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Question 1

[Maximum mark: 8]

(a) The graph of y = —x° is transformed onto the graph of y = 33 — 0.08x° by a translation
of a units vertically and a stretch parallel to the x-axis of scale factor 5.

(i)  Write down the value of a.

(i) Find the value of b. [3]
(b) The outer dome of a large cathedral has the shape of a hemisphere of diameter 32 m,

supported by vertical walls of height 17m. It is also supported by an inner dome which

can be modelled by rotating the curve y = 33 — 0.08x° through 360° about the y-axis
between y =0 and y =33, as indicated in the diagram.

1

—16 0

Find the volume of the space between the two domes. [5]



Question 2
[Maximum mark: 6]
The rates of change of the area covered by two types of fungi, X and Y ,on a particular tree

are given by the following equations, where x is the area covered by X and y is the area
covered by Y.

dx
= 3y
dr
%: 2x—2y
dr

-2

3
The matrix (

2
Initially x = 8cm” and y = 10cm®.

(a) Find the value of % when 1=0.

(b) On the following axes, sketch a possible trajectory for the growth of the two fungi,
making clear any asymptotic behaviour.

Question 3

[Maximum mark: 5]
A particle, A, moves so that its velocity (vms™) at time 7 is given by v=2sinz, 7> 0.
The kinetic energy (E) of the particle A is measured in joules (J) and is given by E = 5v*.

(a) Write down an expression for E as a function of time.

(b) Hence find d—E
dr

(c) Hence or otherwise find the first time at which the kinetic energy is changing at
arate of 5Js .

2 1
] has eigenvalues of 2 and —1 with corresponding eigenvectors (1] and (2}

[2]

[4]

(1]

(2]

[2]



Question 4

[Maximum mark: 5]

The diagram shows the slope field for the differential equation

%:Sm(er}-'), 4<x<5,0<y<5.

The graphs of the two solutions to the differential equation that pass through points (0, 1)
and (0, 3) are shown.
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For the two solutions given, the local minimum points lie on the straight line L, .
(@) Find the equation of L, giving your answer in the form y =mx + c. [3]
For the two solutions given, the local maximum points lie on the straight line Z,.

(b) Find the equation of L,. [2]



Question 5
[Maximum mark: 8]

A tank of water initially contains 400 litres. Water is leaking from the tank such that after
10 minutes there are 324 litres remaining in the tank.

The volume of water, V' litres, remaining in the tank after  minutes, can be modelled by the
differential equation

V' _ k¥, where £ is a constant.

dr

t 2
(a) Showthat = (20—5) . [6]
(b) Find the time taken for the tank to empty. [2]

Question 6

[Maximum mark: 8]
Ellis designs a gift box. The top of the gift box is in the shape of a right-angled triangle GIK.

A rectangular section HIJL is inscribed inside this triangle. The lengths of GH, JK, HL,
and LJ are pem, gcm, 8cm and 6cm respectively.

diagram not to scale

The area of the top of the gift box is 4 cm®.

(@) (i) Find 4 interms of p and q.

(i) Show that 4 :%Jr 3q + 48. [4]
(b)  Find % 2]

Ellis wishes to find the value of ¢ that will minimize the area of the top of the gift box.
(¢) (i) \Write down an equation Ellis could solve to find this value of g.

(i)  Hence, or otherwise, find this value of g. [2]



Question 7

[Maximum mark: 8]

A particle P moves in a straight line, such that its displacement x at time 7 ( = 0) is defined
by the differential equation % = xcos#(e ™). Attime =0, x = =

(a) By using Euler’'s method with a step length of 0.1, find an approximate value

for x when r=0.3. [3]
(b) By solving the differential equation, find the percentage error in your approximation
for x when 1=0.3. [5]
Question 8

[Maximum mark: 7]

The sides of a bowl are formed by rotating the curve y=61Inx, 0 <y <9, about the y-axis,
where x and y are measured in centimetres. The bowl! contains water to a height of hcm.

