Subject - Math AA(Standard Level)
Topic - Calculus
Year -May 2021 - Nov 2024
Paper -1
Answers

Question 1

(a) attempt to use quotient rule
correct substitution into quotient rule

Skx(i)—kmx

Sx

J'(x)=

(or equivalent)

© f"(x)=0
21115.:—3 0
kx
1115.\':i

3
5x=¢?
3

so the point of inflexion occurs at X :Eez

(M1)

A1

At

AG

M1

(A1)
A1

m1

A1

A1l

AG

[3 marks]

[3 marks]

[3 marks]



(d)

attempt to integrate

u:]nSx:)ﬂ:l
dx x
J.hwxdlejlu du
Jx k
EITHER
_H2
2k
3 3
2 % 15
SO —Iu du = il
e 2k |,
OR
_(ln5x)2
2k
12 s
Ze? 2 ot
& SJ- In5x . (1115x) 2
. k& 2k
< e
THEN
2k\ 4
g
8k

setting their expression for area equal to 3
5

—_3
8k
5
=
24

(M1)

(A1)

A1

A1

A1

A1

A1l
m1

A1
[7 marks]

Total [16 marks]



Question 2

@ f)=x*+2x-15

(b) correct reasoning that 7'(x) = 0 (seen anywhere)

x*+2x-15=0
valid approach to solve quadratic
(x —3)(x + 5), quadratic formula

correct values for x
3,-5

correct values for ¢ and b
a=-5and b=3

(€ @
J.i’

20¢

(i) first derivative changes from positive to negative at X=a

so local maximum at X=a

(M1)A1

(M1)

M1

A1

A1l
A1

AG

[2 marks]

[3 marks]

[2 marks]



@ ) frx)=2x+2 P

substituting their b into their second derivative (M1)

S'(3)=2x3+2

f'(b)=8 (A1)
(i)  f"(b) is positive so graph is concave up R1

so local minimum at x=»5 AG

[4 marks]
() normalto f at X=a is x =—5 (seen anywhere) (A1)
attempt to find y-coordinate at their value of 5 (M1)
f(3)=-10 (A1)
tangent at x =5 has equation y = —10 (seen anywhere) A1l
intersection at (—5. —10)
p=-5and g=-10 A1l
[5 marks]

[Total 16 marks]

Question 3

attempt to integrate (mM1)

d
u:2x2+l:>d—uz4x

8x B i
Iszxzndx_jx/;d”

(A1)
EITHER
= 4Ju (+C) A1
OR
= 4/2x* +1(+C) A1
THEN
correct substitution into their integrated function (must have C ) (M1)
5=44+C=C=1
f(x)=442x +1+1 A1

Total [5 marks]



Question 4

(a) attempt to use quotient or product rule (M1)
f 1 } 3
X L— —(lnx)(4x )
s 1
Y. - s OR (lnx)(—4x‘°)+(x4){—J A1
dx (x4) X
correct working A1
3
x (1-4Inx
= # OR cancelling x* OR _4]?x +i5
X X x
" 1 —45111 x AG
X
5 dy
(b) [(x)=">=0 (M1)
dx
1 —45111 X _ 0
X
Inige= l (A1)
4
i
x=et A1
substitution of their x to find y (M1)
1
Ine*
y — ﬁ
| 1
T e | e C_l A 1
de\ 4

[3 marks]

[5 marks]



1

i i
(c) f"[eEJ=72olnf45"9
[
_a=4 _”_i
=+ cl_s L_ CI.SJ

which is negative

hence P is a local maximum

(M1)

A1

R1

AG

\ Note: The R1 is dependent on the previous A1 being awarded.

d Inx>0

x>1

(e)

[3 marks]
(A1)

A1
[2 marks]

v

A1A1A1

Note: Award A1 for one x -intercept only, located at 1
A1 for local maximum, P, in approximately correct position

A1 for curve approaching x-axis as x — o (including change in concavity).

[3 marks]
Total [16 marks]



Question 5

(a)

(b)

(c)

f'(x)=-2(x—h) A1
[1 mark]
g'(x)=¢e"? OR g’(3)=¢’? (may be seen anywhere) A1l
‘ Note: The derivative of ¢ must be explicitly seen, either in terms of x or 3. ‘
recognizing f'(3)=g'(3) (m1)
2(3-h)=¢"* (=)
—6+2h=e OR 3-11:-% A1
‘ Note: The final A1 is dependent on one of the previous marks being awarded.
550 AG
2
[3 marks]
f(3)=2(3) (M1)
~(3-h) +2k =" +k
correct equation in k
EITHER
—{3—%) +2k=e""+k A1l
ﬁ:=e+[6_e_6] [ze—l—{j}J Al
z2 . 2
OR
k=e +[ 3 —16] AT
: 2
2317
Fogyn g gy S HIECHI0 A1
4
THEN
e?
k=e+— AG
4
[3 marks]

Total [7 marks]



Question 6

(a) setting s(1)=0 (M1)
81— =0
t(8-1)=0
p=8 (accept r=8, (8,0)) A1

Note: Award A0 if the candidate’s final answer includes additional solutions
(suchas p=0.8).

