Subject - Math AI(Higher Level)
Topic - Calculus
Year - May 2021 - Nov 2022
Paper -1
Answers

Question 1
(@ () a=33
|

o 1/0.08

=232

(b) volume within outer dome
2
—T X 16’ + m x 16> x 17 = 22250.85
J

volume within inner dome

)

7['[33 33—y 3d,‘, =3446.92
ol 0.08 A

volume between = 22250.85 — 3446.92 = 18 803.93m’

Question 2

dv  16—20
@ =
dv 2420

=-1

2
(b) asymptote of trajectory along r = A[ 1]

1
Note: Award M1AQ if asymptote along (’?J

trajectory begins at (8, 10) with negative gradient

A1

M1A1
[3 marks]

M1A1

M1A1

A1
[5 marks]

Total [8 marks]

M1

A1
[2 marks]

M1A1

A1A1
[4 marks]

Total [6 marks]



Question 3
(@) E=5(2sin)’(=20sin’ r)

(b) = = 40sinfcost
dt

() t=0.126

Question 4
(@) sin(x+y)=0
s x+y=0

(the equation of L, is) y =—x

(b) x+y=m OR ypy=—x+n

A1
[1 mark]

(M1)A1
[2 marks]

(M1)A1
[2 marks]

Total [5 marks]

A1

(M1)

A1
[3 marks]

(M1)A1
[2 marks]

Total [5 marks]



Question 5

dv

i

a) —=—k1?

(a) gy
use of separation of variables (M1)
jIV‘% dV—I—k dr A1
WE = —Jt (+¢) A1
considering initial conditions 40 =¢ A1
24324 =10k + 40
=k=04 A1
2V =041+ 40
—\V =20-0.2¢ A1

Note: Award A1 for any correct intermediate step that leads to the AG.

=¥ = ( 20 ;)Z AG
Note: Do not award the final A7 if the AG line is not stated.
[6 marks]
tY
(b) 0_(205J = ¢ =100 minutes (M1)A1
[2 marks]

Total [8 marks]



Question 6
@ () A:%xﬁxq+%x8xp+48 OR Azé{p+6Xq+& OR

A=3g+4p+48

A1

(i) valid attempt to link p and g, using tangents, similar triangles or other method

eg. t5|116’:§andtan6?:i OR tan#=2 and t3119:6

— OR
p 6 8 q
correct equation linking p and ¢

eg. pg=48 OR pZ? OR q=§

. 48 . .
substitute p =— into a correct area expression
q

1 1 48 1( 48
eg. (A=)—x6xg+—%x8x—+48 OR (4=)—| —+6 +8
g- ( )2 q 5 = ( )2{ 2 ](9 )

2
A:3g+&+48

q

(M1)

A1

M1

AG

Note: The AG line must be seen with no incorrect, intermediate working, for
the final M1 to be awarded.

6 243
pE
—192 .
Note: Award A1 for ——, A1 for 3. Award A1AQ if extra terms are seen.

q

© () _?2+3:0
4q

(i) g=8cm

[4 marks]

A1A1

[2 marks]

A1

A1
[2 marks]

Total [8 marks]



Question 7
(a) xn n xn—l + h f(xn—l 2 rJ'l—l)
h=0.1, f(x,t)=xcost(e™)

- —siff,
x =% w01 cost (8T}

Note: Award M1 for a valid start.

n ?‘" X,
0 0| 0.367879
1 0.1 | 0.404667
2 0.2 0441106
3 0.3 | 0.476548

Note: Award A1 for a correct x value when n=1.

x(0.3)~0.477 (0.476548...)

(b) EITHER
J.E = Jcos t(e™™") dt (+c)
X
Inx=-—e"%4+c
1
i=0; x=—=c=0
e

(—e7m)

x=e
x(0.3) ~ 0.475140...

OR

x d” 03 i
J—: _[cosr(e )dt
ol 0
[Inu];, =0.255855... (from GDC)
Inx+1=0.255855...
Inx=-0.744145...

x=e % _ 0.475140....

THEN

0.476548...—0.475140...
percentage error = x100=0.296% (2.96192...)

