passing through A and crossing the x-axis at the
same point (x=1) as the curve

Note: Award A1A0 if both graphs cross the x-axis at distinctly different points. |

A1

A1

[2 marks]



(d)

(1)

EITHER

g'(x)=(x-r)(2x—2a)+x* —2ax+a’ +b’

OR

g(x)=x"-(2a+r)x’ +(a2+bz+2ar)x—[a2+bz]r
attempts to find g’(x)
g'(x)=3c-2(2a+r)x+a’ +b* +2ar
=2x"-2(a+r)x+2ar+x"-2ax+a’ +b’
(=Z(ch—.fzwc—;'jc+.z:r)+x2 —2czx+a2+bz)

THEN

g'(x)=2(x-r)(x—a)+x’ —2ax+a’ +b

(M1)A1

M1

A1l

AG
[2 marks]



METHOD 1

g(a)=b*(a-r) (A1)
g'(a)=b (A1)
attempts to substitute their g(a) and g'(a) into y—g(a)=g'(a)(x—a) m1

y—b%a—r)=h%x—a)

EITHER

y=b'(x—r) (y=b'x-br) A1
sets y=0so b’ (x—r)=0 M1
b>0=>x=r ORbz#0=x=r R1
OR

sets y=0 so —b’(a—r)=b’(x—a) M1
b>0 OR b#0 = —(a-r)=x-a R1
x=r A1
THEN

so the tangent intersects the x- axis at the point R (r, 0) AG



METHOD 2
g'(a) —p

g(a) =b2(a-=r)

(A1)

(A1)

attempts to substitute their g(a)and g'(a) into y = g'(a)x+¢ and attempts to find ¢

c=-b*r

EITHER
y=b'(x-r) (yzbzx—bzr)
sets y=0 so b*(x—r)=0

b>0=>x=r ORbOzx0=>x=r

OR

sets y=0so b’ (x-r)=0

b>00R b#0 =x—r=0

X=r

METHOD 3

g'(a):hz

the line through R (r, 0) parallel to the tangent at A has eqguation
y=b’ (x-r]

sets g(x)=b"(x—7) toform b*(x—r) =(x—r)(x’ —2ax+a* + )
B =x*2ax+a’ +5, (x#7r)

(x—a)z =0

since there is a double root ( x =a ), this parallel line through

R (r. 0) is the required tangent at A

M1

A1l

M1

R1

m1

R1
A1l

(A1)

A1l
M1

A1l

A1l

R1
[6 marks]



(e) EITHER
g'(a)=b"=b=,/g'(a) (since b>0)

Note: Accept b=+,/g'(a) .

OR
(axbi=)a+ib® and g'(a)=b"

THEN
hence the complex roots can be expressed as a+i.fg'(a)

() () b=4 (seen anywhere)
EITHER

attempts to find the gradient of the tangent in terms of a and equates to 16

OR

R1

R1

AG
[1 mark]

A1l

(M1)

substitutes »=-2,x=a and y =80 toform 80=(a—(-2))(a’ 24" +a’ +16)  (M1)

OR

substitutes r=-2.x=a and y=80 into y=16(x-r)

THEN

20
a+2

=16=a=3

roots are —2 (seen anywhere) and 3t 41

| Note: Award A7 for —2 and A1 for 3+ 4i. Do not accept coordinates.

(i) (3.—4)

Note: Accept“ x=3 and y=—4"
Do not award A1FT for (a.—4).

(M1)

A1A1

[4 marks]
A1l

[1 mark]



(@ (i) g'(x)=’-l(;’c—r)(;ﬁc—a]+::c2—2.f1:sc+.ﬂr2+.b2
attempts to find g"(x)
g'(x)=2(x—a)+2(x—r)+2x-2a (=6x—2r—4a)
sets g"(x)=0 and correctly solves for x

for example, obtaining x—7+2(x—a)=0 leading to 3x=2a+r

SO _r=§(2a +7)

Note: Do not award A1 if the answer does not lead to the AG. |

(i) point P is % of the horizontal distance (way) from point R to point A

Note: Accept equivalent numerical statements or a clearly labelled diagram
displaying the numerical relationship.
Award A0 for non-numerical statements such as“ P is between R and A
,Closerto A”.

M1

A1l

AG

[2 marks]

A1l

[1 mark]



h) ) y=(x-1)x"-2x+5) (A1)

Ly =

a positive cubic with no stationary points and a non-stationary point of

inflexion at x=1 A1
Note: Graphs may appear approximately linear. Award this A1 if a change of
concavity either side of x =1 is apparent.
Coordinates are not required and the - intercept need not be indicated.
[2 marks]
@ (r.0) A1l
[1 mark]

Total [28 marks]



Question 4

3-n’-(3-4 (-

@ o Bm=' )"2( ™ or p(m) =" ;"} A1
P =n2+n A1
=

n+n
Note: Award AOAT if F;{H)= only is seen.

Do not award any marks for numerical verification.

+1
so for triangular numbers, P,(n)= Meth AG
[2 marks]
(i) METHOD 1
uses a table of values to find a positive integer that satisfies 133(??} =5 | (M1)
for example, a list showing at least 3 consecutive terms ( 325, 351, 3?8.“}
Note: Award (M1) for use of a GDC’s numerical solve or graph feature. |
n=26 (26th triangular number) A1
Note: Award A0 for n=-27.26 . Award A0 if additional solutions besides
n=26 are given.
METHOD 2
n(n+1) N
attemnpts to solve =351 (n’ +n—702=0) for » (M1)
-1+, f1* —4(1)(-702
n= 25T TAHDC02) (o (n26)(n+27)=0
2
n=26 (26th triangular number) A1

Note: Award A0 for n=—-27.26 . Award A0 if additional solutions besides n =26
are given.

[2 marks]



(b)

(1)

(i)

(iii)

attempts to form an expression for F(n)+ F,(n+1) in terms of n

EITHER

n(n+1)+ (n+1)(n+2)

s

(n+1)(2n+2) (_ 2(n+1)(n+1)
> ()

B(n)+B(n+1)=

OR

E(n)+ B(n+1) E{Z—Z+g]+[@+%ﬂ}

2 2
+ +2n+1+n+1 2
E(ﬁ N]_}_(h‘ i ](E}‘!_+Z??+]_}
2 2

THEN

=(n+1)

the sum of the nth and (n+1)th triangular numbers

is the (n+1)th square number

C 0 O QC ¥
O C C - =
O O = o
ol A
P

Note: Accept equivalent single diagrams, such as the one above, where the 4th
and 5th triangular numbers and the 5th square number are clearly shown.