[2 marks]

(b) (i) recognition that when particle changes directionv=0 OR local maximum on
graph of s OR vertex of parabola (M1)

g=4 (acceptr=4) A1l

(i)  substituting their value of g intos(!)OR integrating 1'(f)from t=0tor=4 (M1)

displacement =16 (m) A1l

[4 marks]

(c) s(10)=-20 orR dismce=\s(.r); OR integrating v(z)from =0 to =10 (M1)

distance=20 (m) A1

[2 marks]
10

(d) 16 forward + 36 backward OR 16+16+20 OR Hr(!)|n’r (M1)
0

d=52 (m) A1

[2 marks]



(e)

METHOD 1
graphical method with triangles on v(¢)graph

49[%J

49+x* =52, x=+3

k=?+«f§

METHOD 2

recognition that distance=|v(1)]d¢
7 k

[(14=20)de+ [ (20 -14)1

0 T

[14¢ —ﬂ: [ - 14@:

14(7)-7° +((Jf(—2 ~14k) (7" -14(7))) =52

k=7+~f§

M1

(A1)

(A1)

A1
[4 marks]

M1

(A1)
(A1)

A1

[4 marks]
Total [14 marks]



Question 7

(@)

6+6cosx=0 (or setting their f'(x)=0)

cosx=—1 (or sinx=0)

=0, =31

3n
attempt to integrate I (6+6cosx)dx

3n
Fi

= [6x+ 6Sinx]

substitute their limits into their integrated expression and subtract

= (18n+ﬁsin3n)—(6n+6sinn)
=(6(3m)+0)—(6n+0) (=18n—6m)

area=12n

attempt to substitute into formula for surface area (including base)
n(2*)+n(2)(/)=12=n
4n+2nl=12n

2nl =8n
[=4

(M1)

A1A1

[3 marks]

(M1)

A1A1

(M1)

A1

AG

[5 marks]
(M1)

(A1)

A1
[3 marks]



valid attempt to find the height of the cone
eg. 22 +4* =(their /)’

h=12 (=243 )

attempttouse V' = ;;rrzlz with their values substituted
L. o

3x()(12))

412 {_ $ny3  8m J

volume =

3043

(M1)

(A1)

M1

A1

[4 marks]
Total [15 marks]



Question 8
(a) ln(xz —l6)=0
e’ =x*-16(=1)

¥ =17 OR x=+:{17

a=A17

)

(b) attempt to differentiate (must include 2x and/or T:
X410

oy 2X
Fl)=a

setting their derivative = %

2x _1
x’ =16 3

x’—16=6x OR x’—6x—16=0 (or equivalent)
valid attempt to solve their quadratic
x=38

(M1)

(A1)
A1
[3 marks]

(M1)

A1

M1

A1
(M1)
At

Note: Award AQ if the candidate’s final answer includes additional solutions
(suchas x=-2,8).

[6 marks]
Total [9 marks]



Question 9

(@)

(b)

(©)

[ increases when p<x<0

f increases when f‘(x)>0 OR /' is above the x-axis

‘ Note: Do not award AOR1. ‘

x=0

(i)  / is minimumwhen X=p
because f'(p)=0, f'(x) <0 when X< pand f'(x)>0 when x> p

(may be seen in a sign diagram clearly labelled as /")
OR because /' changes from negative to positive at X = p

OR f'(p) =0 and slope of /' is positive at X=p

‘ Note: Do not award A0 R1

(i) f has points of inflexion when X=¢, x=r and x=1¢

/" has turning points at X=¢, x=r and x=¢

OR

f"(g)=0, f"(r)=0 and f"(1)=0 and f' changes from increasing to
decreasing or vice versa at each of these x-values (may be seen in a sign
diagram clearly labelled as /" and /")

‘ Note: Award A0 if any incorrect answers are given. Do not award AOR1. ‘

A1
R1

[2 marks]

A1
[1 mark]

A1

R1

A2

R1

[5 marks]



Question 10

(@) (i) valid approach to find turning point (V' =0, —2i, average of roots)
a

2
§ -—+2
4-6t=0 OR - OR —3
2(-3) 2
== (s)

(i) attempt to integrate

[vdr=[(4+41-37) dt=4r+20" -1 (+c)

Note: Award A1 fords+2¢*, A1 for —¢°.

attempt to substitute their 7 into their solution for the integral

2 3
distance = 4[%] + 2{%] _(%
3 3, 3
8
3
ﬁ
27

3

+——— (or equivalent
9 2,f,( q )

(m)

(M1)

A1

(M1)
A1A1

(mM1)

