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Mathematics: analysis and approaches
Higher level
Paper 1

15 May 2025

Zone A afternoon | Zone B afternoon | Zone C afternoon ] _
Candidate session number

2 hours

Instructions to candidates

* Write your session number in the boxes above.

* Do not open this examination paper until instructed to do so.

* You are not permitted access to any calculator for this paper.

* Section A: answer all questions. Answers must be written within the answer boxes provided.

* Section B: answer all questions in the answer booklet provided. Fill in your session number on
the front of the answer booklet, and attach it to this examination paper and your cover
sheet using the tag provided.

* Unless otherwise stated in the question, all numerical answers should be given exactly or

correct to three significant figures.

* A clean copy of the mathematics: analysis and approaches HL formula booklet is required

for this paper.

e The maximum mark for this examination paper is [110 marks].

2225-7106
14 pages © International Baccalaureate Organization 2025

16E

P

Bachillerato Internacional

“““ ‘“ ‘“ International Baccalaureate”
01 Baccalauréat International




=

-2- 2225-7106

Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show all
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 5]

3
Consider the function f(x)= 4% —16x, where x € R.

The graph of y =f(x) has a local minimum point at (p, g) where p > 0.

Find the value of p and the value of g.

§ [N |
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[Maximum mark: 7]

Bob invests 1000 dinar in an account which pays a nominal annual interest rate of 4%
compounded quarterly.

The amount of money in the account after one complete year can be written as 1000 (1 + k)*
where k € Q.

(a) Write down the value of k. [1
(b) Expand and simplify (1 + x)*. [2]

(c) Hence or otherwise, find the amount of money in the account after one complete year,
giving your answer correct to the nearest dinar. [4]
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[Maximum mark: 4]

Find the area completely enclosed by the curves y =¢", y =—¢*, and the lines x=—1 and x = 1.
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[Maximum mark: 6]
Consider events 4 and B such that P(4")=P(AUB) = % and P(B|A) = % .
(@) Find P(4 N B). [3]

(b) Show that events A and B are independent. [3]
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[Maximum mark: 8]
Consider a sequence of ten rectangular picture frames £, F,, ..., Fy, F,.
Picture frame F, has width 4cm and height Scm.

The width and height of picture frame F', are each increased by 50% to generate the width
and height of the next picture frame F, ,forn € Z', 1 <n<9.

+17

n—1
(@) (i)  Show that the area of picture frame F' is 20(%) cm’.

(i)  Hence, find the mean area of the ten picture frames, giving your answer in the

form p((%j —lJcmZ, where p e Q*, a e Z".

(b) Find the median area of the ten picture frames, giving your answer in

4
the form q(%j cm’, where ¢ € Q".

[5]

[3]
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[Maximum mark: 6]

The line L, has vector equation r=4i — k+ A(aj + k), where a, 1 € R.

The line L, has vector equation r =i — bk + u(i + 2j + 3k), where b, u € R.
The lines L, and L, are perpendicular and intersect at a unique point.

Find the value of a and the value of 5.
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[Maximum mark: 5]

Consider the complex number z = 3"".

(a) Write the integer 3 in the form ¢“ where a € R.

(b)  Hence, giving your answers in the form pcos(Ing) where p, g € Q, find

(i)  Re();

(1]

[4]
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[Maximum mark: 7]

Seema claims that n > log,n for n € Z*.

(@) Show that 1 +log,n>log,(n+ 1) forneZ". [2]

(b) Use mathematical induction and the result from part (a) to prove that Seema’s claim
is valid. [5]

L

16E

P

09



-10- 2225-7106
[Maximum mark: 8]
dy _ x—y

Consider the homogeneous differential equation — =

, Where x>0 and y # —x.
xX+y

Itis given that y=0 when x=2.

By using the substitution y = vx, show that the solution of the differential equation
is x* —2xy -y’ =4.
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Do not write solutions on this page.
Section B
Answer all questions in the answer booklet provided. Please start each question on a new page.
10. [Maximum mark: 18]

The function f is defined by f(x) =5(x + 1)(x + 3), where x € R.

(@) Write f(x) inthe form a(x — k)’ + k, where a, h, k € Z. [4]
(b) Sketch the graph of y = f(x), showing the values of any intercepts with the axes and

the coordinates of the vertex. [4]
(c) Solve the inequality f(x) <40. [4]

The function g is defined by g(x) =Inx, where x € R, x> 0.
(d) (i)  Write down an expression for ( fo g)(x) .
(i)  Solve the inequality ( fo g)(x) <40. [3]

(e) Find the domainof gof. [3]
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Do not write solutions on this page.

11.

[Maximum mark: 17]

The plane I, has equation x + 2y + z =0 and the plane I1, has equation x —y —2z=0.
The acute angle between the planes I1, and I1, is 6.

(@) Show that =60°.

A third plane I1, is perpendicular to both I1, and I1,.

The unique point of intersection of all three planes is the point R(5, -5, 5).

(b) Find the Cartesian equation of I1,.

Each of the planes I, and I1, contains a mirror.

Aray of light is directed towards the mirror in I1,. The ray of light forms an angle of 45°
with I1, and meets it at the point P.

The ray of light is then reflected towards the mirror in I1,, and meets 11, at the point Q.
The points P and Q are contained in I1;.

Itis given that PR = 5cm.

This information is shown on the following diagram.

-
-
-
-
-
-
-
-
-
-

ray of light

(This question continues on the following page)
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Do not write solutions on this page.
(Question 11 continued)

(c) (i) Using an appropriate compound angle identity, show that sin 75" =

V2 ++/6
2

(i)  Find QR, giving your answer in the form p(ﬁ—l)cm where p,q € Z. 7]

§ [
16E

13

P




=

—14 — 2225-7106
Do not write solutions on this page.
12. [Maximum mark: 19]
Consider the family of functions f (x) = cos"x, where x € R and n € N.

(@) By writing cos"x as cos”'x cosx, show that
J.cos”xdx =cos"'x sinx + (n — I)J.cos”'zxdx —(n— I)J.cos”xdx forn>1. [4]
1 n—1 . n—1
(b) Hence, show that I/fn(x)dx =—Co0S x51nx+—jﬁ,_2(x)dx forn>1. [2]
n n

(c) Hence, find an expression for Icos“xdx, giving your answer in

the form pcos’xsinx + gcosxsinx + rx + ¢ where p, g, r € Q". [4]

The region R is enclosed by the graph of y = cos’x and the x-axis where I <x< E, as
shown in the following diagram. 2 2

The region R is rotated by 27 radians around the x-axis to form a solid of revolution.
(d) Find the volume of the solid. [4]

(e) (i) Find the Maclaurin series of f (x) up to the termin X

(i)  Hence or otherwise, find 1imfn(x—2)‘1

in terms of n. [5]
x—0 X
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show all
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 5]

The function 1 is defined by f(x)= 32x—? forxeR, x# —%.
X+

The following diagram shows part of the graph of y = f(x).

y

(@)  Write down the value of £(0). [1
(b)  Write down the equation of the horizontal asymptote. [1
The function g is defined by g(x) =—f(x) for x> 0.

(c) Findthe range of g. [3]

(This question continues on the following page)
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(Question 1 continued)
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[Maximum mark: 5]
. . , . . ox—1 y+2
The line L, is defined by the Cartesian equation > = T =z.
(a) Find a vector equation of L,. [2]
0 1
A second line L, is defined by the vector equation r=| 4 [+¢| 0 |, where t € R.
-8 2

(b)  Find the coordinates of the point where L, and L, intersect.

[3]
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[Maximum mark: 7]
The following diagram shows a non-right angled triangle ABC.

diagram not to scale

672

20

A C

AB=5 BC=6v2, ACB = 0 and BAC =26, where 0<9<g.

(@) Using the sine rule, show that cosf = ¥ [3]

(b) Hence, find sin 6. [2]
Point D is located on [AC] such that the area of triangle BCD is 2\/ﬁ.

(c) Find DC. [2]

L
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[Maximum mark: 7]
Events 4 and B are such that P(4U B) :g and P(ANB")= %
(@) Find P(B). [3]

(b) Given that events 4 and B are independent, find P(A4'|B). [4]
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[Maximum mark: 7]
The quadratic equation x* + kx + 15 — k= 0 has two distinct real roots.
(a) Find the possible values of «. [5]

(b) Find the possible values of & in the case where the two distinct real roots are both
positive or both negative. [2]
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[Maximum mark: 7]

Consider the function f(x)=+x’Inx+4-x,where x € R, x> 0.

(@) Show that the distance, /, between the origin and any point on the graph of f is given

by I=vx’Inx+4. [1]

(b) Hence, find the x-coordinate of the point on the graph of f which is closest to the origin. [6]
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[Maximum mark: 5]
Itis given that x* + px’ — 2x* + gx — 3 is exactly divisible by (x + 1).

Find the value of p and the value of ¢, where p, g € R.
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[Maximum mark: 8]
Consider the function f(x) = arccosx for -1 <x < 1.

(@) On the set of axes below sketch the graph of y =f(x).

On your sketch clearly indicate the y-intercept and coordinates of the end points. [2]
y
X
1 1
(b) Solve arccos(x)+ arccos(x\/g) =—, for il <x< i [6]

L

16E

10

P

|




9.

-1 - 2225-7111

[Maximum mark: 6]

Prove by contradiction that >4 forxeR,0<x<1.

1
x(l—x)
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.

[Maximum mark: 17]

The function f is defined by f(x) =4, where x € R.

(@) Find £7'(8). Express your answer in the form P \where p.q€e.

The function g is defined by g(x) =1 + log,x , where x € R".
(b) (i) Find an expression for g'(x).

(i) Describe a sequence of transformations that transforms the graph of y = g"'(x) to
the graph of y =f(x).

(c) Show that (fo g)(x) = 4x".

4x* 1
The function # is defined by A(x)= al
2x+1 2
The following diagram shows part of the graph of 4. Let R be the region enclosed by the

graph of 4 and the x-axis, between the lines x=1 and x=3.

y
h
R
X
13
2
(d) () Showthat 2x—1+ _ A
2x+1 2x+1

(i)  Hence or otherwise, find the area of R, giving your answer in the form p + gInr,
where p,q,re Q".

16E
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Do not write solutions on this page.

11.

[Maximum mark: 17]

(@) Find the first four terms in the binomial expansion of +/1+5x in ascending powers of x.

Consider the expression (1 + px)(1 + gx)™', where p, g € Q.

(b)  Find the expansion of (1 + px)(1 + gx)"' in ascending powers of x, up to and including
the term in x°.

The expansions found in parts (a) and (b) are identical up to the first three terms, for a value
of p and a value of q.

(c) Show that g :%.

(d) The expression I+ px
1+gx

1
, With p = XS and ¢ = e can be used as an approximation

for </1+5x where |x|<§.

(i)  Hence, by finding a suitable value for x, find the approximation for +/1.2 in the

m
form — , where m,n e Z.
n

5
2

(i)  Now consider the approximation for 75 Explain why the approximation for

is not as accurate as the approximation for /1.2 .

16E
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Do not write solutions on this page.

12. [Maximum mark: 19]
(a) Solve z* =-1 ~J3i, giving your answers in the form z = r(cos 6 + isin 0).
Let z, and z, be the square roots of ~1-+/3i, where Re (z))>0.

Let z; and z, be the square roots of —1+ J3i, where Re (z3)>0.

(b) Expressing your answers in the form z=a + bi, where a, b € R,
(i) find z, and z,;
(i) deduce z; and z,.

The four roots z,, z,, z; and z, are represented by the points A, B, C and D respectively on
an Argand diagram.