Award A1 for a diagram that show P, (4) (a triangle with 10 dots) and
P,(5) (atriangle with 15 dots) and P,(5) ( a square with 25 dots).

M1

A1l

A1l

AG

[2 marks]

A1l

[1 mark]

A1l

[1 mark]



() METHOD 1

8}3;{3’;]+1=8[

n(n+1)

]+1 (=4n(n+1)+1)

attempts to expand their expression for 85 (n)+1

=4n’ +4n+1
=(2n+1)

and 2n+1 is odd

METHOD 2

&F;{n)+1=8({n+1)2—@(H+1))+1 [=3[(n+1)2—w]+1}

2
attempts to expand their expression for 85 (n)+1
8(n" +2n+1)—4(n* +3n+2)+1 (=4n” +4n+1)
={2M+1)2
and 2n+1 is odd

METHOD 3

8ﬁ{n)+1:8[@]+1 (:{AH+B]2) (where 4,BeZ")

attempts to expand their expression for 8B (n)+1

4n* +4n+1 (= A4’n* +24Bn+ B?)

now equates coefficients and obtains B=1 and 4A=2
=(2n+1)’

and 2n+1 is odd

A1l

(M1)

A1l
AG

A1

(M1)

Al

AG

A1

(M1)

A1l

AG
[3 marks]



(d)

EITHER

u=1and d=3

. . . . n
substitutes their %, and their d into B(n)= 5{2;.:! +(n-1)d)

a(n)=3;-(2+3(n—1)} [=%(2+3n—3}}

OR

u=1and u =3n-2

substitutes their 4, and their ¥, into B (n) = %(1;1 +u,)

g(n}=-;3(1+3n—2}

OR
)=(3(1)-2)+(3(2)-2)+(3(3)~2)+...+3n—2
[ ] ( (1)+3(2)+ ( )+ +3n] 2n (=3[]+2+3+...+n)—2n)
substitutes H(HEH) into their expression for £ (n)
B (n) - -{n(n + U]—En
2
B(n)=2(3(n+1)-4)
OR
attempts to find the arithmetic mean of n terms
_1+(3n-2)
=2
multiplies the above expression by the number of terms »
P;(n)zg(1+3n—2]
THEN
B RO n(3n—1)

(A1)

M1

A1l

(A1)

m1

A1l

(A1)

M1

A1l

(mM1)
At

A1l

AG

[3 marks]



() METHOD 1

forms a table of P, (n] values that includes some values for n>5

forms a table of F, (m) values that includes some values for m >3

Note: Award (M1) if at least one P, (rz) value is comrect. Award (M1) if at least

one P, (m} value is cormrect. Accept as above for (nz + n) values and

(3m: = m) values.

n =20 for triangular numbers

m =12 for pentagonal numbers

Note: Award (A1) if n=20 is seen in or out of a table. Award (A1) if m=12 is
seen in or out of a table. Condone the use of the same parameter for

triangular numbers and pentagonal numbers, for example, n= 20 for
triangular numbers and n=12 for pentagonal numbers.

210 (is a triangular number and a pentagonal number)

Note: Award all five marks for 210 seen anywhere with or without working
shown.

(M1)

(M1)

(A1)
(A1)

A1l



METHOD 2
EITHER

attempts to express B,(n)=P(m) as a quadratic in n
n® +n+(m—3m’)(=0) (or equivalent)
attempts to solve their quadratic in »

_—leNam —am+1 | _ RN —‘;(m—3m2)

2

OR

attempts to express P,(n) = PB(m) as a quadratic in m
Im* —m —(nz + n)(: 0) (or equivalent)

attempts to solve their quadratic in m

1+/12n° +12n+1 li\f(—l]z +12(n +n)
n = i

6 6

THEN
n=20 for triangular numbers
m =12 for pentagonal numbers

210 (is a triangular number and a pentagonal number)

(M1)

(M1)

m1)

(M1)

(A1)
(A1)
A1l



()

Note: Award a maximum of RTMOMOATM1A1A1TRO for a ‘correct’ proof using n
and n+1.

consider n=1: B(1)=1+(1-1)(r-2)=1 and g(j)z(r_z)ﬂz)—(r—“)(l) _j

2
so true for n=1
— (1) —(r—4)Q
Note: Accept P (1)=1 and B (1)= (r=2)( }2 =00 4,
Do not accept one-sided considerations such as " P, (l) =1 and so true for
n=1.
Subsequent marks after this R1 are independent of this mark can be
awarded.

T N
Assume true for n=k, ie. }:;_(ka(" 2k —{rk

~

Note: Award MO for statements such as “let n =k . The assumption of truth
must be clear.

Subsequent marks after this M1 are independent of this mark and can be
awarded.

R1

M1



Consider n=k+1:

(P(k+1) can be represented by the sum

k+l

Z(]+(m—l](r—2})= g(]+[m—l)[r—2}}+(]+k(r—2]] and so

m=1

2
RU+n=T"2E—CVE, (1 p ¢ 2)) (BU+D=R®)+(1+k(-2))) M1
(- - -DEk+2+42k(-2) A1
B 2
_ =2 +20)—(r—-Dk+2
2
- DE+2k+D-(r-2)—(r—Dk+2 M1
2
2
DG+ - —DE+D A1
B 2
hence true for n=1 and n=k true =>n=~k+1 true R1
therefore true forall ne 727
Note: Only award the final R1 if the first five marks have been awarded. Award
marks as appropriate for solutions that expand both the LHS and (given)
RHS of the equation.
[8 marks]

Total [27 marks]



Question 5

(a) attemptto expand(x—a)(x—B)(x-y)
=(x*—(a+Px+af)(x-y) OR =(@x-a)(x*~(B+))x+pr)

{f+px2+q:x+r]=f’—(af+ﬁ+y)x2+(a,3+,6}f+}fa)x—a,6}f

comparing coefficients:

p==(a+p5+y)
g=(af+ pr+ya)
r=-afly

Note: For candidates who do not include the AG lines award full marks.

®) ) p'-2q=(a+pf+y) -2(af+fy+ya)
attempt to expand (a+ S+ )
=a’ + B+ +2(af+ By + ya)—2(af + By + ya) or equivalent

=a’2+ﬁ2+?2

Note: Accept equivalent working from RHS to LHS.