A1

AG

[T marks]



(b)

valid approach to solve 4+4¢—3t> =0 (may be seen in part (a)) (M1)

—4++/16+48

(2-t)(2+31) OR =

correct x- intercept on the graph at 1 =2 A1

Note: The following two A marks may only be awarded if the shape is a
concave down parabola. These two marks are independent of each
other and the (M1).

correct domain from 0 to 3 starting at (0,4) A1

Note: The 3 must be clearly indicated.

vertex in approximately correct place for I:% and v>4 A1

[4 marks]



3
(c) recognising to integrate between 0 and 2, or 2 and 3 OR j|4+4;_3;2 dt
0

j(4+4r—3r2)dx
0
=8

(4+4r-3r2)dr

R ]

=-5

valid approach to sum the two areas (seen anywhere)

3

jvdt— vdsr OR inr+
0 [}

3

jv dr

2

(]

total distance travelled =13 (m)

(M1)

A1

A1
(M1)

A1
[5 marks]
Total [16 marks]



Question 11

(@ fl(4)=6 A1
[1 mark]
(b) f(4)=6x4-1=23 A1
[1 mark]
(€) h(#)=f(g4) (M1)

h(4)=f(4*-3x4)=f(4)

h(4)=23 A1
[2 marks]
(d) attempt to use chain rule to find /' (M1)
f’(g(x))xg’(x) OR (x2 —Sx)r ><f'(x2 —3x)
H(4)=(2x4-3)f"(4*-3x4) A1
=30
¥-23=30(x-4) OR y=30x-97 A1
[3 marks]
Total [T marks]
Question 12
T
recognition that y = ICOS(X_Z) dx (M1)
' s
y= sm(x—z) (+c) (A1)
substitute both x and y values into their integrated expression including ¢ (M1)
2 =sin E +c
2
=]
. T
y=s1n(x—z}+1 A1

[4 marks]



Question 13
(@ () EITHER

attempt to use binomial expansion

1+°C, x1x(=a) + °C, x1x (—=a)’ +1x(=a)’
OR

(1-a)1-a)l-a)

=(1-a)(1-2a+a*)

THEN

=1-3a+3d*-a°

(i) a=cos2x
So, 1-3cos2x+3cos’ 2x—cos’ 2x =
(1-cos2x)’
attempt to substitute any double angle rule for cos2x into (1—cos2x)’
= (2sin® x)’

=8sin®x

Note: Allow working RHS to LHS.

(M1)

(M1)

A1

(A1)

A1
(mM1)
A1

AG

[6 marks]



(b)

(i)

recognizing to integrate _[(4 cos x x 8sin® x)dx

EITHER
applies integration by inspection
32J.(C05x><(sinx)6)dx
32 .,
=—sin’ x (+c
- (+¢)
[EsinTx} (=£sin7m—£sin?0J
7 A 7 7
OR

; du
U =SINX—=>—=COSX
dx

_[ 32cos x (sin’ x) dx = -[321{6du

5 .
=—u dtc
7 (+¢)

[SZSinTx} OR [32u7} (::Esin?mgsin?OJ
7 0 7 0 7 7

THEN

==gin' m

(m1)

(m1)

A1

A1

(mM1)

A1

A1

AG



(ih)

EITHER

Ff(x)dx = 2Sin7x F :EsinTE—gsin?m

m 7 ) 7 2 7

32 2 12 32 12
—Sin?E—3—sin-"m=—7 OR —(l—s:in?m)=—7
7 2 7 28 7 28

OR

j(; f(x)dx = jo'" f(x)dxe+ E £(x)dx

7 7 28
THEN
sin’ m=—— (: —1—)
28 s
sinm=—
T
m=—
6

m1

(M1)

M1

(M1)

(A1)

(A1)

A1

[9 marks]
Total [15 marks]



Question 14

evidence of using product rule (M1)

dy 23 K K

— =2x-Dx(ke™ ) +2xe” (=" (2kx—k+2 A1

el ol e )

correct working for one of (seen anywhere) A1
dy

2 at x=1= ke* +2¢*
dx

OR

slope of tangentis 5ef

their % at x =1 equals the slope of y=5¢e*x (= 5¢*) (seen anywhere) (M1)

ke* +2¢* = 5¢f

k=3 A1

[5 marks]

Question 15

1
(a) 3‘/;"Szz%ws,wc 2 A1
Jx
=1
P 2
[1 mark]
1
(b) J.&;—m——sdx =3x-10x? (+c) A1A1
Jx
substituting limits into their integrated function and subtracting (M1)
1 1
3(9)—10(9)2 -[3(1) -10(1)5] OR 27-10x3—-(3-10)
=4 A1
[4 marks]

Total [5 marks]



Question 16

(a) L+1=x—3 (M1)
x—4
X —8x+15=0 OR (x-4)"=1 (A1)
valid attempt to solve their quadratic (M1)