(c) (i) Plotthe points A, B, C and D on an Argand diagram.
(i)  Find the area of the polygon formed by these four points.
The four roots z,, z,, z; and z, satisfy the equation z* + 22> +4=0.

1 1 1 1
The four roots —, —, — and — satisfy the equation pw* + gw’ + =0 where p, ¢, r € Z.
zZ, z, z z,

(d) Find the value of p, g and r.

1 1 1 1
The four roots —, —, — and — are represented by the points E, F, G and H

Z, zZ, Zz z,

respectively on an Argand diagram.

(e) (i) Find 1 in the form z=a + bi, where a, b € R.
Z

(i)  Hence, deduce the area of the polygon formed by these four points.

[4]

[4]

[4]

[3]

[4]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show all
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 5]
Let log,,2 =p and log,,3=q.
(@) Find an expression for log,,24 in terms of p and ¢. [3]

(b)  Find an expression for log, 8 in terms of p and g¢. [2]

Turn over
16EP03

P




[Maximum mark: 5]

The following diagram shows the graph of y =f(x), for -6 <x <5.

y

(@)}

W

I

(V8]

\9

_—

(@) Write down the value of f(-3).
(b)  State the domain of f~', the inverse function of 1.

(c) Find the value of x that satisfies f™'(2x —7) =-3.

2225-7116

[1]
[1]
[3]
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[Maximum mark: 5]

Solve the equation 2cos26— 5cos0+2 =0, where 1< 0<2m.

L
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[Maximum mark: 7]
Consider the curve y =x> —x — 1 and the line y = mx — 3, where m € R.
(@) Show that the curve and the line meet when x> — (m + 1)x +2=0. [2]

(b) Hence, find the values of m when the line is tangent to the curve. [5]
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[Maximum mark: 6]

The random variables X and Y are normally distributed with X ~ N (7, a*)
and Y~N(19, a’), where a > 0.

(@) Find b such that P(X>b) =P (Y > 22). [2]

(b)  Write down the approximate value of P(7 —a < X <7 + a), correct to two
significant figures. [1

(c) Giventhat a =3, calculate the approximate value of P (Y < 22), correct to two
significant figures. [3]
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6. [Maximum mark: 7]

Consider the function f'. The graph of f has a local maximum at A(—l, —%j a local

15 1
minimum at B(O, ?j a vertical asymptote at x = —E and an oblique asymptote y =5x + 5.
This information and part of the graph of f is shown in the following diagram.

y

16+

| NS S S S S P S S S — — —

(This question continues on the following page)
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(Question 6 continued)

(@) On the following grid, sketch the graph of y =| f(x)| , clearly indicating any asymptotes.  [4]

15
(b)  On the following grid, sketch the graph of y = I , Clearly indicating any asymptotes

and intercepts with the axes. X [3]
Y
,,,,,, 8 .
4
r T T T T T T T T x
-2 -1 0 1 2
el
_8 -
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[Maximum mark: 6]

The curve x° + y* =#*, where 0 <x <7, is shown in the following diagram.
y

y

The region enclosed by the curve and the y-axis is rotated through 2 radians about
the y-axis to form a solid of revolution.

Find an expression for the volume of the solid in the form V' = anrb, where a, b e Q".
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8. [Maximum mark: 8]

Consider the complex number z, = J3-3i.

(a) Express z, inthe form re'’, where r>0 and —-t < 0 <. [3]

Sm
Consider the complex number z, = 2/3¢ ¢ .

The cube roots of 23 are denoted by u, v and w.
Z

(b) Find u, v and w. 5]
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[Maximum mark: 6]

Determine the value of lim( XS X j
=0\ 1—cosx
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Do not write solutions on this page.

Section B
Answer all questions in the answer booklet provided. Please start each question on a new page.
10. [Maximum mark: 16]
Consider the sequence {u,}, with nth term given by u, . The first three terms are
u,=k-35, u,=3 -2k and u,;=5k+3,where k € R.
(@) Consider the case when {u } is arithmetic.
(i)  Find the value of k.
(i)  Hence, or otherwise, find u,. [5]
(b) Consider the case where k=12.
(i)  Show that the first three terms of {u, } form a geometric sequence.

(i)  Given that {u,} is geometric, state a reason why the sum of an infinite number of
terms of this sequence does not exist. [4]

(c) Thesequence, {u,},is geometric for a second value of k.
() Showthat & — 10k—24=0.
(i)  Find the first three terms of {u } for this second value of k.

(iii) Hence, write down the value of S, , the sum of the first 2m terms, for this second
value of k. [7]
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Do not write solutions on this page.

11.

L

[Maximum mark: 18]

The points A(1, -4, 0), B(-3,-6,2), C(-1,-2,4) and D form a parallelogram, ABCD,
where D is diagonally opposite B.

(@) Find the coordinates of D.
The diagonals of the parallelogram, [AC] and [BD], intersect at point E.

(b) Find the coordinates of E.

-1
() (i) Giventhat ABx AD=m| 1 |, where m € Z", find the value of m.
-1
(i)  Hence, find the area of parallelogram ABCD.

The plane, II,, contains the parallelogram ABCD.
(d) Find the Cartesian equation of I1,.
A second plane, I1,, has Cartesian equation 5x +y —7z=1.

The acute angle between I, and II, is 0.

(e) Show that cos = %

The line L passes through E and is perpendicular to IT,.
The line L intersects the plane I1, at point F.

(f)  Find the coordinates of F.

16
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Do not write solutions on this page.
12. [Maximum mark: 21]

Consider the complex number z =x + yi, where x,y € R, such that |z—-(2+1)|=3.

(@) Showthat x*+)*—4x -2y —-4=0. [3]
The argument of Zrp is E, where p € R.

z—1 4
(b) Showthat X’ +y’+(p—Dx+(@+1)y—p=0. [7]

Two roots of the equation z* + az’ + bz* + cz +d =0 are z, and z,, where z € C
and a,b,c,d e R.

Both z, and z, satisfy the conditions |z — (2 +1)|=3 and Re(z+4j:m{z+4j |

z—1

(c) Use the results from parts (a) and (b) to find z, and z,. [71

(d) Find the value of a. [4]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show all
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 5]
Points A and B lie on a circle with centre O and radius rcm, where AOB = 1.5 radians.
This is shown on the following diagram.

diagram not to scale

B
1.5
O A
The area of sector OAB is 48 cm’.
(@) Find the value of r. [3]
(b) Hence, find the perimeter of sector OAB. [2]

(This question continues on the following page)
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(Question 1 continued)
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[Maximum mark: 6]
Two events 4 and B are such that P(4) =0.65, P(B)=0.45 and P(4 U B)=0.85.
(@) Find P(ANB). [3]

(b) Find P(4'| B"). (3]
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[Maximum mark: 4]

Prove that (3n +2)* — (3n — 2)° is a multiple of 12 forall n € Z".
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[Maximum mark: 6]

The following diagram shows triangle ABC, where AB =4cm, BC=6cm, AC=35cm and
ABC =26.

diagram not to scale

5cm

Find the exact value of cos 6, giving your answer in the form p_2 where p,q € Z".
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[Maximum mark: 6]
For a particular arithmetic sequence, u,,=16 and S,;=100.

Find the value of k such that u, =0.
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[Maximum mark: 5]

(@) Solve 2x* — 15x + 18 < 0.

(b)  The function f is defined by f(x)=+2x*—-15x+18, where x € R, x <k.

Find the greatest value of k for which /™' exists, justifying your answer.

[3]

(2]
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[Maximum mark: 7]

Consider the function f(x)= sec(x - %j for 0<x<”

\9)

(@) Determine the range of f. [3]

The region bounded by the graph of y = f(x), the x-axis and the lines x =0 and x = T
is rotated 2mradians about the x-axis. 2

(b)  Find the volume of revolution generated. [4]
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[Maximum mark: 8]

The following diagram shows two points A and B such that OA=a, OB=5.

B

The point P lies on (AB) sothat AP=A1AB where 0 <A< 1.

(@) Show that OP = (I-A)a+2b.

It is given that |a|=1, |b| =2 and a-b:i

(b) Inthe case that OP is perpendicular to AB, find the value of 4.

[1]

[7]
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[Maximum mark: 9]
in20 —1 2n+1
(a) Prove that tan(@—ﬁjz%, where 0 ;tu, ne. [6]
cos20
sinx—1

(b) Hence, or otherwise, solve = \/5 for 0 <x<2m.

COS X
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

L

10.

[Maximum mark: 17]

Consider a cylinder of radius 47 and height /. A smaller cylinder of radius » is removed from
the centre to form a hollow cylinder. This is shown in the following diagram.

All lengths are measured in centimetres.

diagram not to scale

- =<

The total surface area of the hollow cylinder, in cm’, is given by S.
The volume of the hollow cylinder, in cm’, is given by V.

(a) Show that S=30m + 10mrh.

(b)  The total surface area of the hollow cylinder is 240mcm’.

Show that ¥V = 360mr — 4517 .

(c) Find an expression for (;—V
r

2
The hollow cylinder has its maximum volume when r = p\/;, where p € Z".

(d) Find the value of p.

2
(e) Hence, find this maximum volume, giving your answer in the form qn\/; , Where g € Z".
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Do not write solutions on this page.
1. [Maximum mark: 17]
2x _1
A curve is given by the equation y =— T x € R.
e’ +
. [e¥ -1
(a) By applying I'Hopital’s rule or otherwise, show that lim 1 =1. [2]
X—>0 e - +
4 2x
) () Showthat ¥ = .
(ez" + 1)
. »_dy
(i)  Hence, show that -y~ =—. [6]
dx
d2
(c) (i) By using implicit differentiation and the result in part (b)(ii), show that a); =2y"-2y.
d’y
(i)  Hence, find an expression for o in terms of y. [5]

2x

(d) By using your results from parts (b) and (c), find the Maclaurin series for eh 1 up to
>

and including the term in x°. + [4]
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Do not write solutions on this page.

12.

[Maximum mark: 20]
Consider the equation z* = 16i, where z € C.

The equation has four roots z,, z,, z;, z,, where z,=r(cos 0, + isin6,), r >0
and 0<0,<0,<0,<0,<2m.

(@) Find z,, z,, zy and z,.
The roots z,, z,, z, and z, form a geometric sequence.
(b) Find the common ratio of the sequence, expressing your answer in Cartesian form.

The roots z,, z,, z; and z, are represented by the points A, B, C and D respectively on an
Argand diagram.

(c) Plotthe points A, B, C and D on an Argand diagram.
The equation v*=a + bi, where v € C and a, b € R has roots z,",z, ,z, and z,".
(d) Determine the value of a and the value of 5.

The midpoint of [AB] is A’, the midpoint of [BC] is B’, the midpoint of [CD] is C' and the
midpoint of [DA] is D’.

Consider the equation w” =27, where w € C and p,q € Z".
Four of the roots of w” =27 are represented by the points A’, B’, C' and D’.

(e) Find the least possible value of p and the corresponding value of g.

[6]

[3]

[3]

[3]

[5]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be

supported by working and/or explanations. Where an answer is incorrect, some marks may be given

for a correct method, provided this is shown by written working. You are therefore advised to show
all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 6]
Claire rolls a six-sided die 16 times.

The scores obtained are shown in the following frequency table.

Score Frequency
1 p
2 q
3 4
4 2
5 0
6 3

It is given that the mean score is 3.
(@) Find the value of p and the value of g. [5]

Each of Claire’s scores is multiplied by 10 in order to determine the final score for a game
she is playing.

(b)  Write down the mean final score. 1
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[Maximum mark: 5]
1

It is given that log,,a = 3 where a > 0.
Find the value of

1
(@) log (—j: [2]

a
(b) log 4 (3]

L

16E

P

03



-4 - 2224-7101

[Maximum mark: 8]
Points A and B lie on the circumference of a circle of radius »cm with centre at O.