(a) Show that the volume of water, V', interms of h is I'= 3?‘[-(6% - 1) ; [5]

(b) Hence find the maximum capacity of the bowl in cm’. [2]



Question 9
[Maximum mark: 9]

The following diagram shows a frame that is made from wire. The total length of wire is
equal to 15cm. The frame is made up of two identical sectors of a circle that are parallel to
each other. The sectors have angle # radians and radius rcm. They are connected by 1cm
lengths of wire perpendicular to the sectors. This is shown in the diagram below.

(3) Showthat r=-9_ 2]

sk

The faces of the frame are covered by paper to enclose a volume, V.

(b) (i) Find an expression for I in terms of &.

(i)  Find the expression d—V_
de
(ili) Solve algebraically %: 0 to find the value of @ that will maximize the volume, V. [7]



Question 10

[Maximum mark: 7]

The slope field for the differential equation % —e™ — v is shown in the following two graphs.
(a) Calculate the value of % at the point (0, 1). [11
(b) Sketch, on the first graph, a curve that represents the points where % =0 [2]
s
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(c) On the second graph,
(i)  sketch the solution curve that passes through the point (0, 0).

(il)  sketch the solution curve that passes through the point (0, 0.75). [4]
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Question 11

[Maximum mark: 5]

Juri skis from the top of a hill to a finishing point at the bottom of the hill. She takes the
shortest route, heading directly to the finishing point (F).

Let h(x) define the height of the hill above F at a horizontal distance x from the starting point
at the top of the hill.

The graph of the derivative of /(x) is shown below. The graph of /'(x) has local minima and
maxima when x is equal to a, ¢ and e. The graph of /'(x) intersects the x-axis when x is

equalto b, d, and f.

h'(x)

(@) (i) Identify the x value of the point where |/'(x)| has its maximum value.
(i) Interpret this point in the given context.

Juri starts at a height of 60 metres and finishes at F, where x = 1.

(b) Sketch a possible diagram of the hill on the following pair of coordinate axes.

[2

(3]
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Question 12
[Maximum mark: 8]

Afunction f is of the form £ (7) = pe?**"  p. ¢, reR"’. Part of the graph of f is shown.
S

/

A0, 6.5)

B(5.2, 02)

The points A and B have coordinates A(0, 6.5) and B(5.2, 0.2), and lie on f.
The point A is a local maximum and the point B is a local minimum.

Find the value of p, of ¢ and of r.



Question 13
[Maximum mark: 7]

The wind chill index W is a measure of the temperature, in °C, felt when taking into account
the effect of the wind.

When Frieda arrives at the top of a hill, the relationship between the wind chill index and the
speed of the wind v in kilometres per hour (kmh™) is given by the equation
W=19.34—7.405v°¢

aw
T [2]
When Frieda arrives at the top of a hill, the speed of the wind is 10 kilometres per hour and
increasing at a rate of 5kmh ™ minute ™.

(a) Find an expression for

(b) Find the rate of change of 7 at this time. [5]
Question 14

[Maximum mark: 8]

@ () Expand (%+1)2.

N . 1 3
(i)  Find f( +l)dx.
1
(x+2)

about the x-axis to form a solid.

The region bounded by v =

+1, x=0, x=2 and the x-axis is rotated through 2n

(b) Find the volume of the solid formed. Give your answer in the form %(a +bIn(c)),
where a, b, ceZ. [4]

Question 15
[Maximum mark: 6]

Consider the curve y =2x(4 —e7).

(a) Find
] dv
() =
. d*y
(il I‘z [4]

The curve has a point of inflexion at (a, b).

(b) Find the value of a. [2]



Question 16

[Maximum mark: 4]

A slope field for the differential equation Tl —F +% is shown.
N
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Some of the solutions to the differential equation have a local maximum point and a local
minimum point.

(a) (i) Write down the equation of the curve on which all these maximum and minimum
points lie.

(ii) Sketch this curve on the slope field. [2]

The solution to the differential equation that passes through the point (0. —2) has both a
local maximum point and a local minimum point.