8+./8% —4(1)(15)

(x-3)(x-5)=0 OR x= OR (x—4)==l
2(1)
X¥=5 (x =T o= 5) (may be seen in answer) A1
B(5, 2) (accept x=5,y=2) A1
[5 marks]
(b) recognizing two correct regions from x=3 to x=5 and from x=5 to x=k (R1)
k 5 k 5 k
manglc+jf(x)dr OR jg(x)dx+jf(x)dx OR I(x—B)d‘f+I( l4+l)dr
s 3 s 3 Q% —
area of triangle is 2 OR 2k OR i—3(5) = 3—3—3(3) (A1)
2 2 9
correct integration (A1)(A1)
1
——+1 |dx=In(x—-4)+x (+C
(5 ar=m(a-a)ex ()

Note: Award A1 for In(x—4) and A1 for x.

Note: The first three A marks may be awarded independently of the R mark.




substitution of their limits (for x) into their integrated function (in terms of x) (M1)
In(k—4)+k—(Inl+5)

[In(x—4)+x]i=In(k—4)+k-5 A1
adding their two areas (in terms of k) and equating to In p+8 (M1)
2+In(k-4)+k-5=Inp+8

equating their non-log terms to 8 (equation must be in terms of &) (M1)

k-3=8

k=11 A1

l1-4=p

p=7 A1l
[10 marks]

Total [15 marks]



Question 17
8} x=3

Note: Must be an equation in the form “x = ". Do not accept 3 or 2_2) —=s

a

b) () h=3, k=4 (accept a(x-3)"+4)
(i)  attempt to substitute coordinates of Q
12=a(5-3)"+4, 4a+4=12

a=2

(c) recognize need to find derivative of f
S(x)=4(x=3) or f'(x)=4x-12
f'(S): 8 (may be seen as gradient in their equation)

y—12=8(x—5) or y=8x—28

‘ Note: Award A0 for L=8x—-28.

A1
[1 mark]

A1A1

(M1)

A1
[4 marks]

(M1)
A1

(A1)

A1

[4 marks]



(d)

(e)

METHOD 1
Recognizing that for ¢ to be increasing, f(x)-d>0,o0r g'>0

The vertex must be above the x-axis, 4—d >0, d -4 <0
d<4

METHOD 2

attempting to find discriminant of ¢'
(-12)’ —4(2)(22-d)
recognizing discriminant must be negative

-32+8d<0 OR A<0
d<4

recognizing that for g to be concave up, g" >0
g">0 when >0, 4x—12>0, x-3>0

b oot

(M1)

(R1)
A1
[3 marks]

(M1)

(R1)

A1
[3 marks]

(M1)
(R1)

A1
[3 marks]
Total [15 marks]



Question 18

(@) cos’xr—3sin’x=0
valid attempt to reduce equation to one involving one trigonometric function (M1)

Co.
sm,’x:l OR 1-sin’x—3sin’x=0 OR coszx—3(1—coszx):0
cos"x 3

OR cos2x—1+cos2x=0

correct equation (A1)

taugle OR vcctszx:i OR 81'112.3(:l OR *ccus‘?x:l
3 4 4 2

1 NG}

2 i 1 5
tanx=+— OR cosx:iT OR smx:(i)g OR 2x:§(,?ﬂ} (A1)

o A1A1



(b) (i) attempt to use the chain rule (may be evidenced by at least one cos xsinx

term) (mM1)
S'(x)=—2cosxsinx—6sinxcosx(=—8sinxcosx =—4sin2x) A1
(i)  valid attempt to solve their f'(x) ={) (M1)
At least 2 correct x-coordinates (may be seen in coordinates) (A1)
x=A), x:£, 5 pe=0
2

Note: Accept additional correct solutions outside the domain.

Award A0 if any additional incorrect solutions are given.

correct coordinates (may be seen in graph for part (c)) A1A1A1

(0.1), (n.1), (%—3}

Note: Award a maximum of MTA1A1A1AQ if any additional solutions are given.

Note: If candidates do not find at least two correct x-coordinates, it is possible to
award the appropriate final marks for their correct coordinates, such as
M1A0A0A1AOQ.

[7 marks]



(©)

-3 4

Note: In this question do not award follow through from incorrect values found in
earlier parts.

approximately correct smooth curve with minimum at (g,%) A1

Note: If candidates do not gain this mark then award no further marks.

: . 5
endpoints at (0.1), (.1), x-intercepts at % % A1
correct concavity clearly shown at (0,1) and (m,1) A1

Note: The final two marks may be awarded independently of each other. ‘

[3 marks]

Total [15 marks]



Question 19

recognizing need to integrate

L% b O e=o?si DR Bt
bk | dx
P2au oR 312 ax

u x +1

:3h1(x3+1)(+c:) or 3lnu(+c)

correct substitution of x=1and f(x)=50r x=1andu =2 into equation

using their integrated expression (must involve ¢)

5=3In2+c

2
f(x)=3mn(x*+1)+5-3mm2 :3]n(x2+1)+5—1n8:3h1[x 2+1]+5J

(or equivalent)

‘ Note: Accept the use of the modulus sign in working and the final answer.