M1

A1l

A1

AG
AG
AG

[3 marks]

(A1)
(M1)
A1
AG

[3 marks]



(i)

EITHER

attempt to expand (- 8)’ +(B—¥) +(y —a)
=(a’+B° -2aB)+(B’+ 7" -2By)+()’ +a’ - 2ya)
=2(a* + B+ ) —2(af+ Py + yc)

= 2{;;-2 - 2q) —2¢ or equivalent

=2p2—6q

OR

attempt to write 2p* —6q in terms of a. 8.
=2(p>-29)-2¢

=2(a’ + B+ ) —2(af+ By +yc)
=(a’+p—2aB)+( B+ =28y )+’ +a* —2ya)

=(@—p)' +(B— +(—a)

(M1)

A1l

A1l

AG

M1)

A1l

A1

AG

Note: Accept equivalent working where LHS and RHS are expanded to identical

expressions.

[3 marks]



() p <3g=>2p -6g<0
= (@=p) +(B-y) +(y—a) <0

if all roots were real (a—B8)" +(f—y) +(r—a)’ =0

Note: Condone strict inequality in the R1 line.
Note: Do not award AOR1T.

—> roots cannot all be real

(d) p*=(-7)"=49 and 3g =51

so p® <3q — the equation has at least ane complex root

Note: Allow equivalent comparisons; e g. checking 2p2 < 6g

(e) (i) use of GDC (eg graphs or tables)
g=12

(i) complex roots appear in conjugate pairs (so if complex roots occur the

other root will be real OR all 3 roots will be real).
OR

a cubic curve always crosses the x-axis at at least one point.

A1

R1

AG
[2 marks]

A1l
R1

[2 marks]

(M1)
A1

[2 marks]

R1
[1 mark]



(fy (i) attemptto expand (af+ﬁ’+y+§]2 (M1)

(@+B+y+0)Y =+ B+ + 6>+ 2(af +ay +ad + By + S + y5)

(A1)
=&+ +7 +6 =(a+B+y+35) —2(@f+ay +ad+ Ly + 5+ ¥5)
[:)a'2+,32+;f2+52=}p2—2q A1

[3 marks]
(i) p*<2q OR p°—-2¢<0 A1l
| Note: Allow FT on their result from part (f)(i). |
[1 mark]
(@) 4<6 OR2°-2x3<0 R1
hence there is at least one complex root. AG

Note: Allow FT from part (f)(ii) for the R mark provided numerical reasoning
is seen.

[1 mark]



hy @ (p°> zq) (81>2x24) (so) nothing can be deduced R1

‘ Note: Do not allow FT for the R mark. ‘

[1 mark]
(i -1 A1l
[1 mark]
(iii) attempt to express as a product of a linear and cubic factor M1
{x+l)(x3—10x2+34x—12) A1A1
Note: Award A1 for each factor. Award at most ATAQ if not written as a product.
since for the cubic, p’ <3¢ (100 <102) R1
there is at least one complex root AG
[4 marks]

[Total: 27 marks]



Question 6
(a) EITHER

S, ==(2x1+(n-1)x1)

-

OR

u, =1 and either u, =n or d =1 stated explicitly

OR
1+ 2+...+n (or equivalent) stated explicitly
THEN
n
S,=—(1+n)

-

Note: Award A0 for a numerical verification.

(i) aq+a,+ a;=1
2a,+4a,+8a, =5

3a,+9a,+ 27a, =14

Note: For the third A mark, award ATFT for 3aq, + 9a, + 27a, = p where p is

their answer to part (b) (i).

A1l

A1l

A1l

AG

[1 mark]

A1l
[1 mark]

A1l
A1l

A1l

[3 marks]



1
(i) &= (=0.166666..~0.167), a,=— (=0.5),

b | =

1
a== (=0.333333...~0.333)

Note: Award AT if only two of a,.a,.a, are correct.

Only award FT if three linear equations, each in a,.a, and a, are stated
in part (b) (i) or (iii).

Award A2FT for their a,.a, and a; .

Award ATFT for their a.a, and a;,=0.

(©) f(x)=1+2x+3x" +..+mx™"

Note: Award A1 for f'(x)= iixH :
=1

Sxf'(x)= x+ 227 +30 t.am”

A2

[2 marks]

A1

AG

[1 mark]



(d)

() METHOD1

L(%)=4 (%)

.

fl)=1"+2"x+ (3zxz)+,..+n‘x"_1 (=1+4x+(9x2]+...+n2x"'1)

Note:

Award A1 for
Hix)= x[l2 +Pxy [32x2)+...+n2x“'1] (= x(l+4x+(9x2)+...+nzx“'1]]

) (x)=Px+ 22 +(32x3)+...+n2x" (= X+ 4x° +[9x3)+...+n2x“)

Note:

Award At for fi(x)=>"*x"" and A for xf(x)=x3i*x""
=1 i=l
The second A1 is dependent on the first A1.
Award a maximum of AOA1T if a general term is not considered.

=Zn:r'2x"
METHOD 2
d g .
) (I)=xa(’9‘" (x))
=x(f'(x]+3;f'{x)) (= o "(x)+ xzf’{x))

=x§if‘l+x2§:i{i—])f"3
=§fx"+iz‘(f—1}f (=Z":(i+.i2—r’)f]

=1 i=1

=ii3x"
i=1

A1l

A1l

AG

A1l

A1l

AG

[2 marks]



(i) consider g=1

fi(x)=x+2x"+...+nx" (reference to part (c)) and f;(x)=> ix’
—

assume frue for g =k, ( f; (x)=>i"x")
=

Note: Do not award M1 for statements such as “let g=k" or “q =k is true”

Subsequent marks after this M1 are independent of this mark and can be
awarded.

consider g =k +1

Jf;+1 (x) . Jffr:(x)

n
Skl -1
=x» i"x" OR x(1+2"x+3"x% + +nx)

=1

n

Note: Award the above M1 if f;,, (x)=x> "% or xf{(x)=x>1""x (or
i=1 =1
equivalent) is stated.

"
k4l 2
=Zz £ OR 2422+ 3% e
=1

R1

M1

M1

A1

A1

since true for g =1 and true for g =k +1 if true for ¢ =k, hence true for all

q(eZ")

Note: To obtain the final R1, three of the previous five marks must have been
awarded.

(iy f,(1)=1"+27+3"+..+ n*

= ifq [= iﬁ?}

i=1

R1

[6 marks]

A1

[1 mark]



u, (r" —1)

() uses § =
r—1

with r=x and u, =1

clear indication there are (n+1) terms

xn+l -1

fx)=

x-1

(/)  METHOD 1
i) =2f"(x)
. (x—1)(n+1)x" —lx(x —1]

(x-1)

Note: Award M1 for attempting to use the quotient or the product rule to find

().