The sector OAB is shown on the following diagram. The angle AOB is denoted as 0 and is
measured in radians.

diagram not to scale

W

O

rcm

The perimeter of the sector is 10cm and the area of the sector is 6.25cm”.
(@) Show that 47> —20r +25=0.

(b) Hence, or otherwise, find the value of » and the value of 6.
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[Maximum mark: 7]
Consider the functions f(x) = cosx and g(x) =sin2x, where 0 <x <.

The graph of f intersects the graph of g at the point A, the point B (E,Oj and the point C
as shown on the following diagram. 2

y
14 A

(@) Find the x-coordinate of point A and the x-coordinate of point C.

The shaded region R is enclosed by the graph of f* and the graph of g between the
points B and C.

(b) Find the area of R.

[3]

[4]
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[Maximum mark: 5]
Consider a geometric sequence with first term 1 and common ratio 10.

S, is the sum of the first n terms of the sequence.

a’ -1

(@) Find an expression for S, in the form ,where a,b e 7Z". 1

10(10"—1)—9n

(b) Hence, show that S, +S, +S,+...+S5, = 21
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[Maximum mark: 6]

The function f is defined as f(x)= Jasin(x?) , where 0<x<+/r .

Consider the shaded region R enclosed by the graph of f, the x-axis and the line x = —n,
as shown in the following diagram. 2

y

y=fx)

0 \/; Jr
2

The shaded region R is rotated by 2n radians about the x-axis to form a solid.

(2-v2)
4

Show that the volume of the solid is T

L

“H““H““ “HH“‘“ Turn over
16EPO

EPO7

|



7.

-8- 2224-7101
[Maximum mark: 7]
' n
Using mathematical induction and the definition "C, = - prove that Z:’C1 ="C,
forall n e Z". ri(n=r)! r=l
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[Maximum mark: 7]
(a) Find the first two non-zero terms in the Maclaurin series of

(i) sin(x’);

(i) sin’*(x%). (3]

(b) Hence, or otherwise, find the first two non-zero terms in the Maclaurin series of
4xsin(x”) cos (x°). [2]
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9. [Maximum mark: 6]
The graph of y =f(\x\) for —6 < x < 6 is shown in the following diagram.
Yy
4-
. s X
-6 6
4]
(@) On the following axes, sketch the graph of y = ‘f(\x\)‘ for -6<x<6. [2]
Y
4_
. X
-6 0 6
4]
(This question continues on the following page)
L 16EP10 -
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(Question 9 continued)
It is given that f is an odd function.
(b)  On the following axes, sketch the graph of y =f(x) for -6 <x<6. [2]
y
4_
X
-6 0 6
4.
It is also given that I4f(|x|)dx =1.6
) 6.
(c) Write down the value of
0
M [ f(x)dr;
e 4
) [ (/(d)+ s (x))ax. 2]
16EP11
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

L

10.

[Maximum mark: 16]

4x+2
Consider the function f (x)= X2 2.

x=2 "

(a) Sketch the graph of y =f(x). On your sketch, indicate the values of any axis intercepts
and label any asymptotes with their equations.

(b)  Write down the range of f.

Consider the function g(x) = x* + bx + ¢. The graph of g has an axis of symmetry at x =2.
1
The two roots of g(x) =0 are - and p, where p € Q.

(c) Showthat p= %
(d) Find the value of b and the value of c.
(e) Find the y-coordinate of the vertex of the graph of y = g(x).

()  Find the product of the solutions of the equation f(x) = g(x).
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Do not write solutions on this page.

11.

[Maximum mark: 17]

Consider the polynomial P(x) =3x"+5x" +x — 1.

(@) Show that (x + 1) is a factor of P(x).

(b) Hence, express P(x) as a product of three linear factors.

Now consider the polynomial Q(x) = (x + 1)(2x + 1).

(c) Express in the form i-‘r ,Where 4, B € 7.
Q(x) x+1 2x+1

(d) Hence, or otherwise, show that 4 2 L

1
x+1) (2x+1)

(e) Hence, find J (

P
Consider the function defined by f(x) = & , Where x #—1, x # 1L :
(x+1D)QO(x) 2
(f)  Find
M lim/();

(i) lim f(x).

16E

13
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(x+1)Q(x):2x+1 x4l (x+1)2.
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[4]

[3]

Turn over

|



=

—14 - 2224-7101
Do not write solutions on this page.
12. [Maximum mark: 20]
Consider ¢ = (a + bi)’, where a, b € R.
(@) Intermsof a and b, find
(i)  the real part of ¢;
(i)  the imaginary part of ¢. [3]
(b) Hence, or otherwise, show that (1+\/§i)3 =-8. [2]

The roots of the equation z=-8 are u, v and w, where u :1+\/§i and v € R.

(c) Write down v and w, giving your answers in Cartesian form. [2]
On an Argand diagram, u, v and w are represented by the points U, V and W respectively.

(d) Find the area of the triangle UVW. [3]

Each of the points U, V and W is rotated counter-clockwise (anticlockwise) about 0

through an angle of g to form three new points U’, V' and W'. These points represent the

complex numbers u', v' and w' respectively.
(e) Find u’, v' and w', giving your answers in the form re¢'’, where -t < 6 < . [4]

(f)  Giventhat u', v/ and w' are the solutions of z’ = ¢ + di, where ¢, d € R, find the
value of ¢ and the value of d. [3]

It is given that u, v, w, u’, v' and w' are all solutions of z" = o for some a € C, where n € N.

(g) Find the smallest positive value of . [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show all
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 4]

Solve tan(2x — 5°) =1 for 0° <x < 180°.

Turn over
16EP03

P




2.
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[Maximum mark: 5]

Solve 3 x9"+5x3"-2=0.
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[Maximum mark: 7]

Quadrilateral OABC is shown on the following set of axes.

y

O A
OABC is symmetrical about [OB].

A has coordinates (6, 0) and C has coordinates (3, 3\/5) .

(@) (i)  Write down the coordinates of the midpoint of [AC].
(i)  Hence or otherwise, find the equation of the line passing through the points O
and B . [4]
(b) Given that [OA] is perpendicular to [AB], find the area of the quadrilateral OABC. [3]
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4. [Maximum mark: 6]

-6- 2224-7106

A species of bird can nest in two seasons: Spring and Summer.

The probability of nesting in Spring is .
. I .k
The probability of nesting in Summer is 5

This is shown in the following tree diagram.

Spring Summer
k .
— Nesting
2
Nesting

k Not nesting
k )
— Nesting
2

Not nesting
Not nesting

L

(@) Complete the tree diagram to show the probabilities of not nesting in each season.
Write your answers in terms of k. [2]

It is known that the probability of not nesting in Spring and not nesting in Summer is %

(b) (i) Showthat 94 —27k+8=0.
N 1 8 P
(i) Both & :§ and k :5 satisfy 9k —27k+8=0.
State why & :% is the only valid solution. [4]

(This question continues on the following page)
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(Question 4 continued)

L

16EPO

EPO7

Turn over
Il |



-8- 2224-7106

5. [Maximum mark: 8]

\S]

(x+3
(x+2)

—"

Afunction f is defined by f(x)= ,wWhere x e R, x # 2.

(O8]

The graph y = f(x) is shown below.

(@) Write down the equation of the horizontal asymptote. [
Consider g(x)=mx+1,where m e R,m#0.
(b) (i)  Write down the number of solutions to f'(x) = g(x) for m > 0.

(i)  Determine the value of m such that f(x) = g(x) has only one solution for x.

(iii)  Determine the range of values for m, where f(x)= g(x) has two solutions
for x> 0. [7]

(This question continues on the following page)
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(Question 5 continued)
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[Maximum mark: 5]

A farmer grows two types of apples—cooking apples and eating apples. The weights of the
apples, in grams, can be modelled as normal distributions with the following parameters.

Apple type Mean u Standard deviation o
Eating 100g 20g
Cooking 140¢g 40g

For each type of apple you can assume that 95 % of the weights are within two standard
deviations of the mean.

(@) Find the percentage of eating apples that have a weight greater than 140 g.
The farmer grows a large number of apples of which 80 % are eating apples.
Both types of apples are picked and randomly mixed together in a cleaning machine.

After cleaning, the machine separates out those that have a weight greater than 140 g into
a container.

(b)  An apple is randomly selected from this container. Find the probability that it is an

c
eating apple. Give your answer in the form E where ¢,d € Z".

[1]

[4]

L

16EP10

P

|




-1 - 2224-7106

[Maximum mark: 7]

A function g(x) is defined by g(x) =2x’ — 7x* +dx — e, where d, e € R.

a, B and y are the three roots of the equation g(x) =0 where «, 3, y € R.

(@)  Write down the value of a+ [+ 7. [1
A function /(z) is defined by /(z) =2z° — 11z + 72’ + 52" + tz— 20, where 7, s, t € R.

a, B and y are also roots of the equation 4(z) =0.

It is given that /4 (z) = 0 is satisfied by the complex number z =p + 3i.

(b) Showthat p=1. [3]
It is now given that h(%jzo, and a,BeZ", a<fand ye Q.

(¢) (i) Find the value of the product af.

(i)  Write down the value of a and the value of £3. [3]
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[Maximum mark: 6]

4 2

A ) . Sec’x—cos'x

Use I'Hopital’s rule to find lim —————
x—0 X —X
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[Maximum mark: 7]
A teacher takes n students on a field trip. The students are assigned randomly into two groups.

For safety reasons there must be exactly three students in the first group and at least three
students in the second group.

The teacher will randomly assign three students to the first group and the other students to
the second group.

(@) Write down an expression for the number of ways that the students could be assigned. [1]
Two of the students ask the teacher not to work in the same group.
The teacher agrees and now finds that the number of ways to assign the students is halved.

(b) Determine the value of n. [6]
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Do not write solutions on this page.

Section B
Answer all questions in the answer booklet provided. Please start each question on a new page.
10. [Maximum mark: 16]
Consider the arithmetic sequence a, p, q...,where a, p, ¢ #0.
(@) Showthat 2p—g=a. [2]
Consider the geometric sequence a, s, t..., where a, s, t #0.
(b) Show that s* = at. 2]
The first term of both sequences is a.

Itis giventhat g =¢=1.
1
(c) Showthat p >5. [2]

Consider the case where a=9, s>0and g=¢=1.
(d)  Write down the first four terms of the
(i) arithmetic sequence;
(i) geometric sequence. [4]
The arithmetic and the geometric sequence are used to form a new arithmetic sequence u,,.
The first three terms of u, are u;, =9 +1n9, u,=5+1In3,and u;=1+In1.

(e) (i) Find the common difference of the new sequence in terms of In3.

10
(i)  Show that »u, =-90-25In3. [6]

i=1
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Do not write solutions on this page.
1. [Maximum mark: 19]
The plane I, has equation 2x + 6y —2z=35.
1
(@) Verify that the point A(2,5,1J lies on the plane I1,. [1]

The plane T1, is given by (K’ — 6)x + 2k +3)y + pz=q, where p, g, k€ R and p#0.

(b) Inthe case where p =—6, II, is perpendicular to I1, and A lies on I1,.
Find the value of k£ and the value of ¢g. [5]

For parts (c), (d) and (e) it is now given that I, is parallel to I, with £ =3.
(c) Determine the value of p. [2]

It is also given that g = —571.

The line through A that is perpendicular to I, meets I1, at the point B.

(d) (i) Find the coordinates of B.