Question 20
gy(x) — 2xer1+l

substitute x =—1 into their derivative

Note: Award AOMOAO in cases where candidate’s incorrect derivative is
g?(.‘f) ois ex2+1 .

(M1)

(A1)

A1

(M1)

A1

[5 marks]

(A2)
(M1)

A1

[4 marks]



Question 21

@ ' =9-x"OR y=149-x* A1
(since y>0) = y=+9—x7 AG
[1 mark]
(b) b=2y (:2 9—x2) or h=x+3 (A1)
attempts to substitute their base expression and height expression into 4 _%bh (M1)
2(x+3)v9—x?
A=+9-x*(x+3) (orequivalent) | = ( )2 = x4/9—x? 139« A1
[3 marks]
o 4
(c) attempts to use the product rule to find a (M1)
attempts to use the chain rule to find %\/93(2 (M1)
1 2
et \/9—x2+(3+x)(l (9-2%)2 (-2%) | =92 -2 v A1
d 2 gy x*
d4 9-x* x*4+3x 9—x2—(x2+3x)
= _J w - A1
dx \/9—352 \/9—1‘2 \/9—x2
d4 9-3x-2x7
i W D AG
dx VI—x7

[4 marks]



y 73,7 '2
(d) %:{] [u—o]
dx 9—x?

attempts to solve 9—3x—2x” =0 (or equivalent)

—~(2x-3)(x+3)(=0) OR x= - +\/(32)(24)1(2)(9) (or equivalent)

3
K=
Z

(mM1)

(M1)

(A7)

A1

Note: Award the above A1 if x=-3 is also given.

substitutes their value of x into either y =+/9—x" or y=—/9—x’

(mM1)

Note: Do not award the above (M1) if x<0.

A1

[6 marks]
Total [14 marks]



Question 22

A:'!xz':de

EITHER

attempts to integrate by inspection or substitution using » = x> +2 or u =x’ (M1)

Note: If candidate simply states # =x”+2 or # =x", but does not attempt to
integrate, do not award the (M1).

Note: If candidate does not explicitly state the u-substitution, award the (M1) only
for expressions of the form klnu or kln(u +2).

€

c1+2 c2
[lhltf] OR {l]n(u+2)} OR [lhl(x2 +2)} A1
2 2 7

2 0 0

Note: Limits may be seen in the substitution step.

OR
attempts to integrate by inspection (M1)

Note: Award the (M1) only for expressions of the form /In(x” +2).

c

[%ln(x2+2)} AT

0

Note: Limits may be seen in the substitution step.

THEN

correctly substitutes their limits into their integrated expression (M1)

1 - 1
5(111(02+2)—1112)(:h13) OR ln(c*+2)-—In2(=In3)



correctly applies at least one log law to their expression

2 2
%m[c ;2}(_1113) OR Inye?+2-Inv2(=In3) OR m[" *2]_1]19
; 2 2
OR In(c*+2)-n2=In9 OR In,[~ +2(=ms) OR In Céz(zm)

(M1)

\ Note: Condone the absence of In3 up to this stage.

.4
2
c+2:9 OR c +

=16
c=4

A1

A1

Note: Award A0 for ¢ =+4 as a final answer.

Total [6 marks]



Question 23

(a)

attempt to integrate v (integration of at least one term)

(s(0) :)—i# +%r3 =3 6F (50

Note: Award A1 for at least two correct terms.

(b)

(c)

substitution of 7 =1into their integrated expression

displacement = 5ﬂ :ﬂ (m)
12\ 12

attempt to differentiate v (differentiation of at least one term)

a(;r)=—3r2 +7t—2

setting theirv'(1) =0

—3t°+7t-2=0
valid attempt to solve quadratic

(r-1)(1-2)=0 OR ~7+.,(49-4(-3)(-2)

)

1 i

t=—.,2 (f=—may be omitted)

3 3

substitute their largest positive r-value into v(z)

greatest speed is 8 (ms™)

(M1)

A2

(M1)
A1

[5 marks]

(M1)
A1
[2 marks]

(M1)

(M1)

(A1)

(M1)
A1

[5 marks]



(d) attempt to check other boundary value at r =4 (M1)
W(4)=-64+56-8+6 (=-10)

greatest speed is 10 ms™’ A1
[2 marks]
(e) identifying correct intervals where speed increases (may be seen in integral) (A1)(A1)

tzéto t=2andr=k tor=4

.[5 v(r)dr+ .[:|v(r)|dr OR Evdr +

J.; vdt

OR J‘fv(r)dr—.[:v(r)dr A1
3

Note: Condone missing dr .