0.475140...

Note: If candidates do not attempt to find ¢, they may score MTAOMOA1A1.

(M1)

(A1)

A1
[3 marks]

M1

A1
m1

A1

M1

A1

A1

A1

A1

[5 marks]

Total [8 marks]



Question 8

(a) attempttouse V= TEJ.b.YZ dy (M1)
X
x=e® orany reasonable attempt to find x in terms of y (M1)
X
V=r'e?dy A1
0

Note: Correct limits must be seen for the A1 to be awarded.

L
:r{3e3] (A1)

0

Note: Condone the absence of limits for this A1 mark.

[ &
=3n e3—eo} A1

™ h
=3 e?—1} AG

h x

Note: If the variable used in the integral is x instead of y (i.e. V' = T[I edy ) and the
0

candidate has not stated that they are interchanging x and y then award at

most MIM1AOATA1AG.
[5 marks]
(b) maximum volume when 7 =9 cm (M1)
max volume =180 cm’ A1
[2 marks]

Total: [7 marks]



Question 9

(@ 15=3+4r+2s6
12=2r(2+86)

e!g?

Note: Award A1 for any reasonable working leading to expected result

factorizing 7.

(ii)

(iif)

attempt to use sector area to find volume

volume = %rz{? x1

1 36 186
2 (2+6) (2+6)

dV _(2+6)’x18—360(2+6)

e (2+6)*

dv _36-186
de (@2+6)

dv _36-186 _
de (2+6)

Note: Award this M1 for simplified version equated to zero.
The simplified version may have been seen in part (b)(ii).

g=2

M1
A1l

AG
[2 marks]

(M1)

A1

M1A1A1

M1

A1

[7 marks]
Total: [9 marks]



Question 10

(a) [ﬁzeﬂ—l]:o A1
dx
[1 mark]
(b)
\
h
N
%
.
S
T
= A5 2.5
- ~ 7 e s
A5 o | W W W Vgt M (M A A o e
R Y IR i B e e e T R S
gradient=0at (0, 1) A1
correct shape A1
Note: Award second A7 for horizontal asymptote of ¥ =0, and general
symmetry about the y-axis.
[2 marks]

(i) positive gradient at origin A1
correct shape A1

Note: Award second A7 for a single maximum in 1% quadrant and tending
toward an asymptote.

(ii) positive gradient at (0. 0.75) A1
correct shape Al
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(i) positive gradient at origin A1
correct shape A1

Note: Award second A1 for a single maximum in 1% quadrant and tending
toward an asymptote.

(i) positive gradient at (0, 0.75) A1
correct shape A1

Note: Award second A1 for a single minimum in 2™ quadrant, single maximum
in 15 quadrant and tending toward an asymptote.

[4 marks]
Total: [7 marks]

Question 11

(@) () a At
(ii)  the hill is at its steepest / largest slope of hill A1
[2 marks]
(b)
h(x) 1
80 -
0 a b g d e f &
A1A1A1
[3 marks]

Total: [5 marks]



Question 12
substitute coordinates of A
f(0)=pe?™™® =65
6.5=pe?

substitute coordinates of B
f(52) 2y peqCOS(S.ZrJ - 02

EITHER
f'(t) =—pgrsin(ri)e

geos(rt)

minimum occurs when —pgrsin (5.27)e?*%?” =0

sin(3t) =0
rx32=m
OR

minimum value occurs when cos (1) =-1
rx32=m

OR

period = 2x5.2=104
2n

r=—
10.4

THEN

T
r =<5 =0.604152... (0.604)

~J

i

02=pc™

eliminate p or g
=52 or g2-2
0.2 6.5

g=1.74 (1.74062...)
p=1.14017... (1.14)

(A1)

(M1)

(A1)

(M1)
(A1)

(A1)

(M1)

A1l

(A1)

(M1)

A1
A1
[Total 8 marks]