=X

(x-1) (x-1)

(mr+x—n—l)x“—(x“+1 —1){ nx"“—nx"—x"+l}

Note: Award A1 for any correct manipulation of the derivative that leads to the

AG.

™ —(n+1)x™ + x
N

METHOD 2

attempts to form (x—1) £, (x)

(x=1) fi(x)=mx"" ~(x+ 27 + 5" +..+x")

oo (5]

M1

R1

AG

[2 marks]

M1A1

A1l

AG

M1

A1



A== AG

[3 marks]

_ ; n—(n+1)+1( 0
(@) () L‘i‘%ﬁ(x)zT(za) R1

Note: Only award R1 for sufficient simplification of the numerator, for example,
as shown above.

Do not award R1T if ]1'1111 is not referred to or stated.
T

[1 mark]



(iiy attempts to differentiate both the numerator and the denominator M1
n(n+2)™ - (ne1) x" +1
L n(n42)x (ne1)

A1
= 2(x-1)

n(n+2)x" —n(n+1)x" —(n+1)x" +1
2(x-1)

x—l

Note: Award AT for {(hm] } This form

can be used in subsequent work.

('Hdpital's rule applies again since)
_ n{n+2)x”1—(n+1)21” +1 0
lim =—
x=1 2(x-1) 0

R1

Note: Do not award R1 if ]j1111 Is not referred to or stated.
T3

Subsequent marks are independent of this R mark.

attempts to differentiate both the numerator and the denominator M1

n(n+2)(n+1)x"— H(?’t+l)2 i

x—=l 2

n[n+2)(n+1]— n(n +1)2 ] n +3n’ +2M—(M'3 +2n? +n)

2 2

=H(n+l)((n-|;2)—(n+l)) [z HE;,'] A1

1
st 1 AG
2n(n+ )

[5 marks]
Total [28 marks]



Question 7

@ .m=2,c=1

1
r=—
2
2,1.—1
2
EITHER
o g e B
2 2) 2
OR

; : 3
this sequence has a common difference of -3

OR

the (arithmetic) mean of 2 and —1 is %

THEN

hence L(x)=2x-1 is an AS-linear function

® ) (L(r)=0=>)mr+c=0

(A1)

A1

A1

A1

AG

[2 marks]

A1

AG

Note: Award A0 for numerical verification from L (x] =2x-1 in part (a).

[1 mark]



(i) METHOD 1
EITHER

attempts to use (d =)r—-m=c—r

Note: Award (M1) for attempting to use (d =)m—r=r—c.

(d:)—i—m:c—[_il

Hm m

c—m

Note: Award A7 for (d =)———m= 5
m

removes the denominator i from their expression involving m and ¢

2 .
m~ +cm+2c =0 (or equivalent)

OR

_|_
attempts to use mz g r

2a
m+c=——
m

removes the denominator m from their expression involving m and ¢

m* +cm+2c =0 (or equivalent)

OR

attempts to use c=m+2d

e
c=m+2 ——m
m

hY
Note: Award AT for ¢ = m+2{c—(—£”.
i

removes the denominator m from their expression involving m and ¢

m* +cm+2c =0 (or equivalent)

(M1)

A1

(M1)

(M1)

A1

(M1)

(M1)

A1

(M1)



OR

attempts to use r=m+d and C:m+2d(c:m+2(r—n.r})

m* +dm+m+2d =0 (or equivalent)

c—

substitutes d = into their expression involving m» and d

m* +cm+2c =0 (or equivalent)

THEN

2
m

C(M.=+2)=—m2 D=~

m+2

(M1)
A1

(M1)

A1

2
m
Note: Award A7 for a convincing demonstration that ¢ =—

m+2

so L(x)=mx— e
m+2

AG

Note: Do not accept working backwards from the AG.

METHOD 2

considers L(x)=mx—mr

attempts to use (d =)r—-m=c—r

(M1)

Note: Award (M1) for attempting to use (d =)m—r=r—c.

(d=)r—-m=—-mr—r
attempts to express r in terms of m

m
2Zr+mr=m>=vr=

m+2

2
so L(x)=mx— e

m+2

A1
(M1)

A1

AG

Note: Do not accept working backwards from the AG.

[4 marks]



(i) m=-2 (m=0) A1

[1 mark]

(c)
attempts to find an integer value of m (M1)

e.g. uses the result that n1+ 2 exactly divides 2 OR uses a table OR uses a graph
and slider OR uses systematic trial and error

Note: Award (M1) for solving m” :k(m+2) for m or solving mr— ”?_2 =0 for m or
m +
solving m” +cm+2¢c =0 for m.
m=—4 OR m=-3 (A1)
4,2, 80R -3.3.9
L(x)=—4x+8, L(x)=—3x+9 A1
Note: Award (M1)(A1)A0 for —4x+8 and —3x+9.
[3 marks]
b
d O — A1
a
[1 mark]
iy < A1

Q

[1 mark]



(e) () b-a A1
Note: Award marks as appropriate in parts (e) (i) and (iii) for use of , —», =a—b.
[1 mark]
(i)  attempts to eliminate M1
b >_ab-b
2 =—=——(b-a)>25n A O (or equivalent) A1
a a
Note: Award A1 for a correct alternative form of 7, or +27;.
3
“—ab-b
SO 5 ot S AG
2a

Note: Do not accept working backwards from the AG.

[2 marks]



(iii)

METHOD 1
EITHER

(n=)

a+b
2

attempts to equate two expressions for either # or 27 in terms of @ and b

2 2
a+b:a —ab-b OR n+b:a —ab->b
2 2a a
OR

b-r=n-a

_ a’ —ab—b
attempts touse b—r, =5, —a with , =————
2a

a*—ab—b\ a*—ab-b

b— = —a
2a 2a
OR
(r=)a+d
attempts to use 1, =a+d with 5 L il and d = i
2a 2
a’—ab—b b—a
=a+

2a 2

THEN

2a® +2ab=2a*> -2ab—-2b OR a* +ab=a> —ab—-b
4ab+2b=0 OR 2ab+b=0
2b(2a+1)=0 OR b(2a+1)=0

Note: Award (A1)M1 for any valid approach that correctly leads to 2ab+b =0 (or

equivalent).
Do not accept numerical verification from the AG.

so b=0 or a:—l
2

(A1)

M1

(A1)

M1

(A1)

M1

A1

AG



METHOD 2

(b=)a+2d OR (1 =)a+d (A1)
attempts to equate two expressions for either 7 or 25 in terms of a and d m1
a+d:az—a(a+2d)—(a+2d) - 2(a+d):(12—a(a+2(f)—(a+2d)

2a a
2a’* +4ad +a+2d =0
(2a+1)(a+2d)=0 A1

Note: Do not accept numerical verification from the AG.

sob:OOra:—% AG

[3 marks]



() METHOD 1
r=20Rr=-20Rd=-2
2 2 2

c=—a

attempts to find the values of a

EITHER

the roots of ax* —a =0 are +1 and %:il

OR

3
substitutes x = i% into ax’ —a =0 giving % —a=0

OR

2 3 3 3
(nm :)Ez—a—:ﬂ‘:—a— andso —a=——=L _4-0
T a 4 - 4 +

Note: Award (M1) for attempting to find the values of a from their arithmetic sequence
expressed in terms of a.