[3 marks]
Total [17 marks]



Question 24
(a) substitution of x=0

(y=)3 (accept (0,3))

(b) evidence of using the product rule

h'(x)=2¢" +2xe"

(c) setting their derivative equal to zero

correct working
2¢*(1+x) (=0) OR —2x=2
x =—1 (seen anywhere, and must follow on from their derivative)

substituting their value of x into 7(x)

_ 2 BEE
y= e+3 (_ 2e +3)

A(-1-243)
e

(d) (i) A'(x)=2e"+2e"+2xe"OR 2e" +2e"(1+x)

(M1)
A1
[2 marks]

(M1)
A1
[2 marks]

(M1)
(A1)

A1
(M1)

A1

[5 marks]

A1A1

Note: Award A1 for (Zex) =2e" , A1 for 2¢* +2xeor (2x+2)e"

h'(x)=(2x+4)e"

(i)  recognition that /" > 0 OR attempt to find point of inflexion
since e* >0, 2x+4>0 OR 2x+4=0 (= x=-2)

x>-2

AG

(M1)

A1
[4 marks]
Total [13 marks]



Question 25

(a) attempt to use either the quotient or product rule (M1)

A

-4

P 3 2
12(x +2) ~12xx3x2x(x* +2) OR 12(x* +2)” +12xx( 3)x2x(x* +2) A1A1

(x2 + 2)6

Note: Award A1 for correctly applying chain rule to (x2 +2)3 and A1 for

everything else correct.

:12(x2+2—46x2) s 12(x2+2)2(x2+626x2) - 24760,«,5: o 12x2+24—472x2 e
(x1+2) (x2 +2) (x2+2) (x2+2)
_12(275352) P
 (2+2)

[4 marks]



(b) EITHER

attempts to integrate by substitution using # =x* +2 or u = x° (M1)

u:x2+2:>d—u:2x OR u:x2:>%:2x
dx dx

Note: If candidate simply states # =x* +2 or u = x°, but does not attempt to
substitute into their integral, do not award the (M1).

12x 6 12x 6

——dx=|—du OR = du (A1)
'[(szrQ)3 '[”3 '[(x2+2)3 '[(l!+2)3
= =3u”(+¢) OR -3(u +1)72 (+¢) (A1)
OR
attempts to apply integration by inspection (M1)
6_|.Ljd.x

(xl +2)
1 ; =

= 6><{E)(x- +2) " (+) (A1)(A1)

Note: Award A1 for correct power of (x2 + 2) and A1 for —%.

THEN

—ES(JC2 +2)_2 +c¢ OR —;,JFC (final answer must include +c¢) A1

x2+2)-

[4 marks]



(c) recognizing g'(x)= f'(x) = g(x)= f(x)+k (may be seen in diagram/drawing) A1

area of R is given by subtracting functions fand g in integral(s) (M1)

+["kdx OR =[|g—fldx OR [ f(x)+k - f(x)dr OR [ f(x)dx—[ g(x)dr

=+[kx] OR|- Sy - OR |- . +hx | (A1)
A 1) (3{2+1)2 (x2 +1)2 (x2+1 i
0 1} 0 0
e (A1)
5
k__ﬂ(_il_ﬂ 5]
B
g(x):L'a—l AND g(x):lz—x3+z it () -+ SAND fx)——) A1
(2+2) 2 (#+2) 2 2 2
[5 marks]

Total [13 marks]



Question 26

(@)

(i)

(i)

METHOD 1
X +2x42=(x+1)’+1 Al
(x+1)7=0 R1
(x+D*+1>0 AG
METHOD 2
discriminant A=4-8(=-4) A1

A <0 and concave up OR A<0 and coefficient of x* >0 (may be seen in

diagram) R1
hence x* +2x+2>0 AG
x>-1 (accept x=-1) A1l

[3 marks]



(i) attempt to use the quotient rule

2(x*+2x+2)—(2x+2)(2x+2)

(x® +2x+2)°

[ (x)=

Note: Award A1 for first term in numerator, A1 for second term in numerator
(including the minus sign). If the numerator is correct, but the
denominator is incorrect or missing, award M1A1A0.

2% +4x+4—(4x2+8x+ 4)

OF 12512y

¢ 2x° +4x+4-4x"-8x-4 .
f'(x)= OR f’(x)=

(x> +2x+2)

i 15
== ——
(x"+2x+2)

(ii) substituting x=-1into f"{x], clearly leading to positive numerator

r@)=(Z2) 2)

1

S'(-1)>0

therefore this is a local minimum point

Note: Do not award AOR1.