(b) ©On the slope field, sketch the solution to the differential equation that passes
through (0, -2). [2]



Question 17
[Maximum mark: 8]
The cross-section of a beach is modelled by the equation y = 0.02x” for 0 <x <10 where

y is the height of the beach (in metres) at a horizontal distance x metres from an origin.
t is the time in hours after low tide.

At ¢ = 0 the water is at the point (0, 0). The height of the water rises at a rate of 0.2 metres
per hour. The point W(x(¢), ¥(¢)) indicates where the water level meets the beach at time 7.

)

(a) When W has an x-coordinate equal to 1, find the horizontal component of the velocity
of W. [3]

A snail is modelled as a single point. At # = 0 it is positioned at (1, 0.02). The snail travels
away from the incoming water at a speed of 1 metre per hour in the direction along the curve
of the cross-section of the beach. The following diagram shows this for a value of ¢, such
that > 0.

J}

(b) (i) Find the time taken for the snail to reach the point (10, 2).

(i) Hence show that the snail reaches the point (10, 2) before the water does. (8]



Question 18

[Maximum mark: 7]
The position vector of a particle, P, relative to a fixed origin O at time ¢ is given by
BB (sin(r?)_
cos (1)
(a) Find the velocity vector of P. (2]

(b) Show that the acceleration vector of P is never parallel ta the position vector of P. [5]

Question 19
[Maximum mark: 4]

The shape of a vase is formed by rotating a curve about the y-axis.

The vase is 10cm high. The internal radius of the vase is measured at 2 cm intervals along
the height:

Height (cm) | Radius (cm)
0 )
2
4 8
6 7
8 3
10 5

Use the trapezoidal rule to estimate the volume of water that the vase can hold.



Question 20

[Maximum mark: 7]

The graphs of y=6—x and y=1.5x" - 2.5x + 3 intersect at (2, 4) and (-1, 7), as shown in
the following diagrams.

In diagram 1, the region enclosed by the lines y =6 —x, x=-1, x =2 and the x-axis has
been shaded.

diagram not to scale

Diagram 1

(a) Calculate the area of the shaded region in diagram 1. (2]

In diagram 2, the region enclosed by the curve y = 1.5x” — 2.5x + 3, and the lines x=—1,
x =2 and the x-axis has been shaded.

diagram not to scale
Diagram 2

(b) (i) Write down an integral for the area of the shaded region in diagram 2.
(i) ~ Calculate the area of this region. [3]

(c) Hence, determine the area enclosed between y =6 —x and y=1.5x> - 2.5x + 3. [2]



Question 21
[Maximum mark: 3]

An electrical circuit contains a capacitor. The charge on the capacitor, g Coulombs, at time
t seconds, satisfies the differential equation

2
99,599, 204=200.
dr dr

N dg
Initiall =1 and —==8.
Y g s

Use Euler’'s method with /# = 0.1 to estimate the maximum charge on the capacitor during
the first second.

Question 22
[Maximum mark: 9]

A particle moves such that its velocity, v metres per second, at time ¢ seconds,
is given by v = fsin(t°).

(a) Find an expression for the acceleration of the particle.

(b)  Hence, or otherwise, find its greatest acceleration for 0 <7< 8.
The particle starts at the origin.

(¢) Find an expression for the displacement of the particle.

(d) Hence show that the particle never has a negative displacement.

2]
2]

[3]
[2]



Question 23

[Maximum mark: 5]

dx
Four possible phase portraits for the coupled differential equations E: ax+by

and % =c¢x+dy are shown, labelled A, B, C and D.

i

%

B

=

W

N

N

D

O\

N\
= ““

%\

N

. [a
The matrix [
c

(a) Complete the following table by writing down the letter of the phase portrait that best

b
J has eigenvalues A, and 4,.

matches the description.