OR
3 3
A e —b:>—a—— _A :—Ebi—a:{)
- 4 2 2 4
THEN
a=%2

==, =0 =31 ¢=52
1 2

so O(x)=2x"-2, O(x)=-2x+2

Note: Award A0 for 2x* -2 and —2x>+2.
Award (A1)(A1)(M1)(A0)A0 for obtaining either a=2 or a=-2.

(A1)

(A1)
(M1)

(A1)

A1



METHOD 2

p=—d OR 7,=d OR a=-2d (A1)
c=2d (A1)
attempts to find the values of d (M1)
EITHER

the roots of —2dx” +2d =0 are +1

OR
substitutes x = +d into —2dx’* +2d =0 giving —2d° +2d =0
OR

: 2d
attempts to use rr, = £ toform —d* ==
a -2d

Note: Award (M1) for attempting to find the values of d from their arithmetic sequence
expressed in terms of 4.

THEN
d=+l1 (A1)

(a=32 r-3lW-Wig =7l —a7)

so O(x)=2x"-2, Q(x)=—2x"+2 A1

Note: Award A0 for 2x* —2 and —2x” +2.
Award (A1)(A1)(M1)(A0)AO0 for obtaining either d =1 or d =—1.




METHOD 3

a=2n OR b=-r1, OR d=— (A1)
&=—2% (A1)
attempts to find the values of (M1)
EITHER

the roots of 25,x> —2r =0 are +1

OR

substitutes x =7 into 2r,x’ — 25 =0 giving 27" —2r, =0
OR

25

2y

c
attempts to use 77, =— to form —r’ =
a

Note: Award (M1) for attempting to find the values of » from their arithmetic sequence
expressed in terms of 7.

THEN
n=x+1 (A1)

(a=420s $105=0, r,=31% 2)

so O(x)=2x"-2, O(x)=-2x"+2 A1

Note: Award A0 for 2x* —2 and —2x* +2.
Award (A1)(A1)(M1)(A0)AO0 for obtaining either 1, =1 or 5 =—1.

[5 marks]



(9)

(i) attempts to express 7 in terms of & with a = —%

(M1)

Note: Do not award (M1) if a :% is used.

EITHER

a+b
uses 1, =——

2

OR

a’—ab—-b
uses 1 =

2a

OR

uses n—a=b—n

THEN

A1

[2 marks]



(i) METHOD 1
EITHER

substitutes their expression for 7, with a = —% into O(x)(=0)

Q{%J(:O)D—%(%T +b[%)+c(:0)

OR
6b+1 ['_ 3b 1}

L5

=—4—
£ 4 2 4

substitutes their expression for r, with ar:—l into O(x)(=0)

Q(GEHIJ(:O):)_l(GbHT +b[6b4+1]+c(:0)

4 2\ 4
THEN
&= 4b2+1 (: 2b +%) (seen anywhere)

4b* +20b+5=0

attempts to solve their quadratic in 5

5425
o Sl
2
substitutes into ¢ = 4b+1
94445
; o
2

Note: Award AOAQ for b and ¢ expressed as decimal values.

Note: Award a maximum of (M1)A1(M1)AQAOFT for FT from part (g) (i).

(M1)

(M1)

A1

(M1)

A1

A1



METHOD 2

; . : . L.
substitutes their expressions for # and r, with n:—E into O(x)

A=)

Ao g 343 1y 1
2 8 32

4b+1
=
2

(: 2b +%] (seen anywhere)

) T - L
2 3 8 32

4b* +20b+5=0

attempts to solve their quadratic in b

LN
hb=—"—"7="Y"
2
substitutes into ¢ = 4b+1
94445
c=—
2

Note: Award AOAO for b and ¢ expressed as decimal values.

Note: Award a maximum of (M1)A1(M1)AOAOFT for FT from part (g) (i).

(M1)

A1

(M1)

A1

A1



METHOD 3

6b+1( 3b 1}
K= =i
: 4 \ 2 4

: . : : |
substitutes their expressions for r; and », with a :_E into 77, =L
a

(E]{ 601 J _. B (or equivalent)
4 4

1
2
EITHER

4b+1
&=
2

(: 2b +%J (seen anywhere)

OR

_1(25—1](6b+1J_[6b+1]_2b—1_[_l)
20 4 ) 4 4 ) 4 2,

THEN

46> +20b+5=0

attempts to solve their quadratic in 5

5125
b=——"—""
0
substitutes into ¢ = 4bq+1
945
2

Note: Award A0AO for b and ¢ expressed as decimal values.

Note: Award a maximum of (M1)A1(M1)AQAOFT for FT from part (g) (i).

(mM1)

A1

A1

(M1)

A1

A1



METHOD 4

1
attempts to equate two expressions for 7, with a = 5

)

—b+~b* +2¢ N 2&:4—1 (im: 264+1

-1

4b+1
&=

(: 2b+ %J (seen anywhere)

12b2—4b—1+32[2b+l]=0[Ab2+20b+5=0)

A

attempts to solve their quadratic in 5

54245

2

b

substitutes into ¢ = 4b+1

9+44/5

2z

=

Note: Award AQAOQ for b and ¢ expressed as decimal values.

Note: Award a maximum of (M1)A1(M1)AOAOFT for FT from part (g) (i).