(i)  Hence, show that the perpendicular distance between 11, and I, is JIT. [7]

(e) Find the equation of a third parallel plane I1, which is also a perpendicular distance
of V11 from IT,. [4]

Turn over
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Do not write solutions on this page.

12. [Maximum mark: 20]

(a)

(b)

(e)

1
Let f(x)=(1-ax) 2, where ax<1,a#0.

The n" derivative of f(x) is denoted by /“(x), n € Z".

2n+1

a'(2n-1)(1-ax) 2
27 (n—1)|

Prove by induction that f(")(x)z neZ.

2224-7106

1

By using part (a) or otherwise, show that the Maclaurin series for f(x)= (1 —ax)_5

up to and including the x* term is 1+%ax+§a2x2.

1 1 >
Hence, show that (1 — 2x)_5 (1 — 4x)_5 ~ w ]

1
Given that the series expansion for (l—ax)fi is convergent for |ax| < 1,

state the restriction which must be placed on x for the approximation

1 y 24+6x+19x°

(1—2x)‘%(1—4x)‘z to be valid.

1
Use x = E to determine an approximate value for J3.

C
Give your answer in the form ; where ¢,d e 7.

[8]

(2]

[4]

[1]

[5]

L

16E

16

P

|




Diploma Programme
Programme du diplome

Programa del Diploma

© International Baccalaureate Organization 2023

All rights reserved. No part of this product may be reproduced in any form or by any
electronic or mechanical means, including information storage and retrieval systems,
without the prior written permission from the IB. Additionally, the license tied with this
product prohibits use of any selected files or extracts from this product. Use by third
parties, including but not limited to publishers, private teachers, tutoring or study services,
preparatory schools, vendors operating curriculum mapping services or teacher resource
digital platforms and app developers, whether fee-covered or not, is prohibited and is a
criminal offense.

More information on how to request written permission in the form of a license can be
obtained from https://ibo.org/become-an-ib-school/ib-publishing/licensing/applying-for-a-
license/.

© Organisation du Baccalauréat International 2023

Tous droits réservés. Aucune partie de ce produit ne peut étre reproduite sous quelque
forme ni par quelque moyen que ce soit, électronique ou mécanique, y compris des
systemes de stockage et de récupération d’informations, sans [l'autorisation écrite
préalable de I'IB. De plus, la licence associée a ce produit interdit toute utilisation de tout
fichier ou extrait sélectionné dans ce produit. L'utilisation par des tiers, y compris, sans
toutefois s’y limiter, des éditeurs, des professeurs particuliers, des services de tutorat ou
d’aide aux études, des établissements de préparation a I'enseignement supérieur, des
fournisseurs de services de planification des programmes d’études, des gestionnaires de
plateformes pédagogiques en ligne, et des développeurs d’applications, moyennant
paiement ou non, est interdite et constitue une infraction pénale.

Pour plus d’informations sur la procédure a suivre pour obtenir une autorisation écrite
sous la forme d’une licence, rendez-vous a I'adresse https://ibo.org/become-an-ib-school/
ib-publishing/licensing/applying-for-a-license/.

© Organizacion del Bachillerato Internacional, 2023

Todos los derechos reservados. No se podra reproducir ninguna parte de este producto
de ninguna forma ni por ningiin medio electrénico o mecanico, incluidos los sistemas de
almacenamiento y recuperacion de informacién, sin la previa autorizacion por escrito del
IB. Ademas, la licencia vinculada a este producto prohibe el uso de todo archivo o
fragmento seleccionado de este producto. El uso por parte de terceros —lo que incluye,
a titulo enunciativo, editoriales, profesores particulares, servicios de apoyo académico o
ayuda para el estudio, colegios preparatorios, desarrolladores de aplicaciones y
entidades que presten servicios de planificacién curricular u ofrezcan recursos para
docentes mediante plataformas digitales—, ya sea incluido en tasas o no, esta prohibido
y constituye un delito.

En este enlace encontrara mas informacion sobre cémo solicitar una autorizacién por
escrito en forma de licencia: https://ibo.org/become-an-ib-school/ib-publishing/licensing/
applying-for-a-license/.

International Baccalaureate”
Baccalauréat International
Bachillerato Imtemnacional




L

Diploma Programme
Programme du dipléme

Programa del Diploma

Mathematics: analysis and approaches
Higher level
Paper 1

30 October 2023

Zone A afternoon | Zone B afternoon | Zone C afternoon ] _
Candidate session number

2 hours

Instructions to candidates

* Write your session number in the boxes above.

* Do not open this examination paper until instructed to do so.

* You are not permitted access to any calculator for this paper.

» Section A: answer all questions. Answers must be written within the answer boxes provided.

* Section B: answer all questions in the answer booklet provided. Fill in your session number on
the front of the answer booklet, and attach it to this examination paper and your cover
sheet using the tag provided.

* Unless otherwise stated in the question, all numerical answers should be given exactly or

correct to three significant figures.

* A clean copy of the mathematics: analysis and approaches formula booklet is required for

this paper.

* The maximum mark for this examination paper is [110 marks].

8823-7111
15 pages © International Baccalaureate Organization 2023

16E

P

Bachillerato Internacional

“““ ‘“ ‘“ International Baccalaureate
01 Baccalauréat International




L

Please do not write on this page.

Answers written on this page
will not be marked.

16EP02

P

88237111

|




=

-3- 88237111

Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show all
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 5]
Consider the functions f(x) =x —3 and g(x) =x” + k°, where £ is a real constant.
(@) Write down an expression for (g o f)(x). [2]

(b) Giventhat (g o f)(2) =10, find the possible values of k. [3]
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[Maximum mark: 4]
Events 4 and B are such that P(4) =0.65, P(B)=0.75 and P(4 " B)=0.6.
(@) Find P(4 U B). 2]

(b) Hence, or otherwise, find P(4" N B’). [2]
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[Maximum mark: 7]

The sum of the first n terms of an arithmetic sequence is given by S, = pn® — gn,
where p and ¢ are positive constants.

It is given that S, =40 and S, =65.
(@) Find the value of p and the value of g. [5]

(b) Find the value of u.. [2]
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[Maximum mark: 6]

In the following triangle ABC, AB = J6 cm, AC = 10cm and cos BAC :%.

diagram not to scale

J6cm

10cm

Find the area of triangle ABC.
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[Maximum mark: 6]

The binomial expansion of (1 + kx)" is given by 1 + 12x + 28k°x” + ... + k"x" where n € Z*
and k€ Q.

Find the value of n and the value of %.

L
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[Maximum mark: 7]

Prove by mathematical induction that 5* — 2> is divisible by 17 forall n € Z*.
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[Maximum mark: 5]
It is given that z = 5 + ¢i satisfies the equation z* + iz = —p + 25i, where p, g € R.

Find the value of p and the value of ¢.
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[Maximum mark: 9]
() Find [x(Inx)'dr. [6]
I ) 15
(b) Hence, show that [ x(Inx) dr=32(In2) ~16In2+—". [3]
1
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[Maximum mark: 8]

sin’ (kx)

Consider the function f(x)= ~—, where x#0 and k € R".
x

(@) Show that f is an even function.

(b) Given that lingf(x) =16, find the value of k.
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Do not write solutions on this page.

Section B
Answer all questions in the answer booklet provided. Please start each question on a new page.
10. [Maximum mark: 15]
The functions f and g are defined by
f(x)=In(2x — 9), where x > %
g(x)=2Inx—1Ind, where x>0, d e R".
(a) State the equation of the vertical asymptote to the graph of y = g(x). [1
The graphs of y =f(x) and y = g(x) intersect at two distinct points.
(b) (i) Show that, at the points of intersection, x* — 2dx + 94 =0.
(i)  Hence show that d*>—9d > 0.
(iii)  Find the range of possible values of d. [9]

(This question continues on the following page)
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Do not write solutions on this page.
(Question 10 continued)

The following diagram shows part of the graphs of y =f(x) and y = g(x).

y

The graphs intersect at x=p and x =g, where p <gq.

(c) Inthe case where d = 10, find the value of g — p. Express your answer in the form
axJb ,where a,b e Z". 5]
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Do not write solutions on this page.

1. [Maximum mark: 21]

Consider the function f(x) = ¢, where —g <x< %T
(a) Find the coordinates of the points on the curve y = f(x) where the gradient is zero. [5]

(b) Using the second derivative at each point found in part (a), show that the curve y = f(x)
has two local maximum points and one local minimum point. [4]

(c) Sketch the curve of y = f(x) for 0 <x < &, taking into consideration the relative values
of the second derivative found in part (b). [3]

(d) () Find the Maclaurin series for cos2x, up to and including the term in x*.

cos2x—1

(i)  Hence, find the Maclaurin series for e , up to and including the term in x*.

(i) Hence, write down the Maclaurin series for f(x), up to and including the term in x*. [6]

(e) Use the first two non-zero terms in the Maclaurin series for f'(x) to show that
J.]/Ioecostdx ~ 1496

0 1500

[3]
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Do not write solutions on this page.

12.

[Maximum mark: 17]

(a)

(b)

(c)

Find the binomial expansion of (cos 0 + isin 8)’. Give your answer in the form a + bi
where a and b are expressed in terms of sin § and cos 0.

By using De Moivre’s theorem and your answer to part (a), show
that sin50= 16sin’0 — 20sin’0 + 5sin 6.

(i)  Hence, show that 6 :g and 0 = 3?75 are solutions of the
equation 16sin*0—20sin°60+5=0.

3n\/§

(i)  Hence, show that sin%sin? =—.

[4]

[6]

[7]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show all
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 5]
Consider the functions f(x) =x —3 and g(x) =x” + k°, where £ is a real constant.
(@) Write down an expression for (g o f)(x). [2]

(b) Giventhat (g o f)(2) =10, find the possible values of k. [3]

Turn over
16EP03

P




-4 - 8823-7106

[Maximum mark: 4]
Events 4 and B are such that P(4) =0.65, P(B)=0.75 and P(4 " B)=0.6.
(@) Find P(4 U B). 2]

(b) Hence, or otherwise, find P(4" N B’). [2]
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[Maximum mark: 7]

The sum of the first n terms of an arithmetic sequence is given by S, = pn® — gn,
where p and ¢ are positive constants.

It is given that S, =40 and S, =65.
(@) Find the value of p and the value of g. [5]

(b) Find the value of u.. [2]
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[Maximum mark: 6]

In the following triangle ABC, AB = J6 cm, AC = 10cm and cos BAC :%.

diagram not to scale

J6cm

10cm

Find the area of triangle ABC.
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[Maximum mark: 6]

The binomial expansion of (1 + kx)" is given by 1 + 12x + 28k°x” + ... + k"x" where n € Z*
and k€ Q.

Find the value of n and the value of %.
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[Maximum mark: 7]

Prove by mathematical induction that 5* — 2> is divisible by 17 forall n € Z*.
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[Maximum mark: 5]
It is given that z = 5 + ¢i satisfies the equation z* + iz = —p + 25i, where p, g € R.

Find the value of p and the value of ¢.
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[Maximum mark: 9]
() Find [x(Inx)'dr. [6]
I ) 15
(b) Hence, show that [ x(Inx) dr=32(In2) ~16In2+—". [3]
1
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[Maximum mark: 8]

sin’ (kx)

Consider the function f(x)= ~—, where x#0 and k € R".
x

(@) Show that f is an even function.

(b) Given that lingf(x) =16, find the value of k.
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Do not write solutions on this page.