Description

Phase portrait

2
Ay =2 with eigenvector [IJ and A, =3 with eigenvector [

)

2
A, = 2 with eigenvector [IJ and A, =-3 with eigenvector [

1

J

2
A, =—2 with eigenvector [1} and A, =3 with eigenvector [

1

J

[3]



Question 24
[Maximum mark: 9]

An airplane, P, is flying at a constant altitude of 3000m at a speed of 250ms™. lts path
passes over a tracking station, S, at ground level. Let Q be the point 3000m directly above

the tracking station.

At a particular time, 7, as the airplane is flying towards Q, the angle of elevation, 6, of the
airplane from S is increasing at a rate of 0.075 radians per second. The distance from Q

to P is given by x.

: a 9 path of airplane
3000
0
ground level
S
Use related rates to show that, at time T, % = —10 200 .

Find x(0), x as a function of 6.

Find an expression for % in terms of sin 6.

Hence find the horizontal distance from the station to the plane at time 7.

[2]
[1]

[3]
[3]



Question 25

[Maximum mark: 6]

The solid shown is formed by rotating the hexagon with vertices (2, 1), (0, 1), (0, 5), (2, 5),
(4, 4) and (4, 2) about the y-axis.

Solid Hexagon

Find the volume of this solid.

Question 26

[Maximum mark: 6]

The displacement, x(cm), of the end of a spring, at time 7 (seconds), is given by

2,
d—f+29+10x=0.
d” " Tdr
At1=0, x=0.75 and %:0.
{

Use Euler’'s method, with a step length 0.1 seconds, to estimate the value of x when 1=0.5.



Question 27
[Maximum mark: 9]

A decorative hook can be modelled by the curve with equation y = f(x). The graph
of y =f(x) is shown and consists of a line segment from (0, 0) to (3, 3) and two sections
formed by quadratic curves.

Y
4

| (3.3)
2 -

(6.2)
(729 O)
I I I I I I I I =%
4 2 A 6

—14

(a) Write down the equation of the line segment for 0 <x < 3.

The quadratic curve, with endpoints (=2, 0) and (0, 0), has the same gradient at (0, 0) as
the line segment.

(b)  Find the equation of the curve between (-2, 0) and (0, 0).

The second quadratic curve, with endpoints (3, 3) and (6, 2), has the same gradient
at (3, 3) as the line segment.

(¢) Find the equation of this curve.

(d) Write down [ as a piecewise function.

[1]

[3]

[4]
[1]



Question 28

[Maximum mark: 8]

The cross section of a scale model of a hill is modelled by the following graph.

0 i i i %
0 10 20 30 40

The heights of the model are measured at horizontal intervals and are given in the table.

Horizontal distance, xcm 0 10 20 30 40

Vertical distance, ycm 0 ) 8 9 0

(a) Use the trapezoidal rule with 4 =10 to find an approximation for the cross-sectional
area of the model. [2]

It is given that the equation of the curve is y = 0.04x* — 0.001x°, 0 <x <40
(b) (i) Write down an integral to find the exact cross-sectional area.
(i)  Calculate the value of the cross-sectional area to two decimal places. [4]

(c) Find the percentage error in the area found using the trapezoidal rule. [2]



Question 29

[Maximum mark: 6]

Consider the differential equation

(x2+1)d—y= i Jforx=0,y=>1,
de 2y-2

where y =1 when x=0.

(a) Explain why Euler's method cannot be used to find an approximate value for y
when x=0.1. [1]

In (x2 +])
(b) By solving the differential equation, show that y =1+ f : [4]

(c) Hence deduce the value of y when x=0.1. [1]



Question 30

[Maximum mark: 9]

The following diagram shows parts of the curves of y =cosx and y = Tx i

P is the point of intersection of the two curves.