(M1)

A1

(M1)

A1

A1



METHOD 6

1 1
rn=d—-—and r,=3d ——
2 2
substitutes their expressions for 7 and r, interms of d with a = —% into rr, = = (M1)
a

1 [ .
d—— || 3d —— |=—— (or equivalent
( 2]( 2J g S ;

2
1
c=4d & (seen anywhere) A1
4d*> +8d -1=0
attempts to solve their quadratic in d (M1)
—2+4/5
d= \/_
Z
—5+2+5
poSENS A1
2
substitutes into c= P
04+ 5
e L0 At
2
Note: Award AOAOfor b and ¢ expressed as decimal values.
Note: Award a maximum of (M1)A1(M1)AQAOFT for FT from part (g) (i).
[5 marks]

Total [31 marks]



Question 8

(a) varies the value of b with a=3

(M1)
Note: The (M1) in part (a) can also be awarded for a correct answer to either part (b)(i)
or (b)(ii).
Award (M1) for evidence that b =0 case is considered/determined.
b=-4.0 A1
[2 marks]
by () b<—4orb>0 A1
[1 mark]
(i) -4<b<0 A1
[1 mark]
(cy hb=04 A1
[1 mark]
(i) b<0orb>4 A1
[1 mark]
(i) 0<b<4 A1

[1 mark]



(d) one point of zero gradient is located on either side (of the x- axis) (or equivalent) A1

() METHOD 1

Q =3x" + 2ax
dx

attempts to solve their % =0 for x

_—2ai@ a

x(3x+2a)(:0) OR ,\‘—T OR x+—=+

when x=0, y =5 andso P (0, ) is a point of zero gradient

[1 mark]

(A1)

M1

A1

AG

Note: The following two marks are independent of the first three marks.

substitutes their expression for x interms of ¢ into y = X +ax*+b

2 4 4 : . :
so Q —ga, Ea +b | is a point of zero gradient

(M1)

A1

AG

[5 marks]



METHOD 2

d 2
Y 35?4 2ax (A1)
dx
: . 2. _dy
substitutes either x=0 or x = —?a into their a M1
dy . . .
when x=0.—=0 and y =5 so P(0, &) is a point of zero gradient AG

:iazfia2 (=0) —3[4612}4672(—0),—12(}246!2(—0) A1
3 3 9 3 9 3 _
and so E:0 when x:—ga AG
dx 3

Note: The following two marks are independent of the first three marks. ‘

substitutes x:—%a into y=x3 +ax* +b (M1)
3 2
}:(—ga] +a[—gaJ +b
3 3
y:—ia3+ia3+b (},:_ia3+£a3+bJ A1
27 9 27 o
2. 4 3 : . .
so Q| ——a, Ea +b | is a point of zero gradient AG

[5 marks]



d2
® —“r =6x+2a

d’y _ "y :
when x=0, @: 2a (a>0)andso (P)is a (local) minimum (point)

d2
when x:—%a, g};:—% (a>0)andso (Q)is a (local) maximum

(point)

(i)  (Pand Q are) both above (the x-axis)

A1

R1

R1

[3 marks]

A1l

Note: Award A1 if it is made clear that both points are above (the x- axis).
Accept a labelled sketch that clearly shows this information.

(@) () (P)isa (local) maximum (point) and is above (the x-axis)

(i)  (Q is below the x-axis when) iaﬁ +b<0

[1 mark]

A1

[1 mark]

A1

Note: Award A7 for an equivalent correct inequality, eg. %f <-b.

Accept a labelled sketch that clearly shows this information.

[1 mark]



(h) METHOD 1

attempts to factorize 4a’b+27b%(<0) (M1)
4 "
27b =79 +b |(<0) OR 5(4a* +27)(<0) A1
4 3 4 5
b>0and —a’+b<0 or b<0 and Ea +b>0 A1
Note: Only award this A7 if both cases are stated.
Award A1 for stating that exactly one of & and 2;4703 +b is less than zero (or
equivalent).
when b and ia3 + b have opposite sign, P and Q are located on either side
(of the x-axis) (or equivalent) R1
‘ Note: Accept labelled sketches that clearly show this information.
P and Q are located on either side (of the x- axis) if (and only if) the curve has
exactly three x- axis intercepts R1
if 4a’b+27b% <0, then the graph of y=x"+ax’ +b has exactly three x- axis
AG

intercepts

Note: For proving the converse, award a maximum of 3 marks (likely to be similar
steps but presented in reverse; 2" A1 line not necessary in reverse method).




METHOD 2

attempts to factorize 4a’b+27b%(<0) (M1)
4 5

27b| —a’+b (<0) OR (44’ +275)(<0) A1

either >0 and Ea +b<0 or b<0 and Ea +bh>0 A1

Note: Only award this A1 if both cases are stated.

Award A1 for stating that exactly one of & and %03 +b is less than zero (or

equivalent).

4
b>0 and %a3+b<0, £Z>O<b<Ea3J:>a <0 and hence three x- axis

intercepts R1

4
b<0 and %a3+b>0, (3 —ch <b<0J:‘»a>0 and hence three x- axis

intercepts R1

Note: Accept labelled sketches that clearly show this information.

if 4a°h+ 275> <0, then the graph of ¥=x"+ax’ +b has exactly three x- axis
intercepts AG

Note: For proving the converse, award a maximum of 3 marks (likely to be similar
steps but presented in reverse; 2" A1 line not necessary in reverse method).

[5 marks]

Total [24 marks]



Question 9

(@) T,=1.1(6000)—500 OR T, =6600—500 A2
=6100 AG

[2 marks]

(b) () T,=1.1(6100)-500 (7; =1.1(1.1(6000)—500)—500) OR 7, = 6710500 A1
=6210 AG

[1 mark]

(i)  7,=1.1(6210)-500 OR 7, =6831-500 (A1)

= 6331 A1

[2 marks]



(c) (i) EITHER
attempts to eliminate the denominator (M1)

T, = 6000(1.1)"" —5000((1.1)”‘1 —1) (:(6000—5000)(1.1)”‘l +5000) A1

Note: Accept correct equivalent forms, eg. 7, =6000(1.1)"" —5000(1.1)"" +5000.

OR

attempts to express 7. with a common denominator of 0.1 (M1)

4, 600(1.1)"" ~500((1.1)"™ -1} [: 600(1.1)"" =500(1.1)"" +500 g

g 0.1 0.1
Note: Accept correct equivalent forms. ‘

THEN

¥ = 1000(1.1)”'1 +5000 AG
[2 marks]

(c) (i) EITHER

attempts to find 7 using the explicit formula for 7, (M1)

7,=1000(1.1)"" +5000 OR T, =6610.51

OR

attempts to find 7, using 7., =1.17, —500 (M1)

T,=6331, I, =6464.1, T, =6610.51

OR

attempts to find 7, using a finance solver application (M1)

N =35, I=10%, PV =-6000 and PMT =500

THEN

6611 A1

Note: Accept 6610. ‘

[2 marks]



(d)

METHOD 1

attempts to use the explicit formula for D, to find an expression for D, , —D, (M1)

=1.1D, =750 —(~1500(1.1)"" +7500)