Question 13

(2) use of power rule (M1)
(Lj:—l.18481*'°'34 OR -1.18v"% A1
=
[2 marks]
B s (A1)
dr
; w
aw: = d_‘xd_ (M1)
dt  dr dv
£ T 1848-.4”‘4]
when v=10
%:—le.wmxlo*“ (M1)
t
~0.856 (—0.856278...)"Cmin™ A2
Note: Accept a negative answer communicated in words, “decreasing at a rate of...".
Accept a final answer of —0.852809...°Cmin™" from use of —1.18.
Accept 51.4 (or 51.2) *Chour™
[5 marks]

Question 14

|

(a) (i) “—2+;+1

(ii) [[ 1} dx

——=+——+1|dx OR j( = Jdu
(r+2) x+2 u

1
(x+2)

+2In|x+2[+x(+0)

[Total 7 marks]

A1

(M1)

A1A1

[4 marks]



(b) volume ZE{— +21n(x+2)+xJ

(x+2) .

=n[—1+ 2111(4)+2+i—2m2]
T d 2

9
:n[rzm(@—zmz]

use of log laws seen, for example

n(3+4h1(2)—2h12] OR n(g+2h1(iD
4 1 >

=§(9+sm(z)) OR a=9,bh=8 and c=2

M1

A1

M1

A1

[4 marks]
Total [8 marks]



Question 15

(@ (i) use of product rule (M1)
dy ;
= =2(4—e" |+ 2x(—€" A1
B o(a-e)2e(-)

=8—2e" —2xe”

(i)  use of product rule (M1)
2 ?
9y et 2e* 2t At
dx
=—4e* —2xe"
=-22+x)e"
[4 marks]
. &’y : o, 2
(b) —2(2+a)e"=0 OR sketch of o with x-intercept indicated
ke
OR finding the local maximum of % at (-2, 8.27) (M1)
i
X Intercept .
/\\( 2.0)
-I5
(a=) -2 A1
[2 marks]

[Total 6 marks]



Question 16
@ () x2+-;—’=0(_v=—2x2) A1

(i) v= —2x* drawn on diagram (correct shape with a maximum at (0. 0)) A1
[2 marks]

correct shape with a local maximum and minimum, passing through (0. —2) A1

local maximum and minimum on the graph of v =—-2x" A1l

[2 marks]
[Total 4 marks]



Question 17

(a) use of chain rule
& _dyde
dt  dx dr

attempt to find ﬁ at x=1

02=

[
dr

(b) (i)

(ii)

dx
dx

0.04x—
dr

:J 5 mh?!

if the position of the snailis (X', )

from part (a) %: ; OZIX(:i_}.:

since speed is 1:
finding modulus of velocity vector and equating to 1

vy
0.04X

] +¥ OR 1=vX2+0.0016X2X>

=¥ {¥+1] OR 1=X?(1+0.0016X7)
=

0.0016.X*
orR To| L
1+0.0016X
0.08Y

2. 1 T 10 ]!:
| +1dY:jdr OR _{v'1+0.{}016X2 dx = [dr
',V 0.08Y ) ! !

0.02

T =9.26 hours

EITHER
time for water to reach top is 0—22 =10 hours (seen anywhere)

OR
or at time 1=9.26, height of wateris 0.2x9.26 =1.852

THEN
so the water will not reach the snail

(mM1)

(M1)

A1

[3 marks]

(M1)

(A1)

(mM1)

A1

A1

A1

AG
[5 marks]
Total [8 marks]



Question 18

(a)

(b)

attempt at chain rule
[v _dop _J 2tcost®
dt —2tsint’

attempt at product rule
[ 2cost’ —4f*sint? ]

—2sint* —4t? cost?

METHOD 1
let S =sint* and C =cost’
finding cos @ using

i

a«0OP=25C—4s* —25C—42C* = -4
—

|OP|=1

la|= J(zc—zwzsf +(-25-4r°C)’
=\4+161* > 4

if & is the angle between them, then
4

Ja+16t*

cosf=—

so —1<cos@ <0 therefore the vectors are never parallel

METHOD 2

solve
" 2cost’ — 4tk sint? \’_ [sin.fz\]

—2sint’ —4¢ cost?
then

cost’

2cost® —4f’sint® _ —2sint’ — 4% cost’

k=) -

- 3
smi cos F2

(M1)
A1

(M1)
A1

m1

At

R1

[2 marks]

M1

straight to the next line.