A1l

(M1)

A1A1

A1l

AG

A1

R1

AG

[7 marks]



(c)

recognition to integrate f'(x)

2 1
Fx)=[+2*2 4c OR [--du vith u=x"+2x+2

X r2x+2

f(x)=In(x* +2x+2)(+c)

using initial conditions x=2.y=3+In10 tofind ¢

f(2)=In(10)+¢c=3+1n(10)=>c=3

f(x]=111{x2+2x+2:]+3

f'(2)=5

attempt to take the negative reciprocal of their f'(2)

: 10
gradient of normal =—?

y—(In10+3) =—§{x—2] (

=—Zx+—+
4 3 3

(mM1)

A1l

(m1)

Al

[4 marks]

A1l

M1

y-In10-3 5

s A1l
x—2 3

[3 marks]

Total [17 marks]



Question 27

(a)

i P_32_oax1 A1A1
dx

Note: Award A7 for 3x> —2x and A1 for —1.

(b)

= dy
(ii) Fe =6x—2 A1
[3 marks]
setting their (quadratic) % to 0 and solve using valid method (M1)
24 (=2 =4(3)(<1)[ 2+
(3x+1)(x-1)=0 OR x= J(2)'~4G)() A1
2(3) 6
x=—L (OR &=1) A1
5
Z_F
substituting one of their x values into F M1
¥
EITHER
1 dy 1
at x=——, J,' =6[——)—2(= —4) <0 so local max R1
3 dx 3 )
OR
at x=1. 3;2 =6(1)-2(=4) =0 so local min hence local max at x:—% R1

Note: Award R17 only if the previous M1 has been awarded and there is reference to <0 or =0,

as appropriate.




THEN

substituting their x-coordinate of A into ¥ (M1)
1 1 1
= e =l e el E i |
y[s) [3] [3)
32
oAl A1
Y=07
: 1 32
so coordinates of Aare | ——.—
327
Note: This (M1)A1 may be awarded independently of the previous MT1R1.
[6 marks]
i ; dz_y
(c) setting their ¥ to 0 (M1)
6x—2=0
. At
3
[2 marks]
(d) gradient of tangent = —1 (A1)
negative reciprocal of their gradient (M1)
gradient of normal = 1
equationis y=x+1 (accept point/slope form y-1=(x-0)) A1l
Note: Do not accept L=x+1.
[3 marks]

Total [14 marks]



Question 28

(a) recognising cosx = 258N xCOS X (M1)
1
(cosx = 0) so SInx = E OR one correct value (accept degrees) (A1)
T St
X - coordinates — and —/— A1
) 6

Note: Award (M1)(A1)AO0 for solutions of 30" and 150° .

[3 marks]
(b) METHOD 1
attempt to integrate +(cosx —sin2x) (M1)
If(cosx—sin?x)dx OR _l.f (cosx—2sinxcosx)dr
% 5
n
o O G . L, 1=
= 51nx+5c052x OR :[smx—sm x]f A1

Note: Award A1 for tcorrect integration. Condone incorrect or absent limits up to this point.

attempt to substitute their limits into their integral and subtract M1

{5 g o 255 )
) (e

1

area —— A1

4

Note: Award all corresponding marks as appropriate for finding the area between A and B.

Accept work done in degrees.




METHOD 2

] 5% . 1 -
J'g cosxdrx =[sinx]$ and f,f sin 2xdx = {—Ecos Zx] A1
2 2 2

6
T
L3
2 2 —=

Note: Award A1 for correct integration. Condone incorrect or absent limits up to this point.

attempt to substitute their limits into their integral and subtract (for both integrals) M1

. (51{] . [T[
sin| — |—sin| —
6 7

attempt to subtract the two integrals in either order (seen anywhere) (M1)

1 (STEJ 1
and ——cos| — |+—cos(m)
2 3.0 &

J

St

(5m) . (=) x =
sm(—ﬂJ—sm{EJ —[—lcos(g]+lcos(n] OR Jrf cosxdx‘—‘[?f sin 2xdx
6. 2 ;A . 0 5 =

area = A1

Note:

Award all corresponding marks as appropriate for finding the area between A and B.

Accept work done in degrees.

[4 marks]
Total [7 marks]




Question 29

(a) outer curved surface area is 27(4r)/ AND inner curved surface area is 277

(A1)
area of each base (top and bottom) is :'r(rlr)2 —r? (A1)
S:2[7z(41‘)2—m""]+27z(4r)iﬁ+2]rrh A1
=307 +1077h AG

[3 marks]

(b)

307 +107rh = 2407

attempt to solve their equation for / or rh in terms of » (must isolate /1 or )

(M1)
240307 -3 2403077
h= 20— 3 = iy OR r}r:—r(: 24—3r2) (or equivalent)
10r r
A1
uses volume = large cylinder — small cylinder (M1)
V:TE(4?")2 h—mr’h (:16;?:'?‘2??—;1'?2}"1:1591'?‘2;’1) A1
attempt to substitute in for & or rh (M1)
. . > 3 2
V= 15?{1‘2[24 e ] OR V= 15EJ’[M](: 1532'?’(24—3F2 )) OR
r
3847r —487r® —247r + 377 A1
=360nr — 451 AG
[6 marks]
(c) (:1_V: 360m —1357r° A1A1
=