= 1.1(—1 500(1.1)"" +7500) - 750 -(~1500(L.1)"" +7500) A1
EITHER

= -1650(1.1)"" +8250 750 +1500(1.1)"" - 7500 A1
OR

=1500(1.1)"" ~1500(1.1)"

=1500(1.1)"" (1-1.1) (=1500(1.1)"" (—0_1)) A1
THEN

DD, Z1e0 " AG
METHOD 2

attempts to express D, —D, interms of D, (M1)
D,,-D,=1.1D,~750-D,

=0.1D, ~750 (A1)
=0.1(~1500(1.1)" +7500)~ 750 (=-150(1.1)" +750~750) A1
D,,-D,=-150(1.1)"" AG

[3 marks]



(i) D,,—D,<0 (because (1.1)"" >0 and so —150(1.1)"" <0) R1

Note: Award R1 for responses such as:

‘The difference is negative’.
~150(1.1)"" <0
D,=D,,+150(1.1)"
Accept responses such as:

D, —-D,., >0 or ‘the difference is positive’ as long as D, —D,_, is referred to.

Do not accept arguments based on specific numerical examples.

therefore D, <D =D >D | AG

(and hence the predicted number of trout at the start of any year will be greater than the predicted
number at the start of the next year)

[1 mark]



() METHOD 1
attempts (numerically, graphically, algebraically or by trial & improvement) to find the
least value of n suchthat D, <0 (D,=0 OR D, <0)

Note: Award (M1) for attempting to obtain —1500(1.1)”_1 <-7500 or

—1500(1. 1)”_1 =—7500 (or equivalent) and then attempting to take the log
of both sides.

For the use of trial & improvement, award (M1), for considering values of

n either side of D, =0.

EITHER

S
17.8863... [—IogMSH, —%HJ (critical value of n seen anywhere)
11.

OR
Dy, =607.540... (607.540...<750)
OR

D,, =—81.7054...(<0)

THEN

trout disappears from the lake during (at the end of) the 17th year

Note: Award A1 for =18 OR (‘during the) 18th year or ‘start of the 18th year'.

Note: Award as above for D, , <0 (D,,=0 OR D, , <0).

(mM1)

(A2)

(A2)

(A2)

A1



METHOD 2

S,=>.(D,.,—D,) is the total decrease in the number of trout by the end of year » or
start of year n+1

attempts (numerically, graphically, algebraically or by trial & improvement) to find the
least value of n such that §, <-6000 (S =-6000 OR §, <—6000) (M1)

% (=-1500((1.1)" ~1)) < ~6000

Note: Award (M1) for attempting to obtain —1500((1.1)” —1) <—6000 or

—1500((1.1)" —1) =-6000 (or equivalent) and then attempting to take the
log of both sides.

For the use of trial & improvement, award (M1), for considering values of n
either side of S, =—-6000.

n=16.8863... (A2)
trout disappears from the lake during (at the end of) the 17th year A1

‘ Note: Award A7 for » =18 OR (‘during the) 18th year or ‘start of the 18th year'. ‘

(f)

[4 marks]
METHOD 1
C, =(6000—-10d)(1.1)"" +10d (A1)
EITHER
6000104 =0 (recognizes that C, is independent of ») (M1)
OR
10d = 6000 (sets C, =6000 and compares coefficients) (M1)
THEN

d =600 A1



METHOD 2

EITHER

C,—C, (=0)

6000(1.1)" ~10d((1.1) —1)—(6000(1.1)"“ ~10d((1.1)" —1))(: 0) (A1)
OR

0.1C, —d(:(}) (similar to part (d) (i) method 2)

0.1(6000(1.1)"‘1 —10d((1.1)"“ —1))—d(= 0) (A1)
THEN
attempts to expand to eliminate the linear terms in 4 and then attempts to factorize (M1)

600(1.1)"" —d (1.1 (=0) ((600— d)(1.)" (=0))

d =600 A1
METHOD 3

considers C,., =1.1C, —d and C, = 6000 (A1)
EITHER

6000=1.1x6000—d (C, =C, =6000) (A1)
OR

systematically varies the value of 4 (M1)
THEN

d =600 A1



METHOD 4
EITHER

considers a specific C, =C

“n+l

for example, C, =C; (A1)

6000(L1)—10d(L1—4)::6000(L1f-—10d((L1)2—1)

attempts to solve their C, =C, , for d (M1)
for example, 1.1d =660

OR

considers a specific C, = 6000, for example, C, = 6000 (A1)

6000(1.1)"" 104 (1.1 ~1) = 6000

attempts to solve their C, = 6000 for d (M1)
6600—d = 6000

THEN

d =600 A1

[3 marks]



d(r''-1 d(r®-1
(@ n=1:LHS=u« and RHS=| u+" fg =% fg =u, R1
r—1 r—1
LHS =RHS and so true for n =1
Note: Award RO for considering n=2.
Subsequent marks after this R1 are independent of this mark and can be awarded.
oy =)
assume true for n=Fk |w, =wur —— m1
r—
Note: The assumption of truth must be apparent. Do not award M1 for statements
such as “let n=k" or “assume that » =% is true”. Subsequent marks after
this M1 are independent of this mark and can be awarded.
attempts to substitute for u, in u,,, =ru, —d M1
. d{ -4}
zr[uer ()]d
r—1
dr(r* -1) d(r-1 dr® —d
=y — ( )— (r ) :ulrk— ¥ r—d A1
r—1 F— r—1
k BT i
:lek_dr +dr—dr—d :'1k_dr d A1
r—1 r—1
d(r* -1
= ulrk —! A1
r—1
since true for n =1 and true for n =k +1 if true for » =k, hence true for all » (e Z*) R1
Note: To obtain the final R1, four of the previous six marks must have been
awarded.
[7 marks]

Total [27 marks]



Question 10
(a) (i) attempts to solve (mM1)
EITHER

_Ax 8 -a(1)(1)

2

X

OR
(x+2)" -3(=0)

OR

(x+2+\/§)(x+2—\/§)(: 0)

THEN

x==2%+3 A1A1

Note: Award A7 for —2++/3 and A1 for —2—+/3.

[3 marks]



(i) METHOD 1

1 2443

attempts to find their X
. By = Dyfd

Note: Only award (M1) if the roots are in the form s +/7 .

—2+\/§ d ) 2
T L i V3) =1
o (9

hence the roots form a reciprocal pair

Note: Award as above for attempting to show that

=2-43.

METHOD 2
considers the product of their roots

Note: Only award (M1) if the roots are in the form s ++Jt.