Section B
Answer all questions in the answer booklet provided. Please start each question on a new page.
10. [Maximum mark: 15]
The functions f and g are defined by
f(x)=In(2x — 9), where x > %
g(x)=2Inx—1Ind, where x>0, d e R".
(a) State the equation of the vertical asymptote to the graph of y = g(x). [1
The graphs of y =f(x) and y = g(x) intersect at two distinct points.
(b) (i) Show that, at the points of intersection, x* — 2dx + 94 =0.
(i)  Hence show that d*>—9d > 0.
(iii)  Find the range of possible values of d. [9]

(This question continues on the following page)
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Do not write solutions on this page.
(Question 10 continued)

The following diagram shows part of the graphs of y =f(x) and y = g(x).

y

The graphs intersect at x=p and x =g, where p <gq.

(c) Inthe case where d = 10, find the value of g — p. Express your answer in the form
axJb ,where a,b e Z". 5]
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Do not write solutions on this page.

1. [Maximum mark: 21]

Consider the function f(x)=e¢

(@)
(b)

(d)

, where —Eﬁxss—n.
4 4

Find the coordinates of the points on the curve y = f(x) where the gradient is zero.

cos2x

Using the second derivative at each point found in part (a), show that the curve y = f(x)
has two local maximum points and one local minimum point.

Sketch the curve of y =f(x) for 0 <x < &, taking into consideration the relative values
of the second derivative found in part (b).

(i)  Find the Maclaurin series for cos2x, up to and including the term in x*.

cos2x—1

(i)  Hence, find the Maclaurin series for e , up to and including the term in x*.

(i) Hence, write down the Maclaurin series for f(x), up to and including the term in x*.

Use the first two non-zero terms in the Maclaurin series for f'(x) to show that
J.]/Ioecostdx ~ 1496

0 1500
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Do not write solutions on this page.

12.

[Maximum mark: 17]

(a)

(b)

(c)

Find the binomial expansion of (cos 0 + isin 8)’. Give your answer in the form a + bi
where a and b are expressed in terms of sin § and cos 0.

By using De Moivre’s theorem and your answer to part (a), show
that sin50= 16sin’0 — 20sin’0 + 5sin 6.

(i)  Hence, show that 6 :g and 0 = 3?75 are solutions of the
equation 16sin*0—20sin°60+5=0.

3n\/§

(i)  Hence, show that sin%sin? =—.

[4]

[6]

[7]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show all
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 6]
The following diagram shows a circle with centre O and radius 4cm.

diagram not to scale

The points P, Q and R lie on the circumference of the circle and POR = 0, where 0 is
measured in radians.

The length of arc PQR is 10cm.

(@) Find the perimeter of the shaded sector. [2]
(b) Find 6. 2]
(c) Find the area of the shaded sector. [2]

(This question continues on the following page)

§ [
16E

02

P




=

-3- 2223-7111

(Question 1 continued)
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2. [Maximum mark: 5]

A function f is defined by f(x):l—%z, where x € R, x#2.
(@) The graph of y = f(x) has a vertical asymptote and a horizontal asymptote.
Write down the equation of
(i)  the vertical asymptote;
(i)  the horizontal asymptote. [2]
(b) Find the coordinates of the point where the graph of y = f(x) intersects
(i) the y-axis;

(i) the x-axis. (2]

(This question continues on the following page)
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(Question 2 continued)

(c)  On the following set of axes, sketch the graph of y = f(x), showing all the features
found in parts (a) and (b). [

Turn over
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3. [Maximum mark: 5]
Events 4 and B are such that P(4) = 0.4, P(4|B) =0.25 and P(4UB) =0.55.
Find P(B).
16EP06
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[Maximum mark: 6]

forx>0.

The following diagram shows part of the graph of y =

X+

y

The shaded region R is bounded by the curve, the x-axis and the line x = c.
The area of R is In3.

Find the value of c.

L
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[Maximum mark: 7]
The functions f and g are defined for x € R by
f(x)=ax+b,where a, beZ
g(x)=x"+x+3.

Find the two possible functions f such that (g o /) (x) = 4x° — 14x + 15.

L

16E

08

P

|




-9- 2223-7111

[Maximum mark: 5]

A continuous random variable X has probability density function f* defined by

1
f(x)=12a"

0, otherwise

a<x<3a

where qa is a positive real number.
(a) State E(X) in terms of a. [1]

(b)  Use integration to find Var(X) in terms of a. [4]
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[Maximum mark: 7]
Use mathematical induction to prove that Zn: : 1 1 for all integers n > 1
=1= n=1.
P SO (nr) ?
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[Maximum mark: 7]

The functions f and g are defined by

f(x)=cosx, Ostg

g(x) =tanx, 0£x<g.
The curves y =f(x) and y = g(x) intersect at a point P whose x-coordinate is £,
where 0 <k <X .

(@) Show that cos’k = sink. [1]

(b) Hence, show that the tangent to the curve y = f(x) at P and the tangent to the
curve y =g(x) at P intersect at right angles. [3]

(c) Find the value of sink. Give your answer in the form a+b , Where a, c € Z
and b e Z". ¢ [3]
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[Maximum mark: 9]

The following diagram shows parallelogram OABC with OA=a, OC=c¢ and |¢|=2]|a],
where |a|#0.

A M B

O C

The angle between OA and OC is 0, where 0 < O< .

Point M is on [AB] such that AM =k AB, where 0<k<1 and OM-MC=0.

(@) Express OM and MC interms of a and c. [2]
(b) Hence, use a vector method to show that |a[* (1 — 2k)(2cos 6— (1 — 2k)) = 0. [3]
(c) Find the range of values for 6 such that there are two possible positions for M. [4]

L

[T |
16EP12

P




=

-13- 2223-7111
Do not write solutions on this page.

Section B
Answer all questions in the answer booklet provided. Please start each question on a new page.
10. [Maximum mark: 14]
A circle with equation x* + )* = 9 has centre (0, 0) and radius 3.
Atriangle, PQR, is inscribed in the circle with its vertices at P(-3, 0), Q(x, y) and R(x, —»),

where Q and R are variable points in the first and fourth quadrants respectively. This is
shown in the following diagram.

y
7Q(x,y)
P(_3 > O)J o0
|
R(xa _y)
(a) For point Q, show that y =v9—x" | [1]
(b) Hence, find an expression for A, the area of triangle PQR, in terms of x. [3]
(©) Showthat 1= 9=3x=2¢ [4]
c ow that — =——F—.
dx V9 —x?

(d) Hence or otherwise, find the y-coordinate of R such that 4 is a maximum. [6]

§ [
16E

13

P




=

—14 — 2223-7111
Do not write solutions on this page.
1. [Maximum mark: 22]

Consider the complex number u =—-1+ \/gi .

(a) By finding the modulus and argument of u, show that u = Zei%n. [3]

(b) (i) Find the smallest positive integer n such that u" is a real number.

(i)  Find the value of u" when n takes the value found in part (b)(i). [5]
(c) Consider the equation z° + 5z + 10z + 12 =0, where z € C.

(i)  Given that u is a root of z* + 527 + 10z + 12 = 0, find the other roots.

(i) By using a suitable transformation from z to w, or otherwise, find the roots of the
equation 1 + 5w + 10w’ + 12w’ =0, where w € C. [9]

(d) Consider the equation z*=2z", where z € C, z#0.

By expressing z in the form a + bi, find the roots of the equation. [5]
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Do not write solutions on this page.
12. [Maximum mark: 17]
(a) By using an appropriate substitution, show that Icos\/; dx = 2+/x sin+/x +2cosv/x + C. [6]

The following diagram shows part of the curve y = cos«/; forx>0.

y

A

The curve intersects the x-axis at x,, x,, x5, x,, ....

(2n-1) n*
The nth x-intercept of the curve, x,, is given by x, =~—+—

,Where n € Z".
(b)  Write down a similar expression for x . [1]

The regions bounded by the curve and the x-axis are denoted by R,, R,, R;, ..., as shown
on the above diagram.

(c) Calculate the area of region R, .
Give your answer in the form knm, where k € Z". [7

(d) Hence, show that the areas of the regions bounded by the curve and the x-axis,
R,, R,, R;, ..., form an arithmetic sequence. [3]

References:
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this paper.
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show all
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 7]

Tx+7

The function f is defined by f(x)= 5 forxeR, x#2.

(@) Find the zero of f(x). [2]
(b) For the graph of y = f'(x), write down the equation of

(i)  the vertical asymptote;

(i)  the horizontal asymptote. [2]

(c) Find f7'(x), the inverse function of f(x). [3]
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[Maximum mark: 6]

On a Monday at an amusement park, a sample of 40 visitors was randomly selected as they
were leaving the park. They were asked how many times that day they had been on a ride
called The Dragon. This information is summarized in the following frequency table.

Number of times on Frequency
The Dragon
0 6
1 16
2 13
3 2
4

It can be assumed that this sample is representative of all visitors to the park for the following day.
(a) For the following day, Tuesday, estimate

(i)  the probability that a randomly selected visitor will ride The Dragon;

(i)  the expected number of times a visitor will ride The Dragon. [4]

It is known that 1000 visitors will attend the amusement park on Tuesday. The Dragon can
carry a maximum of 10 people each time it runs.

(b) Estimate the minimum number of times The Dragon must run to satisfy demand. [2]
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[Maximum mark: 6]

Solve cos2x =sinx, where -t <x <T.
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[Maximum mark: 6]

Find the range of possible values of k such that ™ + Ink = 3¢* has at least one real solution.
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[Maximum mark: 6]

The function f is defined by f(x) = singx, where g > 0. The following diagram shows part of
the graph of f for 0 <x <4m, where x is in radians. There are x-intercepts at x =0, 2m and 4m.

y
4
3
2
1
0 \ X
1 m 2m 3m 4m Sm om
-2
-3
—4
(@) Find an expression for m in terms of g. [2]

.2
The function g is defined by g(x) = 3sm%, for 0 <x < 6m.

(b) On the axes above, sketch the graph of g. [4]
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[Maximum mark: 5]
The side lengths, xcm, of an equilateral triangle are increasing at a rate of 4cms ™.

Find the rate at which the area of the triangle, 4 cm’, is increasing when the side lengths are

5\/§ cm.
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[Maximum mark: 6]

Consider P(z)=4m—mz+ﬁzz —z* where ze C and m € R".
m

Given that z — 3i is a factor of P(z), find the roots of P(z) =0.
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8. [Maximum mark: 7]

Part of the graph of a function, f', is shown in the following diagram. The graph of y = f'(x)
has a y-intercept at (0, 3), an x-intercept at (a, 0) and a horizontal asymptote y =-2.

y

(This question continues on the following page)
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(Question 8 continued)
Consider the function g(x) = | /(|x])| .

(@) On the following grid, sketch the graph of y = g(x), labelling any axis intercepts and

giving the equation of the asymptote. [4]
y
3
a X
=2
(b)  Find the possible values of £ such that (g(x))2 = k has exactly two solutions. [3]
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[Maximum mark: 7]

The function 1 is defined by f(y)=4/r’—y* for -r<y<r.

The region enclosed by the graph of x :f(y) and the y-axis is rotated by 360° about

the y-axis to form a solid sphere. The sphere is drilled through along the y-axis, creating a
cylindrical hole. The resulting spherical ring has height, 4.

This information is shown in the following diagrams.

diagram not to scale
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Do not write solutions on this page.

Section B
Answer all questions in the answer booklet provided. Please start each question on a new page.
10. [Maximum mark: 14]
Consider the arithmetic sequence u,, u,, u,, ....
The sum of the first n terms of this sequence is given by S, = n+4n.

(@) (i) Find the sum of the first five terms.