Y
1 T -
™ p
0.5+ <
0 T I
0 0.5 1 g
(a) Use your graphic display calculator to find the coordinates of P. [2]

The shaded region is rotated 360° about the y-axis to form a volume of revolution V.
(b) Express V as the sum of two definite integrals. [5]

(¢) Hence find the value of V. [2]

Question 31

[Maximum mark: 5]
A spherical balloon is being inflated such that its volume is increasing at a rate of 15cm’s™.
(a) Find the radius of the balloon when its volume is 288 Tem®. [2]

(b) Hence or otherwise, find the rate of change of the radius at this instant. [3]



Question 32

[Maximum mark: 8]

The velocity v of a particle at time 7, as it moves along a straight line, can be modelled by
the piecewise function

[u(@), 0<i<T
V)= w,(t), =T

where u, (1) =21* —* and u,(1) = 8 — 4¢. Itis required that u,(T) = u,(T).

(@) Find the value of 7. [2]
(b) Showthat u /(1) =u,(T). [2]
The displacement of the particle at time 7= 0 is zero.

(¢) Find the time when the particle returns to its initial position. [4]



Question 33

[Maximum mark: 4]

Consider the differential equation % =3x—y+1.

(a) Find the equation of the tangent to the solution curve at the point (-1, —1) in the
form ax + by +c=0. [2]

The slope field for this differential equation is shown in the following diagram.

(b)  Sketch the solution curve that passes through the point (-1, —1). [2]
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Question 34

[Maximum mark: 7]

Consider the function f(x) =x’ —x, for -1 <x < 1. The shaded region, R, is bounded by
the graph of y = f(x) and the x-axis.

y=rx)

(@) (i) Write down an integral that represents the area of R .
(i)  Find the area of R. 2]
Another function, g, is defined such that g(x) =2/ (x - 1).

(b) On the following set of axes, the graph of y = f(x) has been drawn. On the same set

of axes, sketch the graph of y = g(x). 2]

Y
1

0.5

y=r(x)
| | I X
=) ~1 . I 2

=05
—1-

The region R from the original graph y = f'(x) is rotated through 27 radians about the x-axis
fo form a solid.

(c) Find the volume of the solid. [3]



Question 35

[Maximum mark: 8]

Joon is a keen surfer and wants to model waves passing a particular point P, which is off the
shore of his favourite beach. Joon sets up a model of the waves in terms of 4 (¢), the height
of the water in metres, and ¢, the time in seconds from when he begins recording the height
of the water at point P.

h(t)

4_

L(0.35) (12, 3.5)

3_

2_

1_

(6, 0.5)
I I I I I T I I T I I 1
0 2 4 6 8 10 12 14 16 18

The function has the form h(r) = pcos(gr] g, £20.

(@) Find the values of p and g. [2]
(b) Find

@ .

(i) H(1). [3]

Joon will begin to surf the wave when the rate of change of /# with respectto ¢, at P, is at
its maximum. This will first occur when = k.

(c) (i) Find the value of k.

(i)  Find the height of the water at this time. [3]



Question 36

[Maximum mark: 8]
A particle starts from rest at point O and moves in a straight line with velocity, v, given by
v =3sin(r)(1+cos(t)) , 120
where v is measured in metres per second and time, ¢ (radians), is measured in seconds.
The particle next comes to instantaneous rest when f=a.
(a) Determine the value of a. 2]
(b) Find the maximum velocity of the particle during the interval 0 <f<a. 2]

(c) By finding the total distance travelled between =0 and f=a, find the average speed
of the particle during the interval 0 <t <a. [4]

Question 37

[Maximum mark: 9]

The diagram shows the curve with equation y, = kx* — x, k> 0, which intersects the x-axis at

the origin and at the point A, {}l, 0].

L

1 x
Ag! =B
*[k j
The normal to the curve at A, intersects the curve again at point B,.

(@) Show that the x-coordinate of B, is _;l' [6]
o

Consider the case where F=2.

(b) Calculate the finite area of the region between the curve with equation y, = 2x* —x and
the normal at A,. [3]



Question 38

[Maximum mark: 9]

Consider the function f(x)=xv3-x>, -3 <x<4/3.

(@) Sketch the graph of y = f(x) on the following pair of axes.

The area between the graph of y = f(x) and the x-axis is rotated through 360°

about the x-axis.

(b) () Write down an integral that represents this volume.

(i)  Calculate the value of this integral.