(208)(24A)-

hence the roots form a reciprocal pair

METHOD 3

) c 1
considers —(: iJ

a

the product of roots is 1
hence the roots form a reciprocal pair

(mM1)

A1

AG

(mM1)

A1

AG

(M1)

A1
AG
[2 marks]



aidl s . n
(b) rootsare 1| =1,—,=cis iE =
1

EITHER

I & .
—X—-=1 OR L:1
v L | o |

Note: Award as above for showing that l: —1 OR stating that l: =1
1

i

OR

ix-i=1 OR ixl_zl
1
OR
the product of roots is 1

THEN

hence the roots form a reciprocal pair

) 1 2 @ b
Xpl—|=X —2+—+ﬂ'
X X X

—ax’ +bx+a

=p(x)

Note: Award as above for showing that

p(:) _p('_ L

(A1)

A1

A1

A1

AG
[2 marks]

(A1)

A1

AG

[2 marks]



(d) METHOD 1

p(a’)zO:)a”p[éJ:O A1
EITHER

a" #0 (as a;t{)):p(é}:(] R1
OR

a#0 (hence a”iO):p{;J:O R1
THEN

soi is also a root AG

Note: The R1 is dependent on the A1. ‘

[2 marks]
METHOD 2
1 1 Wi
AT
a a 4
a
1 1%
— =] — a At
A& #
for o # 0 (seen anywhere), p(a)O:{lJ p(a)=0 andso p[l)o R1
a a
SO L is also a root AG

o

Note: The R1 is dependent on the A1. ‘

[2 marks]



METHOD 1
(1)=r" (1}
p(x)=x"p|

q(-’C)=X’"q(l]

X

attempts to substitute for p(x) and ¢(x) into f(x)=p(x)q(x)

peomeof2)el2) ({22

e (l) (and n+m is the degree of f')
x.

hence £ is a palindromic polynomial.

METHOD 2

J(1)-212

X X

. {U : q_g)

attempts to substitute for p(%} and q[%] into f(%}—p(%)q(%]
f(i] _p(x) a(x) [: p(ngn(x)}

x"”"f(i]: p(x)q(x) and f(x)=p(x)q(x) (and n+m is the degree of f)
x

hence f is a palindromic polynomial.

(A1)

(mM1)

A1

A1

AG

(A1)

(m1)

A1

A1

AG
[4 marks]



METHOD 3

for example, p(x)=a,x" +a, x"" +..+a, x+a, AND
q (x) =h "+ bmflx”’_l +ucth b

attempts to multiply out their p(x)q(x)

Note: Only award (M1) for polynomials of degree » and m respectively with
different corresponding coefficients.

r(x)q(x)=a,b,x™" +(a, b, +a,b, ) x""" +. . +(a,b, +a,b, ) x+a,b,

n-m-1 n-m-1

Note: Award A1 for the first and second terms and A1 for the penultimate and last
terms.

hence f is a palindromic polynomial

() METHODA1
attempts to expand the product of two quadratic factors
EITHER

e v v’ + 237 ux+vx+1

OR

gt +(u +v)1r3 +(’HV+2).\’2 +(u +v)x+1

THEN

equates coefficients and forms a system of two equations in # and v
u+v=2and uv+2=-1 (uv=-3)

attempts to solve their system of two equations

u=-1,v=3 OR (f{x):)(xz—.\'Jrl)(x2 +3x+1)

Note: Candidates must attempt to form and solve a system of equations in # and
v. Hence, award no marks for working backwards from either decimal or
exact values of roots given by a GDC.

Award A0 for # =—-1,v=3 and » =3,v=—-1 both specified.

A1

(M1)

A1A1

AG
[4 marks]

(mM1)

(A1)

(A1)

(m1)
A1
(mM1)
A1



METHOD 2
attempts to divide one of (x2 +ux+1) or (x* +vx+1) into £ (x)
EITHER

for example, the quotient is x* +(2—u)x+u* —2u—2

sets their quotient equal to x* +vx +1
x2+(2—n)x+u2—2u—2=x2+vx+1
w—2u—-2=1and 2—u=v

attempts to solve their equations for # and then v (or vice versa)
OR

for example, the remainder is u(—u* +2u +3) x+(~u” +2u +3)

sets their remainder equal to zero

attempts to solve for « (or v)

u=—13and u+v=2

THEN

u=-1v=3 OR (f(\f) z)(x2 —x+1)(x2 +3x+1)

(M1)

A1

(m1)

A1
(m1)

A1

(m1)
(m1)
A1

A1l

Jote: Award A0 for # =—1,v=3 and u =3,v=—1 both specified.




METHOD 3

considers 1 (1) , for example
(u+2)(v+2)=5

considers f(2), for example
(2u+5)(2v+5)=33

attempts to solve their system of two equations

u=-1,v=3 OR (f(x) z)(xz —.¥+I)(x2 +3x+1)

Note: Award A0 for u=—1,v=3 and u =3,v=—1 both specified.

(g) attemptsto solve x* +2x° —x” +2x+1=0

‘ Note: Award (M1) for attempting to solve one of their quadratic equations.

1,43, 3,45
2 2 2. N2

NG 3 45

Note: Award A7for 2+¥3; and A1for >+ Y2
2y Z 2 2

(M1)
A1
(M1)
A1
(M1)
A1

[6 marks]

(m1)

A1A1

[3 marks]



(h)

METHOD 1

consider p(x)=x"+ax"" +a,x"” +..+ax" +ax+a,(=0)
attempts to find p(-1)

p(-1)=(-1) +a,(-1)"" +a, (-1)"" + .. +a, (-1)" +a,(-1)+1
:(—1)+a1 —ay+...+a,—a +1

(since n is odd), p(x) has

EITHER

n+1 terms so all terms cancel giving p(fl) =0

OR

an even number of terms so all terms cancel giving p(fl) =0

THEN

hence —1 is always a root

METHOD 2

considers the product of roots of a polynomial equation of degree »

(_1)n o

a

n

product of roots is [71)” (seen anywhere)

(for » odd) there are = reciprocal pairs of roots
2

product of each reciprocal pair is 1 and (—1)" =—1 (since » is odd)

hence —1 is always a root

(M1)
(A1)

A1

R1

R1

AG

(M1)

A1
A1

R1
AG



METHOD 3

consider p(x)=x"+ax"" +a,x"? +..+a,x* +ax+a,(=0)

considers p(x):xnp(l] with x=-1 (mM1)
o

p(-)=(-1)"p(-1) A1

p(-1)=—p(-1) (2p(-1)=0) (since n is odd) A1

hence p(-1)=0 R1

hence —1 is always a root AG

[4 marks]
Total [28 marks]