(i)  Given that S, =60, find u,. [4]
(b) Find u,. (2]
(c) Hence or otherwise, write an expression for u, in terms of n. [3]

Consider a geometric sequence, v,, where v, =u, and v, = u,.
(d) Find the possible values of the common ratio, . [3]

(e) Given that vy, <0, find v,. [2]
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Do not write solutions on this page.
1. [Maximum mark: 19]
Consider the following diagram, which shows the plan of part of a house.

diagram not to scale

6m

A

NGO

A narrow passageway with width %m is perpendicular to a room of width 6m. There is

a corner at point C. Points A and B are variable points on the base of the walls such
that A, C and B lie on a straight line.

Let L denote the length AB in metres.

Let a be the angle that [AB] makes with the room wall, where 0 <a < g

(@) Showthat L= %seca +6coseca . [2]
(b) (i) Find %
da
N dL
(i)  When ™ =0, show that o = arctan2. [5]
a

(This question continues on the following page)
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Do not write solutions on this page.
(Question 11 continued)
d’L
c i Find :
() () P
2
(i) When « = arctan2, show that : l; =4745\B . [7]
a

(d) (i) Hence, justify that L is a minimum when o = arctan2.
(i)  Determine this minimum value of L. [3]

Two people need to carry a pole of length 11.25m from the passageway into the room.
It must be carried horizontally.

(e) Determine whether this is possible, giving a reason for your answer. [2]
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Do not write solutions on this page.
12. [Maximum mark: 21]

Two lines, L, and L,, intersect at point P. Point A (2¢, 8, 3), where >0, lieson L,. This is
shown in the following diagram.

diagram not to scale

L2
A L,
P
T
The acute angle between the two lines is g
1 2t
The direction vectorof L, is | 1 |,and PA=| 0
0 3+1¢

(a) Show that 4r =+/107* +12¢+18 .

(b) Find the value of ¢.

(c) Hence or otherwise, find the shortest distance from A to L,.
Aplane, 11, contains L, and L,.

(d) Find a normal vector to I1.

The base of a right cone lies in I1, centred at A such that L, is a tangent to its base. The
volume of the cone is 90n\/§ cubic units.

(e) Find the two possible positions of the vertex of the cone.

[4]
[4]

[4]

[2]

[7]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show all
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 4]
The function g is defined by g(x) = e"zﬂ, where x € R.

Find g'(-1).
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[Maximum mark: 7]

Consider a circle with a diameter AB, where A has coordinates (1,4, 0) and B has
coordinates (-3, 2, —4).

(@) Find

(i)  the coordinates of the centre of the circle;

(i)  the radius of the circle. [4]
The circle forms the base of a right cone whose vertex V has coordinates (-1, -1, 0).

diagram not to scale

(b)  Find the exact volume of the cone. [3]
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[Maximum mark: 5]

Let a be a constant, where a > 1.

2 2 2 2
(@) Show that a2+(a2 1) :[a;l] . [3]

2 2
Consider a right-angled triangle with sides of length a, (a 5 1} and (a 2“}.

(b) Find an expression for the area of the triangle in terms of a. [2]
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[Maximum mark: 5]
6x
xr+1
The graph of y = f(x) passes through the point (1, 5). Find an expression for f(x).

The derivative of the function f is given by f'(x) =

L
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[Maximum mark: 7]

Consider the equation z* + pz’ + 54z — 108z + 80 =0 where z € C and p € R.

Three of the roots of the equation are 3 + 1, o and o, where a € R.

(@) By considering the product of all the roots of the equation, find the value of «. [4]

(b)  Find the value of p. [3]
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[Maximum mark: 6]
Events 4 and B are such that P(4)=0.3 and P(B) =0.8.
(@) Determine the value of P(ANB) in the case where the events 4 and B are independent. [1]
(b) Determine the minimum possible value of P(4ANB). [3]

(c) Determine the maximum possible value of P(4 N B), justifying your answer. [2]
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[Maximum mark: 7]
Consider the curve with equation (x* + )%))” = 4x* where x>0 and -2 <y < 2.

Show that the curve has no local maximum or local minimum points for x > 0.
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[Maximum mark: 5]

Let /' (x)=cos(x — k), where 0<x<a and a, k € R".

(a) Consider the case where k = g

By sketching a suitable graph, or otherwise, find the largest value of a for which the
inverse function f‘1 exists. [2]

(b)  Find the largest value of a for which the inverse function /™' exists in the case
where k=r. (1]

(c) Find the largest value of a for which the inverse function /' exists in the case
where 1 < k < 2m. Give your answer in terms of k. [2]
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[Maximum mark: 10]
2 2
Consider the homogeneous differential equation % = M , Where x,y#0.
xy

It is given that y=2 when x=1.

(a) By using the substitution y = vx, solve the differential equation. Give your answer in the
form y° = £ (x). [8]

The points of zero gradient on the curve y* = f(x) lie on two straight lines of the form y = mx
where m € R.

(b)  Find the values of m. [2]
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Do not write solutions on this page.

Section B
Answer all questions in the answer booklet provided. Please start each question on a new page.
10. [Maximum mark: 20]
The function 1 is defined by f(x) = cos’x — 3sin’x, 0 <x < 7.
(@) Find the roots of the equation f(x)=0. [5]
(b) (i) Find f'(x).
(i)  Hence find the coordinates of the points on the graph of y = f(x) where f'(x)=0. [7]

(c) Sketch the graph of y =|f(x)|, clearly showing the coordinates of any points
where f’(x) = 0 and any points where the graph meets the coordinate axes. [4]

(d) Hence or otherwise, solve the inequality | f(x)| > 1. [4]

1. [Maximum mark: 16]

Consider a three-digit code abc, where each of a, b and ¢ is assigned one of
the values 1,2,3,4 or 5.

(a) Find the total number of possible codes
(i)  assuming that each value can be repeated (for example, 121 or 444);
(i) assuming that no value is repeated. [4]

Let P(x) =X’ + ax’ + bx + c, where each of a, b and c is assigned one of
the values 1, 2, 3,4 or 5. Assume that no value is repeated.

Consider the case where P(x) has a factor of (x* + 3x + 2).

(b) (i) Find an expression for b in terms of a.
(i)  Hence show that the only way to assign the valuesis a=4, b=5 and c=2.
(i) Express P(x) as a product of linear factors.

(iv) Hence or otherwise, sketch the graph of y = P(x), clearly showing the
coordinates of any intercepts with the axes. [12]
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Do not write solutions on this page.
12. [Maximum mark: 18]
Let z, be the complex number defined as z, = (n’ +n + 1) +i for n € N.
(@ () Find arg(z,).
(i)  Write down an expression for arg(z,) in terms of n. [3]

Let w,=2z,z,2,2;...2, ,z, for n € N.

(b) (i) Show that arctan(a)+arctan(b):arctan(1a+b) fora,beR", ab<1.
—a
(i)  Hence or otherwise, show that arg(w,) = arctan(2). [5]
(c) Prove by mathematical induction that arg(w ) = arctan(n + 1) for n € N. [10]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show all
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 5]

The n™ term of an arithmetic sequence is given by u,=15-3n.

(a) State the value of the first term, u, . [1
(b)  Given that the n™ term of this sequence is =33, find the value of . [2]
(c) Find the common difference, d. [2]
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[Maximum mark: 6]
Consider any three consecutive integers, n—1, n and n+ 1.
(a) Prove that the sum of these three integers is always divisible by 3. [2]

(b) Prove that the sum of the squares of these three integers is never divisible by 3. [4]
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3. [Maximum mark: 8]

Afunction 1 is defined by f(x) :%, where x e R, x#—1.
(@) The graph of y = f(x) has a vertical asymptote and a horizontal asymptote.
Write down the equation of
(i)  the vertical asymptote;
(i)  the horizontal asymptote. [2]
(b)  On the set of axes below, sketch the graph of y =f(x) .

On your sketch, clearly indicate the asymptotes and the position of any points of

intersection with the axes. [3]
y
6 -
4 -
2 -
T T T T T T T T T T T T X
—6 —4 -2 0 | 2 4 6
-2 4
—4
_6 -
: . 2x-1
(c) Hence, solve the inequality 0 < <2. [1
x+1
_ _ 2|x|-1
(d) Solve the inequality 0 < <2. [2]

|x|+1

(This question continues on the following page)
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(Question 3 continued)
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[Maximum mark: 5]
. . . X T 1
Find the least positive value of x for which cos(—+ —) =—.
2 3) 2
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[Maximum mark: 7]

Consider the binomial expansion (x + 1)’ = x” + ax® + bx’ + 35x* + ... + 1 where x #0
anda,beZ’.

(@) Showthat b=21. [2]

The third term in the expansion is the mean of the second term and the fourth term in
the expansion.

(b) Find the possible values of x. [5]
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[Maximum mark: 8]

Afunction 1 is defined by f(x)=xv1-x* where -1 <x<1.

The graph of y = f(x) is shown below.

(@) Show that f is an odd function.
Therange of fis a<y<b,where a, b € R.

(b) Find the value of a and the value of 5.

[2]

[6]
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[Maximum mark: 6]

By using the substitution # = secx or otherwise, find an expression for |sec” xtanx dx in

terms of n, where n is a non-zero real number.

oct—ua
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[Maximum mark: 6]

A continuous random variable X has the probability density function

2
2

0, otherwise

The following diagram shows the graph of y =f(x) for a <x <b.

y

+
Given that ¢ > aTb , find an expression for the median of X in terms of a, b and c.
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[Maximum mark: 5]

Prove by contradiction that the equation 2x’ + 6x + 1 = 0 has no integer roots.
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

L

10.

[Maximum mark: 16]

A biased four-sided die with faces labelled 1,2, 3 and 4 is rolled and the result recorded.
Let X be the result obtained when the die is rolled. The probability distribution for X is given
in the following table where p and ¢ are constants.

x 1 2 3 4
0.3 q 0.1

P(X=x) p

For this probability distribution, it is known that E(X) =2.
(a)
(b)
Nicky plays a game with this four-sided die. In this game she is allowed a maximum of five

rolls. Her score is calculated by adding the results of each roll. Nicky wins the game if her
score is at least ten.

Show that p=0.4 and ¢ =0.2.

Find P(X >2).

After three rolls of the die, Nicky has a score of four.
(c) Assuming that rolls of the die are independent, find the probability that Nicky wins
the game.

David has two pairs of unbiased four-sided dice, a yellow pair and a red pair.
Both yellow dice have faces labelled 1, 2, 3 and 4. Let S represent the sum obtained by
rolling the two yellow dice. The probability distribution for S is shown below.

s 2 3 4 5 6 7 8

1 2 3 4 3 2 1

P(s=s) | — | = = | 2 = | 2| L
16 16 16 16 16 16 16

The first red die has faces labelled 1, 2,2 and 3. The second red die has faces

labelled 1, a,a and b, where a <b and a, b € Z". The probability distribution for the sum
obtained by rolling the red pair is the same as the distribution for the sum obtained by rolling
the yellow pair.

(d)
(e)

Determine the value of 5.

Find the value of a, providing evidence for your answer.

16EP12
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Do not write solutions on this page.

1. [Maximum mark: 20]

Afunction f is defined by f(x)= ,where x e R, x=—1,x#3.

x*=2x-3

(a) Sketch the curve y =f(x), clearly indicating any asymptotes with their equations. State
the coordinates of any local maximum or minimum points and any points of intersection
with the coordinate axes. [6]

A function g is defined by g(x)= ,where x e R, x> 3.

x'—2x-3
(b) Theinverse of g is g'.

Vax® +x

x
(i)  State the domain of g'. [7]

(i)  Showthat g”'(x)=1+

Afunction £ is defined by 7(x)= arctan%, where x € R.
(c) Giventhat (hog)(a) :E , find the value of a.

Give your answer in the form p+%\/;, where p,q,r e Z". [71
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Do not write solutions on this page.
12. [Maximum mark: 18]

In the following Argand diagram, the points Z,, O and Z, are the vertices of triangle Z,0Z,
described anticlockwise.