The graph of the function f is transformed, to give the graph of the function g, in the

following way:

» ltis first stretched by scale factor 2, parallel to the x-axis with the y-axis invariant.
» ltis then stretched by scale factor 0.5, parallel to the y-axis with the x-axis invariant.

(c) Find the volume obtained when the area between the graph of y = g(x) and the
x-axis is rotated through 360° about the x-axis.

Question 39

[Maximum mark: 4]

Consider the differential equation ivz.t}f“ 1, giventhat y=2 when x=1.
X

Use Euler’s method with step size 0.1 to find the approximate value of y when x =1.5.

[2]

[4]

[3]



Question 40

[Maximum mark: 6]

A system of differential equations of the form % =ax+by, % =cx+dy has
t I

3 1
eigenvalues A =-1 and A =2 with corresponding eigenvectors (J and {3}

The following incomplete phase portrait for this system, with x, y > 0, shows lines through
(0. 0) parallel to the eigenvectors.

(a) On the phase portrait
(i) show the direction of motion along the eigenvectors.

(i)  sketch one trajectory in each of the three regions. [3]

};

In the system described above, x and y are the population sizes of two species, X and Y.
The population of Y is vulnerable, so it will be increased by adding more animals from a
different area. Currently, x = 252 and y = 60.

(b) Find the minimum number of new animals from species Y that need to be added for the
population not to reduce to 0 over time. [3]



Question 41

[Maximum mark: 7]
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a) Find dx . 3
@ J..’Zx+3 3]
(b) Hence find the exact area between the curve y= 2223 the x-axis and the lines x =0
X+
and x = 6. Give your answer in the form alnb, where a, be N . [4]

Question 42

[Maximum mark: 4]
Consider the differential equation %: log,,(x+y),where x>0 and y > 0.
Given that y = 1 when x =0, use Euler's method with a step length of 0.1 to find an

approximate value for y when x=2.

Question 43

[Maximum mark: 7]

The fish in a lake feed on insects. Let I be the population of fish and L be the population of
insects at time 7 (weeks).

The populations can be modelled using the coupled differential equations

% =0.000004FL-0.2F
(;_L =0.06L-0.00003FL
!

where F>0and L>0.
When =0, itis estimated that F = 5000 and L = 80000.

(a) For 0 <r<52, use Euler's method, with a step length #» =4, to find an approximate
value for

() the maximum value of F
(i)  the minimum value of L. [5]
(b) (i) State what will happen to the number of fish in the lake, as predicted by the model.

(i)  Suggest a reason why this prediction may not occur. [2]



Question 44

[Maximum mark: 7]

As part of his mathematics exploration, Jules models the shape of part of a wine glass to find
the capacity (volume) of the glass.

He finds that the edge of half the glass can be modelled by the function
f(x)=4-2In(5 —x), where 0 <x<498.
A graph of y = f'(x) is shown, with a scale of 1 unit=1cm.

7
(4.98.11.8)

(@) Find the y-intercept. [1]
The point (4.98, 11.8) represents a point at the top of the glass.

Let R be the region enclosed by the graph of [, the y-axis and the line y =11.8.

Jules finds the capacity by rotating the region, R, 360° about the y-axis.

(b) Calculate the capacity of the glass that Jules obtains. [6]



Question 45

[Maximum mark: 8]

While playing on the beach, Sabine builds a mound of sand. The shape of the cross section
through the centre of this mound can be modelled by the function

f(x):().3e'2‘2,
where -2 <x < 2.

Sabine places a flagpole into this mound at a point, P, which is 0.25m above the level
beach. The pole is perpendicular to the mound of sand at point P.

This information is shown in the diagram, where the x-axis represents the level beach and

the y-axis represents the height above the beach. The scale on the axesis 1 unit = I metre.

diagram not to scale
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The coordinates of P are (a, 0.25), where a > 0.
(a) Calculate the value of a.
(b)  Find an expression for f'(x).

(c) Hence, or otherwise, find the angle, @, the flagpole makes with the level beach.

[2]
[2]
[4]