[2 marks]



METHOD 1 (working with 7 )
recognition that (for a maximum) d—V_ 0

dr

3607 —1357r* =0

2 360{ 8
rE=— ==
135% 3
[ _[8
135 3
p=2 OR r:2\/g
J

2
METHOD 2 (working with p\/; )

recognition that (for a maximum) d—V =

dr

3609?—1357:(;),\]%] =0
\ &7

360-90p> =0

p'=4

p=2 OR r:2\/§

M1

A1

A1

M1

At

A1

[3 marks]



attempt to substitute their value of 7 into ¥ =360zr — 4577 M1

3
V= 360nx2\/§—45xx[2\/§}
3 3
:360ﬂx2‘j§—45n><8><3x\/§ = 7207:\/2—24()?:\? (A1)
3 3 V3 3 3

_ 480, |~ (g =480) A1l

[3 marks]
Total [17 marks]



Question 30

(a)

f(x)=-—2x+8 (accept y=—2x+8, accept m=-2 and ¢ =8) A1A1

ite: Award A7 for correct gradient, A1 for correct y-intercept

(b)

[2 marks]
METHOD 1 Axis of Symmetry
axis of symmetry is i 4{:l] (A1)

g 2o o
equating P to their axis of symmetry (M1)
a
) wof
-2
b=2 A1
METHOD 2 substitution
attempt to substitute (-2,0) or (4,0) into g (M1)
—(-2)*-2b+8=00r —(4)> +4b+8=0 (A1)
=2 A1
METHOD 3 factored form
attempt to write g in factored form (M1)
g(x) =(x+2)(4—x)
—x* +2x4+8 (A1)
=3 A1
METHOD 4 quadratic formula
attempt to substitute into quadratic formula and set equal to -2 or 4 (M1)
~b+.,/b> —4(-1)(8 ~b+.|b* —4(-1)(8
L DEAENE) o b a(1)(E)
2(-1) 2(-1)

b*—16b+64=0+32 OR b*+8b+16=>b"+32 (or equivalent, must not
contain radical) (A1)
=2 A1

[3 marks]



(c)

(d)

(e)

recognizing to subtract g — 7/ (in correct order)
A
2
_[0 (—x +2x+8)—{—2x+8)d¥

J-:(—:r2 + 4x}dx

attempt to integrate

—%.xj +2x2 (+C}

attempt to substitute limits into their integrated function and find difference

(—1-4%2-4“* —{—1-0&2-01
3 3

32
3

g'(x)=-2x+2
attempt to equate their derivative of g to their gradient of /
—2x+2=-2

(mM1)

A1

AG
[2 marks]

(M1)
A1

(M1)

A1

[4 marks]

A1
(M1)
A1
A1

A1

[5 marks]
Total [16 marks]



Question 31

(a)

f(x)=-2x+12 (accept y=—-2x+12,accept m=-2 and c=12) A1A1

te: Award AT for correct gradient, A7 for correct y-intercept

(b)

[2 marks]
METHOD 1 Axis of Symmetry
axis of symmetry is _2+6(:2) (A1)

. =b -
equating 2— to their axis of symmetry (M1)
a
—b
i
-2
h=4 A1
METHOD 2 substitution
attempt to substitute (-2.0) or (6.0) into g (M1)
—(=2)>=2b+12=00r —(6)*+6b+12=0 (A1)
b=4 A1
METHOD 3 factored form
attempt to write g in factored form (M1)
g(x) =(x+2)(6—x)
—x?+4x+12 (A1)
b=4 A1
METHOD 4 quadratic formula
attempt to substitute into quadratic formula and set equal to -2 or 6 (M1)
b+, —4(-1)(12 ~ptyb* —a(-1)(12
b)) o b -a(-1)(12)
2(-1) 2(-1)

b* —24b+144=b*+48 OR b’ +8b+16=b"+48 (or equivalent, must not contain
radical) (A1)
h=4 A1

[3 marks]



(c)

(€)

recognizing to subtract g — f° (in correct order) (M1)

6 2
[ (- +ax+12)—(-2x+12)dx A1
6 )
‘[ (—x‘ + 6x)dr AG
0
[2 marks]
attempt to integrate (M1)
1
—gf +3x* (+C) A1
attempt to substitute limits into their integrated function and find difference (M1)
I 5 1
(——-63+3-6~)—(——-03 +3-02]
3 3
36 A1
[4 marks]
g'(x)=—2x+4 A1
attempt to equate their derivative of g to their gradient of f (M1)
—2x+4=-2 A1
=3 A1
y=15 A1
[5 marks]

Total [16 marks]