Imz

\ \
i \ 0 Rez

The point Z, represents the complex number z, = r.e'”, where r, > 0. The point Z,
represents the complex number z, = r,e'’, where r,> 0.

Angles «, 0 are measured anticlockwise from the positive direction of the real axis such
that 0< a, <2t and O0<a—0<m.

(a) Show that z,z,* = r,r,e*~? where z,* is the complex conjugate of z, . 2]
(b) Given that Re(z, z,*) = 0, show that Z,0Z, is a right-angled triangle. [2]
In parts (c), (d) and (e), consider the case where Z 0Z, is an equilateral triangle.
() (i) Express z, interms of z,.

(i) Hence show that z;° +z,* =z, z,. [6]
Let z, and z, be the distinct roots of the equation z* + az + b =0 where z € C and a, b € R.
(d)  Use the result from part (c)(ii) to show that «* — 35 =0. [5]
Consider the equation Z+az+12=0,where ze C and a € R.

(e) Giventhat 0 < o — 6 < m, deduce that only one equilateral triangle Z,0Z, can be
formed from the point O and the roots of this equation. [3]

References:
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show all
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 5]

9
Find the value of J.l (

3‘/;_5]@.

oy
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[Maximum mark: 7]

A survey at a swimming pool is given to one adult in each family. The age of the
adult, a years old, and of their eldest child, ¢ years old, are recorded.

The ages of the eldest child are summarized in the following box and whisker diagram.
diagram not to scale
ages of eldest child (years)

2 6 7 10 18

(@) Find the largest value of ¢ that would not be considered an outlier.

o . 9 . 1
The regression line of a on c is a =%c+20. The regression line of c on a is ¢ =5a—9.
(b) (i) One of the adults surveyed is 42 years old. Estimate the age of their eldest child.

(i)  Find the mean age of all the adults surveyed.

3]

[4]
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[Maximum mark: 7]

Consider the functions f(x)= J3sinx+cosx where 0<x<n and g(x)=2x where x € R.

(a) Find (feg)(x). [2]

(b) Solve the equation ( fo g)(x) =2cos2x where 0 <x < 7. [5]
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[Maximum mark: 5]
Consider the curve with equation y = (2x — 1)e, where x e R and k € Q.
The tangent to the curve at the point where x = 1 is parallel to the line y = 5¢'.

Find the value of k.
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[Maximum mark: 7]

Consider f(x)=4sinx + 2.5 and g(x) = 4sin(x—37nj+2.5+q , Where x e R and ¢ > 0.

The graph of g is obtained by two transformations of the graph of f".

(@) Describe these two transformations. [2]
The y-intercept of the graph of g is at (0, r).

(b) Given that g(x) > 7, find the smallest value of r. [5]
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[Maximum mark: 5]

Consider the expansion of (Sx3 —%j where n € Z". Determine all possible values of n for
X

which the expansion has a non-zero constant term.
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[Maximum mark: 8]

The continuous random variable X has probability density function

k
—, 0<Zx<l1
f(x)=14-3x
0, otherwise.
(@) Find the value of k. [4]
(b) Find E(X) . [4]
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[Maximum mark: 6]

Consider integers a and b such that a° + b’ is exactly divisible by 4. Prove by contradiction
that @ and b cannot both be odd.
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[Maximum mark: 6]

Consider the complex numbers z, = 1 + bi and z, = (1 — b°) — 2bi, where b € R, b = 0.

(@) Find an expression for z,z, in terms of b. [3]
(b) Hence, given that arg(zz,)= % find the value of b. [3]
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Do not write solutions on this page.

Section B
Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 18]

Consider the series lnx+plnx+%lnx+..., where xe R,x>1and pe R,p=#0.

(@) Consider the case where the series is geometric.

(i) Show that p:ii.

3

(i)  Hence or otherwise, show that the series is convergent.

(i) Giventhat p>0 and S, =3++/3, find the value of x. 6]

(b) Now consider the case where the series is arithmetic with common difference d.

(i)  Show that pz%.

(i)  Write down d in the form klnx, where k € Q.

1
(i)  The sum of the first n terms of the series is ln(—s) .
X

Find the value of n. [12]

1. [Maximum mark: 15]

Consider the three planes
[[,:2x—y+z=4
[:x-2y+3z=5
[l,:-9x+3y—-2z=32

(@) Show that the three planes do not intersect. [4]
(b) (i) Verify that the point P(1, -2, 0) lies on both [, and [1,.
(i)  Find a vector equation of L, the line of intersection of [, and [1,. [5]

(c) Find the distance between L and [],. [6]
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Do not write solutions on this page.
12. [Maximum mark: 21]
The function f is defined by f'(x) = ¢'sinx, where x € R.

(a) Find the Maclaurin series for f(x) up to and including the x> term. [4]

(b) Hence, find an approximate value for J.; e* sin(x*)dx . [4]
The function g is defined by g(x) =e¢"cosx, where x € R.
(c) (i) Show that g(x) satisfies the equation g"(x) = 2(g'(x) — g(x)).

(i) Hence, deduce that g¥l(x) = 2(g""(x) - g"(x)) . 5]

(d)  Using the result from part (c), find the Maclaurin series for g(x) up to and including
the x* term. [5]

. e —-1-
(e) Hence, or otherwise, determine the value of hngecosx_}x_ [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show all
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 4]

. dy _ T 3n .
Given that E—COS X_Z and y =2 when sz’ﬂnd v in terms of x.

Turn over
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2. [Maximum mark: 9]

The function £ is defined by f(x) = y ,where x e R, x#3.
—Xx

(@) Write down the equation of
(i)  the vertical asymptote of the graph of f;
(i)  the horizontal asymptote of the graph of f.
(b) Find the coordinates where the graph of f crosses
(i) the x-axis;

(i)  the y-axis.

(2]

(2]

(This question continues on the following page)

1

6EPO4
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(Question 2 continued)
(c) Sketch the graph of f on the axes below. 1
Yy
15 -
10 1
5 4
T T T T T T X
-15 -10 -5 0 5 10 15
_5 4
_10 i
_15 i
. . , ax+4
The function g is defined by g(x)=3—, where x e R, x#3 and a € R.
—X
(d) Given that g(x) = g ' (x), determine the value of a. [4]
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[Maximum mark: 5]

Solve the equation log;, Jx = 5 !

+log.(4x*), where x> 0.
log, 3 g3( )
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4. [Maximum mark: 5]

Box 1 contains 5 red balls and 2 white balls.
Box 2 contains 4 red balls and 3 white balls.

(@) Aboxis chosen at random and a ball is drawn. Find the probability that the ball is red. [3]
Let 4 be the event that “box 1 is chosen” and let R be the event that “a red ball is drawn”.

(b) Determine whether events A and R are independent. [2]
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[Maximum mark: 7]

The function f is defined for all x € R. The line with equation y = 6x — 1 is the tangent to
the graph of f at x=4.

(@) Write down the value of f'(4).

(b) Find f(4).

The function g is defined for all x € R where g(x) =x’—3x and h(x) =f(g(x)).
(c) Find h(4).

(d) Hence find the equation of the tangent to the graph of 4 at x =4.

(1]
(1]

(2]
[3]
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[Maximum mark: 7]
2
(@) Showthat 2x—3——0 22X =5¥=3 p oL, 2]
x—1 x—1
(b) Hence or otherwise, solve the equation 2sin260 —3—# =0 for0<6O<m, 0= T [5]
sin26 —1 4
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[Maximum mark: 7]
The equation 3px” + 2px + 1 = p has two real, distinct roots.
(@) Find the possible values for p. [5]

(b) Consider the case when p = 4. The roots of the equation can be expressed in

ai\/ﬁ

6

the form x =

, Where a € 7. Find the value of a. [2]
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[Maximum mark: 7]
In2x 2 1
Solve the differential equation % :n_zx__y, x>0, giventhat y=4 at x= 3
X X

Give your answer in the form y = f(x).
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[Maximum mark: 7]

1
Consider the expression \/— —V1-x where a € Q, a#0.
1+ ax

The binomial expansion of this expression, in ascending powers of x, as far as the term in x*
is 4bx + bx*, where b € Q.

(a) Find the value of a and the value of b. [6]

(b) State the restriction which must be placed on x for this expansion to be valid. [1
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.

11.

L

[Maximum mark: 16]

A particle P moves along the x-axis. The velocity of P is vms™ at time ¢ seconds,
where v(f) =4 + 4t -3¢ for 0<¢<3.When t=0, P is at the origin O.

(@)

(b)

(c)

(i)  Find the value of t when P reaches its maximum velocity.

(i)  Show that the distance of P from O at this time is i—j metres.

Sketch a graph of v against ¢, clearly showing any points of intersection
with the axes.

Find the total distance travelled by P.

[Maximum mark: 14]

(@)
(b)

Prove by mathematical induction that %(x%x) :[xz +2nx+n(n—1)]ex forneZ'.

Hence or otherwise, determine the Maclaurin series of f(x) = x’¢" in ascending powers
of x, up to and including the term in x*.

3
et — xz)
Hence or otherwise, determine the value of 11rr(} » 7.G
X
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Do not write solutions on this page.

12. [Maximum mark: 22]
Consider the equation (z — 1)3 =1, z € C. The roots of this equation are o,, ®, and w,,
where Im(w,) > 0 and Im(w,) <0.
(@) (i) Verifythat o, =1+ e is a root of this equation.
(i) Find o, and w,, expressing these in the form a + ¢!, where a € R and 0> 0. [6]
The roots ®,, w, and w, are represented by the points A, B and C respectively on an
Argand diagram.
(b) Plot the points A, B and C on an Argand diagram. [4]
(c) Find AC. [3]
Consider the equation (z - 1)’ =iz’, z € C.
(d) By using de Moivre’s theorem, show that o = — is a root of this equation. [3]
1-e®
(e) Determine the value of Re(a). [6]
References:
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show all
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 4]
Consider two consecutive positive integers, » and n + 1.

Show that the difference of their squares is equal to the sum of the two integers.
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2.

2221-7111

[Maximum mark: 7]

Solve the equation 2cos’x + Ssinx =4, 0 < x < 27.
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[Maximum mark: 5]
In the expansion of (x + k)’, where k € R, the coefficient of the term in x” is 63.

Find the possible values of k.
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[Maximum mark: 9]
Consider the function f defined by f(x)=1In (x* — 16) for x > 4.

The following diagram shows part of the graph of f* which crosses the x-axis at point A, with
coordinates (a, 0). The line L is the tangent to the graph of f at the point B.

h% x=4

N

A(a, 0)

(@) Find the exact value of a.

(b) Given that the gradient of L is % find the x-coordinate of B.
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[Maximum mark: 4]

Given any two non-zero vectors, a and b, show that |a x b = |a|* |b|" — (a - b).
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[Maximum mark: 7]
The following diagram shows triangle ABC, with AB =10, BC =x and AC = 2x.

diagram not to scale

10

2x

Given that cosC = % , find the area of the triangle.

rq

Give your answer in the form Ve where p,q € 7".
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[Maximum mark: 5]

The cubic equation x* — kx* + 3k = 0 where k> 0 has roots «, 8 and o + .

2

Given that aff = —% , find the value of k.
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[Maximum mark: 8]

The lines /, and /, have the following vector equations where 4, u € R.

3 2

Lin=|2 |+A4] 2

-1 2

2 1

L:r,=]0|+pu| -1

4 1
(@) Show that /, and /, do not intersect. [3]
(b)  Find the minimum distance between /, and /,. [5]
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9.