Note: Condone candidates not excluding the division by zero case here. Some might go

2cos? 12 — 41 cos?sint® = —2sin? 2 —4¢? cost? sint’

2cos? 2 +2sin’ > =0
2=0

this is never true so the two vectors are never parallel

A1
R1



2cos? t* —4t? cost? sint® =—2sin® ¥ —4¢* cost? sin
2cos’tt +2sin’ 2 =0

2=0 A1
this is never true so the two vectors are never parallel R1
METHOD 3
embedding vectors in a 3d space and taking the cross product: M1
sin£? | [ 2cost® —4* sin#? 0
cost® |x| —2sint® —4¢ cost® |= 0
0 0 2 sin® £ —4¢* cost’ sint® —2cos’ 1* +4¢* cost’ sin
0
=10 A1t
-2
since the cross product is never zero, the two vectors are never parallel R1
[5 marks]
Total [T marks]
Question 19
10 10
V=n[y’dr OR =fx’dy (M1)
0 0
h=2
znxlxzx((f+52)+2x(62+82+72+32)) M1A1
2
=1120cm’ (1121.548..) A1

Note: Do not award the second M1 If the terms are not squared.

Toral [4 marks]



Question 20

(a) EITHER
attempt to substitute 3, 4 and 7 into area of a trapezoid formula (M1)

(4) %(?+4)(3}

OR
given area expressed as an integral (M1)

S jl (6—x) dv

OR
attempt to sum area of rectangle and area of triangle (M1)

U=)4x3 +% 3)3)

THEN
16.5 (square units) A1
[2 marks]
(b) (i) (4= j_il,:').xf2 —25x+3 dx A1A1

Note: Award A1 for the limits x=—1, x=2 in correct location. Award A1 for an integral

of the quadratic function, dx must be included. Do not accept “y" in place of the
function, given that two equations are in the question.

(i) 9.75 (square units) A1

[3 marks]
(c) 165-9.75 (M1)
6.75 (square units) A1

[2 marks]

Total [7 marks]



Question 21
EITHER

dg
=q, +0.1] —
QH+1 Q‘n (df JH
. , 5
(). -(8) (2
ds ). \dt ) de® )
OR
let %:y

dr
q,.,=4q,+0.1y,

dy
V=¥, +0.1 —
o+l sn ( df Jn

THEN
EITHER
dy

=~ =200—5y—20q
dr

OR
d’q _ dg

THEN

evidence of using Euler’s method (e.g.)

0 1 8 140
0.1

1.8 22 54

maximum charge =12.7 (Coulombs, at t =0.7)

ite: Award A0AT1 for a final answer of 10.8, from reading the value at 7 =1.

(M1)

(M1)

(A1)

(A1)

(M1)

A2

Total [5 marks]



Question 22

(a) attempt to use product rule
a =2t cos(t*) +sin (")

(b) graph ofa
126 (ms™) (125.699...)

(c) attempt at integration by substitution or inspection
1
g s () (+c)

(s=0 when t=0) Dc:%

1 o
s=——cos(t’)+—
( 2 e 2J

d) cos(t) <l

1 5 1
——cos(t’)=——
2 ) 2,

Ly b
so ———cos(t')=0
>"% ()

hence the particle never has a negative displacement.

Note: Do not accept reasoning based on a sketch of the graph.

(M1)
A1
[2 marks]

(M1)
A1
[2 marks]

(M1)
A1

At

[3 marks]

A1

R1
AG

[2 marks]
Total [9 marks]



Question 23
(a)

Description Phase portrait
2 1
Ay = 2 with eigenvector (J and A, =3 with eigenvector ( J D
o 2 L 1
A, =2 with eigenvector [J and A, =3 with eigenvector [ 1] cC
AW 2 - 1
A, =-2 with eigenvector 4 and A, =3 with eigenvector i B
A1A1A1
[3 marks]

(b)

spiral (crossing x-axis at least twice), centre at origin A1l
arrow indicating clockwise, passing through or starting from (3, 0) A1l

[2 marks]
Total [5 marks]