-1 = 2221-7111
[Maximum mark: 7]
By using the substitution u = sinx, find '[ - jme.OSX dx .

sin” x —sinx —2
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Do not write solutions on this page.
Section B
Answer all questions in the answer booklet provided. Please start each question on a new page.
10. [Maximum mark: 15]
Consider the function f defined by f(x) =6 + 6cosx, for 0 <x <4m.

The following diagram shows the graph of y = f'(x).

The graph of f touches the x-axis at points A and B, as shown. The shaded region is
enclosed by the graph of y = f(x) and the x-axis, between the points A and B.

(@) Find the x-coordinates of A and B. [3]
(b) Show that the area of the shaded region is 12x. [5]

(This question continues on the following page)
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Do not write solutions on this page.
(Question 10 continued)

The right cone in the following diagram has a total surface area of 12n, equal to the shaded
area in the previous diagram.

The cone has a base radius of 2, height /, and slant height /.

diagram not to scale

(c) Find the value of /. [3]

(d) Hence, find the volume of the cone. [4]
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Do not write solutions on this page.

11.

[Maximum mark: 20]

The acceleration, ams™, of a particle moving in a horizontal line at time ¢ seconds, >0, is
given by a = —(1+v) where vms ' is the particle’s velocity and v > —1.

At £ =0, the particle is at a fixed origin O and has initial velocity vOms’l.

(a) By solving an appropriate differential equation, show that the particle’s velocity at time ¢
is given by v(7)=(1 +v)e ' — 1.

(b) Initially at O, the particle moves in the positive direction until it reaches its maximum
displacement from O. The particle then returns to O.

Let s metres represent the particle’s displacement from O and s, its maximum
displacement from O.

(i)  Show that the time 7' taken for the particle to reach s, satisfies the
equation €' =1 +v,.

(i) By solving an appropriate differential equation and using the result from part
(b) (i), find an expression for s in terms of v, .

Let v(T — k) represent the particle’s velocity & seconds before it reaches s__, where

v(T-k)=0+v)e""-1.
(c) By using the result to part (b) (i), show that v(T - k)=¢" - 1.
Similarly, let v(T + k) represent the particle’s velocity k& seconds after it reaches s, .

(d) Deduce a similar expression for v(7T + k) in terms of k.

(e) Hence, show that v(T—-k)+v(T'+k)>0.

16
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Do not write solutions on this page.

12. [Maximum mark: 19]

The following diagram shows the graph of y = arctan(2x+1)+§ for x € R, with asymptotes

T
at y=——and y=—.
y 4 y

(a) Describe a sequence of transformations that transforms the graph of y = arctan x to the

graph of y = arctan(2x+1)+§ for x € R. [3]
(b) Show that arctan p +arctang = arctan[lp+q J where p, ¢ >0 and pg<1. [4]
—Pq
(c) \Verify that arctan(2x+1)= arctan(ilj+g forxe R, x>0. [3]
x+

(d) Using mathematical induction and the result from part (b), prove that

Zarctan (sz = arctan (L) forneZ’. [9]
r=1 2]"

n+l

References:
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show all
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 5]

The graph of y = f(x) for -4 <x < 6 is shown in the following diagram.

y
8
6
4
2
X
4 2 0 2 4 \6
; \
—4
—6
(@) Write down the value of
M f@;
(i)  (fe/)2). [2]
(b) Let g(x)= %f(x)+1 for —4 <x < 6. On the axes above, sketch the graph of g. [3]
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[Maximum mark: 5]

Consider an arithmetic sequence where u, =S, = 8. Find the value of the first term, u,, and
the value of the common difference, d.
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[Maximum mark: 5]

A research student weighed lizard eggs in grams and recorded the results. The following
box and whisker diagram shows a summary of the results where L and U are the lower
and upper quartiles respectively.

diagram not to scale

: a

10 L 40 U 75

The interquartile range is 20 grams and there are no outliers in the results.
(@) Find the minimum possible value of U. [3]

(b) Hence, find the minimum possible value of L. [2]

L
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[Maximum mark: 7]
Consider the functions f(x) =—(x — )’ + 2k and g(x) =¢*~ + k where /4, k € R.
(@) Find f'(x). 1]

The graphs of f and g have a common tangent at x =3.

(b) Show that / = % . [3]
2
(c) Hence, show that £k =¢ +% : [3]

L
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[Maximum mark: 8]
(@) Show that sin2x + cos2x — 1 = 2sinx(cosx — sinx).

(b) Hence or otherwise, solve sin2x + cos2x — 1 + cosx —sinx =0 for 0 <x < 2m.
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6.
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[Maximum mark: 4]

It is given that cosecO :% , Where g< 0 < %ﬁ . Find the exact value of cot 6.

L
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[Maximum mark: 8]
Consider the quartic equation z* + 4z° + 82 + 80z + 400 =0, z € C.
Two of the roots of this equation are a + bi and b + ai, where a, b € Z.

Find the possible values of a.
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8.

-9- 2221-7106

[Maximum mark: 5]

. tan 2
Use I'Hopital’s rule to find hm[wj.
x>0\ tan3x
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[Maximum mark: 8]

A farmer has six sheep pens, arranged in a grid with three rows and two columns as shown
in the following diagram.

Five sheep called Amber, Brownie, Curly, Daisy and Eden are to be placed in the pens. Each
pen is large enough to hold all of the sheep. Amber and Brownie are known to fight.

Find the number of ways of placing the sheep in the pens in each of the following cases:

(@) Each pen is large enough to contain five sheep. Amber and Brownie must not be
placed in the same pen.

(b) Each pen may only contain one sheep. Amber and Brownie must not be placed in pens
which share a boundary.
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Do not write solutions on this page.

Section B
Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 16]

A biased four-sided die, A, is rolled. Let X be the score obtained when die A is rolled. The
probability distribution for X is given in the following table.

X 1 2 3 4
1
P(X'=x) p p p 5P
(@) Find the value of p. [2]
(b) Hence, find the value of E (X). [2]

A second biased four-sided die, B, is rolled. Let Y be the score obtained when die B is rolled.
The probability distribution for Y is given in the following table.

y 1 5 3 4

P(Y=y) q q q r

(c) (i) State the range of possible values of r.
(i)  Hence, find the range of possible values of ¢. [3]
(d) Hence, find the range of possible values for E(Y). [3]

Agnes and Barbara play a game using these dice. Agnes rolls die A once and Barbara rolls

1
die B once. The probability that Agnes’ score is less than Barbara’s score is 3

(e) Find the value of E(Y). [6]
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Do not write solutions on this page.

1. [Maximum mark: 19]

+1
Consider the line L, defined by the Cartesian equation XT =y=3-z.

(@ (i) Show that the point (-1, 0, 3) lieson L,.

(i)  Find a vector equation of L, . [4]
0 a
Consider a second line L, defined by the vector equation r=| 1 |+¢| 1 |,
2 -1

where t € Rand a € R.
(b)  Find the possible values of a when the acute angle between L, and L, is 45°. [8]
It is given that the lines L, and L, have a unique point of intersection, A, when a # k.

(c) Find the value of k&, and find the coordinates of the point A in terms of a. [71

12. [Maximum mark: 20]

Let f(x)=+1+x for x>—1.

1
(@) Show that f"(x)=—————. [3]
41 +x)’
n—1 1
2n-3)!
(b) Use mathematical induction to prove that f(”)(x) :(—%j %(IH)2
n—2)!
forneZ,n>2. [9]

Let g(x)=¢™", meQ.

Consider the function /4 defined by % (x) =f(x) x g(x) for x > —1.

It is given that the x> term in the Maclaurin series for 4 (x) has a coefficient of 2

(c) Find the possible values of m. [8]

References:
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show all
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 5]

Let 4 and B be events such that P(4) =0.5,P(B)=0.4 and P(4 U B)=0.6.
Find P(4 | B).

§ [N |
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[Maximum mark: 5]
(@) Showthat 2n — 1)+ (2n+1)’=8n’+2,where neZ. [2]

(b) Hence, or otherwise, prove that the sum of the squares of any two consecutive odd
integers is even. [3]
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[Maximum mark: 5]

Let f'(x) = 8—2‘ Given that £(0) =5, find £(x).

2x + 1
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[Maximum mark: 5]

The following diagram shows the graph of y = f(x). The graph has a horizontal asymptote
at y=—1. The graph crosses the x-axis at x=—-1 and x=1, and the y-axisat y=2.

y

4

y=f(

On the following set of axes, sketch the graph of y =[ f(x)]’+ 1, clearly showing any
asymptotes with their equations and the coordinates of any local maxima or minima.

y
N

6
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[Maximum mark: 5]

x+3

The functions " and g are defined such that f(x) = and g(x)=8x+5.

(@) Showthat (go f)(x)=2x+11. [2]

(b) Giventhat (go f)'(a) =4, find the value of a. [3]
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6. [Maximum mark: 8]
(a) Show that log, (cos2x + 2) = log, \/cos2x + 2 . [3]
(b)  Hence or otherwise solve log, (2sinx) = log,(cos2x + 2) for 0 < x < g [5]
TR
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[Maximum mark: 7]

A continuous random variable X has the probability density function f* given by

n—xsin(n—x], 0<x<6
f(x)=1<36 6 .

0, otherwise

Find P(0 < X< 3).
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[Maximum mark: 7]

The plane II has the Cartesian equation 2x +y +2z=3.

3 1
The line L has the vector equation r =| =5 | + u| -2 |, u, p € R. The acute angle between
1 p

the line L and the plane I1is 30°.

Find the possible values of p.
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9. [Maximum mark: 8]

The function 1 is defined by f(x) =e*— 6e'+5,xeR,x<a.The graph of y = f(x) is
shown in the following diagram.

—4+

(@) Find the largest value of a such that f has an inverse function. [3]

(b)  For this value of a, find an expression for /' (x), stating its domain. [5]

(This question continues on the following page)

§ [T
16EP10




=

-1 - SPEC/5/MATAA/HP1/ENG/TZ0/XX

(Question 9 continued)
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Do not write solutions on this page.
Section B
Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 16]

Let f(x) :% where x>0, keR".

— In5x

oy 1
(@) Show that f'(x) = P (3]

The graph of f has exactly one maximum point P.

(b) Find the x-coordinate of P. [3]
o v 7 2In5x -3
The second derivative of f is given by f"(x) = o The graph of f has exactly one
point of inflexion Q.
1 3
(c) Show that the x-coordinate of Q is gez . [3]

The region R is enclosed by the graph of £, the x-axis, and the vertical lines through the
maximum point P and the point of inflexion Q.

y

N

Vv

(d) Given that the area of R is 3, find the value of k. [71
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Do not write solutions on this page.

11.

12.

[Maximum mark: 18]
(a) Express —3 + +/3i in the form re’, where >0 and —n < 6 <m.

Let the roots of the equation z° = — 3 + \/gi be u,v and w.

(b) Find u, v and w expressing your answers in the form re”, where »>0 and -t < <.

On an Argand diagram, u, v and w are represented by the points U, V and W respectively.
(c) Find the area of triangle UVW.

(d) By considering the sum of the roots u, v and w, show that

[Maximum mark: 21]
The function f is defined by f(x) =¢e"™.

(@) Find the first two derivatives of f(x) and hence find the Maclaurin series for f(x) up to
and including the x° term.

(b)  Show that the coefficient of x’ in the Maclaurin series for f'(x) is zero.

(c) Using the Maclaurin series for arctanx and e¢**— 1, find the Maclaurin series
for arctan (e~ 1) up to and including the x* term.

) -1
(d) Hence, or otherwise, find hm%.
0 arctan (e Y- 1)

[5]

[5]

[4]

[4]

[8]
[4]

[6]

[3]
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